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Abstract—This paper presents a data-driven constrained
norm-optimal iterative learning control framework for lin ear
time-invariant systems that applies to both tracking and point-to-
point motion problems. The key contribution of this paper is the
estimation of the system’s impulse response using input/output
measurements from previous iterations, hereby eliminating time-
consuming identification experiments. The estimated impulse
response is used in a norm-optimal iterative learning controller,
where actuator limitations can be formulated as linear inequality
constraints. Experimental validation on a linear motor posi-
tioning system shows the ability of the proposed data-driven
framework to (i) achieve tracking accuracy up to the repeatability
of the test setup, (ii) minimize the rms value of the trackingerror
while respecting the actuator input constraints, (iii) learn energy-
optimal system inputs for point-to-point motions.

Index Terms—Iterative learning control ( ILC ), LTI systems,
Energy-optimal point-to-point motions, Precision motioncontrol,
Data-driven control.

I. I NTRODUCTION

Iterative learning control (ILC) is an open-loop control strategy
that aims at improving the tracking performance of a system
executing the same task under the same operating conditions
[1], [2]. The system input is updated iteratively, i.e. fromtrial
to trial, to improve the accuracy of the desired motion. Using
this technique, accurate tracking can be obtained even when
the system dynamics are uncertain. WhileILC was originally
developed for tracking control, it has recently been adapted
to solve point-to-point motion problems [3], [4]. Reported
applications ofILC include machine tool axes [5] and wafer
stage motion systems [6].

When designing anILC algorithm the aim is to use the error
information from previous trials as efficiently as possiblein
order to achieve a minimal tracking error in as few iterations
as possible. The simplestILC law uses a PID-type learning
filter, which consists of a proportional, integral and derivative
gain on the tracking error to update the system input. More
advanced learning laws [1] include plant inversion methods,
H∞ design methods and norm-optimalILC methods [7], [8].
These methods use a plant model and possibly also uncertainty
models to ensure (robust) monotonic convergence [9].

Data-driven ILC algorithms [10], [11] estimate a system
representation using input/output data obtained during the
ILC procedure and hence avoid time-consuming identification
experiments prior to theILC procedure. The data-drivenILC

method presented in [10] estimates the system’s frequency
response function using the Fourier transform of the previous

iteration’s input and output signal. This method requires a
frequency-domain representation of the desired output and
is therefore only applicable to tracking control problems.
In addition, this method cannot be extended to account for
actuator limitations. [11] proposes a data-drivenILC method
where the coefficients of a parametric plant model are updated
between every two trials. Obviously, this method requires an
a priori estimate of the number of poles and zeros.

This paper presents a data-driven constrained norm-optimal
ILC framework for linear time-invariant (LTI ) systems that is
applicable to both tracking and point-to-point motion con-
trol problems and allows accounting for actuator limitations.
Herein, the key contribution is the estimation of a system’s
impulse response using previous iterations’ input/outputdata
without assuming any a priori system information aside from
the fact that the plant isLTI . The estimated impulse response
is then used for the purpose of norm-optimalILC.

Since more and more applications require very fast motion
control to increase productivity, actuator limitations can no
longer be ignored. Traditional norm-optimalILCs use the ana-
lytical solution of an unconstrained convex quadratic program
(QP), and hence do not allow actuator constraints to be taken
into account explicitly. For this reason, [12] proposes to solve
a constrained convex QP at every iteration allowing actuator
limitations to be formulated as linear inequality constraints.
This way, the model-based norm-optimalILC framework is ex-
tended for systems with actuator constraints. This paper adopts
this approach such that the proposed data-driven norm-optimal
ILC also applies toLTI systems with actuator constraints.

The paper is organized as follows. Section II presents the
data-driven norm-optimalILC algorithm. Section III discusses
the application of norm-optimalILC to systems with actuator
constraints. The experimental validation on a linear motortest
setup is presented in section IV. Finally, section V summarizes
the conclusions.

II. DATA -DRIVEN NORM-OPTIMAL ILC

This section first discusses the norm-optimalILC framework
and then presents the impulse response estimation based on
previous trials’ input/output data.

A. Norm-optimal ILC

Consider a single-input single-output (SISO), discrete-time,LTI

systemP (q) in Fig. 1 with input uj(k) and outputyj(k),
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P (q) +
−

uj(k) yj(k) ej(k)

yd(k)

Fig. 1. Open-loop discrete-timeLTI systemP (q).

where k refers to the discrete time instants, subscriptj ∈
{0, 1, 2, . . .} denotes the trial number andq is the one-sample
advance operator.

In the remainder of this paper, we use the lifted system
representation [13], in which the system dynamics of a causal,
LTI plantP (q) with relative degreeτ are given by:

yj = Puj . (1)

In (1),

P =




p(τ + 1) 0 · · · 0

p(τ + 2) p(τ + 1)
. . .

...
...

. . .
. . . 0

p(τ +N) · · · p(τ + 2) p(τ + 1)




(2)

is the convolution matrix ofP (q), a lower-triangular Toeplitz
matrix constructed of the system’s impulse responsep(k), N
denotes the number of samples per trial, and

uj = [uj(1) uj(2) · · · uj(N)]T, (3a)

yj = [yj(τ + 1) yj(τ + 2) · · · yj(τ +N)]T, (3b)

are N × 1-dimensional vectors containing the input signal
uj(k), and output signalyj(k), respectively, during trialj.
The output errorej is defined asyd − yj , whereyd denotes
the desired output.

An ILC updates the system input from trial to trial using
previous trials’ error information to reduceej , asj → ∞. To
this end, the most commonly usedILC update formula is

uj+1 = Q(uj +Lej), (4)

where Q and L represent the convolution matrices of the
robustness filterQ(q) and learning filterL(q), respectively
[1]. In the norm-optimalILC design framework, the robustness
and learning filter are obtained by minimizing the following
objective function:

J = êTj+1W eêj+1 + uT
j+1W uuj+1+

δuT
j+1W δuδuj+1,

(5)

where δuj+1 = uj+1 − uj and êj+1 = ej − P̂ δuj+1

is the predicted next iteration’s output error. The weighting
matricesW e, W u, andW δu are positive semi-definite and

P̂
T

W eP̂ +W u +W δu is positive definite such that the ob-
jectiveJ is strictly convex. Substitutinĝej+1 = ej− P̂ δuj+1

in (5), differentiatingJ with respect touj+1 and setting this
derivative equal to zero [1] yieldsILC update formula (4) with

Q =(P̂
T

W eP̂ +W u +W δu)
−1(P̂

T

W eP̂ +W δu),

L =(P̂
T

W eP̂ +W δu)
−1(P̂

T

W e).
(6)

Note that the norm-optimalILC design method is also appli-
cable to point-to-point motion problems, where the desired
output is only defined during the dwell. Choosing

W e =

[
0n×n 0n×N−n

0N−n×n IN−n×N−n

]
, (7)

for example, results in anILC that minimizes the output error
from time samplen+ 1 to sampleN only. As shown in [7],
the ILC given by (4) and (6) guarantees that‖ej+1‖2 ≤ ‖ej‖2
for all j = 0, 1, . . . when a perfect model is known. In case of
model-plant mismatch, increasing the weightW u on the input
effort can guarantee robust monotonic convergence for a given
additive uncertainty [9], [14]. This comes down to trading off
nominal performance, represented by the asymptotic tracking
error, for robustness to system uncertainty.

The weighting matrixW δu regulates the effect of noise and
trial-varying disturbances on the next iteration’s input signal
and influences therefore also the asymptotic error [15]. By
tuning W δu, convergence speed is traded off for the effect
of noise and trial-varying disturbances on the next iteration’s
input signal.

Whereas traditional norm-optimalILC uses a parametric
plant model to obtain the convolution matrix̂P , the proposed
method obtains an estimated convolution matrixP̂ of the plant
P (q) using previous trials’ input/output data. The estimated
convolution matrix is then used in a norm-optimalILC.

B. Impulse response estimation based on previous trials’
input/output data

The basic idea is to estimate the system’s impulse response
using a linear combination of previous trials’ measurement
data. Letulc = l0u0 + l1u1 + · · · + ljuj denote a linear
combination of previous trials’ input signals andylc the same
linear combination of previous trials’ output signals. From
(1) follows that the convolution matrix of plantP (q) can be
estimated as:

P̂ = U−1

lc Y lc, (8)

whereY lc andU lc denote the lower-triangular Toeplitz ma-
trices ofylc andulc, respectively.

The estimated convolution matrix̂P is exactly equal to
the true convolution matrixP if the following conditions
hold: (i) the plantP (q) is LTI , (ii) U lc is of full rank,
(iii) no measurement noise or other disturbances are present.
Under these conditions, a zero output error can be achieved
asymptotically by a suitable choice of the weighting matrices
(W u = 0) [1].

C. LTI systems with measurement noise

In practice, however, the measured output is always subjectto
noise. Consider again anLTI systemP (q) with input uj(k),
true outputyj(k), measured outputym

j (k) = yj(k) + nj(k),
which is corrupted by zero-mean measurement noisenj(k)
with standard deviationσn, and measured output errorem

j (k) =
yd(k)− ym

j (k).
Since the true noise-free outputyj is not known, P̂ is

estimated using the measured outputym
j instead. As a result,
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the estimated convolution matrix̂P is not equal to the true
convolution matrixP :

P̂ = U−1

lc Y m
lc = U−1

lc (Y lc +N lc) = P +U−1

lc N lc, (9)

whereN lc denotes the lower-triangular Toeplitz matrix of the
linear combination of the previous trials’ measurement noise
nj .

From (9) follows that the estimation error̂P − P scales
with the noise level and the maximal singular value ofU−1

lc
[16], denoted byσ(U−1

lc ).
The order of magnitude of the additive uncertainty on the

estimated convolution matrix̂P can be estimated as

σ(U−1

lc )σnlc = σ(U−1

lc ) ‖l0, . . . , lj‖2 σn, (10)

whereσnlc denotes the standard deviation ofnlc. This estimate
can be used in the design of a norm-optimalILC, when trading
off robustness to system uncertainty for nominal performance
[9].

The aim is to choose the weightsl0, . . . , lj of the linear
combination such that the model estimation error is small.
A first attempt to minimize the estimation error might be to
average out measurement noise such thatli = 1/(j + 1) for
all i = 0, . . . , j yielding σnlc = σn/

√
j + 1. Although σnlc

decreases asj → ∞, the estimation error, given by (10), might
increase because of an increase ofσ(U−1

lc ). Since the input
signalsuj , for j = 1, 2, . . . result from the iterative learning
process and depend on the desired output, there is no freedom
to choose these signals such thatσ(U−1

lc ) is small. The first
trial’s input signalu0 on the other hand, is free to choose.
Our experience shows that the very simple choiceU lc = U0,
in combination with a well chosen first iteration’s input signal
u0, is preferred.

In case of a pureLTI system with measurement noise,
the first iteration’s input signal that results in the minimal
estimation error is

u0 = [u 0 0 · · · 0]T, (11)

whereu is the upperbound on the input signal. For this input
signal,U0 = uIN and henceσ(U−1

0 ) = 1/u.
In many mechatronic applications, such as positioning

systems, nonlinear effects such as dry friction and actuator
cogging cannot be ignored [17]. Since the proposed optimal
input signal (11) often results in a very small motion, these
nonlinearities have a large effect on the estimated convolution
matrix. For this reason, a first iteration’s input signal that
results in a larger motion is preferred to reduce the effects
of nonlinearities.

To summarize, during the first iteration (j = 0) a suitable
input signal is applied to the plantP (q). Then, the convolution
matrix P̂ is estimated asU−1

0 Y m
0 and used in the design of a

norm-optimalILC. Robust monotonic convergence can also be
verified using the estimate of the additive uncertainty (10)on
the estimated convolution matrix. However, due to nonlinear
effects, (10) might underestimate the additive uncertainty on
P̂ . Therefore it is recommended to consider a suitable safety
margin on the estimated additive uncertainty.

D. LTI systems with trial-invariant disturbances

In various applications, the output also suffers from trial-
invariant disturbances. Consider again anLTI systemP (q)
with a certain trial-invariant output disturbancedj(k) = d(k),
for all j = 0, 1, 2, . . ..

Using the lifted-system representation, the system dynam-
ics, including the trial-invariant disturbanced(k), are written
as follows:

yj = Puj + d. (12)

Due to the trial-invariant disturbance, the estimated convo-
lution matrix P̂ differs from the true convolution matrixP :

P̂ = U−1

lc Y lc = U−1

lc (Y lc +Dlc) = P +U−1

lc Dlc. (13)

Fortunately, in case of trial-invariant disturbances, theresulting
modelling errorU−1

lc Dlc can be eliminated by selecting the
weightsl0, . . . , lj such that

∑j

i=0
li = 0 and thereforeDlc =

0.

III. N ORM-OPTIMAL ILC FOR LTI SYSTEMS WITH

ACTUATOR CONSTRAINTS

This section adapts the norm-optimalILC framework such that
actuator limitations can be taken into account. This extension
is applicable to both model-based and data-driven norm-
optimal ILC [12]. The application to open-loop and closed-
loop systems is discussed.

A. Open-loop systems

The unconstrained optimization problem considered in norm-
optimal ILC is augmented with a set of linear inequality
constraints that represent the actuator limitations of thesystem.
Since the solution of this constrained optimization problem
cannot be derived analytically, the following problem is solved
numerically at every iteration to obtain the next iteration’s
input signaluj+1:

minimize
δuj+1∈RN

êTj+1W eêj+1 + uT
j+1W uuj+1

+ δuT

j+1W δuδuj+1 (14a)

subject to êj+1 = em
j − P̂ δuj+1 (14b)

uj+1 = uj + δuj+1 (14c)

‖uj+1‖∞ ≤ u (14d)

‖duj+1‖∞ ≤ du, (14e)

whereu and du respectively denote the upperbound on the
actuator inputuj+1(k) and its first derivativeduj+1(k). The
same objective function is used as in traditional norm-optimal
ILC. The equality constraints (14b) and (14c) represent the
system dynamics and the update equation, respectively.

Note that the presented framework is not restricted to
tracking control problems. A suitable choice of the weighting
matrices allows theILC to learn energy-optimal point-to-point
motions. There may also be other design specifications, such
as avoiding the excitation of known structural resonances of
the machine. These design specifications can be incorporated
by adding appropriate terms to the objective function of the
optimization program.
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−

+ C(q)
|u| ≤ u

|du| ≤ du
P (q)

rj(k) uj(k) yj(k)

+
+

ym

j (k)

nj(k)

Fig. 2. Closed-loop discrete-time system with actuator constraints.

B. Application to closed-loop systems

Often, ILC is combined with feedback control since an iter-
ative learning controller cannot compensate for nonrepeating
disturbances. Consider the closed-loop system in Fig. 2 with
actuator constraintsu and du, controller C(q), plant P (q),
reference signalrj , actuator inputuj , outputyj and measured
outputym

j = yj +nj . The proposedILC algorithm learns the
reference signalrj+1 for the closed-loop system that results in
an output signalyj+1 that is as close as possible to the desired
outputyd. The difference with the aforementioned open-loop
systems is that in the closed-loop case the reference signalrj
is updated in order to track a given desired outputyd, taking
into account the constraints on the actuator inputuj , whereas
in the open-loop case the actuator input itself is updated.

When the actuator constraints are active, the relation be-
tween the reference signalrj and the outputyj of the
closed-loop system in Fig. 2 becomes nonlinear. To avoid this
nonlinearity, optimization problem (14) is solved, yielding a
desired next iteration’s input signaluj+1 that respects the
actuator constraints and a predicted next iteration’s output
signal ŷj+1 = ym

j + P̂ δuj+1. Based on the plantP (q),
the controllerC(q) and the closed-loop configuration, the
reference trajectory that leads to the optimized input signal
uj+1 can be calculated as

rj+1 = C−1uj+1 + ŷj+1, (15)

whereC denotes the convolution matrix of controllerC(q).

IV. EXPERIMENTAL RESULTS

This section presents the experimental validation of the pro-
posed data-drivenILC framework on a permanent magnet
linear motor. Subsection IV-A describes the linear motor test
setup. Subsection IV-B discusses the experimental resultsof a
tracking problem where the linear motor system is able to track
the reference trajectory without saturating the actuator.The
results show the ability of the proposed algorithm to achieve
tracking control up to the repeatability of the test setup, despite
position-dependent disturbances such as actuator cogging[17].
Subsection IV-C presents the experimental results of another
tracking problem where the proposedILC algorithm manages
to achieve the minimal rms value of the tracking error taking
into account the imposed constraints on the actuator input.
Subsection IV-D presents the experimental results of a point-
to-point motion problem where positioning accuracy is traded
off with input effort.

Fig. 3. Linear motor test setup.

0 0.25 0.5 0.75 1

0

0.025

0.05

time (s)

y
d

(m
)

Fig. 4. Desired outputyd(k).

A. Experimental setup

The experimental validation is performed on a current-
controlled permanent-magnet linear motor depicted in Fig.3.
The position of the carriage of the linear motor is measured
using a linear encoder and fed back to a PI-lead position
controller. The position measurement is subject to output noise
of which the rms value is estimated to be0.1µm. The limiting
factor concerning the asymptotic tracking error, however,is
not the measurement noise but the repeatability of the closed-
loop system, which is approximately0.3µm rms. The bounds
on the actuator input and its first derivative are selected tobe
u = 3A and du = 1A ms−1. In this paper, all experiments
are performed with a sample time of2ms.

B. Unconstrained reference tracking

Fig. 4 shows the desired outputyd(k), which is a forward
and backward motion of5 cm that needs to be executed
in 1 s. Because of the position-dependency of the cogging
disturbance, the carriage is returned to a home position before
every iteration. The carriage reaches the home position within
a range of±0.2µm.

During the first trial (j = 0) of the learning process,
the feedback controller is turned off and the linear motor is
actuated directly with a test signalu0. Fig. 5 shows the first
iteration’s input signalu0 and corresponding output signalym

0 .
Note that the position-dependent cogging disturbance differs

significantly when the test signalu0 or a learned input signal
uj (j > 0) is applied to the linear motor. The position-
dependent disturbance cannot be considered as a trial-invariant
disturbance and the corresponding estimation error cannotbe
eliminated using the approach discussed in subsection II-D.
Therefore, the convolution matrix ofP (q) is estimated as
U−1

0 Y m
0 .

The following choice of weighting matrices resulted in a
stableILC system:

W e = IN , W u = 10−6IN , W δu = 2 · 10−5IN . (16)
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0 0.25 0.5 0.75 1
0

1

2

3

u
0
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)

0 0.25 0.5 0.75 1

0

0.05

0.1

0.15

0.2

time (s)

y
m 0

(m
)

Fig. 5. First iteration’s input and output signal.

emax (µm) erms (µm)

Feedback only 93 42
Trial 13 1.91 0.62

-98% -98.5%

TABLE I
COMPARISON OF THE PEAK VALUE AND RMS VALUE OF THE TRACKING

ERROR BEFORE AND AFTER LEARNING FOR A FORWARD AND BACKWARD
MOTION OF 5 cm.

Fig. 6 shows the rms value of the tracking error as a function
of the trial number and table I compares the peak and rms
value of the tracking error before and after learning. Fig. 7
shows the remaining tracking error of the13th trial. Further
reduction of the tracking error is hardly possible due to the
limited repeatability of the test setup. These results showthat
the proposed data-drivenILC algorithm is able to achieve
tracking up to the repeatability of the test setup.

C. Constrained reference tracking

The following experimental results show the ability of the
proposed method to learn a reference signal leading to the

1 5 10 15 20 25

10
−5

10
−6

iteration (-)

e
rm

s
(m

)

Fig. 6. Rms value of the tracking error as a function of the iteration number.

0 0.25 0.5 0.75 1

-2

0

2

time (s)

e
1
3

(µ
m

)

Fig. 7. Tracking error of the13th trial.

0 0.25 0.5 0.75 1
-400

-200

0

200

400

e
1

1
(µ

m
)

0 0.25 0.5 0.75 1

-3

0

3

time (s)

u
1
1

(A
)

Fig. 8. Tracking errore11 and actuator inputu11 of the11th trial together
with the bounds on the actuator input.

minimal rms value of the tracking error taking into account
actuator constraints. The desired output is again a forwardand
backward motion that needs to be executed in1 s, as in Fig. 4,
but the distance is increased to8 cm such that the constraints
on the actuator input become active. The first iteration’s input
signalu0, and the tuning of the weighting matricesW e, W u,
andW δu are again given by (16).

The algorithm reaches convergence in 11 iterations. Fig. 8
shows the remaining tracking errore11 and the actuator input
u11 of the11th iteration. Very accurate tracking is achieved at
time instants when no actuator constraints are active. Whenthe
actuator input hits its bounds, the tracking error is, inevitably,
an order of magnitude greater.

D. Learning energy-optimal point-to-point motions

This section discusses the application of the data-drivenILC

framework to point-to-point motion problems. Fig. 9 shows
the desired output positionyd(k) of the linear motor. Only
the desired endpoint of the point-to-point motion is definedin
the vectoryd. Therefore, a matrix of the form given by (7)
is chosen as weighting matrix for the output error. In order
to trade off the required energy to perform the point-to-point
motion for the rms value of the positioning error, the weighting
matrix on the actuator input is chosen asW u = λuIN , where
λu regulates the trade-off between positioning accuracy and
input effort.

Fig. 10 shows these two objectives as a function of the
iteration number for three different values of the trade-off
parameter:λu = 0, λu = 5 · 10−5 and λu = 10−3. The
weighting matrix on the change in input signal is again

0 0.5 0.7

0

0.2

time (s)

y d
(m

)

Fig. 9. Desired output position as a function of time.



6

2 4 6 8 10

500

520

540

560

‖u
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λu = 0 λu = 5 · 10−5 λu = 10−3

2 4 6 8 10

10−6

10−5

iteration (-)

e
rm

s
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)

Fig. 10. Required energy and rms value of the positioning error as a function
of the iteration number.

emax (µm) erms (µm) ‖u‖2
2

(A2)

λu = 0 2.0 0.8 554
λu = 5 · 10−5 2.1 0.8 517
λu = 10−3 215 30 498

TABLE II
COMPARISON OF THE SQUAREDℓ2-NORM OF THE ACTUATOR INPUT

SIGNAL, AND THE RMS VALUE AND PEAK VALUE OF THE TRACKING
ERROR AFTER CONVERGENCE FOR THREE DIFFERENT VALUES OFλU .

chosen asW δu = 2 · 10−5IN . As the value ofλu increases
more weight is given to theℓ2-norm of the actuator input
signal resulting in a lower input effort at the cost of reduced
positioning accuracy.

Table II compares the squaredℓ2-norm of the actuator input
signal, and the rms and peak value of the tracking error after
convergence for the considered values ofλu. The reference
signal forλu = 5 · 10−5 yields 7% less input effort than the
reference signal forλu = 0, whereas the positioning accuracy
is similar for these two experiments. This is due to the limited
repeatability of the linear motor test setup. A further increase
of the trade-off parameterλu will eventually result in a lower
input effort at the cost of reduced positioning accuracy. This
is shown by the third experiment, whereλu = 10−3.

V. CONCLUSION

This paper investigates the possibility of applying norm-
optimal ILC to a system without having any a priori infor-
mation aside from the fact that the system isLTI . A method
to estimate anLTI system’s impulse response using previous
iterations’ input/output data is presented. Together withsome
extensions of the norm-optimalILC framework, this constitutes
a data-drivenILC framework for LTI systems with actuator
limitations that is applicable to both tracking and point-to-
point motion problems.

The presented approach is experimentally validated on a
linear motor positioning system. The results show the ability
of the proposed data-drivenILC framework to (i) achieve
tracking accuracy up to the repeatability of the test setup,(ii)
minimize the rms value of the tracking error while respecting

the actuator input constraints, (iii) learn energy-optimal system
inputs for point-to-point motions.
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