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A Split-Horizon Scheme for On-line Friction Parameter Estimation

Max Boegli, Tinne De Laet, Joris De Schutter, and Jan Swevers

Abstract— Friction model identification is in most cases
carried out in an off-line manner, where separate measurements
are performed to identify the presliding and sliding friction
characteristics using specific excitation signals. However, a
need exists to update on-line friction parameters to track
friction dynamics during normal machine operation. This paper
presents some preliminary results of a split horizon estimator
where friction parameters are updated on-line during regular
point-to-point motions. The split horizon approach alleviates
the non-smoothness of the friction model and improves the
convergence of the estimation problem. The friction behavior is
modeled using the Generalized Maxwell-Slip (GMS) dynamical
friction model, which is known to describe all essential friction
characteristics in presliding and sliding motions.

I. INTRODUCTION

Accurate positioning in the nanometer range, e.g. in
optical wafer inspection applications in the semiconductor
industry, requires active compensation for friction introduced
by the roll bearings of the direct drive linear motors that
are used to position an XY-table (Fig. 1). Both model-
free and model-based friction compensation techniques exist.
Model-free techniques include iterative learning controland
disturbance observers. Model-based friction compensation
make use of a friction model to predict friction forces and
hence compensate for it. Accurate friction compensation is
obtained provided that the friction model structure includes
all major friction characteristics and accurate estimatesof the
model parameters are available, e.g. through experimental
identification.

Off-line friction identification for the LuGre and Maxwell-
slip models using dynamic non-linear regression are dis-
cussed in [1], [2]. Auto-tuning of feedforward friction com-
pensation based on gradient methods has been used with
a simplified LuGre model without Stribeck effect [3] and
friction estimation based on the Elasto-Plastic model has also
been investigated [4]. The Generalized Maxwell-slip (GMS)
model [5] is known to be able to describe all essential friction
characteristics, which is not the case for the abovementioned
models. Identification and compensation of friction based on
the GMS model are discussed in [6], [7], [8]. Moreover,
most existing identification methods are off-line methods that
typically use several sets of tailored input signals, where
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Fig. 1. Positioning table for wafer inspection

each set excites certain elements of the friction behavior
and hence generates data to estimate a subset of the friction
model parameters. These methods are cumbersome and do
not allow us to track changes in friction dynamics during
normal machine operation.

This paper presents preliminary results of the on-line
estimation of the GMS friction parameters based on input-
output data measured during standard point-to-point machine
operation. The aims of on-line estimation of friction can be
three-fold:

1) To get an updated friction model estimate before the
end of motion to compensate for unwanted friction
effect and reduces the settling time.

2) To get an updated friction model estimate at the
end of a macro-motion to accurately compensate for
friction during a micro-motion. Typical optical wafer
inspection uses a macro-motion followed by a micro-
motion, smaller than 100µm, to get the wafer fiducial
mark accurately centered within the camera pattern.

3) To get an updated friction model estimate over time.
Optical wafer inspection is done at some specific
XY positions. A repetitive sequence of point-to-point
motions can be used to update friction parameters over
time at specific locations.

The paper is organized as follows. First, the friction
estimation problem and a brief description of the GMS
friction model are formulated in section II. Next, in section
III, the split horizon scheme for friction estimation and
its formulation into an optimization problem are presented.
Simulation results are discussed in section IV. Finally, in
section V, conclusion and future work are presented.

II. PROBLEM FORMULATION

This section presents the general friction estimation
scheme based on the minimization of a cost function between
the actual and predicted control input. Then, the GMS
friction model used in this study is described.
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Fig. 2. Moving mass with friction

A. Friction Estimation

A model of a moving massm with friction Ff is rep-
resented in Fig. 2. The friction forceFf = F(z, v) is a
generalized function of an internal state vectorz and velocity
v. The dynamics of the state vectorz can be written as a first
order differential equatioṅz = G(z, v). Friction parameters
p are found inF(·) andG(·).

Based on the available control inputu, which represents
the actuator force, and positionx, one can estimate the
friction parametersp such that the estimated friction̂Ff

minimizes the sum of squared-errors (SSE) betweenu and
the estimated control input̂u = mâ + F̂f = h(z(v̂, p), â)
assuming a known massm and good estimates of velocity
v̂ and acceleration̂a.

B. GMS Friction Model

This subsection briefly presents the GMS friction
model [5] with normalized stiffness and force coefficients.
The internal state vectorz consists ofN force elements
(z = [F1, .., Fi, .., FN ]T ) where each element can switch
between a sticking or slipping mode:

• the elementi sticks:
dFi

dt
= kiσ0v until Fi = νis(v)Fc , (1)

• then, the elementi slips until v goes through zero:

dFi

dt
= sgn(v)νiC

(

1−
Fi

νis(v)Fc

)

, (2)

where νi is a fraction parameter with
∑

νi =
1 and s(v) a normalized Stribeck effect equal to

sgn(v)
(

1 + αe−|v/vs|
δvs

)

with α = Fs−Fc

Fc
> −1 a ratio

between the static frictionFs and the coulomb frictionFc.
vs is the Stribeck velocity andδvs

is the Stribeck shape
factor usually set between 1 and 2. In presliding (1),ki is
a normalized stiffness distribution andσ0 an initial stiffness
coefficient. In slipping mode,C is an attraction parameter,
which determines how fastFi converges toνis(v)Fc, a
fraction of the velocity weakening Stribeck function.

The friction force is the summation of theN internal force
elements plus an extra viscous term:

Ff =
N
∑

i=1

Fi + σvv . (3)

Assuming a fixed distribution(ki, νi) of the presliding
hysteresis curve and a fixed shape of the Stribeck curves(v),
we aim to estimate the initial stiffness parameterσ0, the
Coulomb forceFc, the attraction parameterC and the linear
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Fig. 3. Two point-to-point motions with position, velocity,and the number
of sticking elements out of a total ofN = 16 GMS model elements. In the
slipping phase (zone A) all elements are slipping and in the sticking phase
(zone B) all or most of the elements are sticking. Zone B ends before or
once the position settled down to the required target specification.

viscous coefficientσv on-line during a point-to-point motion,
i.e. p = [σ0, Fc, C, σv].

III. ESTIMATION ALGORITHM

This section presents the split horizon approach for friction
parameter estimation and its formulation into an optimization
problem.

A. Split Horizon Approach

Parameter estimation of the GMS model is a non-linear
and non-smooth optimization problem due to a switch be-
tween stick and slip phases. This non-smooth effect can be
avoided by dividing the model parameters into two separate
sets and the motion data into zones, each linked to either the
presliding or the sliding friction mode. This explains why
this approach is called split horizon estimation. A typical
point-to-point motion based on an s-curve or sine trajectory
can be split in three zones: 1) a short stick phase at the
onset of the motion, 2) a slip phase (zone A) during the high
velocity profile and 3) a stick phase (zone B) while reaching
the end point. Fig. 3 shows two point-to-point motions with
their respective slip and stick phases. The slipping zone A,
where all elements are slipping, enables us to estimate the
parametersFc, C, σv according to (2). Then the sticking zone
B, where all or most of the elements are sticking, permits to
fine tune the initial stiffness coefficientσ0 according to (1).

The slip phase starts when all internal forcesFi of the
GMS model have reached their respective fraction of the
velocity weakening Stribeck function (1), i.e. when

∑

Fi =
s(v)Fc. Then, all elements of the GMS model remain slip-
ping until the velocity goes through zero (2). For a point-
to-point motion, this happens at the first position overshoot.
Then all elements will stick while some (or all) of them
may start to slip again until the position reaches its next
under/overshoot. This may happen a few times (depending



on the controller tuning) until all elements remain sticking.
By definition, we say we enter into the sticking phase the
first time the elements start to stick (i.e. the first time the
velocity goes through zero) after the main slipping phase.
On a micro-level scale, with a position feedback controller,
the velocity will always go through zero and the friction get
into a sticking phase before the moving mass settle down to
its end position.

B. Formulation of the Optimization Problem

For each zone, the following least-squared minimization
problem is solved:

min.
zL,p

∥

∥

∥

∥

zL − z̄L
p− p̄

∥

∥

∥

∥

2

P−1

L

+

K
∑

k=L

∥

∥uk − h(zk(vk, p), ak)
∥

∥

2

R−1

k

(4a)

s.t. zk+1 = g(zk, vk, p), (4b)

pmin ≤ p ≤ pmax. (4c)

The second term in the objective function (4a) is the
weighted squared difference between the available control
input u and the estimated control input̂uk = h(·) on the
finite-horizon starting atk = L and ending atk = K.
The varianceRk accounts for model mismatch and noise
due to the estimated velocityvk and accelerationak. The
information prior to the data horizon is considered in the
estimation problem by an arrival cost, first term in (4a),
that is computed from the expected value of the state and
parameters̄zL and p̄ and with an error covariancePL.

The optimized variables are the set of parametersp
(Fc, C, σv in zone A andσ0 in zone B) and the initial state
vector valuezL. For the optimization problem in zone A,
no a priori knowledge on the expected initial state vector
value z̄L is available, while for the optimization problem
in zone B, the expected initial statēzL can take prior
information from states evaluated in zone A. The equality
constraint (4b) is the discretized version of the state equation
model (1)-(2). In this paper no state noise is considered,
which corresponds to the assumption that the considered
friction model structure is correct: the inclusion of state
noise would result in a large increase of the number of
optimization variables, hence making on-line solution of (4)
impossible. The bias introduced by this simplification will
be partly compensated by the parameter estimation. The
inequality constraint (4c) imposes lower and upper bounds
on the parameters. In our case, a non-negativity constraintis
imposed on all parameters.

In the finite-horizon batch optimization, estimation of
velocity v and accelerationa can be based on a back and
forth (non-causal) low-pass filtering of the finite-difference
derivatives of the measured positionx on the horizonK−L,
hence avoiding delay inherent to causal filtering.

C. Numerical Solution Method

The constrained optimization problem (4) is a Quadratic
Program (QP). Parameter vectorp is updated based on
Gauss-Newton method schemepn+1 = pn − (JTJ)−1JT r

TABLE I

REFERENCE, INITIAL , ESTIMATED PARAMETERS

Parameters Reference Initial One window Two windows

Fc[N] 2 1 1.97± 0.03 1.99± 0.02
C[N/s] 4 2 2.36± 5.3 2.86± 2.7

σv [Ns/m] 1 0.5 0.97± 0.02 1.01± 0.01
σ0[kN/m] 1 0.5 0.92± 0.03 0.98± 0.005

MSE(u) [N2] - - 3.5× 10−7 1.7× 10−7

TABLE II

NUMBER OF ITERATIONS AND FUNCTION EVALUATIONS

One window Two windows
Zones A+B Zone A Zone B

# of iterations 13 3 4
Func evals per iteration 6 5 3
Total # of evaluations 78 15 12

whereJ is the jacobian of the residual vectorr = u − û
[9]. The parameter covariance matrix is given byC(p̂) =
MSE (JTJ)−1 whereMSE stands for the mean squared-
error of the fitting problem (4). The split of the optimization
problem into two horizons alleviates the non-smoothness of
the GMS model (1)-(2) and improves the convergence of the
non-linear least-squared minimization.

It is worth mentioning that if the on-line friction estimation
scheme is used to fine tune a set of friction parameters the
inequality constraint (4c) might be avoided, which could
reduce the QP problem (4) to an unconstrained non-linear
least-squares problem.

IV. NUMERICAL VALIDATION

The numerical validation of the on-line friction estimation
approach is performed using a point-to-point motion of
25 mm with vmax = 0.5 m/s and amax = 3 m/s2,
which is a typical motion used for optical wafer inspection
in the semiconductor industry. The considered system is
shown in Fig 2 extended with a position feedback PID
controller. Closed-loop bandwidth is100 Hz. The system
parameter values that are assumed to be known exactly are
the moving massm = 1 kg, α = 0.5, vs = 10−3 m/s,
δvs

= 1. The system friction model usedN = 16 GMS
model elements, and the model used by the estimator uses
N = 4 elements (hence there is a model mismatch). For
both models the normalized hysteresis distribution iski =

1
N

andνi = 2i
N(N+1) . No position measurement noise is added.

Measured position, filtered velocity, and control inputu are
shown in Fig 4.

Table I compares the estimated parameters between one
window that includes both zone A and B, and a split horizon
with two sequential windows, one for each zone A and B.
The estimation algorithm starts with initial parameter values
at half of the reference values used for the system friction
model. We notice that the estimated parameter values are
closer to their reference values for the split horizon case
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Fig. 4. Position, velocity, number of sticking elements, available and
estimated control input, simulated and estimated friction with split horizon
A and B (estimated̂u andF̂f visually coincide withu andFf respectively).

(two windows) and that their standard deviation is reduced
as well with regard to the one window case. In both cases,
three out of four parameters get a good estimation while it is
still difficult to get a good on-line estimate of the attraction
parameterC. It has been noticed that the attraction parameter
C should be considered as a design parameter which stays
constant during normal machine operation. Instead, prelimi-
nary results have shown that the ratioα between static and
coulomb frictions (which evolves in time and position) could
accurately be updated on-line.

The MSE between the estimated control inputû and the
available control inputu is reduced by a factor two with
the split horizon compared to the one window optimization
(Table I). The MSE has been calculated for the frames A
and B with the estimated control input̂u shown in bold in
Fig 4. The estimated friction is also shown in Fig. 4.

Table II compares the calculation time for both approaches
(one and split window) in terms of the number of iterations
and function evaluations. It is clear that through the split
window approach, the parameter estimation converges faster
with a gain of almost three.

Although the algorithm automatically switches to zone B
as soon as the velocity goes through zero in the vicinity of
the desired target, it has been noticed that the determination
of beginning of zone B is not critical. Similar accuracy
is obtained if the beginning of zone B is selected at time
instances when the GMS elements are still slipping. Also,
it is worth noting that the estimation of the first three
parameters is quite robust to a mismatch of the stiffness
parameterσ0 while the opposite is not true. Hence, the
importance of estimating parameters in the slipping zone first
before entering the sticking zone. Estimation in zone B can
also be seen as a fine tuning of the friction estimate obtained
at the end of zone A.

V. CONCLUSION AND FUTURE WORK

This paper presents some preliminary results on on-line
friction parameter estimation for the GMS friction model
using input-output data measured during standard point-to-
point machine motion. It is shown how the parameter esti-
mation is improved with respect to accuracy and calculation
time by applying a split horizon instead of a single horizon
scheme, dividing the motion data and model parameters into
separate sets.

Further analysis will be carried out with the GMS friction
model to adapt the hysteresis shape and the Stribeck effect
on-line. Real-time implementation of the constrained non-
linear least-squares optimization problem will be imple-
mented with qpOASES [10], an on-line active set QP solver,
and tested on an ETEL XY positioning table in a real-time
application to compensate friction.
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