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Much attention has been paid to the role of vortices in the magnetic response properties of superconductors,
but less so for molecular systems. Here we present a theoretical analysis on nanographenes subject to a
strong homogeneous magnetic field. The analysis is based on the simple Hu¨ckel-London model, for which
we derive the topological definition of vorticity. The results are confirmed by a more elaborate model that
includes nonnearest neighbor interaction, the explicit presence of nuclei and all terms due to the magnetic
field. We find that due to frontier orbital intersections, large changes in magnetic dipole moments occur.
Orbital energy minima and maxima can be related to change of vortex patterns with flux.

1. Introduction

In general, a complex one-particle wave functionψ(r ) can
be written as

with θ(r ) the phase of the wave function. Although both the
wave function and its absolute value should be continuous and
single valued, the same is not true for the phase, which is only
defined modulo 2π. Therefore, the integral of the gradient of
phase around a closed loopC need not vanish and will in general
be equal to

with l the vector tangential to the contourC, in the clockwise
direction, andV an integer. Note that∇θ is a measure of the
velocity. A nonzero value forV implies the presence of one or
moreVorticesinside the contourC. At the position of a vortex,
the wave function vanishes, i.e.,ψ(r ) ) |ψ(r )| ) 0. V is the
sum of the winding numbers (positive for a clockwise circula-
tion) of the vortices insideC and is called theVorticity. Vortices
arise, for example, in superconductors of the second type in
the presence of a magnetic field.1,2 The general features of vortex
patterns and their evolution with the applied magnetic field have
been recently investigated for mesoscopic superconductors3,4 and
normal quantum dots.5 The fundamental concept of vortices in
electronic wave functions was investigated a long time ago.6-10

Also the creation of vortices in molecular orbitals by magnetic
fields and its connection with orbital ring currents has been
considered,11,12 and the specific case of benzene in a low
magnetic field was worked out.13

Ring currents in conjugated carbon systems have been since
long a subject of intense theoretical research, since they play
an important role in the interpretation of magnetic properties
such as nuclear magnetic shieldings, the magnetic dipole
moment, and susceptibility. In general, the focus has been on
the properties of rather small hydrocarbons at low or moderate
magnetic fields. An exception is ref 14 where benzene and
cyclooctatetraene were theoretically investigated under a field
of 25 T. But even for this relatively high field, the nonlinear
contribution to the current density is still small.

The ability to synthesize large hydrocarbons or “nan-
ographenes” in a controlled way has improved remarkably.15-17

This opens the way to investigate new quantum effects. In
particular, we have reported in a recent communication that
sudden variations of the magnetic dipole moment of nan-
ographenes at high magnetic field occur due to intersections of
the frontier molecular orbitals.18 In this work we provide a full
account of these results and extend the study to cyclic conjugated
π-electron systems. Our analysis is based on the simple
topological Hückel-London (HL) model. HL is often the
method of choice to handle large graphitic systems, since it
produces reliable results with a minimal effort. Many quantities
can be made “topological”; e.g., the current density can be
resolved over bond currents.19,20 However, this method does
not strictly define a continuous wave function, which is
necessary if the location of a vortex is to be known. Therefore,
we have derived the HL topological definition of vorticity and
established its link with ring currents (see Appendix A).

Other limitations of HL include lack of explicit consideration
of the nuclei, neglect of overlap, nonnearest neighbor interac-
tions, and the variation of the vector potential over distances of
the order of the bond length.21 Therefore, we have also
developed a more sophisticated method, the screened nuclei
approximation with magnetic field (SNM) (see Appendix B),
which confirms qualitatively the HL results and allows for a
more detailed analysis, since the position of the vortices can
exactly be traced, as opposed to the HL vorticity.

2. Method

2.1. Hu1ckel-London Formalism. 2.1.1. Hamiltonian.For
the derivation of the HL method, we refer to ref 21. This theory
only considersπ electrons and nearest-neighbors interactions
and neglects any overlap between orbitals. For a homogeneous
magnetic field taken in thezdirection, a matrix element between
two nearest neighbors is approximated as

with â ≈ -2.5 eV the transfer integral between nearest neighbor
atomic orbitals s and t,B the strength of the magnetic field,

ψ(r ) ) |ψ(r )| exp(iθ(r )) (1)

IC ∇θ·dl ) 2πV (2)

Hst ) -|â| exp(i 2π
φ0

BSst) ) -|â| exp(i 2πφst

φ0
) (3)
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φ0 ) hc/e the magnetic flux quantum, andSst ) (1/2)ez‚
(Rs × Rt) ) (1/2)(∆Rst × ez)‚Rh st

g the signed algebraic area
formed by the origin and the atoms s and t, whereRh st

g )
(Rs + Rt)/2 is the geometrical center between atoms s and t
and ∆Rst ) Rt - Rs (Figure 1). Note that since we are
considering flat systems, the atoms s and t are located in thexy
plane.φst ) BSst is the magnetic flux through the triangleSst.
Sst is positive when∆Rst is anticlockwise oriented with respect
to the origin and negative otherwise.

2.1.2. Bond Currents and Bond Order.Following the bond
current formalism presented in refs 19 and 20, a bond current
Jst

b and a MO bond currentJl,st
b between two atomic orbitals are

equal to

with nl the occupation number of MOψl, cl,t the coefficient of
the atomic orbital on site t,∆γl,st ) Im[ln(cl,t/cl,s)] the phase
difference between coefficientscl,s andcl,t, andql,t ) |cl,t|2 the
MO charge on atom t. WhenJst

b > 0 the conventional current is
directed from s to t, the flow of electrons from t to s. Note that
in our pictures we always depict the flow of the electrons (Figure
2a). The summation runs over all occupied orbitals. The bond
current is closely related to the bond orderBst, which can also
be split up into MO contributionsBl,st

so for a given MO charge of the atoms s and t,Jl,st
b ) 0 means

a minimal or maximal MO bond order. Note that the following
relation holds for bond currents

where〈s〉 indicates that the summation runs only over the nearest
neighbors of atom s. This is the HL variant of charge

conservation of a stationary system. Consider a system withNv

atoms (or vertexes),Ne bonds (or edges), andNf faces. There
are of courseNv equations such as (8), but in general only
Nv - 1 are independent. This means that, eventual symmetry
not taken into account, the number of independent bond currents
Nic for a flat system is equal to

This number corresponds to the number of independent “ring
closure bonds” on the spanning tree of the molecular graph.22

Equation 9 also reflects the Euler relationship for a planar
molecule.23 Symmetry can reduce this number. If the current
density distribution of a system is known, its magnetic dipole
momentmz can be calculated, which can be split up in a sum
over orbital contributionsmz,l. In the HL model these quantities
can be related to the bond currents20

where the sum runs over distinct bond pairs.εl denotes the
orbital energy of MOψl.

2.1.3. Ring Currents. In the description above, the total
current and MO current picture is decomposed in a set ofbond
currents Jst

b. An alternative view is a decomposition in a set of
ring currents Jr

R.24 In this view, one considers a set of closed
paths of edges and to each such path a current is associated.
For a given ring current, each edge of the path carries the same
current in the same direction. Summing all ring currents must
of course give back the original set of bond currents. Since there
areNic independent bond currents, the number of independent
ring currents is alsoNic. From this viewpoint, the magnetic
dipole moment becomes24

Figure 1. Schematic representation of the vectorsRs, Rt, denoting
atomic positions, their geometrical centerRh st

g, and their difference
∆Rst. The area of the triangle formed by the originO and the atoms s,
t is equal toSst, to be counted positive when∆Rst is anticlockwise
oriented with respect to the origin, and negative otherwise.

Figure 2. HL currents for azulene. The arrows indicate the flow of
the electrons. (a) Bond current picture. Note that there are only two
independent bond currents,a, b. At small field,b , a.24 (b) Face current
picture. In this view, there are two large diamagnetic ring currents in
both faces. As a consequence, there is a large cancelation of current
where the two faces share an edge. (c) Constructive ring current picture.
Imposing that a ring current must follow the direction of the arrows
leads to a unique solution for azulene: a diamagnetic ring current around
the perimeter of the molecule and another diamagnetic one in the
pentagon. No cancelation of current occurs.

Nic ) Ne - (Nv - 1) ) Nf (9)

mz ) -
dE

dB
)

1

c
∑
〈st〉

Jst
bSst ) ∑

l

nlmz,l (10)

mz,l ) -
dεl

dB
)

1

c
∑
〈st〉

Jl,st
b Sst (11)

mz ) ∑
r

mz,r
R , with mz,r

R )
1

c
Jr

RSr (12)

Jst
b ) ∑

l

nlJl,st
b (4)

Jl,st
b ) - 2e|â|

p
Im[cl,s

/ cl,t exp(i 2πφst

φ0
)] (5)

) - 2e|â|
p xql,sql,t sin(∆γl,st +

2πφst

φ0
)

Bst ) ∑
l

nlBl,st (6)

Bl,st ) Re[cl,s
/ cl,t exp(i 2πφst

φ0
)]

) xql,sql,t cos(∆γl,st +
2πφst

φ0
) (7)

∑
t

〈s〉

Jst
b ) ∑

t

〈s〉

Jl,st
b ) 0 (8)
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with Jr
R (Jl,r

R) the ring current (MO ring current) around the path
r, Sr, the surface of the path, andmz,r

R (mz,l,r
R ) the dipole moment

(MO dipole moment) due to the ring current. If we takeSr

positive by convention, thenJr, Jl,r, mz,r
R , andmz,l,r

R are positive
for an anticlockwise ring current circulation (flow of conven-
tional current) and negative for a clockwise one. The advantage
of this picture is that the individual ring currentsJr

R, Jl,r
R look

more physical as they obey all (8) as opposed to the individual
bond currentsJst

b, Jl,st
b . The drawback is that for larger systems

there are many ways to decompose the current in ring currents,
depending on the choice of the set of closed paths of edges.
One could for example choose the faces as paths, but this choice
is arbitrary (Figure 2b).

Second, cancelation of current can occur where two ring
currents meet, a feature which has no physical meaning.
However, the number of possibilities can be severely diminished
if one builds in a natural restriction:the direction of the ring
current on each of its edges must be equal to that of the bond
currents on those edges. As a consequence, when two ring
currents share an edge, they must have the same direction on
that edge. Current cancelations will therefore never occur. We
call such a set of ring currents a set ofconstructiVe ring currents.
Although the set of constructive ring currents does not have to
be unique in general, it is often the case for small systems
(Figure 2c).

As we will prove later on, there is a general relation between
constructive ring currents and vorticity, which is not true for a
general ring current decomposition.

2.1.4. Bond Phases and Vorticity.For a one-electron wave
function, such as a MOψl, vorticity of a closed contourC can
be defined as

with the gradient of phase∇θl defined as

Within HL theory, when the contour is chosen along a closed
path of edges, the vorticity becomes

where the sum runs over the edges st of the closed pathC and
∆γ̃l,st is the integrated phase gradient over the edge st, shortly
called the bond phase. Int[x] is the integer closest tox. The
proof of eq 16 is given in Appendix A. Special care must be
taken when a vortex is located exactly on an edge (see Appendix
A).

With this topological HL definition for vorticity, the highest
“vorticity resolution” one can obtain of a MO is that of face
vorticities: one knows only the sum of the winding numbers
of the vortices inside a face, not the nature and exact position
of each vortex inside that face. But since within HL theory the

smallest possible circulations of current are around faces, a
higher resolution is unnecessary.

We have tested eq 16 by checking it numerically with eq 2
on HL MOs of several nanographenes, where the atomic orbital
coefficients were coupled to 2pz type Slater orbitals. The two
methods agree perfectly in the limit of a high extinction
coefficient of the Slater orbitals (i.e., the limit of high localiza-
tion). Of course, eq 16 is much easier to evaluate.

It follows directly from eqs 5 and 17 that

Since∆γ̃l,st + (2πφst/φ0) is always within the interval [-π,π],
the sign ofJl,st

b is opposite to that of∆γ̃l,st + (2πφst/φ0)

3. Benzene

The archetype of the conjugated hydrocarbon is benzene. We
derive here the general formula for cyclic conjugatedπ-electron
systems (Nv atoms) with rotational symmetryCNv, of which
benzene is a special case (Nv ) 6). The MOs obeyCNvψk )
e-2πik/Nvψk. Within HL theory there is only one MO per
rotational symmetry numberk, so we can use it as a label for
MOs and MO properties. HL predicts perfectly oscillating orbital
energies and orbital magnetic dipole moments with fluxφ with
periodNvφ0

with SNv the surface of the ring:

At any flux, HL predicts mirror symmetry of the orbital energies
around energy zero. For benzene we haveε0 ) -ε3, ε1 ) -ε-2,
ε2 ) -ε-1. In agreement with the HL model, the orbital energies
calculated by the SNM method display an oscillating pattern
(Figure 3a). The exact periodicity, and the perfect symmetry
around the nonbonding energy is however broken by the
inclusion of non-nearest neighbors. In addition one can see a
parabolic rise of background in energy and a decreasing
difference between the orbital energies, which is also not
accounted for by the approximate HL model. At zero field, only
ψ0 andψ(1 are occupied orbitals.

mz,l ) ∑
r

mz,l,r
R , with mz,l,r

R )
1

c
Jl,r

RSr (13)

V ) 1
2π

IC∇θl·dl (14)

∇θl(r ) ) 1

|ψl(r )|2
Im[ψl

/(r )∇ψl(r )] ) Im[∇ ln ψl(r )] (15)

V ) ∑
st

C

-
∆γ̃l,st

2π
(16)

∆γ̃l,st ) ∆γl,st - 2π Int[∆γl,st

2π
+

φst

φ0
] (17)

Jl,st
b ) - 2e|â|

p xql,sql,t sin(∆γ̃l,st +
2πφst

φ0
) (18)

0 e ∆γ̃l,st + 2π
φst

φ0
w Jl,st

b e 0

∆γ̃l,st + 2π
φst

φ0
e 0 w Jl,st

b g0 (19)

εk ) -2|â| cos(2π
Nv

(-k + φ

φ0
)) (20)

mz,k ) -
2SNv

|â|
φ0

2π
Nv

sin(2π
Nv

(-k + φ

φ0
)) (21)

k ) 0, (1, (2, ...,
Nv

2
for Nv even

k ) 0, (1, (2, ...,(
Nv - 1

2
for Nv odd

SNv
) Nv

rcc
2

4
cot

π
Nv

(22)
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As we deal with a single ring system, there is only one ring
current, equal to each of theNv bond currents:J1

R ) Jst
b ) J.25

When the external field is directed to the positivez-direction, a
rising orbital energy corresponds to a clockwise (y to x) or
diamagnetic orbital ring current (Jk

R < 0) and a lowering
energy to an anticlockwise (x to y) or paramagnetic ring current
(Jk

R > 0). The bond phase for any edge of the orbitalψk is
equal to

The vorticity of the orbitalψk at any flux in the HL model is
equal to

Since all bond currents are equivalent, it follows from eq 19
that the direction of the ring current of a MO is determined by
both the vorticity of the MO and the flux through the molecule

Let us now consider the special case of benzene in four different
situations: (i) the low flux regime, (ii) crossings between
HOMO and LUMO, (iii) orbital energy maxima, (iv) orbital
energy minima.

At the low flux regime 0< φ/φ0 , 1, we get

Note that for-1 , φ/φ0 < 0 (the magnetic field in the opposite
direction),V3 ) -3 while the other vorticities remain the same.
Except forψ0, the direction of all ring currents is determined
by the vortex in the center. In the MOψ0 no vortex is present
and hence the ring current is diamagnetic. Since at low flux

the total ring current issas is well-known24sdiamagnetic at low
flux and as a consequence the magnetic dipole moment is
negative

where the factor 2 is to account for spin degeneracy. In nice
agreement with HL theory, SNM calculations show thatψ0,
ψ-1, ψ-2 are characterized by diamagnetic ring currents and
ψ1, ψ2, ψ3 by paramagnetic ones.18

In the high-flux regime crossings between the orbital energies
of an occupied and unoccupied MO occur. HL predicts such
crossings atφ/φ0 ) (2q + 1)/2 with q an integer. Because of
the symmetry between the bonding and antibonding orbital
energies, these crossings will always occur betweenψ-1 and
ψ2, ψ0 and ψ3, ψ1 and ψ-2. Let φkfk′ be the field where the
orbital energyεk of an occupied MO and the orbital energyεk′
of a unoccupied MO become equal. Hence

Of course there is a small transient region aroundφkfk′ where
the system should be described by a triplet state (nk ) nk′ ) 1)
instead of a singlet due to the interaction between the electrons
in these orbitals (Hund’s rule). If this effect is not taken into

Figure 3. (a) Variation of orbital energies of benzene with an applied
perpendicular magnetic field, as calculated by the SNM method. Orbital
energies are given in eV and the magnetic flux in units of the flux
quantum. Only the three lowest levels are occupied. The change of
vorticity of ψ-2 and ofψ-1 at the maximum of orbital energy is also
indicated. (b) Magnetic dipole moment of benzene vs magnetic flux.
The magnetic dipole moment is given in units of 1/2 Bohr magneton.
The crossing points of orbital energies between an occupied and
unoccupied MO correspond to discrete jumps in the magnetic dipole
moment.

J ) ∑
k

nkJk

Jk ) - 2e|â|
p

1
Nv

sin(2π
Nv

(-k + φ

φ0
)) (23)

∆γ̃k,st ) - 2πk
Nv

- 2π Int[ 1
Nv

(-k + φ

φ0
)] (24)

Vk ) -
Nv

2π
∆γ̃k,st ) k + Nv Int[ 1

Nv
(-k + φ

φ0
)] (25)

diamagneticS Jk < 0 S
φ

φ0
- Vk > 0

paramagneticS Jk > 0 S
φ

φ0
- Vk < 0 (26)

Vk ) k, k ) 0, (1, (2, 3 (27)

Jk ≈ - 2e|â|
p

1
6(-sin(kπ

3 ) + π
3

φ

φ0
cos(kπ

3 )) (28)

φ

φ0
f 0

J ) 2(J0 + J1 + J-1) ≈ -2
2e|â|

p
1
6

2π
3

φ

φ0
(29)

mz ≈ -2
|â|S6

φ0

4π2

9
φ

φ0
(30)

φ < φkfk′ w nk ) 2, nk′ ) 0

φ > φkfk′ w nk ) 0, nk′ ) 2 (31)

Nanographenes in High Magnetic Field J. Phys. Chem. B, Vol. 110, No. 39, 200619343



account, the magnetic dipole moment changes instantaneously
from negative to positive at a frontier orbital intersection

with mz
+, mz

- the magnetic dipole moment just after and just
before the frontier orbital intersection, respectively. For benzene,
this jump corresponds to 2× 2.29 µBswhereµB is the Bohr
magnetonsfor a value ofâ ) -2.5 eV.

The SNM method predicts the first three crossings at fluxes
φ-1f2 ≈ 0.47φ0, φ0f3 ≈ 1.58φ0, andφ1f-2 ≈ 2.61φ0, which
compares well with the HL values. As opposed to HL theory,
the jumps diminish in size at higher fields: the first three jumps
are approximately 2× 2.5µB, 2 × 1.5µB, and 2× 1 µB (Figure
3b). This decrease is caused by the exponential decay with flux
of the off-diagonal Hamiltonian matrix elements in the SNM
method (see Appendix B.2), whereas the transfer integralâ in
HL is assumed constant. Also, the jumps at higher flux are not
sufficient to changemz from negative to positive: the local
diamagnetic atomic currentssneglected in HL theorysbecome
of similar importance as the global ring current. In Figure 4
the SNM current densities ofψ-1 andψ2 are shown atφ-1f2.
The large increase ofmz is caused by the replacement of the
originally diamagnetic ring current ofψ-1 by the paramagnetic
ring current of ψ2. The other jumps inmz have a similar
explanation. Allowing the system to be a triplet aroundφkfk′
would make the jumps ofmz less steep but would not remove
them. Let us mention that also the magnetic susceptibilityø||
changes steeply at the fieldsφkfk′.

When the energy of an orbital goes through a maximum, this
indicates that the orbital ring current switches from diamagnetic
to paramagnetic. Within HL theory, an orbital energy maximum
for εk will occur each timeφ/φ0 ) 3(2q + 1) + k, with q an
integer. It follows from eq 25 that at these fluxes the vorticity
of the MO increases by 6 and becomes bigger thanφ/φ0 (eq
26). At the same time, following eq 7 the bonds become totally
antibonding which means a point of zero density is present at
the edges.

The interpretation is that at these fluxes, six new vortices
enter the MO through the edges, causing the vorticity to increase
by 6 and forcing the ring current to change direction. To show
that this interpretation is the correct one, we compare these
results with the SNM calculations. HL predicts the first

maximum at nonzero flux for theψ-2 orbital atφ/φ0 ) 1, while
SNM predicts it atφ/φ0 ≈ 0.8. Also the other maxima are
estimated at slightly lower flux by SNM compared to HL. Figure
5 shows the SNM density and current density maps ofψ-2

before, at, and after the maximum.
Six new vorticesswith V ) 1 and coming from infinitys

cross the bonds, thereby forcing the ring current to change
direction. The vorticity ofψ-2 is now 4. The change of vorticity
of ψ-2 has no immediate effect on the system since it is not an
occupied orbital at this field. But its importance is revealed at
φ ) φ1f-2 whereψ-2 becomes an occupied orbital. The same
phenomenon of six new incoming vortices crossing the edges
also occurs at the other orbital energy maxima. Note that also
the orbital energy maximum atφ/φ0 ) 0 for ε3 can be interpreted
in this way (vorticity rises from-3 to 3), although the entry of
the six vortices cannot be visualized; one could equivalently
speak of the entry of six antivortices when going from positive
to negative flux.

Finally we discuss the orbital energy minima. HL theory
predicts these minima atφ/φ0 ) 6q + k. Following eqs 23 and
7, the HL orbital bond current between two nearest neighbors
is then zero, but as opposed to the case of the orbital energy
maxima, the bond order is maximal. The vorticity does not
change at this flux (eq 25). The ring current reversal is explained
by the flux becoming dominant over the vorticity (eq 26). The
first orbital energy minimum at nonzero flux is for theψ1 orbital
at φ/φ0 ) 1 according to HL and atφ/φ0 ≈ 0.8 according to
SNM. Also the other orbital energy minima predicted by SNM
are shifted to lower fluxes compared to HL. Figure 6 shows
the SNM density and current density ofψ1 before, at, and after
the minimum.

It can be seen from the density plots that indeed no vortex
motion is visible during the process. The ring current reversal
can be interpreted as the diamagnetic circulation due to the
magnetic field becoming dominant over the paramagnetic
circulation due to the central vortex. The other orbital energy
minima have a similar explanation. The above analysis for
benzene can easily be extended to other ring sizes.

4. Cyclic Conjugated π-Electron Systems

Since for benzeneφ0 corresponds to a magnetic field of 4×
104 T, it is clear that the phenomena described above cannot

Figure 4. SNM current density maps of the MOsψ-1 (left) andψ2

(right) of benzene atB ) B-1f2 ≈ 0.157 au, calculated in a plane of
2a0/Zeff above the nuclei (at this height the 2pz orbitals have their
maximal value). Blue arrows denote low and red high values of current
density. The black dots denote the positions of the atoms.

mz
+ - mz

- ) 2(mz,k′ - mz,k) ) 2
1
c
(Jk′ - Jk)Sh ) 2

|â|S6

φ0

4π
3

(32)

mz
+ ) -mz

- ) 2
|â|S6

φ0

2π
3

(33)

Figure 5. SNM density and current density maps of the MOψ-2 of
benzene before, at, and after the orbital energy maximum atB ≈ 0.26
au, calculated in a plane of 2a0/Zeff above the nuclei. For the current
density maps the same conventions are followed as for Figure 4, while
for the density maps white regions correspond to high density and black
to low density. Six vortices come from infinity and cross the edges.
After their crossing the direction of the ring current has changed from
diatropic to paratropic.
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be achieved with a laboratory field, which can maximally reach
about 102 T. One way around this is to increase the length of
the circular chain, such that the high flux can be reached at
lower field. Equation 32 can easily be extended for any circular
chain with Nv ) 4q + 2 atoms (q integer): frontier orbital
intersections occur still atφ/φ0 ) (2q + 1)/2 and the jumps in
magnetic dipole moment are then

i.e., they increase linearly with the number of atoms. The first
jump will occur at a field of

which drops below 50 T for a chain of 162 atoms.

5. Nanographenes

Another way to get high flux for relatively low field is to
consider large pieces of graphene, the so-called nanographenes.
The properties of finite nanographenes will depend on the nature
of their edges. Both straight zigzag and armchair edges have
been observed in bulk pieces of graphene.26 But “bottom up”
synthesized nanographenes have predominantly armchair
edges,15,27although also structures with partial zigzag periphery
have been made.28 This is in agreement with theoretical
predictions: nanographenes with armchair edges are fully
benzenoid and therefore more stable.29 We have performed a
series of calculations on hexagonal nanographenes with straight
armchair edges and of different sizes. Following the terminology
of ref 30, they are symbolized as Ph(L) whereL is the number
of layers (Figure 7a). The numbers of atoms (or vertexes),Nv,
bonds (or edges),Ne, and hexagons (or faces),Nf, of these
systems are equal to

whereL ) 0 corresponds to the case of benzene. Note that for
planar systems, Euler’s theorem takes the following form

The largest molecule we investigated, Ph(13), has 3282 atoms
and 1561 hexagons (Figure 7b). The symmetry of these systems
is D6h, but the magnetic field, perpendicular to the plane of the
molecule, will reduce this toC6h. Actually the flow of the current
density isantisymmetricwith respect to the vertical mirror planes
of the originalD6h symmetry group because of time reversal
symmetry. Taking the symmetry into account from theC6 axis
and the antisymmetry of the vertical mirror planes, the number
of independent bond currents is equal to

The orbital energies and MOs can be characterized by an integer
rotational symmetry numberk

with Ĉ6 the rotation about the central 6-fold axis andj the orbital
number within the symmetry groupk counted from the lowest
energy.

Figure 6. SNM density and current density plots before, at, and after
the first orbital minimum ofψ1. The same conventions are followed
as for Figure 5.
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Ne ) 6(1 + 1
2
(7L + 9L2)) (37)

Nf ) 1 + 3L + 9L2 (38)

Figure 7. (a) Graphical scheme for the construction of aD6h

nanographene with armchair edges Ph(L) (only one rotational subunit
is shown). The dashed cutting lines determineL, the number of layers
of the nanographene. (b) A nanographene withL ) 13.

Nv - Ne + Nf ) 1 (39)

Nic ) {1 + 3
4
L(L + 2) L even

3
4
(L + 1)2 L odd

(40)

Hψk,j ) εkψk,j (41)

Ĉ6ψk,j ) exp(-i
2πk
6 )ψk,j (42)

k ) -2, ..., 3, j ) 1, ...,N
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For the SNM calculations the bond lengths were fixed at the
value of graphite:rcc ) 1.42 Å.

All the systems we investigated are closed-shell at zero field.
The HOMO-LUMO gap decreases slowly and monotonically
with size, a feature which was described already by Hu¨ckel
calculations.31 The symmetries of the frontier orbitals of the
series have always the same order: HOMO-1 k ) 0, HOMO
(degenerate)k ) (1, LUMO (degenerate)k ) (2, LUMO+1
k ) 3. We found that these six MOs do not intersect with other
MOs. Since we focus on these six MOs, the subscriptj is
dropped inψk,j. Note that these MOs look qualitatively similar
for different sizes of the nanographene. In Figure 8a the HL
frontier orbital levels from HOMO-1 to LUMO+1 versus flux
are given for the Ph(1) system and in Figure 8b for the Ph(13)
system. Apart from a rescaling, the qualitative features of both
plotssand for all Ph(L) systems with intermediate sizesare the
same: (i) orbital intersections betweenψ0 (HOMO-1) andψ1

(HOMO) and betweenψ-2 (LUMO) and ψ3 (LUMO+1) at
relatively low flux; (ii) an orbital minimum (maximum) at
somewhat higher flux for theψ1 (ψ-2) orbital due to an avoided
crossing with a lower (higher) orbital with the same symmetry;
(iii) an intersection betweenψ-1 (HOMO) andψ2 (LUMO) at
much higher flux. Figure 9a suggests that theψ0 T ψ1 and
ψ-2 T ψ3 orbital intersections move asymptotically toward
φ/φ0 ) 1 when the size of the system is increased (Figure 9a).

Also the position of the orbital minimum (maximum) of the
ψ1 (ψ-2) moves slowly toward higher fluxes when the size of
the system is increased. The HOMO-LUMO ψ-1 T ψ2

intersections on the other hand move toward much higher fluxes,
and more importantly, the slopes of the intersecting orbital
energies are very small. Hence as opposed to the case of
benzene, a HOMO-LUMO intersection will not give rise to a
large change in magnetic dipole moment. Therefore it is clearly
more interesting to investigate the HOMO-LUMO intersections
of the Ph(L)4+ cation or the Ph(L)4- anion (corresponding to
the HOMO-1-HOMO and the LUMO-LUMO+1 intersec-
tions of the neutral molecule) than the HOMO-LUMO
intersections of the neutral structure.

The size of the jump of the magnetic dipole moment at the
frontier orbital intersections, both for the Ph(L)4+ cation and
the Ph(L)4- anion, increases linearly withL (Figure 9b). For
the Ph(13) molecule, HL theory predicts these intersections at
φ/φ0 ≈ 0.94, corresponding to a high but achievable magnetic
field of 47 T. The magnetic dipole moment of the Ph(13)4+

cation and the Ph(13)4- anion changes with∆mz ) 2 ×
0.0383(1/φ0)NfS6|â|, corresponding to not less than 2× 33 µB.

Using the SNM method gives very similar results. Thus, SNM
predicts for the Ph(13)4+ nanographene a HOMO-LUMO
intersection at 45 T (ψ0 T ψ1 intersection), and for the Ph(13)4-

nanographene at 53 T (ψ-2/ψ3 intersections). The jumps in
magnetic dipole moment at these intersections are 2× 16.6µB

for the Ph(13)4+ cation and 2× 37.5µB for the Ph(13)4- anion.18

The current distribution can be decomposed into a set of
constructive ring currents. Similarly to the single ring system,
each ring current must obey the condition

where both the ring currentJk,r
R and the vorticityVk,r are taken

along the ringr. This follows directly from the fact that on
each edge,∆γ̃k,st + 2π(φst/φ0) andJk,st

b must have opposite sign
and that a constructive ring currentJk,r

R always follows the
direction of the bond currents. It is important to realize that eq
43 is not generally true for ring current sets that are not
constructiVe, such as a set of currents along the hexagonal faces.

The intersecting orbitals are very similar for allL. Let us
focus on theψ-2 T ψ3 intersections. Theψ-2 orbital has
vorticity -2 on all Clar hexagons and+1 on all other hexagons
(Figure 10a). We found that at the intersection, all ring currents
of the ψ-2 orbital are diamagnetic. The most important ring

Figure 8. (a) and (b) HL orbital energies vs flux for the Ph(1) (a)
system and the Ph(13) (b). The central six orbital energies are given in
full lines and the others in dotted lines. Indicated features for both plots
areψ0 T ψ1 andψ-2 T ψ3 intersections, a minimum (maximum) for
ψ1 (ψ-2). There are no intersections of other MOs with the central six.

Figure 9. (a) Black dots: flux for which theψ0 T ψ1 andψ-2 T ψ3

intersections occur vs the number of layers. Gray dots: flux for which
the minimum (maximum) forψ1 (ψ-2) occurs vs the number of layers.
(b) Jump of the magnetic dipole moment vs the number of layers.

diamagneticS Jk,r
R < 0 S

φr

φ0
- Vk,r > 0

paramagneticS Jk,r
R > 0 S

φr

φ0
- Vk,r < 0 (43)
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currents are first ring currents around individual Clar hexagons
and second currents flowing around the center and with different
diameters. The largest ring current is located on the outer edges
of the molecule. The contribution from the ring currents on the
Clar hexagons to the magnetic dipole moment is relatively
unimportant compared to the one flowing around the center since
the last group encloses larger areas. This last group encircle
zones with large negative vorticities. The contribution of the
flux φr/φ0 in eq 43 is for all ring currents smaller compared to
the vorticity; hence it is the vorticity that determines the direction
of the ring current.

The ring current profile of theψ3 orbital is quite similar,
except that all ring currents are now paramagnetic and that the
Clar hexagons have vorticity+2 and all other hexagons vorticity
-1 (Figure 10b), except for the central Clar hexagon, which
has vorticity+3.

Each time a bond current changes direction, the set of
constructive ring currents necessarily changes. An example is
given for the orbital maximum ofψ-2 of Ph(1) (Figure 11).
From eq 40 we find that there are only three independent bond
currents, hence also three independent ring currents. For Ph(1)
the set of constructive ring currents is unique. Before the orbital
maximum, all ring currents are diamagnetic, one at the central
hexagon, six symmetry related at the corner Clar hexagons, and
one around the perimeter of the molecule (Figure 11a). A first
change happens when six symmetry related bond currents
change direction while the corresponding bond order goes
through a maximum. The diamagnetic ring current around the
perimeter is now replaced by a paramagnetic ring current that
excludes the corner Clar hexagons. The orbital maximum then
occurs when the magnetic dipole moment of this paramagnetic
ring current becomes of the same size as the sum of the other
diamagnetic ring currents. A second change of the ring current
set occurs when the vorticity of the corner Clar hexagons
changes from-2 to+1. By comparison with SNM calculations
it is found that this vorticity change is caused by a vortex entry
of three vortices with winding number+1 in each corner Clar
hexagon. As a consequence, the diamagnetic ring currents in
the corner Clar hexagons is replaced by a second paramagnetic
ring current around the perimeter of the molecule. This shows

how the entry or exit of vortices have an impact on the MO
ring currents. Let us finally mention that also the orbital
minimum of ψ1 is associated with the motion of vortices.

6. Discussion and Conclusions

We have developed a formalism based on HL theory to
calculate vorticities of molecular orbitals and made the con-
nection with constructive ring currents. With this method we
have analyzed benzene, cyclic conjugatedπ-electron systems,
and nanographenes with armchair edges (Ph(L)). The results
are in good qualitative agreement with the more advanced SNM
method.

The frontier orbital intersection of the Ph(L)4+ and the Ph(L)4-

structures lead to large abrupt changes in the magnetic dipole
momentmz. This jump ofmz will occur at a lower field when
the size of the system is increased; forL ) 13 it is at around
50 T, which is within reach of present laboratory magnets. The
size of the jump increases linearly withL. Around MO minima
or maxima, motion of vortices in the MOs leads to a change of
the ring currents.

Figure 10. Face vorticities, bond currents, and constructive ring
currents of Ph(1) forψ-2 (a) andψ3 (b) at theψ-2 T ψ3 intersection.

Figure 11. Face vorticities, bond currents, and constructive ring
currents for the orbital maximum ofψ-2 of Ph(1), (a) before, (b) at,
and (c) after the avoided crossing. The/ label shows which bond
currents have changed direction compared with the previous plot.
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A. Derivation of Topological Vorticity

In general, whenψn(r ) is known,∇θn(r ) can be calculated
numerically. The problem for the HL method is thatformally
ψn is expressed as a linear combination of atomic orbitals

but in practice, only the atomic orbital coefficientscn,j are
specified, not the atomic orbitalsæ0(r - Rj) themselves. One
solution would be to simply choose a type of atomic orbital
(e.g., a Gaussian or a Slater orbital), but then the results will
depend on an arbitrarily chosen extinction exponent. More
rigorous would be to take the atomic orbital in the limit of high
localization since this is in line with the HL approximation:
neglect of overlap and only consideration of nearest-neighbors
interactions. This would of course lead to numerical problems
when evaluating the gradient of phase. Therefore we derive
below the topological vorticity along a closed path of edges.

On the bond connecting the atoms s and t, only the atomic
orbitals on s and t will contribute toψn

wherer ′ can only vary along the bond. SinceA(Rs)‚f∆Rst )
A(Rt)‚f∆Rst ) A(Rh st

g)‚f∆Rst ) fφst, we can simplify it to

with γn,s,γn,t the phases of the coefficientscn,s and cn,t,
respectively.

The line integral along the edge st, from atom s to t, is equal
to

For the radial part of the atomic orbitals one can take any type
of normalized function, as long as we take the limit of high

localization in the end. By choosing a Gaussian,æ0(r - Rj) ∼
exp(-b(r - Rj)2), the integral can be solved analytically

which, by taking the limit of high localization,b f ∞ and taking
the imaginary part, reduces to

with ∆γn,st ) γn,t - γn,s. We call ∆γ̃n,st the bond phase of an
edge. The vorticity of a path is then obtained by summing all
the bond phases of that path

where the summation runs over the edges st of the closed path.
When a vortex is located exactly on an edge, (∆γn,st/2π) +
(φst/φ0) is half-integer and hence the bond phase∆γ̃n,st of that
edge is not unambiguously defined, which means that also the
vorticity of any path containing that edge cannot be unambigu-
ously determined. In many cases this can be solved by simply
taking a slightly higher or lower flux such that the vortex moves
away from the edge. However, when a vortex is fixed on the
edge because of symmetry reasons, this cannot be done. In the
cases we have encountered it, the direction of the vortex on the
edge could be deduced logically from the bond phases on the
neighboring edges (Figure 12). The vorticity of a path containing
such an edge vortex depends then on the choice: should the
edge vortex be included within the path or excluded.

B. SNM Method

B.1. Hamiltonian and Wave Function. Here we give the
derivation of our screened nuclei approximation with magnetic
field method (SNM). We investigate nanographenes subject to

ψn(r ) ) ∑
j

cn,jæ
B(r - Rj) (44)

æB(r - Rj) ) exp(-i
2π
φ0

A(Rj)‚r)æ0(r - Rj) (45)

ψn(r ′) ) cn,s exp(-i
2π
φ0

A(Rs)‚r ′)æ0(r ′ - Rs) +

cn,t exp(-i
2π
φ0

A(Rt)‚r ′)æ0(r ′ - Rt) (46)

r ′ ) Rh st
g + f∆Rst, -1/2 e f e 1/2 (47)

ψn(r ′) ) exp(-if
2πφst

φ0
) ×

{|cn,s| exp(i{γn,s - 2π
φ0

A(Rs)‚Rh st
g})æ0((f + 1/2)∆Rst) +

|cn,t| exp(i{γn,t - 2π
φ0

A(Rt)‚Rst
g})æ0((f - 1/2)∆Rst)} (48)

∫s

t
Im[∇ ln ψn(r ′)]‚dr ′ )

Im[∫f)-1/2

1/2
∂f ln ψn(Rh st

g + f∆Rst) df] (49)

Figure 12. If a vortex is exactly located on an edge, its direction can
be found from the neighboring edges.

∫f)-1/2

1/2
∂f ln ψn(Rh st

g + f∆Rst) df ) -b∆Rst
2 - i

2πφst

φ0
-

ln

|cn,s| exp(iγn,s + b∆Rst
2) + |cn,t| exp(i[γn,t +

2πφst

φ0
])

|cn,s| exp(iγn,s - b∆Rst
2) + |cn,t| exp(i[γn,t +

2πφst

φ0
])

(50)

∫s

t
Im[∇ ln ψn(r )]‚dl ) ∆γ̃n,st )

∆γn,st - 2πInt[∆γn,st

2π
+

φst

φ0
] (51)

V ) - ∑
st

C ∆γ̃n,st

2π
(52)
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an external uniform magnetic field perpendicular to the plane
of the molecule, i.e.,B ) Bez. Neglecting the magnetic fields
from nuclear spins, the vector potentialA related to the magnetic
field by B ) ∇ × A reads in its simplest form

with r the coordinate vector. The choice ofA is not unique
since∇ × (A + ∇u) ) ∇ × A, with u(r ) an arbitrary contin-
uous scalar function. For such a choice of gauge the exact
wave functions are only transformed by a phase factor
exp(-i(2π/φ0)u) while the physical observables are unchanged.
Unfortunately, for finite basis sets the approximate wave
functions and observables inevitably do depend nontrivially on
the choice of gauge. However, several methods exist to remove
the dependence on one specific class of gauge transformations,
namely, the shift of origin of the vector potential:u )
-r ‚A(r0) so∇u ) -A(r0). These methods can be divided into
the discrete32-34 and the more recently developed continuous35,36

distribution of gauge origin methods. Of the former group is
the gauge including atomic orbitals (GIAO) method34 the most
common. This method, originally introduced by London,37

expresses the molecular orbitalsψn as linear combinations of
gauge including atomic orbitalsæB. Since the electronic
properties of graphitic systems are mainly determined by the
π-orbitals, we employ a minimal basis set of one 2pz Slater
orbital per atom

wherecn,j denotes the atomic orbital coefficients,æB and æ0

are the Slater orbitals with and without gauge included, and
Zeff is the effective charge of the carbon atom, treated here as
an adjustable parameter. To ensure rapid analytical calculation
of the Hamiltonian matrix elements, the Slater orbital is
accurately fitted to four Gaussian orbitals.

Solving the Fock matrix equation

requires knowledge of the overlap integralsSst, kinetic energy
integralsTst, and potential energy integralsVst which have the
following general form

with ∆Rst ) Rs - Rt. Note that within HL theory,21 the second
term between brackets in eq 60 is neglected and that for all
three integrals, the approximation

is made. Closed form formulas for the expressions (59) and
(60) are given in Appendix B.2, with the atomic orbitalsæ0

expressed as arbitrary linear combinations of Gaussian orbitals.
The potential energyV includes both electron-nucleus and
electron-electron interactions. The electron-nucleus interaction
can be expressed analytically (see Appendix B.2), but the
electron-electron interactionsin for instance a density func-
tional or Hartree-Fock approachsshould be solved iteratively
and requires the calculation of a large number of integrals. To
circumvent these problems, the potential energy is approximated
by a system of screened nuclei38-41

where the screening functionø(r ) should obey the boundary
conditionsø(0) ) 1 andø(∞) ) 0. The solution of (61), within
the approximation described by eq 63, is given in Appendix
B.2, under the assumption thatø(r ) can be expressed as a linear
combination of Gaussians. We found that by expressingø(r )
by a single Gaussian, i.e.,ø(r) ) exp(-Rr2), already good results
were obtained.

The two outer limits of the nanographenes are the infinite
graphite sheet on one hand and benzene on the other hand. In
ref 42, an analytical formula reproducing the DFT band
spectrum of the graphite sheet with excellent precision was
given. The two parameters of our model,Zeff andR, were fitted
to match this band spectrum as close as possible.43 This resulted
in Zeff ) 2.9 andR ) 1.7 Å-2. Applied to benzene, the model
gives a value of 5.6 eV for the HOMO-LUMO gap, which
compares well with the empirical value of around 5 eV44 and
gives confidence in the method.

B.2. Integrals of the SNM Method. Here we derive the
closed form formulas for the overlap integrals, kinetic energy
integrals, and potential energy integrals encountered in the SNM
method. Under the assumption that the gauge including atomic
2pz orbital can be described by a set of gauge including
normalized Gaussian orbitals

with A a norm factor

A(r ) ) B
2

ez × r (53)

ψn(r ) ) ∑
j

cn,jæ
B(r - Rj) (54)

æB(r - Rj) ) exp(-i
2π
φ0

A(Rj)‚r)æ0(r - Rj) (55)

æ0(r ) ) 1

x2π

1
4(Zeff

a0
)5/2

z exp(-
Zeff

2a0
r) (56)

(H - εS)C ) 0 (57)

H ) T + V (58)

Sst ) ∫ ei2π/φ0A(∆Rst)‚ræ0(r - Rs)æ
0(r - Rt) dτ (59)

Tst ) - p2

2m∫ ei2π/φ0A(∆Rst)‚ræ0(r - Rs) ×

[∇ + i
2π
φ0

A(r - Rt)]2
æ0(r - Rt) dτ (60)

Vst ) ∫ ei2π/φ0A(∆Rst)‚ræ0(r - Rs)V(r )æ0(r - Rt) dτ (61)

∫ ei2π/φ0A(∆Rst)‚ræ0(r - Rs)Ôæ0(r - Rt) dτ ≈
ei2π/φ0A(∆Rst)‚Rh stg ∫ æ0(r - Rs)Ôæ0(r - Rt) dτ (62)

V(r ) ) - ∑
j)1

N Zeffe

4πε0r
ø(r - Rj) (63)

æB(r - Rs) ≈ x1

A
∑

k

dkgk
B(r - Rs)

gk
B(r - Rs) ) exp(-i

2π
φ0

A(Rs)‚r)gk
0(r - Rs)

gk
0(r - Rs) )

27/4bk
5/4

π3/4
z exp(-bk(r - Rs)

2) (64)

A ) ∑
k,l

dkdl( 4bkbl

(bk + bl)
2)5/4

(65)
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A matrix element of the overlap, kinetic energy or potential
energy matrix, between two 2pz orbitals located at respectively
Rs andRt can then be written as

We can thus focus on the matrix element between two gauge
including Gaussians. Defining∆Rst ) Rt - Rs and a weighted
centerRh st

w ) (bkRs + blRt)/(bk + bl), one gets

It is worth noting that the factor ei2π/φ0BSst is also present in the
elements of the HL matrix, where it forms the only magnetic-
dependent ingredient of the theory.

The overlap and kinetic energy matrix elements can be found
by standard integration techniques. For the overlap element one
has

while the kinetic energy matrix element is equal to

Hence apart from the modulation ei2π/φ0BSst, also the size of
these matrix elements varies with the magnetic field.

The potential energy matrix elements are derived under the
assumption that the potential can be approximated by a system
of screened nuclei and that the screening function can be
represented by a sum of Gaussians.

The potential energy matrix element between two Gaussians
can then be set equal to

The terms in the summation can be solved analytically

with Erf[z] the error function, defined as

and the complex quantityQ given by

To obtain the unscreened electron-nucleus interaction, it is
sufficient to putRu ) 0 in eq 72.
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