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Abstract. We consider compression of a given set S of isomorphic and
disjoint subgraphs of a graph G using node labelled controlled (NLC)
graph grammars. Given S and G, we characterize whether or not there
exists a NLC graph grammar consisting of exactly one rule such that
(1) each of the subgraphs S in G are compressed (i.e., replaced by a
nonterminal) in the (unique) initial graph I , and (2) the set of generated
terminal graphs is the singleton {G}.

1 Introduction

Graph grammars define languages over graphs, in the same way that string
or tree grammars define languages over strings (trees). Several types of graph
grammars have been proposed and studied (e.g., [8, 1]). A well-studied and well-
understood type are the NLC grammars (Node Labeled Controlled grammars)
[8]. An NLC grammar consists of a set of node rewriting rules that indicate how,
in the process of generating graphs from an initial graph using the grammar, a
node with a particular label can be rewritten into a subgraph, and how this sub-
graph is connected to the neighbors of the node being rewritten. These so-called
connection rules are in an important difference with string or tree grammars,
which do not need such rules.

While NLC grammars (and the broader class of (e,d)-NCE grammars that
they belong to) have been studied in detail regarding the properties of the lan-
guages they can define, the complexity of parsing their elements, etc., there has
been little research on the induction of such grammars from example graphs. This
is not specific for NLC grammars: induction of graph grammars has in general
not received much interest. This is somewhat remarkable because the learning
of graph languages from example graphs is generally considered an important
topic in machine learning: it has been used, for instance, to classify molecules
[6], analyse network structures [12], recognize objects in images [13], etc. The
induction of graph grammars has the additional advantage that the grammar
rules define transformations of graphs and as such can be used to describe the
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dynamic behavior of graphs, which is of interest in the context of, for instance,
social network analysis.

Several approaches to the induction of graph grammars have been proposed,
with significant practical success; however, there is little theoretical understand-
ing of the learnability of certain types of graph grammars. In the context of NLC
grammars, some initial work has been done that describes how grammar rules
can be learned from example graphs. In this paper, we continue that thread of
research.

Previous work [4] showed how, given a graph G (or a set of graphs — but
such a set can always be considered a single graph with multiple connected
components, so there is no loss of generality in considering a single graph), one
can find a single NLC grammar rule r and a graph I that is as small as possible
(following the “maximum compression” or “minimum description length” (MDL)
principle that is commonly used in machine learning), with the property that I
uniquely determines G through repeated application of r. This work was limited
by the fact that the subgraphs generated by the rule r cannot “touch”, that
is, there cannot be edges connecting two such subgraphs. In [3], it was shown
that when the subgraphs can touch, this may lead to non-confluency: the order
in which nodes are rewritten can influence the outcome of the rewriting process
(thus, I no longer uniquely determines G unless this order is fixed). In this paper,
we characterize the exact conditions under which the NLC grammar rule will be
confluent.

This result is useful for two reasons. From the point of view of graph compres-
sion, it makes a better compression algorithm possible because the conditions
under which subgraphs can be compressed into a single node can be relaxed.
From the point of view of graph grammar induction (and its applications in
machine learning), it allows for a broader class of grammar rules to be learned.

2 Related work

As mentioned in the Introduction, there has been little research on graph gram-
mar induction. An important line of work in this area was started by Cook and
Holder with their work on Subdue [5], an algorithm for learning from graphs that,
in several variants, led to classification, clustering, and compression of graphs,
and later on to induction of graph grammars [10, 11]. This work is mostly mo-
tivated by practical applications, rather than theory on grammar induction or
graph grammars, and as such these grammars sometimes lack desirable prop-
erties. For instance, node rewriting rules do not always indicate how the new
graph should be connected to the neighborhood of the node being substituted;
as a result, graph compression is not lossless, and the graph grammar lacks a
certain expressive power that other grammars have. Also, potential problems
with non-confluency, overlapping or touching subgraphs, etc., are not studied.

Another line of work is the induction of probabilistic graph grammars in [7,
14]. This work builds mostly on methods for constructing probabilistic gram-

2



mars. It does not focus on issues such as lossless compression or confluency,
which are not very relevant in that context.

In [9] the potential of edge replacement grammars for machine learning is
discussed, but we are not aware of further work in that direction.

The most closely related work is [4] and [2, 3] on the induction of NLC gram-
mars; this paper builds directly on it. As said in the introduction, the work by
[4] had certain limitations, and the possible effects of lifting these limitations
was studied by [3]. In this paper, we characterize under what conditions the
mentioned limitations can be lifted without undesirable consequences. Before
we can go into detail about this, we need to introduce some terminology and
background.

3 Notation and Terminology

We consider simple graphs G = (V,E), where V is a finite set of nodes and
E ⊆ {{x, y} | x, y ∈ V, x 6= y} is the set of edges — hence no loops or parallel
edges are allowed. We denote V (G) = V and E(G) = E. For S ⊆ V , the induced
subgraph of G is the graph (S,E′) where E′ ⊆ E and for each e ∈ E we have
e ∈ E′ iff e ⊆ S. We consider only induced subgraphs, and therefore we will
write “subgraph” instead of induced subgraph. The neighborhood of S ⊆ V in
G, denoted by NG(S), is {v ∈ V \S | {s, v} ∈ E for some s ∈ S}. If S = {x}
is a singleton, then we also write NG(x) = NG(S). A labelled graph is a triple
G = (V,E, l) where (V,E) is a simple graph and l : V → L is a node labelling
function, where L is a finite set of labels. We write l(G) = l(V ) = {l(v) | v ∈ V }.
As usual, graphs are considered isomorphic if they are identical modulo the
identity of the nodes. It is important to realize that for labelled graphs, nodes
identified by an isomorphism have identical labels. In graphical depictions of
labelled graphs we always represent the nodes by their labels. As we consider
solely labelled graphs from now on, we will often write simply graph to denoted
labelled graphs.

Subgraphs S1 and S2 are called disjoint (or non-overlapping) if V (S1) and
V (S2) are disjoint. They are called touching if they are disjoint and there is an
edge e ∈ E(G) with one node in S1 and the other in S2.

4 NLC Graph Grammars

In this section we briefly recall the notions and definitions concerning NLC
grammars used in this paper, and refer to [8] for a gentle and more detailed
introduction to these grammars.

A NLC graph grammar is an ordered 5-tuple Q = (L, L̄, I, P, E), where L is
a finite set of node labels, where the elements of L̄ ⊆ L (L \ L̄, resp.) are called
terminal (nonterminal, resp.) node labels, I is a labelled graph with the nodes
labelled by L called the initial graph, and E ⊆ L2 (where L2 = L×L) is called an
embedding relation. Finally, P is a set of tuples (N,S), called productions, where
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N ∈ L \ L̄ and S is a labelled graph with nodes labelled by L. A production
(N,S) is also denoted by N → S.

The semantics of an NLC graph grammar Q are as follows. Let G be a graph
containing a node x labelled by a nonterminal N . Then a production p of the
form N → S is applicable to (defined on) G. The result after applying p to G on
x is another graphG′. The graphG′ is obtained from G by removing node x (and
all edges adjacent to x) and replacing it by (a copy of) S. Moreover, edges are
created between the nodes of S and ofNG(x) according to the embedding relation
E: for y ∈ V (S) and z ∈ NG(x), we have {y, z} ∈ E(G′) iff (l(y), l(z)) ∈ E (where
l is the labelling function of G′). Now, the set of graphs with only terminal nodes
obtainable from the initial graph I by iteratively applying productions from P

is the language L(Q) of Q.

In this paper, we consider NLC grammars containing exactly one production
N → S, i.e., |P | = 1. Therefore we (may) assume without loss of generality
that L \ L̄ = {N}. Hence we specify Q by the tuple (L, I, (N,S), E). Also, we
may assume without loss of generality that the node labels of S do not contain
N . Indeed, if the node labels of S contain N , and assuming I contains a node
labelled by N , then L(Q) = ∅ as no graph with only terminal labels can be
generated.

b

N N

→

b

b a N

→

b

b a b a

Fig. 1. The derivation of graph G (right-hand side) from I (left-hand side) in Ex-
ample 1 using the derivation rule p = N → a− b and embedding relation E =
{(b, a), (b, b), (a,N)}.

Example 1. Let G be the graph on the left-hand side of Figure 1. Let L =
{a, b,N} be the set of labels (N is the nonterminal), E = {(b, a), (b, b), (a,N)}
be the embedding, and p = N → S be the production, where S is the graph
a b . Note that formally we have only defined S up to isomorphism, however
as we have seen this is not an objection.

Figure 1 now depicts a derivation from an initial graph I where first produc-
tion p is applied to the node labelled by N on the left-hand side, and then p

is applied on the remaining node labelled by N . The obtained graph G (on the
right-hand side of the figure) has only terminal nodes. The derivation from I

by applying p in the other order on the nonterminal nodes obtains the following
graph.
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This example will be a running example in this paper.

5 Compatibility and Confluency

In this section we recall the basic notions of compatibility and confluency, and
recall the results from [4] that are necessary for this paper.

We fix some graph G and some graph S. We let S be the set of subgraphs
of G isomorphic to S. We let L̄ = l(G) and, as defined in the previous section
L = L̄ ∪ {N} with N the nonterminal node label.

First we recall the notion of compatibility.

Definition 2. Let G be a graph, S be a set of subgraphs of G isomorphic to
a graph S, and C = (S1, S2, . . . , Sn) be a linear ordering of S. We say that
E ⊆ L×L is compatible with C (in G) if there are graphs G0, . . . , Gn such that
Gn = G and for each i ∈ {1, . . . , n}, Gi is obtained from Gi−1 by producing Si

using NLC grammar Q = (L,G0, (N,S), E).

In case S = {S} is a singleton, we also say that E is compatible with S instead
of (S).

Since the embedding of the new subgraph in the old graph is determined by
node labels, it is impossible that two nodes with the same label in the subgraph
are connected to the neighborhood of the subgraph in a different way. This is
formally expressed as follows.

Lemma 3. Let G be a graph, and S1, . . . , Sn subgraphs of G. If E ⊆ L2 is
compatible with (S1, . . . , Sn), then for any i ∈ {1, . . . , n} and x, y ∈ V (Si) with
l(x) = l(y), we have NG(x) \ V (Si) = NG(y) \ V (Si).

To characterize the notion of compatibility, we need the notions of inset and
outset.

Definition 4. Let Z ⊆ V (G)2. We define the inset of Z, denoted by IZ , as the
set {(l(x), l(y)) | {x, y} ∈ E(G), (x, y) ∈ Z}, and outset of Z, denoted by OZ , as
the set {(l(x), l(y)) | {x, y} 6∈ E(G), (x, y) ∈ Z}.

Let S be an induced subgraph of G. Then the inset (outset, resp.) of S,
denoted by IS (OS , resp.), is defined to be the inset (outset, resp.) of Z =
V (S)×NG(V (S)).

The following lemma from [4, Section 4.1] characterizes compatibility for a
single graph S in terms of the inset and outset of S: the inset are tuples that
should be in E, while the outset are tuples that should not be in E.

Lemma 5 ([4]). Let S be an induced subgraph of G, and let E ⊆ L× L. Then
E is compatible with S iff IS ⊆ E ⊆ L2\OS (i.e., E separates IS from OS).
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Hence, there is an E compatible with S in G iff IS ∩OS = ∅.

Definition 6. Let G be a graph and let S be a set of mutually isomorphic
subgraphs of G. We say that E ⊆ L2 is confluent for S if E is compatible with
any ordering C of S.

b a

S1 S2

b a

b

Fig. 2. Graph G from Example 1 including a depiction of its subgraphs S1 and S2.

Example 7. We continue Example 1. Let us denote the first and second subgraph
introduced in the derivation from I to G by S1 and S2, respectively, see Figure 2.
Example 1 illustrates that the given embedding E is compatible with (S1, S2).
Moreover, one may verify that IS1

= OS1
= {(a, b), (b, b)}, IS2

= {(b, a)}, and
OS2

= {(a, a)}. Note that by Lemma 5, E is not compatible with S1. In fact,
there is no embedding compatible with S1 as IS1

∩OS1
6= ∅. The fact that E is

compatible with (S1, S2) but not with S1 implies that S1 could not be generated
by E in its current context, but could be generated if S2 was introduced after
S1.

As noted in [4], Lemma 5 can be trivially generalized to a set S of mutually
disjoint, non-touching, and isomorphic subgraphs of G.

Lemma 8 ([4]). Let S be a set of mutually disjoint, non-touching, and isomor-
phic subgraphs of a graph G. Then E ⊆ L×L is confluent for S iff ∪iISi

⊆ E ⊆
L2\(∪iOSi

) iff E is compatible for some ordering C of S.

6 Touching Subgraphs

We now consider the case where subgraphs touch. Compatibility for the case
where two subgraphs touch is characterized in [3, Lemma 12] (see also [2]). We
recall this result, cf. Lemma 12 below, and use it to establish another, similar
characterization which we will be useful in the next section.

We distinguish three kinds of insets and outsets associated to pairs of touch-
ing subgraphs.
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Definition 9. Let S1 and S2 be touching graphs in G. For Z1 = V (S2) ×
(V (S1)∩NG(S2)), we denote IZ1

and OZ1
by I(S1,S2) and O(S1,S2), respectively.

Moreover, for Z2 = V (S2) × V (S1), we denote IZ2
and OZ2

by I((S1,S2)) and
O((S1,S2)), respectively. Finally, for Z3 = V (S2) × (NG(S2) \ V (S1)), we denote
IZ3

and OZ3
by IS2\S1

and OS2\S1
, respectively.

We remark that we assume no interpretation of “S2\S1” in IS2\S1
andOS2\S1

.
Note that Z1 ∪ Z3 = V (S2)×NG(S2), and therefore I(S1,S2) ∪ IS2\S1

= IS2
and

similarly for outset. Also note that (a, b) ∈ I(S1,S2) iff (b, a) ∈ I(S2,S1). Moreover,
we have always I(S1,S2) = I((S1,S2)) and O(S1,S2) ⊆ O((S1,S2)).

Notice that I(S1,S2) and O(S1,S2) (and also I((S1,S2)) and O((S1,S2))) are con-
cerned with the tuples going from S2 to S1. This is because these tuples are
important in the second step in the derivation to G; the step which creates S2.

Example 10. We continue Examples 1 and 7. One may verify that I(S1,S2) =
I((S1,S2)) = {(b, a)}, O(S1,S2) = {(a, a)}, O((S1,S2)) = {(a, a), (b, b), (a, b)}, and
IS2\S1

= OS2\S1
= ∅. Moreover, I(S2,S1) = I((S2,S1)) = {(a, b)}, O(S2,S1) =

{(b, b)},O((S2,S1)) = {(a, a), (b, a), (b, b)}, IS1\S2
= {(b, b)}, andOS1\S2

= {(a, b)}.

We now state an implicit result of [3].

Lemma 11. Let S1 and S2 be touching subgraphs of G, and let x ∈ V (S1) and
y ∈ V (S2) with l(x) = a and l(y) = b. Moreover, E ⊆ L2 be compatible with
(S1, S2). Then {x, y} is an edge iff (b, a) ∈ E and (a,N) ∈ E.

We now recall [3, Lemma 12] (it is slightly reformulated here).

Lemma 12 ([3]). Let S1 and S2 be touching subgraphs of G. Then E ⊆ L2 is
compatible with (S1, S2) iff the following conditions hold:

1. E is compatible with S2,
2. IS1\S2

⊆ E ⊆ L2\OS1\S2
,

3. {(a,N) | a ∈ l(V (S1) ∩NG(S2))} ⊆ E, and
4. If (b, a) ∈ O((S1,S2)), then (a,N) 6∈ E or (b, a) 6∈ E (or both).

Note that the fact that E is compatible with (S1, S2) does not imply that E is
compatible with S1. In fact, Example 7 illustrates that we may have IS1

∩OS1
6=

∅ — hence an embedding compatible with S1 may not even exist.
We now obtain the following consequence of Lemma 12 by noticing that the

sets l(V (S1) ∩NG(S2)) and l(V (S1) \NG(S2)) “should” be treated differently.

Lemma 13. Let S1 and S2 be touching subgraphs of G and E ⊆ L × L. Then
E is compatible with (S1, S2) iff the following conditions hold:

1. E is compatible with S2,
2. IS1\S2

⊆ E ⊆ L2\OS1\S2
,

3. {(a,N) | a ∈ l(V (S1) ∩NG(S2))} ⊆ E, and
4. If (a,N) ∈ E with a ∈ l(V (S1)\NG(S2)), then (b, a) 6∈ E for all b ∈ l(V (S2)).

If this is the case, then l(V (S1) ∩NG(S2)) ∩ l(V (S1) \NG(S2)) = ∅.
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Proof. We obtain the “if and only if” part by showing now that Condition 4,
referred to as (I), is equivalent with Condition 4 of Lemma 12, referred to as
(II), under the assumption that the other three conditions hold.

First we show that (I) implies (II). Let (b, a) ∈ O((S1,S2)) and (b, a) ∈ E. We
show that (a,N) 6∈ E. Hence there is an x ∈ V (S2) and y ∈ V (S1) with l(x) = b

and l(y) = a such that {x, y} is not an edge of G. Assume y ∈ NG(S2). Then
(b, a) ∈ O(S1,S2), and by Condition 1, (b, a) 6∈ E — a contradiction. Therefore
y 6∈ NG(S2), and by (I), we have (a,N) 6∈ E (as (b, a) ∈ E), and we are done.

We now show that (II) implies (I). Assume the contrary and let (a,N) ∈ E

and (b, a) ∈ E for some a ∈ l(V (S1)\NG(S2)) and b ∈ l(V (S2)). Since (b, a) ∈ E

we have by Condition 1 that (b, a) 6∈ O((S1,S2)). As we assume that (II) and
the other three conditions of Lemma 12 hold, we have by Lemma 12 that E is
compatible for (S1, S2). By Lemma 11, we obtain that there is an edge {x, y} in G

with x ∈ V (S1), y ∈ V (S2), l(x) = a, and l(y) = b. Clearly, x ∈ V (S1) \NG(S2).
Consequently, (b, a) ∈ O((S1,S2)) — a contradiction.

Finally, let E be compatible with (S1, S2), and assume that a ∈ l(V (S1) ∩
NG(S2)) ∩ l(V (S1) \NG(S2)). Let x ∈ V (S1)∩NG(S2) and y ∈ V (S1) \NG(S2)
such that l(x) = l(y) = a. As x, y ∈ V (S1), we have by Lemma 3, NG(x) \
V (S1) = NG(y)\V (S1) — a contradiction as x ∈ NG(S2) while y 6∈ NG(S2). ⊓⊔

For an embedding relation E ⊆ L2, and L′ ⊆ L, we define the restriction of
E to L′ by E[L′] = {(x, y) ∈ E | x, y ∈ L′}. The next corollary follows from
Lemma 13.

Corollary 14. Let S1 and S2 be touching subgraphs of G, let L̄ = L \ {N}, and
let E′ ⊆ L̄2. Then there is an E ⊆ L2, with E[L̄] = E′, compatible with (S1, S2)
iff the following conditions hold:

1. E′ is compatible with S2,
2. IS1\S2

⊆ E′ ⊆ L̄2\OS1\S2
,

3. l(V (S1) ∩NG(S2)) ∩ l(V (S1) \NG(S2)) = ∅

Moreover, if this is the case, then E = E′ ∪ {(a,N) | a ∈ l(V (S1) ∩NG(S2))} is
compatible with (S1, S2).

Consider again Corollary 14. Note that E compatible with S1 (i.e., IS1
⊆

E ⊆ L2\OS1
) implies IS1\S2

⊆ E ⊆ L2\OS1\S2
. Moreover, we show now that if

E is compatible with S1, then the third condition of Corollary 14 also holds.

Lemma 15. Let S1 and S2 be touching subgraphs of G and E ⊆ L×L. If E is
compatible with S1, then l(V (S1) ∩NG(S2)) ∩ l(V (S1) \NG(S2)) = ∅.

Proof. Assume to the contrary that a ∈ l(V (S1)∩NG(S2))∩ l(V (S1) \NG(S2)).
Let x ∈ V (S1) ∩ NG(S2) and y ∈ V (S1) \ NG(S2) such that l(x) = l(y) = a.
As x, y ∈ V (S1), we have by Lemma 3, NG(x) \ V (S1) = NG(y) \ V (S1) — a
contradiction as x ∈ NG(S2) while y 6∈ NG(S2). ⊓⊔

Hence, by Corollary 14 and Lemma 15 we notice now that an E′ ⊆ L̄2

compatible for both S1 and S2 can be extended to an E ⊆ L2 compatible for
both (S1, S2) and (S2, S1). However, as we recall again, it may be the case that
E is compatible with (S1, S2), while E is not compatible with S1, see Example 7.
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7 Symmetric Connections

In this section we consider the case where the connections between subgraphs S1

and S2 are symmetric, i.e., I(S1,S2) is symmetric as a relation (if (a, b) ∈ I(S1,S2),
then also (b, a) ∈ I(S1,S2)). Clearly, I(S1,S2) is symmetric iff I(S1,S2) = I(S2,S1).

The next lemma is easy to verify.

Lemma 16. Let S1 and S2 be isomorphic touching subgraphs of G where I(S1,S2)

is symmetric. Then l(V (S1)) = l(V (S2)), l(V (S1)∩NG(S2)) = l(V (S2)∩NG(S1)),
and l(V (S1) \NG(S2)) = l(V (S2) \NG(S1)).

Proof. As S1 and S2 are isomorphic we have l(V (S1)) = l(V (S2)). Since I(S1,S2)

is symmetric, we have moreover l(V (S1) ∩ NG(S2)) = l(V (S2) ∩ NG(S1)) and
l(V (S1) \NG(S2)) = l(V (S2) \NG(S1)). ⊓⊔

We show now a key result.

Lemma 17. Let S1 and S2 be isomorphic touching subgraphs of G where I(S1,S2)

is symmetric. If E ⊆ L2 is compatible for (S1, S2), then E is compatible for S1.

Proof. Recall that we have IS1
= I(S2,S1) ∪ IS1\S2

(and similar for OS1
). Hence

to show that E is compatible for S1, i.e., IS1
⊆ E ⊆ L2 \OS1

, it suffices to show
that (1) IS1\S2

⊆ E ⊆ L2 \OS1\S2
, and (2) I(S2,S1) ⊆ E ⊆ L2 \O(S2,S1).

The former, (1), follows by Lemma 13 as E is compatible for (S1, S2).

We now show the latter, i.e., (2). As I(S2,S1) = I(S1,S2) and I(S1,S2) ⊆ E since
E is compatible for (S1, S2), we obtain I(S2,S1) ⊆ E.

To show that E ⊆ L2 \ O(S2,S1), it suffices to show that O(S2,S1) = O(S1,S2)

(as E ⊆ L2 \O(S1,S2)).

We have by definition of inset and outset, I(S1,S2)∪O(S1,S2) = K×K ′ where
K is the set of labels of the vertices of S2 andK ′ is the set of labels of the vertices
in V (S1)∩NG(S2). As S1 and S2 are isomorphic and I(S2,S1) = I(S1,S2), we have
by Lemma 16, l(V (S1)∩NG(S2)) = l(V (S2)∩NG(S1)) and so I(S2,S1)∪O(S2,S1) =
K ×K ′. Hence I(S1,S2) ∪O(S1,S2) = I(S2,S1) ∪O(S2,S1).

Since E is compatible for (S1, S2), we have I(S1,S2) ∩O(S1,S2) = ∅. We show
now that I(S2,S1) ∩O(S2,S1) = ∅. Assume to the contrary that (b, a) ∈ I(S2,S1) ∩
O(S2,S1). As (b, a) ∈ I(S2,S1), there is an edge {x, y} with y ∈ V (S1) and x ∈
V (S2) with l(y) = b and l(x) = a. More specifically, y ∈ V (S1)∩NG(S2) (and x ∈
V (S2)∩NG(S1)). As E is compatible for (S1, S2), we have l(V (S1)∩NG(S2))∩
l(V (S1) \NG(S2)) = ∅ by Lemma 13. Consequently, since (b, a) ∈ O(S2,S1) and
b ∈ l(V (S1) ∩ NG(S2)), we have b 6∈ l(V (S1) \ NG(S2)) and therefore there is
an y′ ∈ V (S1) ∩NG(S2) and x′ ∈ V (S2) with l(y′) = b and l(x′) = a such that
there is no edge between y′ and x′. By definition of O(S1,S2) we have now that
(a, b) ∈ O(S1,S2). As I(S1,S2) ∩O(S1,S2) = ∅, we have therefore (a, b) 6∈ I(S1,S2) =
I(S2,S1) — a contradiction. Therefore I(S2,S1) ∩O(S2,S1) = ∅.

We thus obtain that {I(S1,S2), O(S1,S2)} and {I(S2,S1), O(S2,S1)} are both par-
titions of K ×K ′. Since I(S2,S1) = I(S1,S2) we obtain O(S2,S1) = O(S1,S2). ⊓⊔
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We are ready now to show that if an embedding E is compatible for one or-
dering of touching graphs S1 and S2, then E is compatible for the other ordering
precisely when I(S1,S2) is symmetric.

Theorem 18. Let S1 and S2 be isomorphic touching subgraphs of G and let
E ⊆ L2 be compatible for (S1, S2). Then E is compatible for (S2, S1) iff I(S1,S2)

is symmetric.

Proof. We first show the forward implication. Let E be compatible for both
(S1, S2) and (S2, S1). Let x1 ∈ V (S1), y1 ∈ V (S1), x2 ∈ V (S2), y2 ∈ V (S2) with
l(x1) = l(x2) = a and l(y1) = l(y2) = b (a may be equal to b). We need that
show that if {x1, y2} is an edge of G, then {x2, y1} is an edge of G. If {x1, y2} is
an edge of G, then we have by Lemma 11 (b, a) ∈ E and (a,N) ∈ E. Since E is
compatible for (S2, S1), we have again by Lemma 11 (and since (b, a) ∈ E and
(a,N) ∈ E) that {x2, y1} is an edge of G.

We now show the reverse implication. Let I(S1,S2) be symmetric. We show
that the conditions of Lemma 13 are fulfilled for (S2, S1). As E is compatible
for (S1, S2), E is compatible for S2, and therefore IS2\S1

⊆ E ⊆ L2 \ OS2\S1

(Condition 2 of Lemma 13) holds.
By Lemma 16, we have l(V (S1)∩NG(S2)) = l(V (S2)∩NG(S1)) and therefore

Condition 3 of Lemma 13 holds. Similarly, by Lemma 16, l(V (S1)) = l(V (S2))
and l(V (S1) \NG(S2)) = l(V (S2) \NG(S1)) holds and therefore Condition 4 of
Lemma 13 holds (and using again that I(S1,S2) is symmetric).

Next, E is compatible for S1 (Condition 1 of Lemma 13) by Lemma 17. Hence
we obtain that E is compatible for (S2, S1). ⊓⊔

Example 19. Consider again Example 1. Recall that the given E is compatible
for (S1, S2) (with S1 and S2 as in Figure 2). Now as I(S1,S2) = {(b, a)} (see
Example 10) is not symmetric, we have by Theorem 18 that E is not compatible
for (S2, S1).

a

b

a c

b

a

c a

c

S2S1

Fig. 3. Graph G from Example 20 including a depiction of its subgraphs S1 and S2.

Example 20. Consider now graph G and its subgraphs S1 and S2 given in Fig-
ure 3. One may verify that E = {(a, b), (b, a), (b, c), (a,N), (b,N)} is compatible
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with (S1, S2). We have I(S1,S2) = {(a, b), (b, a)}, and thus I(S1,S2) is symmetric.
By Theorem 18, E is also compatible with (S2, S1).

Remark 21. One may wonder in view of Theorem 18 whether or not it holds that
E compatible for both (S1, S2) and S1 implies that I(S1,S2) is symmetric (recall
that E being compatible for (S2, S1) implies that E is compatible for S1). It is
straightforward to verify that E = {(a, b), (b, a), (b,N)} and S1 and S2 discrete
graphs of two vertices labelled by a and b with one edge {x, y} with x ∈ V (S1),
y ∈ V (S2), l(x) = a, and l(y) = b form a counterexample. ⊓⊔

We now generalize Theorem 18 where two subgraphs S1 and S2 are considered
to the case where n subgraphs S = {S1, S2, . . . , Sn} of G are considered. It
characterizes the notion of confluency of an embedding relation E if S is a set
of mutually isomorphic and disjoint subgraphs of G.

Theorem 22. Let G be a graph, let S be a set of mutually isomorphic and
disjoint subgraphs of G, and let E ⊆ L2 be compatible for some ordering C of S.
Then E is confluent for S iff (1) every E is compatible with Si ∈ S, and (2) if
Sj and Sk in S are touching, then I(Sj ,Sk) is symmetric.

Proof. Let S = {S1, . . . , Sn}. We first prove the forward implication. Assume
that E is confluent for S. Let Si ∈ S. Let C be an ordering of S where Si is at
the last position in C. Then, by definition, Si is compatible with E. Let now Sj

and Sk in S be touching. Again, there are orderings C of S where Sj and Sk

are at the last two positions, in any order, in C. Hence by Theorem 18 I(Sj ,Sk)

is symmetric.
We now prove the reverse implication. Let E be compatible with C =

(Si1 , . . . , Sin) where {i1, . . . , in} = {1, . . . , n}. Assume moreover that the con-
ditions (1) and (2) of the theorem hold for S. It suffices to prove that for any
k ∈ {1, . . . , n − 1}, E is compatible with the ordering C′ of S obtained from C

by interchanging Sk and Sk+1 in C; indeed any ordering of S may be obtained
by iteration of this argument, and the theorem then holds.

As E is compatible with C in G, we have that E is compatible with (Si1 , . . . ,

Sik , Sik+1
) in G′, where G′ is the usual “intermediate graph”. More precisely,

G′ is the unique graph such that G is obtained from G′ by iteratively apply-
ing the NLC grammar rule to create Sik+2

, . . . , Sin (in this order). We have
that E is compatible for (Sik , Sik+1

) in G′, and since I(Sj ,Sk) is symmetric
(also in G′), E is compatible for (Sik+1

, Sik) in G′. Therefore, E is compat-
ible with (Si1 , . . . , Sik+1

, Sik) in G′ and we have that E is compatible with
(Si1 , . . . , Sik+1

, Sik , Sik+2
, . . . , Sin) in G. This completes the theorem. ⊓⊔

8 Discussion

To compress a set S of disjoint and isomorphic subgraphs of G, we used NLC
graph grammars consisting of a single production. As decompression should ob-
tain precisely graph G (i.e., no other graphs), we need to ensure that graph
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grammar is confluent. Theorem 22 characterizes confluency (in our case under
consideration) in terms of symmetry in the connections between any two touch-
ing subgraphs which are to be generated by the graph grammar. Future research
could focus on extending the results to more rules. In this case one may consider
recursive applications of graph grammar productions.
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