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Abstract. In recent years techniques and systems have been developed
to prove non-termination of logic programs for certain classes of queries.
In previous work, we developed such a system based on mode-information
and a form of loop checking performed at compile time.
In the current paper we improve this technique by integrating type infor-
mation in the analysis and by applying non-failure analysis and program
specialization. It turns out that there are several classes of programs for
which existing non-termination analyzers fail and for which our extended
technique succeeds in proving non-termination.
Keywords: non-termination analysis, types, non-failure analysis, pro-
gram specialization

1 Introduction

In the past five years, techniques have been developed to analyze the non-
termination – as opposed to termination – of logic programs. The main mo-
tivation for this work is to provide precision results for termination analyzers.

Given some program P , a termination analyzer can be considered precise on
P , if the class of programs it proves terminating for P is exactly the class of the
terminating ones. Of course due to the undecidability of the halting problem,
an analyzer can not be precise on all programs. Non-termination analysis can
be used to show the precision of an analyzer. Given a program P , a termination
analyzer is shown to be precise on P , if the class of queries for which it proves
termination is the complement of the class of queries proved non-terminating by
a non-termination analyzer.

Techniques for non-termination analysis should not be confused with those
for loop checking. The former are compile-time techniques, while the latter are
performed at run-time.

The first and most well-known non-termination analyzer is NTI ([7]). Re-
cently, we developed a slightly more precise analyzer, P2P , presented in [10].

Both non-termination analyzers contain two phases in their analysis. In a
first phase, they compute a suitable, finite approximation of all the computa-
tions for the considered class of queries. This phase is similar to what is done in
? Supported by the Fund for Scientific Research - FWO-project G0561-08



many other program analysis techniques, such as abstract interpretation, par-
tial deduction or program specialization, and even a number of approaches to
termination analysis. In a second phase, the non-termination analyzers analyze
these finite approximations of the computations, to detect loops. They prove
that these loops correspond to infinite derivations in concrete computations of
the program for the considered queries.

In NTI, the finite approximation of the computations are binary unfoldings
of the given program. Detecting loops is based on a special more general than
relation, called ∆-more general. If the body of a binary clause is ∆-more general
than the head, a loop is detected and non-termination is proved.

In [10], the finite approximations of the computations is the moded SLD-
tree. This concept has been introduced in [9], in the context of termination
and non-termination prediction. A moded SLD-tree is a symbolic approximation
of concrete derivations, based on modes. It’s finiteness is ensured by applying
a complete loop check on the symbolic derivations, called LP-check. Due to
completeness of this loop check, finiteness of the resulting tree is ensured. For its
second phase, the analysis in [10] introduces a sound loop check on the moded
SLD-tree. Each observed loop corresponds to a non-terminating computation for
the concrete derivations.

We illustrate both techniques with an example.

Example 1. a(f(X),s(Y)):- a(X,s(s(Y))).
NTI proves non-termination by showing that the body is ∆-more general

than the head. The first argument satisfies this more general relation because
it is replaced by a more general term. The second argument requires the filter
instance of s(Y), to satisfy the ∆-more general relation. NTI concludes that
this program is non-terminating for each query a(I,J) with I more general than
f(X) and J an instance of s(Y).

N
0
: ← a(X,I)

1
I \ s(J)
X \ f(Y)

N
1
: ← a(Y,s(s(J)))

1
Y \ f(Z)

N
2
: ← a(Z,s(s(s(J))))

Fig. 1. Moded SLD-tree of Example 1

P2P constructs the moded SLD-tree of Figure 1. In this tree, I and J are
input modes, denoting unknown ground terms. P2P proves that the path from
N1 to N2 can be repeated infinitely often for any query a(X,f(J)) with X a
variable and J a variable-free term. �

In [10], the non-termination analyzer P2P was applied to all non-terminating
programs of the benchmark of the annual termination competition1. It turned

1 Available at http://www.lri.fr/˜marche/termination-competition/
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out that P2P was able to prove non-termination for all non-terminating pro-
grams in the benchmark.

Although we experienced this as a successful experiment for the technique
and our results were an improvement of the success rate of NTI on the same
benchmark, the experiment mostly shows that the benchmark does not offer
sufficient challenges for non-termination analysis. As a result, our work since
then has focussed on two new directions. One is to identify classes of programs for
which current non-termination analyzers fail. A second is to investigate whether
the inclusion of type-information, in addition to modes, may improve the power
of our analyzer.

Considering the first of these questions, a limitation of both NTI and P2P
is that they only detect non-terminating derivations if, within these derivations,
some fixed sequence of clauses can be applied repeatedly. The following example
violates this restriction.

Example 2. The program, longer, loops for any query longer(L), with L a non-
empty list of zeros. The predicate zeros/1 checks if the list contains only zeros.
At the recursive call, a zero is added to the list in the previous call.

longer([0|L]):-
zeros(L), zeros([]).
longer([0,0|L]). zeros([0|L]):- zeros(L).

The list in the recursive call is longer than the original one and thus, the number
of applications of the recursive clause for zeros/1 increases in each recursion.
Therefore, no fixed sequence of clauses can be repeated infinitely and both NTI
and P2P fail to prove non-termination of this example. �

In this paper, we overcome this limitation by using non-failure information.
Non-failure analysis ([2]) detects classes of goals that can be guaranteed not to
fail, given mode and type information. Its applications include inferring minimal
computational costs, guiding transformations and debugging. To use the infor-
mation provided by non-failure analysis in the non-termination analysis of [10],
type information must be added to the symbolic derivation tree. We add this
information using regular types ([5]).

There are many variants of this class of programs. Instead of having an
increasing number of applications of a same clause, we could have a predicate
that always succeeds but in which alternative clauses are used for obtaining
success. Again, NTI and P2P will fail to prove non-termination, because the
sequence of clause applications is not repeated. Non-failure information though
allows to abstract away from the details on how success was reached for these
computations.

Another limitation of both NTI and P2P is related to aliased variables. We
illustrate this with an example from [8].

Example 3. append([],L,L). append([H|T],L,[H|R]):- append(T,L,R).
The query append(X,X,X) succeeds once with a computed answer substitu-

tion X/[]. The program loops after backtracking.
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NTI needs a filter for the second argument to prove non-termination of this
example. However, these filters are only allowed on argument positions that don’t
share variables with terms on other positions. Because all argument positions
contain the same variable, NTI fails to prove non-termination of this example.

Similarly, P2P needs an input-generalization (see Section 4.2) to prove non-
termination for this example. Due to the shared variables, this input-generalization
is not allowed for this query. �

Non-termination of the last example can be proven by specializing append for
the considered query. Program specialization ([3]) transforms a logic program and
class of queries to a specialized, more efficient program. In [6], the authors showed
that program specialization improves the results of termination analyzers. In this
paper, we show that this is also the case for non-termination analyzers.

Example 4. Specializing append for the query append(X,X,X), using the ECCE
specializer of [3], produces the following program:

append(X,X,X):- app1(X). app1([]).
app2([H|T]):- app2(T). app1([A,B|C]):- app2(C).

Both NTI and P2P prove non-termination of this specialized program. �

In this paper, we extend the technique of [10] with type information. Then,
we use non-failure analysis and specialization to deal with the classes of programs
illustrated by the examples above. In addition to these two classes of programs,
there are combinations of them that yield a fairly large class of new programs
that we can prove non-terminating using non-failure analysis combined with
program specialization.

The paper is structured as follows. In the next section we introduce some
preliminaries. In Section 3, we add type information to the moded SLD-tree
defined in [9] and we introduce a special transition to treat non-failing goals.
In Section 4, we adapt our non-termination condition of [10] for these extended
symbolic derivation trees and we show that program specialization can be used
to improve on the results of our non-termination condition. Finally, Section 5
concludes the paper. Due to space restrictions, all proofs have been omitted. A
version of the paper containing all proofs can be found online2.

2 Preliminaries

2.1 Logic Programming

We assume the reader is familiar with standard terminology of logic programs,
in particular with SLD-resolution as described in [4]. Variables are denoted
by character strings beginning with a capital character. Predicates, functions
and constant symbols are denoted by character strings beginning with a lower
case character. We denote the set of terms constructible from a program P , by
2 http://www.cs.kuleuven.be/˜dean/
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TermP . Two atoms are called variants if they are equal up to variable renaming.
An atom A is more general than an atom B, if there exists a substitution θ, such
that Aθ = B.

We restrict our attention to definite logic programs. A logic program P is
a finite set of clauses of the form H ← A1, ..., An, where H and each Ai are
atoms. A goal Gi is a headless clause ← A1, ..., An. A query, Q, is a conjunction
of atoms A1, . . . , An. Without loss of generality, we assume that Q consists only
of one atom.

Let P be a logic program and G0 a goal. G0 is evaluated by building a
generalized SLD-tree GTG0 as defined in [9], in which each node is represented
by Ni : Gi, where Ni is the name of the node and Gi is a goal attached to the
node. Let Ai and Aj be the selected atoms at two nodes Ni and Nj , respectively.
Ai is an ancestor of Aj , denoted Ai ≺anc Aj , if the proof of Ai goes through the
proof of Aj . Throughout the paper, we choose to use the best-known depth-first,
left-most control strategy, as is used in Prolog, to select goals and atoms. So by
the selected atom in each node Ni :← A1, ..., An, we refer to the left-most atom
A1. For any node Ni : Gi, we use A1

i to refer to the selected atom in Gi.
A derivation step is denoted by Ni : Gi ⇒C Ni+1 : Gi+1, meaning that

applying a clause C to Gi produces Ni+1 : Gi+1. Any path of such derivation
steps starting at the root node N0 : G0 of GTG0 is called a generalized SLD-
derivation.

2.2 Types

In this paper, we extend the moded SLD-tree defined in [9] by adding a special
operation for nodes with a non-failing selected atom. To use non-failure infor-
mation, type information of the partially instantiated goals must be available.
Since logic programs are untyped, this type information will be inferred. Many
techniques and tools exist to infer type definitions for a given logic program, for
example [1]. We will describe types using regular types as defined in [5]. The set
of type symbols is denoted by Στ .

Definition 1. Let P be a logic program. A type rule for a type symbol T ∈ Στ
is of the form T → c1; . . . ; ci; fi+1(τ̄i+1); . . . ; fk(τ̄k), (k ≥ 1), where c1, . . . , ci
are constants, fi+1, . . . , fk are distinct function symbols associated with T and
τ̄j (i+ 1 ≤ j ≤ k) are tuples of corresponding type symbols of Στ . A type
definition T is a finite set of type rules, where no two rules contain the same
type symbol on the left hand side, and for each type symbol occurring in the type
definition, there is a type rule defining it. �

A predicate signature declares one type symbol for each argument position
of a given predicate. A well-typing 〈T ,S〉 of a program P , is a pair consisting
of a type definition T and a set S containing one predicate signature for each
predicate of P , such that the types of the actual parameters passed to a predicate
are an instance of the predicate’s signature. For this paper, we use PolyTypes
([1]) to infer signatures and type definitions. In [1], it has been proven that these
inferred signatures and type definitions are a well-typing for the given program.

5



Types allow to give a more precise description of the possible values during
evaluation at different argument positions. The set of terms constructible from
a certain type definition, is called the denotation of the type. We represent the
denotation of type T by Den(T ).

Given a type definition T , for every type T defined by T , we introduce an
infinite set of fresh variables V arT . For any two types T1 6= T2, we impose that
V arT1 ∩ V arT2 = ∅.

Definition 2. Let T1, . . . , Tn be types defined by a type definition T defining
type symbols τ̄ . The denotation Den(Ti) of Ti(1 ≤ i ≤ n), defined by Ti →
c1; . . . ; cj ; fj+1(τ̄j+1); . . . ; fk(τ̄k), is recursively defined as:

– every variable in V arTi
is an element of Den(Ti)

– every constant cp, 1 ≤ p ≤ j, is an element of Den(Ti)
– for every type term fp(τ1, . . . τl), j < p ≤ k,: if t1 ∈ Den(τ1), . . . , tl ∈
Den(τl), then fi(t1, . . . , tl) ∈ Den(Ti) �

Example 5. For the program longer of Example 2, the following types and sig-
natures are inferred by PolyTypes:

Tlz → [ ]; [T0 | Tlz] longer(Tlz)
T0 → 0 zeros(Tlz)

Den(T0) is the set containing 0 and all variables of V arT0 . Den(Tlz) contains:
[ ], Y, [0, 0], [0, X, 0], [X|Y ], . . ., with X ∈ V arT0 and Y ∈ V arTlz

. �

2.3 Non-failure analysis and program specialization

Given type and mode information, non-failure analysis detects goals that can
be guaranteed not to fail, i.e. they either succeed or go in an infinite loop. We
use the non-failure analysis technique of [2] in this paper.

Example 6. For Example 2, non-failure analysis proves that zeros/1 is non-
failing if its argument is an input mode of type Tlz. It cannot show that longer/1
with an argument of type Tlz is non-failing, because longer([ ]) fails. �

Program specialization aims at transforming a given logic program into an
equivalent but more efficient program for a certain query. This query can be
partially instantiated, yielding a specialized program for a class of queries. Pro-
gram specialization has received a lot of attention in the community, see for
example [3]. In this paper, we use the specialization tool ECCE, [3], to generate
specialized programs.

3 Moded-Typed SLD-trees and the NFG transition

3.1 Moded-typed SLD-trees and loop checking

As stated in the introduction, we want to prove non-termination of partially
instantiated queries, given mode and type information of the variables in the
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query. In such a partially instantiated query, variables representing unknown
terms are labeled input modes. To every input mode, a type is assigned. An atom
Q is a moded-typed atom if some variables of Q are input modes, otherwise, it
is a concrete atom. The terms represented by input modes in an atom Q are
restricted to terms of their respective type. Note that the user does not have
to declare the types associated to input modes, because the inferred well-typing
declares a unique type for every subterm of atoms defined by the program.

Because a variable associated with an input mode represents an unknown
term, the effect of an input mode can be approximated by treating it as a special
variable I, such that I may be substituted by a constant or compound term of
the correct type. In the remainder of the paper, we denote a special variable, an
input variable, by underlining the variables name.

Definition 3. Let P be a program, Q = p(I1, ..., Im, T1, ..., Tn) a moded-typed
atom and 〈T ,S〉 a well-typing for P . The moded-typed SLD-tree of P for
Q, is a pair (GTG0 , 〈T ,S〉), where GTG0 is the generalized SLD-tree for P ∪{←
p(I1, ..., Im, T1, ..., Tn)}, with each Ii being a special variable not occurring in any
Tj. The special variables I1, ..., Im are called input variables. �

As mentioned, an input variable I may be substituted by a term f(t1, . . . , tn).
If I is substituted by f(t1, . . . , tn), all variables in t1, . . . , tn also become input
variables. In particular, when unifying I with a normal variable X, X becomes
an input variable. We refer to Figure 2 for an illustration of (part of) a moded-
typed SLD-tree. Some branches are missing, because the figure also illustrates a
loop check, that we introduce below.

A moded-typed atom A represents a set of concrete atoms, called the deno-
tation of A. This is the set of atoms obtained by replacing the input modes by
arbitrary terms of their respective type.

We introduce the following notation. Let I1, ..., In be all input variables of
A. Let t1, . . . , tn ∈ TermP . A(t1 → I1, . . . , tn → In) denotes the concrete atom
obtained by replacing the input variables I1, ..., In by the terms t1, . . . , tn.

Definition 4. Let A be a moded-typed atom with I1, . . . , In as its input variables
with types T1, . . . , Tn, respectively. The denotation of A, Den(A), is

{A(t1 → I1, . . . , tn → In) | t1 ∈ Den(T1), . . . , tn ∈ Den(Tn)} �

Note that non-termination of an atom implies non-termination of all more
general atoms. Therefore, we consider a moded-typed atom A to represent all
atoms of the denotation of A, as well as all more general atoms. We call this set
the extended denotation of A.

Definition 5. Let A be a moded-typed atom with I1, . . . , In as its input variables
with types T1, . . . , Tn, respectively. The extended denotation of A, Ext(A), is

{I | I ′ ∈ Den(A), I is more general than I ′} �
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Note that this extended denotation includes the atoms of the denotation and
that this concept can be adapted to moded-typed goals in a straightforward way.

Moded-typed SLD-trees represent all derivations for a certain class of queries.
For most programs and classes of queries, this tree is infinite. In order to obtain
a finite tree, we can use a complete loop check, to cut all infinite derivations
from the tree.

In [9], it is proven that every infinite generalized SLD-derivation contains
an infinite chain of loop goals. A derivation is cut by the complete loop check
LP − check ([9]), if a prefix of such a chain is encountered. LP − check uses a
repetition number defining how long the chain of loop goals can become before
it is cut. For more information about this loop check, we refer to [9].

Example 7. Figure 2 shows the moded-typed SLD-tree for longer, using LP-
check with repetition number 2.

N
0
: ← longer(L)

1 L \ [0|M]

N
1
: ← zeros(M), longer([0,0|M])

2 3
M \ [0|N]M \ []

N
2
: ← longer([0,0]) N

6
: ← zeros(N), longer([0,0,0|N])

1

N
3
: ← zeros([0]), longer([0,0,0])

3

N
4
: ← zeros([ ]), longer([0,0,0])

2

N
5
: ← longer([0,0,0])

2 N \ [ ]

N
7
: ← longer([0,0,0])

3

N
9
: ← zeros([0]), longer([0,0,0,0])

3

N
10

: ← zeros([ ]), longer([0,0,0,0])

2

N
11

: ← longer([0,0,0,0])

1

N
8
: ← zeros([0,0]), longer([0,0,0,0])

Fig. 2. Moded-typed SLD-tree for the longer program, using LP − check with repeti-
tion number 2

At node N5, LP-check cuts clause 1 because node N5 is a loop goal of node
N2. Likewise, LP-check cuts clause 3 at node N6 and clause 1 at node N11. �

3.2 The NFG transition

As illustrated in Example 2, one of the main limitations of current non-termination
analysis techniques is that non-termination can only be proven for programs and
queries repeating a fixed sequence of clauses. To overcome this limitation, we ex-
tend the moded-typed SLD-tree of Definition 3 by adding a special transition
NFG, to treat non-failing selected atoms. This transition allows to abstract from
the sequence of clauses needed to solve the non-failing atom. Note that during
the evaluation of a non-failing atom, normal variables may be bound to terms of
their respective type. Therefore, we approximate the application of this unknown
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sequence of clauses by substituting all normal variables in the selected atom by
fresh input variables of the correct type. In the next subsection, the correlation
between these resulting moded-typed SLD-trees and concrete SLD-trees is given.

Definition 6. Let Ni :← A1, A2, . . . , An be a node in a moded-typed SLD-
tree, with A1 a non-failing atom. Let V1, . . . , Vm be all normal variables of
A1, corresponding to types T1, . . . , Tm, respectively. Let V1, . . . , Vm be new in-
put variables of types T1, . . . , Tm, respectively. Then, an NFG transition, Ni :←
A1, . . . , An ⇒NFG Ni+1 :← A2θ, . . . , Anθ, can be applied to Ni, with substitution
θ = {V1 \ V1, . . ., Vm \ Vm}. �

Note that we can also allow an NFG transition to be applied to a goal
containing only one atom, resulting in a refutation.

Definition 7. Let P be a logic program, Q a moded-typed atom and 〈T ,S〉 a
well-typing for P . The moded-typed SLD-tree with NFG is the pair
(GT(NFG,G0), 〈T ,S〉), where GT(NFG,G0) is obtained from the generalized SLD-
tree GTG0 for P∪ ← Q, by, at each node: Ni :← A1, A2, . . . , An, with A1 a
non-failing atom, additionally applying the NFG transition. �

Without proof, we state that LP − check is also a complete loop check for
moded-typed SLD-trees with NFG. From here on, when we refer to a moded-
typed SLD-tree, we mean the finite part of a moded-typed SLD-tree with NFG,
obtained by using LP − check with some repetition number, r.

N
0
: ← longer(L)

1 L \ [0|M]

N
1
: ← zeros(M), longer([0,0|M])

NFG

N
2
: ← longer([0,0|M])

1

N
3
: ← zeros([0|M]), longer([0,0,0|M])

N
4
: ← longer([0,0,0|M])

... ...
2

3

NFG

... ...
2

3

Fig. 3. Moded-typed SLD-tree with NFG of the
longer program

N
0
: ← start

1

N
1
: ← a(L), loop(L)

NFG

N
2
: ← loop(I)

4

N
3
:  ← loop([0,0,0])

N
4
: ← loop([0,0,0])

L \ I

I \ [0,0,0]

4

Fig. 4. Moded-typed SLD-
tree of Example 10

Example 8. Figure 3 shows the moded-typed SLD-tree of Example 2 for the
query longer(L) using 3 as a repetition number. The selected atom at node N1,
zeros(M), is non-failing and can be solved using an NFG transition. Since there
are no normal variables in the selected atom, there are no substitutions for this
transition. At node N3, the NFG transition is applied as well.

At node N4, LP − check cuts the derivation because of the chain of loop
goals N0 ⇒1 . . . N2 ⇒1 . . . N4 ⇒1. �
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3.3 Correlation with concrete queries

The correlation between derivations in moded-typed SLD-trees without NFG
transitions and concrete SLD-derivations is rather simple. For every derivation in
such a moded-typed SLD-tree from N0 : G0 to Ni : Gi, there exists a non-empty
subset of the concrete goals of the extended denotation of G0 on which the same
sequence of clauses can be applied. This subset of goals can be obtained from
G0 by applying the composition of all substitutions on input variables from N0

to Ni.

Example 9. In the derivation from N0 to N8 in Figure 2, there are three sub-
stitutions on input variables: L \ [0|M ], M \ [0|N ] and N \ []. Applying these
substitutions to the query longer(L) gives the concrete query longer([0, 0]). �

For typed SLD-trees with NFG transitions, there is no such clear correspon-
dence. Solving a non-failing atom corresponds to a potentially infinite sequence
of clause applications. Thus, for an NFG transition Ni : Gi →NFG Nj : Gj , it
is possible that no concrete state corresponding to Gj ever occurs in a concrete
derivation. However, this will not cause any problems for our analysis. If our
analysis detects and reports a non-terminating computation for a branch in the
moded-typed SLD-tree which has an NFG transition, then a corresponding con-
crete atom either finitely succeeds or non-terminates. In both cases, reporting
non-termination is correct.

There is a second problem with the correspondence between NFG transitions
and concrete derivations. Input variables introduced by NFG give an overesti-
mation of the possible values after evaluating the non-failing selected atom in
a concrete derivation. Therefore, substitutions on such input variables further
down the tree might be impossible and thus, cannot be allowed. We illustrate
this with an example.

Example 10. start:- a(L), loop(L). a([0]).
loop([0,0,0]):- loop([0,0,0]). a([0,0]).

Tlz is a correct type definition for all arguments of atoms. Non-failure analysis
([2]) shows that a(L) is non-failing if L is a free variable.

Figure 4 shows a part of the moded-typed SLD-tree using repetition number
2 for the query start. At node N1, the non-failing atom a(L) is solved by
replacing the variable L by a new input variable I. The path from N3 to N4 is a
loop. However, this loop cannot be reached because I is substituted by [0,0,0],
but the program only allows it to be [0] or [0,0]. �

We introduce the following proposition showing the correlation between moded-
typed SLD-trees and concrete SLD-trees.

Proposition 1. Let T be a moded-typed SLD-tree with NFG for a goal G0 and
Ni a node of T . Let θ be the composition of all substitutions on input variables
from N0 to Ni.

If the derivation from N0 to Ni does not contain a substitution on input vari-
ables introduced by NFG transitions, then all goals in Ext(G0θ) can be evaluated
to goals in Ext(Gi) or loop w.r.t. an NFG transition. �
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Proof. By induction on the length of the derivation.

Base case. Since we assume the query to consist only of one atom, applying
an NFG transition to the top level goal G0 results in a refutation. Since G0

is non-failing, every element of Ext(G0) either results in a refutation or loops
w.r.t. this NFG transition. Applying a clause, N0 : G0 ⇒C N1 : G1, to G0 only
succeeds if the actual values of the input variables are such that the substitutions
on the corresponding terms succeed. Therefore, let σT be the substitutions on
input variables corresponding to this derivation step, then clause C is applicable
to Ext(G0σT ).

NFG. Assume the lemma holds for N0 : G0 ⇒ Ni : Gi and that we apply
Ni : Gi ⇒NFG Ni+1 : Gi+1. Since A1

i is non-failing, this atom either succeeds or
loops w.r.t. the program. If it succeeds, free variables of A1

i may be substituted
with terms of their corresponding type. Due to Definition 5, the resulting goal
is an element of Ext(Gi+1) whether or not the variables are bound during the
evaluation of A1

i . Thus, if θ is the composition of substitutions on input variables
from N0 to Ni, goals in Ext(G0θ) either loops w.r.t. an NFG transition or can
be evaluated to a goal in Ext

Let θi be the substitutions on input variables from N0 to Ni. Then, every
atom in the extended denotation of A1

i θi is non-failing and thus either succeeds
or loops. If the free variables in the selected atom of G0 are bound, they are
bound to an element of their respective type and thus included in Ext(G1). If
some free variables stay unbound they are still elements of Ext(G1) because of
Definition 5. Thus, every element in G0θi can be evaluated to a goal in Ext(Gi+1)
or loops w.r.t. an NFG transition.

Clause. Assume the lemma holds for N0 : G0 ⇒ Ni : Gi and that we apply
Ni : Gi ⇒c Ni+1 : Gi+1. Let σT and be the substitutions on input variables due
to this derivation step. Let θi be the substitutions on input variables from N0

to Ni.
As in the base case, this clause is applicable to Gi if the actual values of

the input variables are such that the substitutions on the corresponding terms
succeed and thus, they are applicable to Ext(GiσT ). Therefore, every goal in
Ext(G0θiσT ) can be evaluated to a goal in Ext(Gi+1) or loops w.r.t. an NFG
transition. �

4 Typed non-termination analysis with non-failing goals

In this section, we reformulate our non-termination conditions of [10] for moded-
typed SLD-trees withNFG. We prove that these conditions imply non-termination.
We then show that program specialization can be used to further extend the ap-
plicability of these conditions.
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4.1 Non-termination of inclusion loops

To prove non-termination, we prove that a path between two nodes Nb and Ne
in a moded-typed SLD-derivation can be repeated infinitely often. To find such a
path, we check three properties. Because the rules in the path must be applicable
independent of the values of the input variables, no substitutions on the input
variables may occur in the path from Nb to Ne. Because this path should be a
loop, A1

b must be an ancestor of A1
e. Finally, because the goals corresponding to

Ne must be able to repeat the loop, Ext(A1
e) must be a subset of Ext(A1

b). We
can show that these three conditions imply non-termination.

Definition 8. In a moded-typed SLD-derivation with NFG D, nodes Ni : Gi
and Nj : Gj are an inclusion loop, Ni : Gi

inc→ Nj : Gj, if:

– No substitutions on input variables occur in the path from Ni to Nj.
– A1

i ≺anc A1
j .

– Ext(A1
j ) ⊂ Ext(A1

i ) �

An inclusion loop Ni : Gi
inc→ Nj : Gj corresponds to an infinite loop for

every goal of the extended denotation of Gi.

Theorem 1 (Sufficiency of the inclusion loop). Let Ni : Gi
inc→ Nj : Gj be

an inclusion loop in a moded-typed SLD-derivation with NFG D of a program
P and a moded-typed query Q, then, every goal of the extended denotation of Gi
is non-terminating w.r.t. P . �

Proof. In the path from Ni to Nj , non-failing atoms can be solved using the
NFG transition. If such an atom loops, the theorem holds. Thus, it is sufficient
to prove that the path from Ni to Nj can be applied infinitely often if all selected
atoms, from Ni to Nj , corresponding to an NFG transition finitely succeed.

Because A1
i is an ancestor of A1

j , only the selected atom of Ni influences if
the sequence of clauses can be repeated infinitely often.

Because no substitutions on input variables occur in the path from Ni down
to Nj , the corresponding sequence of derivation steps and NFG transitions is
applicable to any atom in Ext(A1

i ).
Since Ext(A1

j ) ⊂ Ext(A1
i ), this proves non-termination. �

Due to Proposition 1, an inclusion loop Ni : Gi
inc→ Nj : Gj proves non-

termination for a subset of concrete goals of the extended denotation of the top
level goal, if no substitutions on input variables introduced by NFG transitions,
occur in the path from N0 to Ni.

Example 11. The moded-typed SLD-tree of Figure 3 can be used to prove non-
termination of the longer program. The path from N2 to N4 satisfies the condi-
tions of the inclusion loop. There are no substitutions on input variables between
these nodes, the ancestor relation holds and Ext(longer([0, 0, 0 |M ])) is a subset
of Ext(longer([0, 0 |M ])).

12



Since there are no input variables added by NFG transitions, Proposition
1 proves that all atoms in Ext(longer([0 | M ])), with M of type Tlz, are non-
terminating. �

Because extended denotations are usually infinite sets, the third condition
of Definition 8, Ext(A1

j ) ⊂ Ext(A1
i ), is hard to verify. In [10], we introduced a

syntactic condition, based on a unifiability test between atoms, to verify whether
the inclusion holds. This syntactic condition, formulated in Proposition of [10],
is still applicable in our current setting and can be used to automatically check
Definition 8.

4.2 Input-generalizations

In [10], we have also shown that the applicability of the inclusion loop can be
extended using a notion called input-generalizations.

Example 12. We show the need for input-generalizations with an adapted version
of the program of Example 2.

longer([0|L], X):-
zeros(L), zeros([]).
longer([0,0|L], f(X)). zeros([0|L]):- zeros(L).

For this program, the following types and signatures are inferred:
Tlz → [ ]; [T0 | Tlz] Tf → f(Tf ) longer(Tlz, Tf )
T0 → 0 zeros(Tlz)

Figure 5 shows the moded-typed SLD-derivation for the moded-typed query
longer(L, X), with L of type Tlz, using 3 as a repetition number. All pairs of
nodes in the derivations fail the third condition of Definition 8. �

To prove non-termination for such a program, we define an input-generalization.
This input-generalization is such that proving non-termination of an input-
generalized selected atom implies non-termination of the original goal.

Definition 9. A moded-typed atom Aα is an input-generalization of a moded-
typed atom A, if there exist terms t1, . . . , tn in A and fresh moded-typed variables
I1, . . . , In with the same types as t1, . . . , tn, respectively, such that Aα = A(I1 →
t1, . . . , In → tn) and V ar(Aα) ∩ V ar((t1, . . . , tn)) = ∅. �

Example 13. Let A be the atom longer([0, X,X], Y ):

– longer([0|I], Y ) is an input-generalization of A
– longer(I1, I2) is an input-generalization of A
– longer([0, I,X], Y ) is not an input-generalization of A. This last example

refers to the condition of the empty intersection of the variable sets. �

To check if a path is non-terminating w.r.t. an input-generalized goal, we
define an input-generalized derivation. This derivation is constructed by applying
a path in a given derivation to the input-generalized selected atom of the first
node in the path.
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N
0
: ← longer(L, X)

1 L \ [0|M]

N
1
: ← zeros(M), longer([0,0|M], f(X))

NFG

N
2
: ← longer([0,0|M], f(X))

1

N
3
: ← zeros([0|M]), longer([0,0,0|M], f(f(X)))

NFG

N
4
: ← longer([0,0,0|M], f(f(X)))

Fig. 5. Moded-typed SLD-tree of Ex-
ample 12

N
2
: ← longer([0,0|M], f(I))

1

N
3
: ← zeros([0|M]), longer([0,0,0|M], f(f(I)))

NFG

N
4
: ← longer([0,0,0|M], f(f(I)))

α

α

α

Fig. 6. Input-generalized derivation

Definition 10. Let Ni and Nj be nodes in a moded-typed SLD-derivation with
NFG D, such that A1

i ≺anc A1
j . Let 〈C1, . . . , Cn〉 be the sequence of derivation

steps and transitions from Ni to Nj and let Aα be an input-generalization of A1
i .

If 〈C1, . . . , Cn〉 can be applied to ← Aα, the resulting derivation is called the
input-generalized derivation D′ for Aα. The input-generalized nodes Nα

i

and Nα
j are the first and last node of D′, respectively. �

Note that such a path in a moded-typed SLD-derivation is applicable to the
input-generalized atom, if the selected atoms at all NFG transitions are still
non-failing.

Non-termination of the input-generalized derivation implies non-termination
of the original goal. Before we prove that this holds, we introduce an alternative
definition of the extended denotation and give a lemma.

The following definition is an alternative characterization of the extended de-
notation. This definition contains the same elements as the extended denotation
of Definition 5, up to variable renamings. This characterization will also be used
in the following proofs.

Definition 11. Let A be a moded-typed atom with I1, . . . , In as its typed vari-
ables with types T1, . . . , Tn, respectively. The extended denotation of A, Ext(A),
is

Let S = {A(t1 → I1, . . . , tn → In) | t1 ∈ Den(T1), . . . ,
tn ∈ Den(Tn), t1 is ground, . . . , tn is ground}

Ext(A) = {I | I ′ ∈ S, I is more general than I ′} �

Lemma 1. Let Aα be an input-generalization of A, then Ext(A) ⊂ Ext(Aα).
�

Proof. Note that again it is enough to prove that every element in S of Definition
11 is an element of Ext(Aα).

Let I1, . . . , In be the input variables of A and In+1, . . . , Im be the newly
introduced moded-typed atoms in Aα. For every concrete atom Ac of Den(A),
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I1, . . . , In are replaced by ground terms. To construct an atom Aαc of Den(Aα),
for which Ac is more general then Aαc , one replaces I1, . . . , In by the same values
as in Ac and In+1, . . . , Im by instances of the corresponding terms, tn+1, . . . , tm,
in Ac. Due to the condition that V ar(Aα)∩V ar((tn+1, . . . , tm)) = ∅, Ac is more
general than Aαc and thus Ac is an element of Ext(Aα). �

Example 14. To explain the condition on the intersection of the variables in
Definition 9, consider the atom A = a(X, f(X)). If we omit the condition on the
variables, we could consider Aα = a(X, I) as an input-generalization. Ext(A)
contains a(X, f(X)), which is not an element of Ext(a(X, I)). So, the property
that Ext(A) ⊂ Ext(Aα) would not hold. �

Proposition 2 (Non-termination with input-generalization). Let Ni :
Gi and Nj : Gj be nodes in a moded-typed SLD-derivation with NFG D of a
program P for a query I and let Aα an input-generalization of A1

i . Let Nα
i and

Nα
j be input-generalized nodes in the input-generalized derivation D′ for Aα.

If Nα
i
inc→ Nα

j , then every concrete goal of the extended denotation of Gi is
non-terminating w.r.t. program P . �

Proof. According to Lemma 1, Ext(A) ⊂ Ext(Aα) and according to Theorem
1, every goal in Ext(Aα) is non-terminating. Since Nα

i
inc→ Nα

j , Ni is an ancestor
of Nj and thus, every goal in Ext(Gi) must be non-terminating as well. �

Example 15. To prove non-termination of the program in Example 12,
longer([0, 0|M ], f(I)) can be used as an input-generalization of A1

2 in Figure 5.
Figure 6, shows the input-generalized derivation of N2 to N4 for longer([0, 0 |

M ], f(I)). This derivation is an inclusion loop: Nα
2

inc→ Nα
4 . Therefore, non-

termination of this program w.r.t. the concrete goals of Ext(← longer([0, 0 |
M ], f(X))) is proven by Proposition 2. �

4.3 Program specialization

In Example 3, we discussed a class of programs, related to aliased variables,
for which current non-termination analyzers fail to prove non-termination. We
illustrated that program specialization can be used to prove non-termination of
such programs. The main intuition is that non-termination analysis techniques
have difficulties with treating queries with aliased variables. Program specializa-
tion often reduces the aliasing, due to argument filtering. So, in the context of
aliasing, applying program specialization often improves the applicability of the
analysis.

Program specialization can also be used in combination with the NFG tran-
sition. When solving a non-failing atom, all variables in the atom are substituted
with new input variables. These input variables give an overestimation of the
possible values after evaluating the non-failing atom. Program specialization
can produce more instantiated, but equivalent clauses. These more instantiated
clauses give a better approximation of the possible values after evaluating the
non-failing atom. We illustrate this with an example.
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Example 16. The following program generates the infinite list of Hamming num-
bers in symbolic notation. hamming/0 starts the computation initializing the
list of hamming numbers to [s(0)]. hamming([N|Ns]) keeps a list of hamming
numbers, ordered from small to large. Three new hamming numbers are gener-
ated using times/3, which defines multiplication on the symbolic notation. Then,
insert/3 merges these three numbers with Ns and removes duplicates, resulting
in the list for the next iteration. The code for insert/3 and times/3 is omitted.

hamming:- hamming([s(0)]).
hamming([N|Ns]):- times(s(s(0)),N,N2),

times(s(s(s(0))),N,N3),
times(s(s(s(s(s(0))))),N,N5),
insert([N2,N3,N5],Ns,Res),
hamming(Res).

PolyTypes infers the following type definition:

Ts → 0; s(Ts) Tl → [ ]; [Ts | Tl]

The arguments of hamming/1 and insert/3 are of type Tl, the other argu-
ments are of type Ts. Non-failure analysis shows that insert/3 and times/3 are
non-failing if their last arguments are free variables.

When building the moded-typed SLD-tree for the query hamming, solving
the non-failing atoms by applying an NFG transition, the moded-typed goal
hamming(Res) is obtained at node N7. In this goal, Res is introduced by an
NFG transition. When applying clause 2 to this goal, Res is substituted by a
compound term and thus, non-termination of hamming can not be proven.

To prove non-termination of hamming, one needs to know that the list in the
recursive call hamming(Res) is again of the form [N|Ns]. This can be done using
the program specialization technique: more specific programs. This technique
generates a more instantiated version of clause 2:

hamming([N|Ns]):- times(s(s(0)),N,N2),
times(s(s(s(0))),N,N3),
times(s(s(s(s(s(0))))),N,N5),
insert([N2,N3,N5],Ns,[R|Res]),
hamming([R|Res]).

Non-termination of this specialized program using NFG transitions to solve
times/3 and insert/3 is straightforward. �

5 Conclusion and Future work

In this paper, we identified classes of logic programs for which current analyzers
fail to prove non-termination and we extended our non-termination analysis
of [10] to overcome these limitations. As in [10], non-termination is proven by
constructing a symbolic derivation tree, representing all derivations for a class
of queries, and then proving that a path in this tree can be repeated infinitely.
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The most important class of programs for which current analyzers fail, are
programs for which no fixed sequence of clauses can be repeated infinitely. We
have shown that non-failure information ([2]) can be used to abstract away from
the exact sequence of clauses needed to solve non-failing goals. To use this non-
failure information, type information is added to the symbolic derivation tree
and a special NFG transition is introduced to solve non-failing atoms. As far
as we know, this is the first time that non-failure information is used for non-
termination analysis.

We illustrated that program specialization ([3]) can be used to overcome
another limitation of current analyzers. If non-termination can not be proven due
to aliased variables, redundant argument filtering may remove these duplicated
variables from the program. Specialization can also be used in combination with
the NFG transition. This transition approximates the effect of solving the atom.
Program specialization may produce more instantiated clauses, giving a better
approximation of the possible values after solving the non-failing goal.

Our future work consists of completing the implementation and of evaluating
the extensions discussed in this paper.
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