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Abstract—In this paper, we consider distributed signal estima-
tion in sensor networks where the nodes exchange compressed
sensor signal observations to estimate different node-specific
signals. In particular, we revisit the so-called distributed adaptive
node-specific signal estimation (DANSE) algorithm, which applies
to the case where the nodes share a so-called ‘common interest’,
and cast it in the more general setting where the nodes have
‘different interests’. We prove existence of an equilibrium state
for such a setting by using a result from fixed point theory. By es-
tablishing a link between the DANSE algorithm and game theory,
we point out that any equilibrium of the DANSE algorithm is
a Nash equilibrium of the corresponding game. This provides
an intuitive interpretation to the resulting signal estimators.
The equilibrium state existence proof also reveals a problem
with discontinuities in the DANSE update function, which may
result in non-convergence of the algorithm. However, since these
discontinuities are identifiable, they can easily be avoided by
applying a minor heuristic modification to the algorithm. We
demonstrate the effectiveness of this modification by means of
numerical examples.

Index Terms—Wireless sensor networks (WSNs), distributed
signal estimation, distributed adaptive beamforming, adaptive
estimation, game theory

I. INTRODUCTION

In this paper, we consider distributed signal estimation in
sensor networks where the nodes exchange compressed sensor
signal observations to estimate different node-specific signals.
In particular, we revisit the so-called distributed adaptive node-
specific signal estimation (DANSE) algorithm, which operates
in fully connected wireless sensor networks (WSNs) [1]–
[4] or WSNs with a tree topology [5]. Each node acts as
a data sink and fuses its local sensor signal observations
with (compressed) signal observations obtained from other
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nodes, based on a local linear minimum mean squared error
(MMSE) estimator. The term ‘node-specific’ refers to the fact
that each node in the network has a different objective, i.e.,
each node aims to obtain a local estimate of a desired signal,
which is different for each node. If these node-specific desired
signals share a common latent signal subspace, and if sufficient
bandwidth is available, the behavior of the DANSE algorithm
is well-understood. This is referred to here as the case where
nodes share a ‘common interest’. For such settings, different
versions of the algorithm have been proven to converge to
an equilibrium state with different node-specific distributed
estimators, and all of them achieve the same mean square error
(MSE) as the corresponding optimal centralized estimator [1]–
[3], [5]–[8].

In practice, the above assumption is often not (or only par-
tially) satisfied, i.e., the nodes often have (partially) ‘different
interests’. In this case, it is not clear whether there exists an
equilibrium state for the DANSE algorithm, and if so, whether
the corresponding distributed estimators are optimal in any
sense. Experiments in [1], [3], [8] on different types of signals
have indicated that the DANSE algorithm generally converges
to an equilibrium state for such settings. In this paper, we
prove that such an equilibrium state indeed exists, by using a
result from fixed point theory. We also establish a link between
the DANSE algorithm and game theory, which will reveal
that any equilibrium state of the DANSE algorithm is a Nash
equilibrium [9]. Nash equilibria are known to be suboptimal
in general due to non-cooperative behavior of the players in
the game.

The equilibrium state existence proof also reveals a problem
with discontinuities in the DANSE update function. Although
the probability that the DANSE algorithm encounters such
discontinuities is zero, the actual equilibrium state may be
close to such a discontinuity. If such ill-conditioned equilibria
exist, the algorithm may not converge due to estimation errors
in the signal statistics and/or numerical problems. However,
since these ill-conditioned settings are identifiable, they can
easily be avoided by applying a minor heuristic modification
to the DANSE algorithm. We demonstrate the effectiveness of
this modification by means of numerical examples.
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A. Relationship with previous work on distributed estimation

The literature on distributed estimation in WSNs is very
versatile, and considers many different problem statements and
data models (see, e.g., [10] for an overview and classifica-
tions). Some approaches require a so-called fusion center (e.g.,
[11]–[16]) that gathers data from all sensors, whereas other
algorithms are fully distributed where all processing happens
inside the network (e.g., [1]–[7], [17]–[24]). The estimation
literature can also be classified into signal estimation (or beam-
forming) and parameter estimation techniques [10]. Signal
estimation focuses on the design of fusion rules to combine
raw or pre-processed sensor signal observations, to estimate a
hidden signal, e.g. for denoising [1]–[7], [14], [15], [21], [25],
[26]. Note that a new estimation variable, i.e., a sample of the
hidden signal, is then introduced in each sampling interval.
Parameter estimation, on the other hand, refers to estimation
and/or tracking of a parameter vector with fixed dimension,
which is extracted from the sensor signal observations (e.g.,
by locally solving a linear regression problem [17]–[20], [24]).
In this case, the number of estimation variables is fixed
over time, i.e., it does not increase whenever new sensor
observations are acquired. Although both terms (parameter and
signal estimation) are often used interchangeably, they have
very different problem statements, and need to be tackled in
different ways [10]. In addition, there is also a large amount of
related work on coding in WSNs, i.e., distributed compression
or source coding [27]–[30], joint estimation and coding [4],
[16], [26], [31], and compressed sensing [16], [32].

Following the above classification, the DANSE algorithm
belongs to the class of signal estimation algorithms. This
means that it aims to define a set of fusion rules (in this case a
linear filter-and-sum estimator), exploiting correlation between
signals in different sensors, to estimate a hidden desired signal,
while reducing noise and interference. In contrast to, e.g.,
[14], [15], we consider a fully distributed approach without
fusion center, i.e., all processing happens inside the network.
Furthermore, each node acts as a data sink, i.e., each node
aims to estimate a node-specific desired signal. Although we
do not focus on compression or source coding, we explicitly
limit the number of signals that can be shared between nodes,
i.e., multi-sensor observations are fused to obtain a signal with
fewer channels than the original number of sensors. The effect
of additional (lossy) compression of the signals that are shared
between nodes in the DANSE algorithm is analyzed in [4].

B. Outline

The outline of this paper is as follows. In section II, we state
the problem of distributed node-specific signal estimation, and
we briefly review the DANSE algorithm and its assumed data
model (‘common interest’ case). In Section III, we explain
that this data model is often not or only partially satisfied
in practice (‘different interest’ case), we explain how this
case can be viewed from a game theoretical perspective, and
we show that any equilibrium state of the DANSE algorithm
then corresponds to a Nash equilibrium. In section IV, we
prove that such an equilibrium state always exists, except in
some contrived cases where the DANSE algorithm updates to

discontinuous points of its update function. In section V, we
give examples of scenarios where such discontinuities leads to
convergence problems, and we explain how the algorithm can
be modified to avoid these discontinuities or ill-conditioned
settings. In Section VI, we provide simulations, demonstrating
the stabilizing effect of the modified algorithm. Conclusions
are drawn in Section VII.

II. DISTRIBUTED NODE-SPECIFIC SIGNAL ESTIMATION

In this section, we provide a brief review of distributed
node-specific signal estimation and the DANSE algorithm
in a fully connected sensor network. For a more detailed
explanation and analysis, we refer to [1].

A. Problem formulation and notation

Consider a fully connected1 sensor network with the set of
nodes N = {1, . . . , N} containing N nodes. Node n ∈ N
collects observations yn[t] (at sample time t) of a complex-
valued2 Mn-channel signal yn (the different channels of
yn usually correspond to different sensors at node n). For
conciseness, we will omit the time index t in the sequel.
We define y as the M -channel signal in which all yn are
stacked, where M =

∑
n∈N Mn. The objective for node n is

to estimate a K-channel node-specific signal dn, referred to
as the desired signal3. It is noted that each node may have a
different desired signal, such that possibly dn 6= dq if n 6= q.

We first consider the centralized estimation problem, i.e., we
assume that each node has access to observations of the entire
M -channel signal y. Node n uses a linear estimator Wn to
estimate dn as dn = WH

n y where Wn is a complex valued
M×K matrix, and where superscript H denotes the conjugate
transpose operator. We consider linear MMSE estimation with
a node-specific optimal estimator Ŵn that minimizes the cost
function

Jn(Wn) = E{‖dn −WH
n y‖2} , (1)

with E{.} denoting the expected value operator. Let Ryy =
E{yyH}, which can be estimated by temporal averaging of
observations of y, and let Rydn = E{ydH

n }, which can be
estimated directly (e.g., with training sequences) or indirectly
(see, e.g., [1]). Assuming that the correlation matrix Ryy has
full rank4, the unique minimizer of (1) is

Ŵn = R−1
yy Rydn

. (2)

B. The DANSEK algorithm

For any integer K, the DANSEK algorithm linearly com-
presses yn to a K-channel signal zn = CH

n yn, where Cn is

1For the sake of an easy expositon, the DANSE algorithm is explained here
for the case of fully connected WSN’s. However, it can also be formulated
for tree topology networks [5].

2Throughout this paper, all signals are assumed to be complex valued to
permit frequency-domain descriptions, e.g., in the short-time Fourier transform
(STFT) domain.

3dn is assumed to be a K-channel signal for each node n ∈ N , which
may require the inclusion of auxiliary signals, see [1].

4This is usually satisfied in practice due to uncorrelated sensor noise. If the
matrix is not full rank, the minimum norm solution can be selected, based on
the Moore-Penrose pseudoinverse [33].
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a K×Mn compression matrix5 that will be defined later (see
formula (8)). Observations of the compressed signal zn are
then broadcast to the remaining N−1 nodes. This compresses
the data to be sent by node n by a factor of Mn

K . If the desired
signals dn all share a common Q-dimensional latent signal
subspace, we will point out in section II-C that the DANSEK

algorithm achieves the optimal estimators whenever K ≥ Q.
Since the compression matrices Cn and the local estimators

will be iteratively updated by the DANSEK algorithm, we in-
troduce the iteration index i in the sequel. We define the (N−
1)K-channel signal zi

−n =
[
zi T
1 . . . zi T

n−1z
i T
n+1 . . . z

i T
N

]T
,

and a partitioning of the estimator matrix Wi
n as Wi

n =
[Wi T

n1 . . . Wi T
nN ]T , where Wi

nq is the part of Wi
n that is

applied to yq . Node n then collects observations of its own
signal yn and the signals in zi

−n obtained from the other nodes
in the network, and uses these to update its local linear MMSE
estimator, i.e.,[

Wi+1
nn

Gi+1
n,−n

]
=

arg min
Wnn,Gn,−n

E

{
‖dn −

[
WH

nn GH
n,−n

] [ yn

zi
−n

]
‖2
}
,

(3)

where Wnn is the part of the estimator that is applied to yn,
and where Gn,−n = [GT

n1 . . . GT
n,n−1 GT

n,n+1 . . . GT
nN ]T ,

with Gnq denoting the part of the estimator that is applied to
zi

q . Let

ỹi
n =

[
yn

zi
−n

]
. (4)

The solution of (3) is then given by[
Wi+1

nn

Gi+1
n,−n

]
=
(
Ri

ỹnỹn

)−1
Ri

ỹndn
, (5)

with

Ri
ỹnỹn

= E{ỹi
nỹi H

n } (6)

Ri
ỹndn

= E{ỹi
ndH

n } . (7)

The compression rule to generate the signal zi
n that is

broadcast by node n at iteration i is defined by the linear
operator

zi
n = Wi H

nn yn . (8)

The DANSE algorithm is illustrated in Fig. 1, for a network
with N = 3 nodes. It is noted that Wnn both acts as a
compressor and as a part of the estimator Wn. From Fig. 1, it
is easy to see that the parametrization of the Wn effectively
applied at node n is

W̃n =

 W11Gn1

...
WNNGnN

 , (9)

where Gnn = IK , with IK denoting the K × K identity
matrix. Expression (9) defines a solution space for all Wn,
n ∈ N , simultaneously, where node n can only control the

5If Mn ≤ K, then Cn is choosen as the Mn×Mn identity matrix instead,
in which case no compression is obtained.
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Fig. 1. The DANSEK algorithm with 3 nodes (|K| = 3). Each node k
estimates a signal dk using observations of its own Mk-channel sensor signal,
and 2 K-channel signals broadcast by the other two nodes.

parameters Wnn and Gn,−n. We use a tilde to indicate that
the estimator is parametrized according to (9).

The DANSEK algorithm iteratively updates the parameters
in (9), by letting each node n compute (5), ∀ n ∈ N , in
a sequential round robin fashion. It is noted that each node
then essentially performs a similar task as in a centralized
computation, but on a smaller scale, i.e., with fewer signals.
The complete DANSEK algorithm is given in Table I.

Remark I: The iterative nature of the DANSEK algorithm
may suggest that the same sensor signal observations are
compressed and broadcast multiple times, i.e., once after
every iteration. However, in practical applications, iterations
are spread over time, which means that successive updates
of the estimators use different sensor signal observations. By
exploiting the stationarity assumption, updated estimators are
only used for new (future) observations (as it is the case
in adaptive filtering or adaptive beamforming [34], [35]). In
other words, if Wi

nn is updated to Wi+1
nn at time t0, this is

only used to produce observations of zi
n for t > t0, while

previous observations for t ≤ t0, are neither recompressed
nor retransmitted. Effectively, each sensor signal observation
is compressed and transmitted only once. For a detailed non-
batch description of the algorithm, we refer to [1].

Remark II: In the DANSEK algorithm, the nodes update
in a sequential round robin fashion, i.e., at each iteration
i, a different node updates its local parameters. Alternative
procedures where nodes update simultaneously are provided
in [2].

C. Convergence and optimality of the DANSEK algorithm for
nodes with a common interest

Assume that the node-specific desired signals of all the
nodes share a common latent signal subspace of dimension
Q, i.e.,

dn = And, ∀ n ∈ N , (13)
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TABLE I
THE DANSEK ALGORITHM

The DANSEK Algorithm

1) • Initialize W0
qq and G0

q,−q , ∀ q ∈ N , as random matrices.
• i← 0 .
• n← 1 .

2) • All nodes q ∈ N transmit observations of zi
q = Wi H

qq yq to the other nodes.
• Node n updates its local parameters Wi

nn and Gi
n,−n by minimizing its local MSE criterion, based on observations

of its own inputs sensor signal yn and of the compressed signals zi
−n that it receives from nodes q ∈ N\{n}:[

Wi+1
nn

Gi+1
n,−n

]
=
(
Ri

ỹnỹn

)−1
Ri

ỹndn
. (10)

If Ri
ỹnỹn

is rank deficient, the Moore-Penrose pseudoinverse [33] is used instead.
• All other nodes do not change their variables:

∀ q ∈ N\{n} : Wi+1
qq = Wi

qq, Gi+1
q,−q = Gi

q,−q . (11)

3) For the newly observed samples, each node q ∈ N generates an estimate of its desired signal:

dq = Wi+1 H
qq yq + Gi+1 H

q,−q zi
−q . (12)

4) • i← i+ 1 .
• n← (n mod N) + 1 .

5) Return to step 2

with An a fixed (but unknown) K × Q matrix and where
E{ddH} is a full-rank matrix. This is referred to as the
case where nodes have a common interest, and represents
the assumed data model for the DANSEK algorithm in [1]–
[3], [5]–[8], [25]. In [1], it is explained that the optimal
centralized estimators (2) are in the solution space of the
DANSEK algorithm, as defined in (9), if (13) is satisfied with
K ≥ Q and if each An matrix has rank Q. The following
theorem guarantees convergence of the DANSEK algorithm to
the optimal centralized estimators in the case6 where K = Q
[1]:

Theorem II.1. If the sensor signal correlation matrix Ryy has
full rank, and if there exists a latent K-channel signal d such
that dn = And, ∀n ∈ N , with An a full rank K×K matrix,
then the DANSEK algorithm converges for any initialization
of its parameters to the optimal centralized estimators (2) for
all n ∈ N .

III. DANSEK ALGORITHM FOR NODES WITH DIFFERENT
INTERESTS

Convergence and optimality of the DANSEK algorithm is
obtained under data model (13) with K = Q. However, this
assumption may not be satisfied, for example when K < Q
due to underestimation of Q (or upper bounds on K due
to bandwidth constraints), or when there is no correlation
between the different node-specific desired signals to begin
with. Furthermore, even in cases where K and Q match,
the model may only be approximately satisfied. A common

6We only address the case where K = Q and where Ryy has full rank.
If K > Q, the DANSEK algorithm still converges to the optimal centralized
estimators, but this is based on simulations, without a formal proof [1].

example is the case of convolutive mixtures. Here, the data
model is satisfied when evaluated in the frequency domain,
since convolutive mixtures are transformed into instantaneous
mixtures at each frequency. However, since finite discrete
Fourier transforms (DFT) are used in practice, there is in-
evitable frequency leakage between frequency bins. The data
model is then violated in each frequency bin, especially so for
small DFT sizes.

In such cases where the desired signals dn do not fully
capture the Q-dimensional latent signal subspace (K < Q or
An is not full rank), the optimal centralized estimators (2) are
not in the solution space of DANSEK as defined by (9), and
so they cannot be reached. Still, it is observed in extensive
simulations that the DANSEK algorithm mostly converges to
an equilibrium state in these cases7. Insights on the existence
and interpretation of this equilibrium can be found in game
theory, more specifically in the notion of the Nash equilibrium
[9].

A. Game theory and Nash equilibria

Consider a game between N players, where the goal for
player n is to maximize a certain utility- or payoff function
un(s1, . . . , sN ), and where N is the set of players. Player
n can choose a specific strategy vector sn from its strategy
set Sn. Notice that the value of the utility un of player n
depends on its own strategy sn and the strategies chosen by
the other (N − 1) players. Let s =

[
sT
1 , . . . , s

T
N

]T
denote

7This is stated here as an observation, since a formal convergence proof
with necessary conditions is not available. The statement is even not true in
general, since there exist some contrived examples for which the DANSEK

algorithm cannot converge (see Appendix).
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the joint strategy, i.e., the stacked vector of all strategies, and
let S denote the set of all possible joint strategies, i.e., S
is the Cartesian product of the strategy sets of all players,
S = ×n∈NSn. Let s−n denote the joint strategy s with the
strategy of player n removed.

Definition III.1 (Nash equilibrium). Strategy s ∈ S is a Nash
equilibrium if un (s) ≥ un (ŝn, s−n) ∀ ŝn ∈ Sn, ∀ n ∈ N .

In other words, the Nash equilibrium describes a setting where
none of the players can improve its utility function, given the
current strategies chosen by the other players. Therefore, the
definition of a Nash equilibrium can be reformulated by use
of the best-reply correspondence [36]:

Definition III.2 (best-reply correspondence). The best-reply
correspondence for player n is a point-to-set mapping that
maps each strategy s ∈ S to a set Bn (s) ⊆ Sn that satisfies
Bn (s) = {arg maxŝn∈Sn

un (ŝn, s−n)}. The best-reply set for
the game is then defined as B(s) = ×n∈NBn(s).

Now we can reformulate the definition of Nash equilibrium:

Corollary III.3. Strategy s ∈ S is a Nash equilibrium if and
only if s ∈ B(s).

Nash equilibria are known to be suboptimal in general,
i.e., there often exist other joint strategies that yield a higher
utility for all or the majority of the players (or a higher total
utility, when summed over all players). In game theory this
is often referred to as ‘the price of anarchy’ [37], which is a
measure that indicates the loss in utility due to non-cooperative
behavior of the players.

B. DANSEK algorithm in a game-theoretic framework

It is not difficult to see the correspondence between the
DANSEK algorithm and a game as described above. Indeed,
the set of nodes corresponds to the set of players, and the
utility function un that player n aims to maximize corresponds
to the MSE cost function, i.e.,

un = −J̃n(W,Gn,−n) = −Jn

(
W̃n

)
, (14)

where W =
[
WT

11 WT
22 . . . WT

NN

]T
and where W̃n is

defined by (9). The estimators {Wnn,Gn,−n} that are used
by node n correspond to the strategy vector sn of player n.

Theorem III.4. Every equilibrium state of the DANSEK

algorithm is a Nash equilibrium of the game as described
above.

Proof: One iteration in the DANSEK algorithm, where
node n updates its local estimators, is a best-reply correspon-
dence to the current estimators/strategies applied by the other
nodes/players. Because of Corollary III.3, any equilibrium
state of the DANSEK algorithm must be a Nash equilib-
rium.

The above correspondence between game theory and the
DANSEK algorithm, and the fact that its equilibrium states
correspond to Nash equilibria, explains that the equilibrium
states are generally suboptimal, i.e., other distributed esti-
mators may exist that are also parametrized by (9) and that

improve the overall estimation performance. This is of course
due to the implicit non-cooperative behavior of the nodes.
Indeed, the update rule based on (3) makes nodes act selfishly,
i.e., each node updates its parameters to minimize its own cost
function, ignoring possible increases in the cost of other nodes
due to this update.

The proof in [1] of Theorem II.1 shows that the DANSEK

algorithm is actually behaving cooperatively when the assump-
tions of the theorem are satisfied, despite the non-cooperative
update rule. This implicit cooperative behavior is due to the
fact that all nodes have dn’s that are linear combinations of a
common d. In other words, there is a common latent interest
between the different nodes in the network, which in this case
reduces the ‘price of anarchy’ to zero.

IV. EXISTENCE OF AN EQUILIBRIUM STATE

In Subsection IV-A, we first prove that there always exists
an equilibrium state for the DANSEK algorithm8, i.e., a
state that is invariant under the DANSEK update rules, even
when K < Q in (13). Furthermore, the proof will reveal a
problem with discontinuities in the DANSEK update function.
In Section V, we will explain the practical consequences of
these discontinuities, and how their identification can be used
to increase the robustness of the DANSEK algorithm in ill-
conditioned scenarios.

A. Proof of existence

From Corollary III.3, we know that a Nash equilibrium
satisfies s ∈ B(s). In fixed point theory, this means that s is a
so-called fixed point of the point-to-set function B(s). Indeed,
Nash used Kakatuni’s fixed point theorem to prove existence of
Nash equilibria in strategic form games with convex strategy
spaces [9]. However, the game-theoretic framework used by
Nash is probabilistic, i.e., it uses mixed strategies which
are probability distributions over a set of pure strategies.
The DANSEK algorithm, however, is deterministic, and the
function B(s) is a point-to-point function (given by (5), when
applied to all n ∈ N simultaneously) instead of a point-to-set
function. This allows us to use another (simpler) fixed point
theorem:

Theorem IV.1 (Brouwer’s fixed point theorem [38]). Every
continuous function F from the closed unit ball Dm to itself
has at least one fixed point.

The closed unit ball Dm is the set of all points in Euclidean
m-space that are at a maximum distance of 1 from the origin.
A fixed point of a function F : Dm → Dm is a point x
in Dm such that F (x) = x. Because the properties involved
(‘continuity’, ‘being a fixed point’) are invariant under home-
omorphisms, the theorem equally applies if the domain is
not the closed unit ball itself but some set homeomorphic to
it. Since a compact (i.e., bounded and closed) convex set is

8We only prove existence of an equilibrium state. Uniqueness and stability
of the equilibrium, as well as convergence to this equilibrium, are still open
questions for the general case. However, extensive simulations appear to
confirm that these properties indeed hold, except in some contrived examples
(see Appendix).
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homeomorphic to the closed unit ball, this yields the following
slightly more general theorem [38]:

Theorem IV.2. Every continuous function F from a compact
convex subset C of a Euclidean space to itself has at least one
fixed point.

We will use this theorem to prove the existence of an
equilibrium state for the DANSEK algorithm. However, we
will first make a slight modification to the DANSEK algo-
rithm. The actual update formula (5) solves the local opti-
mization problem given by (3). In what follows, we replace
the unconstrained optimization problem (3) with the following
constrained optimization problem[

Wi+1
nn

Gi+1
n,−n

]
=

arg min
Wnn,Gn,−n

E

{∥∥∥∥dn −
[

WH
nn GH

n,−n

] [ yn

zi
−n

]∥∥∥∥2
}
,

s.t. ‖Gn,−n‖ ≤ T ,
(15)

where T is a pre-defined positive number, i.e., we impose a
norm constraint on the Gn,−n matrix (this can be any matrix
norm). We do this to obtain a continuous update function
to be able to use Theorem IV.2, as will be explained later.
However, it is noted that this constrained optimization problem
is merely introduced for theoretical completeness of the below
theorem, to remove some mathematical artifacts. In practice,
the DANSEK algorithm always uses the unconstrained op-
timization problem given by (3), so we do not elaborate on
solving (15). If (15) has multiple solutions, it is again assumed
that the minimum norm solution is selected.

Theorem IV.3 (Existence of an equilibrium state for the
DANSEK algorithm). Assume that the update formula (3) of
node n in the DANSEK algorithm is replaced by (15) with
0 < T <∞. If the correlation matrix Ryy has full rank, then
there exists an equilibrium state for the DANSEK algorithm,
i.e., a state which is invariant under the DANSEK update rules.

Proof: Let Fn denote the function that performs the
DANSEK update of the elements in Wnn, i.e., Wi+1

nn =
Fn(Wi), where Wi+1

nn satisfies (15). Notice that the update of
Wnn only depends on W (through z−n), and is independent
of Gq,−q , ∀ q ∈ N . The point W∗ = [W∗ T

11 . . . W∗ T
NN ]T is

an equilibrium state for the DANSEK algorithm if and only
if Fn(W∗) = W∗

nn, ∀ n ∈ N . In other words, W∗ is an
equilibrium state if W∗ is a fixed point of the function

F (W) =

 F1(W)
...

FN (W)

 . (16)

We will prove existence of a fixed point of the function F , by
applying Theorem IV.2. Therefore, we have to prove that the
function F is continuous over a compact convex set C, and
that it maps C into itself.
1) Continuity of F

We first explain that the discontinuities of the function F

can be removed by choosing T < ∞. Assume that T = ∞
in (15), i.e., that there is no norm constraint on Gn,−n, and
therefore the function Fn, ∀ n ∈ N , is defined by the update
(5). Function F (W) is then continuous in all points W, except
for points W for which there exists a n ∈ N such that Wnn

is rank deficient. To see this, assume that in the i-th iteration
we have a point Wi for which Wi

nn is full rank ∀ n ∈ N .
Since each Wi

nn is full rank, the matrix Ri
ỹnỹn

is also full
rank, since it is a compressed version of Ryy based on linearly
independent combinations. Continuity of F then immediately
follows from continuity of the inverse of full-rank matrices
(see (5)), i.e., the update F (Wi) changes smoothly for small
perturbations in Wi. However, if there exists a node q ∈ N
for which Wi

qq is rank deficient, zq does not span an Mn-
dimensional signal subspace, and the matrices Ri

ỹnỹn
for n 6=

q then become rank deficient so that Fn, and hence F , is
discontinuous.

It is noted that the update function Fn is invariant under a
non-zero scaling of its argument, i.e., Fn(Wi) = Fn(δWi),
∀δ 6= 0, since a scaling of Wi with δ is implicitly compensated
inside Fn by a scaling of Gn,−n with 1/δ. Due to this inverse
scaling, the elements of Gn,−n grow infinitely large when δ
approaches zero, i.e., ‖Gi+1

n,−n‖ → ∞ when δ → 0. However,
if δ is exactly equal to zero, this means that all δWi

nn are
zero (i.e., rank deficient) and that there is no communication
between nodes, i.e., zn = 0, ∀n ∈ N , and nodes can then only
rely on their own sensor signal observations. In other words:

Fn

(
δ Wi

)
=
{

Wi+1
nn if δ 6= 0

Wlocal
nn if δ = 0 , (17)

with Wlocal
nn 6= Wi+1

nn , which means that a discontinuity indeed
appears at Wi = 0. Similarly, such a discontinuity appears
at any point W for which there exists a q ∈ N such that
Wqq is rank deficient. Indeed, in this case, an infinitesimal
perturbation on Wqq can generate a new infinitesimally small
linearly independent signal component in zq that can be
exploited by node n if it makes Gnq infinitely large.

We have explained that ‖Gi+1
nq ‖ → ∞ if Wi

qq gets
closer to rank deficiency. Therefore, adding a norm constraint9

‖Gi+1
n,−n‖ ≤ T < ∞, ∀ n ∈ N , as defined in (15), will

remove these discontinuities from the update function F .
Indeed, when evaluating F in a point W which contains a
rank deficient Wnn, an infinitesimal perturbation ∆W on W
will also result in an infinitesimal change in the update, i.e.,
‖F (W) − F (W + ∆W)‖ is infinitesimally small. This is
because the Gnq’s are bounded, and hence cannot generate a
(finite) contribution from the new linearly independent (but
infinitesimally small) signal component. Therefore, F will
have a smooth transition in the neighborhood of rank-deficient
points.
2) Mapping of a convex compact set C into itself

9It is noted that the discontinuities can also be removed by adding a fixed
regularization term to (5), e.g., by inverting Ri

ỹnỹn
+ εI instead of Ri

ỹnỹn
,

where ε is a small positive number and I the identity matrix with appropriate
dimensions. However, this will always have an influence on the dynamics
and the equilibria of the DANSEK algorithm. Adding the norm constraint as
defined in (15) is less intrusive, as it only has an influence on the algorithm
if the constraint becomes active.
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We choose an arbitrary node n ∈ N . Define the sub-level
set Cn as

Cn = {Wn : Jn (Wn) ≤ J0
n} , (18)

with
J0

n = Jn(OM×K) , (19)

and where OM×K denotes an all-zero M × K matrix. It is
noted that, due to the implicit optimization (3) in the DANSEK

algorithm,
W̃i

n ∈ Cn, ∀ i ∈ I , (20)

where W̃i
n is defined similar to (9), and where In denotes

the set of iteration indices corresponding to iterations where
node n updates its parameters. Since Jn is a convex quadratic
function, its sub-level sets are compact convex sets, and
therefore Cn is a compact convex set. We define the set Cnn

as

Cnn = {Wnn|∃Wn ∈ Cn : Wnn = EnWn} , (21)

with

En =
[

O
Mn×

∑n−1

l=1
Ml

IMn O
Mn×

∑N

l=n+1
Ml

]
,

(22)
i.e., Cnn is the projection of Cn onto the coordinates corre-
sponding to Wnn. Therefore, Cnn is also a compact convex
set since compactness and convexity are invariant under affine
transformations. Notice that, due to (20), and the fact that
Gnn = IK ,

Fn(W) ∈ Cnn, ∀W . (23)

Now consider the Cartesian product set C = ×n∈NCnn,
which is again a compact convex set. Because of (23), we
find that the function F (W) maps the complete space to the
set C. Therefore, the set C is mapped into itself.

Remark: Since the update function F , which is used in the
above proof, is the same for the DANSEK algorithm with
sequential node updating [1] and for the DANSEK algorithm
with simultaneous node updating [2], the theorem also holds
for the latter. Furthermore, similar results can be obtained
for the tree-DANSE algorithm [5], which operates in sensor
networks with a tree topology.

V. CONVERGENCE

Since T in the constrained optimization problem (15) can
be chosen arbitrary large, the norm constraint can be omitted
in practice, i.e., nodes can still solve unconstrained MMSE
problems as specified in (3). On the other hand, this norm
constraint is required in the existence proof of an equilibrium
state for the DANSEK algorithm. The question is then whether
the inclusion of the constraint is purely theoretical, or truly has
implications in practice?

A. Convergence problems due to discontinuities

In practical cases, it is observed that the discontinuous
points described in the proof of Theorem IV.3 are never chosen
by the DANSEK algorithm, and that the algorithm iterates
away from these points when used as an initial setting. In these
cases, the norm constraint never becomes active and hence it

has no impact on the algorithm (if T is chosen sufficiently
large). Therefore, in practical cases, the equilibrium state exists
even when the norm constraint is omitted.

However, it is possible to construct contrived examples
where the DANSEK algorithm indeed chooses discontinuous
points. These examples sometimes do not have an equilibrium
state, and the DANSEK algorithm with (3) then gets stuck in
a limit cycle instead. To display the underlying mechanism
for this limit cycle behaviour, we provide a detailed example
in the Appendix. If there is no equilibrium state, an artificial
equilibrium state is generated by the additional norm constraint
on the Gn,−n’s, which depends on the choice of T . This
artificial equilibrium state is usually unstable, which means
that the norm constraint does not change the fact that the
algorithm does not converge.

It is possible to construct many similar examples, where the
limit cycle behavior always has the same cause, namely that
a Wi

nn becomes rank deficient. Although these examples are
contrived and artificial, they should not be treated as merely
mathematical artifacts or curiosities. Even though in practice
there is a zero probability that a Wi

nn actually becomes
rank deficient, it may indeed become ill-conditioned. In the
proof of Theorem IV.3, we have explained that the norm of
Gqn, ∀ q ∈ N , may become very large when the partial
estimator Wnn gets close to rank deficiency, i.e., when it
is ill-conditioned. If the equilbrium state contains such an
ill-conditioned Wnn, inevitable small perturbations due to
numerical noise and estimation errors in the updates of Wnn

will be amplified by those large Gqn’s in the other nodes
q 6= n. Due to this amplification, this noise will have a
significant effect and it will ripple through the entire network,
affecting the updates in all the nodes, and hence affecting
the dynamics of the DANSEK algorithm. As a result, the
DANSEK algorithm will fail to converge.

The above mentioned ill-conditioned equilibrium states can
indeed occur in practice. One possibility is when the channels
of dn (at a particular node n) are highly correlated, and there-
fore the centralized MMSE solution Ŵn (and its distributed
version) will be close to rank deficiency. Low SNR nodes
can also cause ill-conditioned estimators. Indeed, when the
desired signal of node n is not or only weakly observed by
the sensors at node n itself, its sensor signals often become
useless for its local estimation problem (although they can be
useful for other nodes that estimate a different desired signal).
Node n will then set the corresponding column in Wnn close
to zero. The fact that these two scenarios cause problems was
already addressed in [3], but the actual underlying problem,
i.e., the ill-conditioned nature of the equilibrium state, was not
identified.

B. Avoiding discontinuities

In the previous subsection it is concluded that, although the
theoretical discontinuities are encountered with zero probabil-
ity in practical scenarios, it is possible to have an equilibrium
state that is close to one of these discontinuities. In this case,
the algorithm may fail to converge. In [3], a more robust
version of the DANSE algorithm has been introduced, referred
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to as the robust-DANSE or R-DANSE algorithm, which does
not affect the optimality of the equilbrium state. However, the
R-DANSE algorithm is quite intrusive since it changes the
desired signals at the different nodes to create a scenario that
is better conditioned.

In practice, it is often undesired or impossible to change
the desired signals in certain nodes. Since we have identified
the underlying problem, i.e., the discontinuities in the update
function, we can enforce convergence by applying a heuristic
safety measure10 instead of applying the R-DANSE algorithm.
This is described in Table II, and we refer to this modified
algorithm as the DANSE∗K algorithm.

In the DANSE∗K algorithm, the estimator Wnn at node n is
not necessarily equal to the compression matrix Cn anymore
(as it was the case in the DANSEK algorithm). The DANSE∗K
algorithm freezes the coefficients of the compression matrix
Cn when the estimator Wi+1

nn comes close to rank deficiency.
Basically, this means that the dynamics of node n are elimi-
nated from the network-wide problem, such that the remaining
nodes can obtain an equilibrium. In this case, the algorithm
will behave nicely, and it will converge to an equilibrium state,
as will be demonstrated in the next section.

VI. SIMULATION RESULTS

A. Experiment 1: DANSE∗ in a scenario with limit cycle
behavior

We first demonstrate the effectiveness of the DANSE∗1
algorithm on the contrived example in the Appendix. Fig. 2
shows the MSE cost of node 3 over the different iterations,
with the DANSE1 and DANSE∗1 algorithm11. For the DANSE1

algorithm we observe a limit cycle of length 6, whereas
the DANSE∗1 algorithm converges. It is noted that the non-
convergence of the DANSE1 algorithm is not due to numerical
issues or estimation errors in the correlation matrices, as it is
the case in the (more practical) scenario in the next subsection.
Even with infinite precision, the algorithm will not converge
in this example due to the contrived choice of input signals.

B. Experiment 2: DANSE∗ in an ill-conditioned scenario

We now demonstrate the effectiveness of the DANSE∗1
algorithm in a simulation of the scenario that is schematically
visualized in Fig. 3. Consider a two-channel latent process
d = [d1 d2] containing two uncorrelated white source signals
d1 and d2 (Q = 2), and a network with 4 nodes where nodes
1 and 2 estimate d1, and nodes 3 and 4 estimate d2 (K = 1).
All nodes are equipped with 2 sensors (Mn = 2). The noise
at each sensor is white and uncorrelated with the noise at all
other sensors. Node 1 and node 4 are in the neighborhood of
source 1, and therefore collect noisy observations of d1. Node
1 observes d1 with an SNR of 3 dB and node 4 is closer to
the source, yielding an SNR of 12 dB. Node 1 and node 4 are
assumed to be far away from source 2 such that the received

10This safety measure lets the algorithm converge, but to a different
equilibrium state than the (ill-conditioned) equilibrium state.

11In both algorithms, the Gn variables are initialized with zeros, which
explains the fact that the MSE at node 3 does not change in the first 2
iterations, in which the other two nodes perform an update.
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Fig. 2. MSE cost of node 3 versus number of iterations, for the example
depicted in Fig. 7.

Fig. 3. Schematic visualisation of the ill-conditioned scenario, as simulated
in Section VI-B. It visualizes the source-sensor distances, and it shows which
signal each node aims to estimate. Note that node 2 and 4 observe their desired
signal at a very low SNR due to the long distance to their target source, and
short distance to the interfering source.

power of d2 is 20 dB lower, i.e., -17 dB. The sensor signals
at node 2 and 3 are similarly constructed, but with d1 and d2

swapped, i.e., they are close to source 2 and far away from
source 1.

An important observation is that node 2 and node 4 observe
their desired signal at a very low SNR, and will therefore not
use their own sensor signals in their node-specific estimation
process (i.e., W22 and W44 will have a small norm). However,
since these are high SNR nodes, their sensor signals are very
useful for node 3 and node 1 respectively. Therefore, the
corresponding equilibrium state is close to a discontinuity of
the DANSE1 update function. This has a significant impact
on the convergence of the DANSE1 algorithm, as explained
in Subsection V-A.

To model estimation errors on the signal statistics, we have
added a random number to each entry of the correlation
matrices Ryy and Rydn in each iteration. These numbers
are drawn from a zero-mean Gaussian distribution with a
standard deviation equal to one percent of the magnitude of
the considered entry. The results of the DANSE1 algorithm
applied to the above scenario are shown in Fig. 4. It is observed
that the DANSE1 algorithm behaves randomly, which is due
to the estimation errors that have a large effect because of
the ill-conditioned nature of the scenario. If the entries of
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TABLE II
THE DANSE∗K ALGORITHM

The DANSE∗K Algorithm

1) • Initialize W0
qq and G0

q,−q , ∀ q ∈ N , as (well-conditioned) random matrices.
• Initialize C0

q = W0
qq.

• i← 0 .
• n← 1 .

2) • All nodes q ∈ N transmit observations of zi
q = Ci H

q yq to the other nodes.
• Node n updates its local parameters Wi

nn and Gi
n,−n by computing (5), i.e.,[

Wi+1
nn

Gi+1
n,−n

]
=
(
Ri

ỹnỹn

)−1
Ri

ỹndn
. (24)

If Ri
ỹnỹn

is rank deficient, the Moore-Penrose pseudo-inverse [33] is used instead.
• Let σi+1

n,min denote the K-th singular value of Wi+1
nn (ordered from large to small). Perform the following update:

Ci+1
n =

{
Wi+1

nn if σi+1
n,min ≥ P

Ci
n if σi+1

n,min < P
(25)

where P is a user-defined small positive number.
• All other nodes do not change their variables:

∀ q ∈ N\{n} : Wi+1
qq = Wi

qq, Ci+1
q = Ci

q, Gi+1
q,−q = Gi

q,−q . (26)

3) For the newly observed samples, each node q ∈ N generates an estimate of its desired signal:

dq = Wi+1 H
qq yq + Gi+1 H

q,−q zi
−q . (27)

4) • i← i+ 1 .
• n← (n mod N) + 1 .

5) Return to step 2

Cn are frozen whenever ‖Wi+1
nn ‖ < 0.05 (i.e., P = 0.05

in the DANSE∗1 algorithm), the algorithm behaves better and
converges to an equilibrium. However, due to the random
estimation errors in the correlation matrices, the MSE still has
some minor fluctuations. The MSE of the centralized algorithm
(and without estimation errors in the correlation matrix) is
given as a reference. Note that DANSE1 theoretically cannot
achieve this lower bound due to the fact that K < Q, i.e., the
assumptions in Theorem II.1 are not satisfied.

C. Experiment 3: large-scale scenario and influence of pa-
rameter P

In a last example, we simulate the DANSE1 and DANSE∗1
algorithm in a large-scale WSN with N = 30 nodes, each
having 2 sensors (Mn = 2). We again consider a two-channel
latent process d = [d1 d2] containing two uncorrelated white
source signals d1 and d2 (Q = 2). All nodes have the same
noise power, but the signal power with which d1 and d2 are
observed differs between the nodes, based on their distance
from these sources. These distances are uniformly distributed,
i.e., we used steering vectors drawn from a uniform distri-
bution on the interval [−0.5, 0.5] (negative entries correspond
to 180 degree phase jumps, e.g., due to a polarity switch in
the sensor). In general, this uniformity in the sensor signals
means that there are no ‘outlier’ nodes that cause strange
behavior in the DANSE1 algorithm. Fig. 5 shows the output
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Fig. 4. MSE cost of node 4 versus number of iterations for DANSE1 and
DANSE∗1 in an ill-conditioned scenario.

MSE of the DANSE1 algorithm. We can indeed observe
that the DANSE1 algorithm behaves nicely, and converges
to an equilibrium state (with some minor fluctuations due
to the estimation errors on the correlation matrices that are
introduced in each iteration). The figure also gives the output
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Fig. 5. MSE cost of node 30 versus number of iterations for DANSE1 and
DANSE∗1 (with different values of P ) in a scenario with uniformity in the
sensor signals.

MSE for the DANSE∗1 algorithm for different values of P .
The MSE is higher for DANSE∗1 due to the fact that the
compression matrix Cn is sometimes frozen, which happens
more frequently when P is large. This shows that the value
P yields a trade-off between robustness and output MSE, and
should be carefully chosen.

In the next simulation, we used the same set-up, but now
also introduce 5 ‘outlier’ nodes, i.e., for which the signals are
generated similarly to the signals in experiment 2 (i.e., they
either observe d1 or d2 with an extremely high SNR). Note
that the other 25 nodes have the same sensor signals as in the
experiment shown in Fig. 5. The results are shown in Fig. 6,
again demonstrating that the DANSE∗1 behaves nicely (if P is
chosen large enough, i.e., P ≥ 0.05), whereas the DANSE1

algorithm has very random behavior due to numerical issues
due to the fact that the equilibrium estimator of the outlier
nodes is close to a discontinuity of the DANSE updating
function. This unstable behavior in the outlier nodes also
affects all other nodes in the network.

VII. CONCLUSIONS

In this paper, we have considered distributed signal esti-
mation in sensor networks where the nodes exchange com-
pressed sensor signal observations to estimate different node-
specific signals. We have revisited the so-called distributed
adaptive node-specific signal estimation (DANSE) algorithm,
which applies to the case where the nodes share a common
interest, and we have cast it in the more general setting
where the nodes have different interests. By establishing a
link between the DANSE algorithm and game theory, we have
pointed out that any equilibrium of the DANSE algorithm is
a Nash equilibrium of the associated game between nodes.
This provides an intuitive interpretation to the resulting signal
estimators. By using a result from fixed point theory, we have
proven the existence of an equilibrium state for the DANSE
algorithm, even if the common interest data model is not or
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Fig. 7. A scenario where DANSE1 does not converge, but instead gets stuck
in a limit cycle.

only approximately satisfied. The equilibrium state existence
proof has also revealed a problem with discontinuities in the
DANSE update function. Although in practice these disconti-
nuities are encountered with zero probability, it is possible to
have an ill-conditioned equilibrium state, i.e., an equilibrium
state that is close to one of these discontinuities, which
may result in non-convergence of the algorithm. However,
since the discontinuities are identifiable, they can easily be
avoided by applying a minor heuristic modification to the
algorithm, yielding the so-called DANSE∗ algorithm. We have
demonstrated the effectiveness of the DANSE∗ algorithm by
means of numerical examples.
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TABLE III
THE SIX ITERATIONS OF THE LIMIT CYCLE BEHAVIOR OF DANSE1 IN THE SCENARIO DESCRIBED IN FIG. 7.

node 1 node 2 node 3
iteration 1 z1 = η1 (d1 + d2 + d3) z2 = η2 (d2 + n2) z3 = η3 (d3 + n3)

w11 = [η1 0]T w22 = [0 η2]T w33 = [0 η3]T

g12 = γ1, g13 = γ2 g21 = 0, g23 = 0 g31 = 0, g32 = 0
iteration 2 z1 = η1 (d1 + d2 + d3) z2 = − (d1 + d3) z3 = η3 (d3 + n3)

w11 = [η1 0]T w22 = [−1 0]T w33 = [0 η3]T

g12 = 0, g13 = 0 g21 = 1/η1, g23 = 0 g31 = 0, g32 = 0
iteration 3 z1 = η1 (d1 + d2 + d3) z2 = − (d1 + d3) z3 = −d1

w11 = [η1 0]T w22 = [−1 0]T w33 = [−1 0]T

g12 = 0, g13 = 0 g21 = 1/η1, g23 = 0 g31 = 0, g32 = −1
iteration 4 z1 = 0 z2 = − (d1 + d3) z3 = −d1

w11 = [0 0]T w22 = [−1 0]T w33 = [−1 0]T

g12 = 0, g13 = −1 g21 = 1/η1, g23 = 0 g31 = 0, g32 = −1
iteration 5 z1 = 0 z2 = η2 (d2 + n2) z3 = −d1

w11 = [0 0]T w22 = [0 η2]T w33 = [−1 0]T

g12 = 0, g13 = −1 g21 = 0, g23 = 0 g31 = 0, g32 = −1
iteration 6 z1 = 0 z2 = η2 (d2 + n2) z3 = η3 (d3 + n3)

w11 = [0 0]T w22 = [0 η2]T w33 = [0 η3]T

g12 = 0, g13 = −1 g21 = 0, g23 = 0 g31 = 0, g32 = 0

Appendix: DANSE algorithm with limit cycles

Consider a network with 3 nodes (N = {1, 2, 3}), where
node j estimates the desired signal dj . It is assumed that
the three desired signals d1, d2 and d3 are uncorrelated, and
therefore Q = 3. We set K = 1, and since K < Q, data model
(13) is not satisfied. Each node has two sensors, collecting the
signals as shown in Fig. 7, where n1, n2 and n3 are noise
signals that are neither correlated to each other nor to any dj ,
∀ j ∈ {1, 2, 3}. Since K = 1, the W’s and G’s are replaced
by their vector and scalar equivalents w and g. The sensor
signals in this example are well-chosen such that the DANSE1

algorithm has a limit cycle behavior due to updates to points
for which the update function is discontinuous, as explained
in the proof of Theorem IV.3. Assume that we initialize nodes
2 and 3 according to the first row of Table III, and that node
1 performs the first update of its estimators, i.e., w11, g12 and
g13. Since the second sensor signal of node 1 is uncorrelated to
any of the other signals, node 1 will make a linear combination
of only three signals, i.e., its first sensor signal, z2 and z3. This
is also shown in the first row of Table III. The other rows of
this table show the changes of the parameters over the different
iterations, where the nodes update in a sequential round robin
fashion. The result of the seventh iteration is exactly the same
as the result of the first iteration, i.e., the DANSE1 algorithm
does not converge, but gets stuck in a limit cycle of length 6.

Iteration 4 is the crucial iteration here, since node 1 updates
its w11 to an all-zero vector. This is because it receives the
signal z3 = −d1, and therefore, it can perfectly estimate
its desired signal without using its own sensor signals. This
corresponds to a discontinuous point of the update function
F of the DANSE algorithm, as described in the proof of
Theorem IV.3. Since z1 is now a zero-signal, node 2 cannot
use any information anymore from node 1 and needs to switch

to another estimator, and this effect ripples through until we
arrive in the initial state again. It is not difficult to see that
the algorithm will get stuck in this limit cycle for every
possible initialization, i.e., the algorithm never converges. This
means that there is no equilibrium state. Applying a norm
constraint on the g’s will generate an artificial equilibrium
state that depends on the choice of T in (15). Even then, the
algorithm will still converge to this limit cycle, so the artificial
equilibrium state is seen to be unstable.
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