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Abstract In graph mining, a frequency measure for graphs is anti-monotonic if the
frequency of a pattern never exceeds the frequency of a subpattern. The efficiency
and correctness of most graph pattern miners relies critically on this property. We
study the case where frequent subgraphs have to be found in one graph. Vanetik et al.
(Data Min Knowl Disc 13(2):243–260, 2006) already gave sufficient and necessary
conditions for anti-monotonicity of graph measures depending only on the edge-over-
laps between the instances of the pattern in a labeled graph. We extend these results
to homomorphisms, isomorphisms and homeomorphisms on both labeled and unla-
beled, directed and undirected graphs, for vertex- and edge-overlap. We show a set
of reductions between the different morphisms that preserve overlap. As a secondary
contribution, we prove that the popular maximum independent set measure assigns the
minimal possible normalized frequency and we introduce a new measure based on the
minimum clique partition that assigns the maximum possible normalized frequency.
In that way, we obtain that all normalized anti-monotonic overlap graph measures
are bounded from above and below. We also introduce a new measure sandwiched
between the former two based on the polynomial time computable Lovász θ -function.
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1 Introduction

Recently, graph mining has emerged as a new field within contemporary data min-
ing that was a focus of interest over the last several years. The central task is to find
subgraphs, called patterns that occur frequently in either a collection of graphs [e.g.
databases of molecules De Raedt and Kramer (2001), game positions Ramon et al.
(2000), scene descriptions, …], or in one large graph [e.g. the internet, citation net-
works Tong et al. (2007), social networks McGlohon et al. (2007), protein interaction
networks He and Singh (2007), …]. Especially in the single-graph setting, the notion
of frequency, however, is not at all straightforward. For example, the naive solution
of taking the number of instances of the pattern as its frequency has the undesirable
property that extending a pattern (i.e., making it more restrictive), may increase its fre-
quency. Consider e.g. the unlabeled k-clique Kk . There are

(k
2

)
different embeddings

under subgraph isomorphism of the unlabeled path of length 1 in Kk , whereas there are
3
(k

3

)
embeddings of the path of length 2 in Kk . In fact, the number of different embed-

dings may increase exponentially in the size of the pattern. Hence, as pointed out by
Vanetik et al. (2006), a good frequency measure must be such that the frequency of a
superpattern is always at most as high as that of a subpattern. This property is called the
anti-monotonicity. Also for reasons of efficiency, anti-monotonicity of the frequency
measure is highly desirable, as it allows for pruning large parts of the search space.
The efficiency and correctness of most existing graph pattern miners relies critically
on the anti-monotonicity of the frequency measure being used.

An important class of anti-monotonic support measures in the single graph setting
is based on the notion of an overlap graph — a graph in which each vertex corresponds
to a match of the pattern and two vertices are connected by an edge if the correspond-
ing matches overlap. Vanetik et al. (2006) proved necessary and sufficient conditions
for anti-monotonicity in the single, labeled graph setting, in which the vertices of
the overlap graph represent subgraphs of the data set isomorphic to the pattern, and the
edges represent edge overlap between the subgraphs. In Fig. 1, two examples of the
overlap graph of a pattern in another graph have been given. Vanetik et al. (2006)
described how the overlap graph can change when going from a superpattern to a
subpattern by giving three graph operations. That is: one can transform one graph into
another graph using the three operations if and only if there exists a database graph,
superpattern and subpattern such that the two graphs represent respectively the overlap
graph of a super- and of a subpattern. For example, in Fig. 1 the bottom overlap graph
(of the superpattern) can be transformed into the top overlap graph (of the subpattern)
via the three operations. A direct consequence of this result is that a support measure
that is based only on the overlap graph must correspond to a graph property that is
increasing under the three operations.

The results of Vanetik et al. (2006) are valid for subgraph isomorphism and
labeled graphs. In the context of graph mining, however, not only subgraph iso-
morphism and labeled graphs are important. On the one hand, the importance of
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Fig. 1 Two examples of an overlap graph of H in G

homeomorphism-based graph mining increased drastically with the study of biologi-
cal networks (Bandyopadhyay et al. 2006; Grunewald et al. 2007). On the other hand,
in applications where vertices can play several roles (e.g. social networks) homo-
morphism is more suitable. Homomorphism in the context of data mining has been
thoroughly investigated in the field of inductive logic programming (Muggleton and
De Raedt 1994). In this paper we extend the results of Vanetik et al. (2006) to these
settings as well.

Until now, to our best knowledge, only one overlap graph based support measure
has been proposed in the literature (Vanetik et al. 2006). It is based on the computation
of the size of a Maximal Independent Set (MIS) of the overlap graph. Unfortunately,
computing a Maximal Independent Set in a graph is an NP-hard task. It is therefore
natural to consider the question whether a good frequency measure exists which can
be computed efficiently. In this paper, we present a first such measure, based on the
Lovász function.

The contents of the paper can be summarized as follows:

1. We study systematically all 24 combinations of iso-, homo-, or homeomorphism,
on labeled or unlabeled, directed or undirected graphs, with edge- or vertex-over-
lap and extend the anti-monotonicity results.

2. In our proofs, we use reductions which are also of interest in their own right, as
they allow to transfer results for different types of morphisms and overlap from
one setting to another.

3. An interesting consequence of the reductions is that any unlabeled, undirected
graph is a potential vertex- and edge-overlap graph in all considered settings.

4. We show that (under reasonable assumptions) the maximum independent set mea-
sure (MIS) of Vanetik et al. (2006) is the smallest anti-monotonic measure in the
class of overlap graph based frequency measures. We also introduce the new min-
imum clique partition measure (MCP) which represents the largest possible one.
Hence, as a consequence, all anti-monotonic overlap graph measures are bounded
both from above and below.

5. In general, both the MIS measure and the MCP measure are NP-hard to compute
in the size of the overlap graph. The Lovász measure is computable in polyno-
mial time and is sandwiched between the former two measures. We show that
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the Lovász measure induces an anti-monotonic frequency measure based on the
overlap-graph.

The remainder of this paper is structured as follows. In Sect. 2, we briefly review
some basic concepts and notations from graph theory. In Sect. 3 we formalize support
measures and overlap graphs and give an overview of earlier results. In Sect. 4, we
introduce the MCP measure, prove that it is anti-monotonic and show that, under rea-
sonable assumptions, the MIS measure is minimal and the MCP measure maximal.
We also introduce the polynomial time computable Lovász measure which is sand-
wiched between MIS and MCP and we prove that it is anti-monotonic. Section 5 is
devoted to the extension of the results to all 24 considered settings. We first prove a
base case, being homomorphic and isomorphic matches in labeled graphs, and then
prove reductions which allow for transferring all results to the remaining cases. Sec-
tion 6 concludes the paper with an overview of the contributions in this article and a
discussion of possible extensions for future work.

2 Preliminaries

We assume that the reader is familiar with basic graph theoretic notions and with
computational complexity. Textbooks in these areas, such as Diestel (2000) and
Papadimitriou (1994) supply the necessary background.

2.1 Graphs

A graph G = (V, E) is a pair in which V is a (non-empty) set of vertices or nodes
and E is either a set of edges E ⊆ {{v,w} | v,w ∈ V, v �= w} or a set of arcs
E ⊆ {(v,w) | v,w ∈ V, v �= w}. In the latter case we call the graph directed. A
labeled graph is a quadruple G = (V, E, �, λ), with (V, E) a graph, � a non-empty
finite, totally ordered set of labels, and λ a function V → � assigning labels to the
vertices. We will use the notation V (G), E(G) and λG to refer to the set of vertices,
the set of arcs (edges) and the labeling function of a graph G, respectively.

A graph G = (V, E) is said to be a subgraph of graph H = (VH , EH ), denoted
G ⊆ H if V ⊆ VH and E ⊆ EH .

By G, we denote the class of all graphs; by G→ (G↔), the restriction to directed
(undirected) graphs; and by Gλ (G•) the restriction to labeled (unlabeled) graphs. We
often combine notation; e.g., G→• for directed, unlabeled graphs.

For G ∈ G↔• ,

G := (V (G), {{v,w} | v,w ∈ V } \ E(G))

denotes the complement graph of G. By Kk ∈ G↔• we denote the complete graph on
k vertices, i.e.,

Kk := ({v1, . . . , vk}, {{vi , v j } | 1 ≤ i �= j ≤ k}).
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A subgraph K ⊆ G on k vertices for which all vertices are adjacent to all other vertices
is called a k-clique. A cycle of length k is a connected subgraph on k vertices each of
which is incident with exactly two edges.

2.2 Morphisms

The following concepts introduced in terms of G→λ are also valid for undirected and/or
unlabeled graphs by dropping the direction of the edges and/or the labels of the
vertices.

A homomorphism π from H = (VH , EH , �, λH ) to G = (V, E, �, λ) is a map-
ping from VH → V , such that ∀(v,w) ∈ EH : (π(v), π(w)) ∈ E . We say that H
is homomorphic to G. We call π edge-surjective if ∀(v′, w′) ∈ E : ∃(v,w) ∈ EH :
π(v) = v′ ∧ π(w) = w′ and call it surjective if it is both vertex- and edge-surjective.

An isomorphism from H to G is a bijective homomorphism π from H to G. In that
case, we say that H is isomorphic to G and write H ∼= G. We use H ⊆ G to denote
that H ∼= g, for some subgraph g of G. The latter is the same as saying that there
exists a subgraph isomorphism from H to G, which in turn is equivalent with saying
that there exists a vertex-injective homomorphism from H to G.

A path1 of length k in G is a sequence of k+1 distinct vertices (v0, . . . , vk)with for
all i = 1 . . . k, (vi−1, vi ) ∈ E . The vertices v1, . . . , vk−1 are called the inner vertices
and v0, vk the end vertices of the path. Two paths P1 and P2 in G are called disjoint
or independent if no inner node of P1 is in P2 and vice versa. The set of all paths in G
is denoted PG , and of all paths with end vertices v and w, PG(v,w). If PG(v,w) is
not empty, we say that v and w are connected.

Following (LaPaugh and Rivest 1978), a subgraph homeomorphism π from H to
G is the union of an injective mapping from V (H)→ V (G) and an injective mapping
from E(H)→ PG , such that

(i) for all (v,w) ∈ E(H) it holds that π((v,w)) ∈ PG(π(v), π(w)),
(ii) for all (v,w) ∈ E(H), for all x ∈ π((v,w)) and for all y ∈ V (H) \ {v,w} it

holds that π(y) �= x , and
(iii) for all (v,w), (x, y) ∈ E(H) such that (v,w) �= (x, y), the paths π((v,w))

and π((x, y)) are disjoint.

Moreover, we call a subgraph homeomorphism π surjective iff

(i) for all vertices v′ ∈ V (G) either there exists some vertex v ∈ V (H) such that
v′ = π(v) or there is some edge e ∈ E(H) such that v′ ∈ π(e), and

(ii) for all edges e′ ∈ E(G) there is some edge e ∈ E(H) such that e′ ∈ π(e).
Informally, a homeomorphism differs from an isomorphism by allowing that edges
can be mapped to (pairwise disjoint) paths. Hence, every graph obtained from G by
replacing edges by paths, an operation called subdividing edges, is an image of G
under some homeomorphism. Also the other direction holds: every homeomorphic

1 Remark that we use the definitions of Diestel (2000); that is, path coincides with what some authors call
a simple path and we use walk for what is sometimes referred to as a path — a sequence of adjacent vertices
in which vertices may be repeated.
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Fig. 2 Examples of the
different morphisms. An
isomorphic image of P (a), P ′
(b), a homomorphic image of P ′
(c) and a homeomorphic image
of P (d). The edges of the
subgraph to which a pattern is
mapped are in bold. The image
of a vertex of the pattern is
labeled with its identifier

(b)

(d)(c)

(a)

image of a graph can be obtained by subdivision. For details we refer the interested
reader to Diestel (2000).

By Homo,Iso and Homeo, we denote the set of graph homomorphisms, isomor-
phisms and homeomorphisms, respectively.

If for π : H → G with π ∈ Iso ∪ Homo ∪ Homeo it holds that ∀v ∈ V (H) :
λH (v) = λG(π(v)), we call π label-preserving. We will always implicitly assume
that π is label-preserving when H,G ∈ Gλ.

Example 1 Figure 2 illustrates the morphisms. The patterns P, P ′ and the graph G are
unlabeled, undirected graphs. Each vertex of the patterns is labeled with an identifier,
which is used to pinpoint its image in G. The edges of the subgraph g ⊆ G to which
a pattern is mapped are shown in bold. (a) and (b) show an isomorphic image of P
resp. P ′, (c) a homomorphic image of P ′, and (d) a homeomorphic image of P . Note
that in (c) the vertices 2,4 and 3,5 are mapped to the same vertex and in (d) the edges
{2, 3} and {3, 1} are mapped to paths of length 2.

3 Support measures and overlap graphs

As indicated in the introduction, in this paper we consider mining patterns from a sin-
gle large database graph. In this section, we review and extend the concepts of support
measure and overlap graph, which will be central in the rest of this paper.

Definition 2 A support measure on Gαβ is a function f : Gαβ × Gαβ → N that maps
(P,G) to f (P,G) where P is called the pattern, G is called the database graph and
f (P,G) is called the support of P in G.

For efficiency reasons, most graph mining algorithms use a level-wise or depth-
first approach to generate frequent patterns, expanding smaller patterns to larger ones.
Such an approach requires the support measure being anti-monotonic:

Definition 3 A support measure f on Gαβ is anti-monotonic iff ∀p, P,G ∈ Gαβ : p ⊆
P ⇒ f (P,G) ≤ f (p,G). That is, the support in a graph G does not increase from
a subpattern p to a superpattern P .
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Fig. 3 The dotted lines indicate homomorphic embeddings from Star4 (right) into Star8 (le f t). Only
the two embeddings depicted at the bottom are also Iso- and Homeo-embeddings, the two at the top
are not

Most support measures are based on how often and in what way a pattern P occurs in
a graph G. The following definition of a image formalizes the notion of occurrence
of a pattern for all types of graphs and morphisms we consider in this paper:

Definition 4 Let K ∈ {Homo,Iso,Homeo} and P,G ∈ Gαβ , α ∈ {→,↔}, β ∈
{λ, •}.

A K-image of P in G is a subgraph g ⊆ G for which there exists a surjective
mapping π ∈ K from P to g 2. We call g the image through π . An individual mapping
π from P to g is called an K-embedding of P in G. K is sometimes omitted from the
notations if it is clear from the context.

By an instance of P in G we refer to a Iso-image of P in G

Hence, every embedding has exactly one image, but one image can have multiple
embeddings.

However, just counting the number of K-images of a pattern in G does not result in
an anti-monotonic support measure, as larger patterns may have more images, instead
of less. Consider, e.g., the star graphs Starn = ({v0, . . . , vn}, {(v0, vi ) | 1 ≤ i ≤ n}).
In Fig. 3, different embeddings of Star4 into Star8 have been illustrated. In general,
the number of Iso-images, Homo-images and Homeo-images of Starn in StarN (with

N ≥ n > 2) is

(
N
n

)
, N n + N and

(
N
n

)
respectively. Clearly,

(
N

n + 1

)
>

(
N
n

)

if N > 2n + 1, and always N n+1 + N > N n + N . Hence, counting the number of
images does not result in an anti-monotonic support measure.

2 Recall that surjective was defined as both vertex- and edge-surjective
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Fig. 4 Illustration of the different types of overlap graphs, parameterized by the morphism and overlap
type

3.1 Overlap graph

An important class of anti-monotonic measures are the ones that are based on the

notion of an overlap graph Gγ,K
P (Vanetik et al. 2006; Kuramochi and Karypis 2005)3.

An overlap graph summarizes not only the images of the pattern in the database graph,
but also how they overlap:

Definition 5 Let P,G ∈ Gαβ , α ∈ {→,↔}, β ∈ {λ, •}.
Two subgraphs g1 and g2 of G have a vertex-overlap if V (g1) ∩ V (g2) �= ∅ and an
edge-overlap if E(g1) ∩ E(g2) �= ∅.

Let γ ∈ {vertex, edge} and K ∈ {Homo,Iso,Homeo}. The K-γ -overlap graph

Gγ,K
P of a pattern P in the database graph G is an undirected, unlabeled graph in

which each vertex corresponds to a K-image of the pattern P and two vertices are
adjacent if the corresponding K-images have a γ -overlap.

Note that Gγ,K
P is always undirected and that the edges depend on the notion of over-

lap used. For example, Gγ,K
P will be denser for vertex-overlap than for edge-overlap

because the latter implies the former. For an illustration of the different overlap graphs,
see Fig. 4. For an extra illustration of a Homo-vertex-overlap graph, see Fig. 5. These
two figures together will be used later on as a running example.

Let p, P,G ∈ Gαβ , γ ∈ {vertex, edge}, α ∈ {→,↔}, β ∈ {λ, •}, and
K ∈ {Homo,Iso,Homeo}. We use the following notation throughout the article:

3 Vanetik et al. (2006) uses the term instance graph instead of overlap graph. The term instance suggests
the use of isomorphisms, and we consider support measures based on any kind of morphism. Therefore we
follow the terminology of Kuramochi and Karypis (2005) to avoid confusion.

123



Graph mining 511

Fig. 5 Homo-vertex-overlap graph of a subpattern p of the pattern P in Fig. 4 in the same database
graph G

P represents the (super)pattern, p ⊆ P the subpattern and G the database graph, a

single graph. Gγ,K
P (Gγ,K

p ) is the K-γ -overlap graph of P (p) in G respectively.

Vanetik et al. (2006) consider three operations on the overlap graph Gγ,K
P : clique

contraction, edge removal and vertex addition, as defined below.

Definition 6 Let K ⊆ G be a clique in G = (V, E). The clique contraction
CC(G, K ) yields a new graph G ′ = (V ′, E ′) in which the subgraph K ⊆ G is
replaced by a new vertex k /∈ V adjacent to {w | ∀v ∈ V (K ) : {v,w} ∈ E}:

V ′ = V \ V (K ) ∪ {k}
E ′ = E \ {{v,w} | {v,w} ∩ V (K ) �= ∅} ∪ {{k, w} | ∀v′ ∈ V (K ) : {v′, w} ∈ E}.

The edge removal ER(G, e) of the edge e = {v,w} in the graph G = (V, E) yields
a new graph G ′ = (V, E \ {{v,w}}).

The vertex addition VA(G, v) of the vertex v /∈ V in the graph G = (V, E) yields
a new graph G ′ = (V ∪ {v}, E ∪ {{v,w} | w ∈ V }).

These three operations and how they can be used to transform one overlap graph
into another is illustrated by Fig. 6.

The rationale behind these operations is that the K-γ -overlap graph of a pattern P
can be transformed into the K-γ -overlap graph of a subpattern p of P by means of
these operations.

Property 7 (Vanetik et al. 2006) Let G be a database graph, p ⊆ P two patterns,

K ∈ {Homo,Homeo,Iso} a morphism type and γ ∈ {edge, vertex}. Gγ,K
P can be

transformed into Gγ,K
p with a sequence of CC,VA, and ER-operations.

Proof Technically speaking, the proof of Vanetik et al. (2006) only concerns Iso,edge-
overlap graphs, yet the arguments of Vanetik et al. (2006). also directly apply to the
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Fig. 6 A series of operations to transform the Homo-vertex-overlap graph of P in G of Fig. 4 into the
Homo-vertex-overlap graph of p in G of Fig. 5. Vertices that are contracted in a CC-operation as well as
the vertices resulting from a VA-operation are depicted as open nodes and edges that are removed by an
ER-operation are dotted lines

other settings as well, as we will illustrate next. We will use the Homo-vertex-overlap
graphs of Figs. 4 and 1, which represent respectively the overlap graph Gvertex,Homo

P

of a pattern P in a database graph G and the overlap graph Gvertex,Homo
p a subpattern

p of P in the same database graph G. With the three operations, Gvertex,Homo
P can be

transformed into Gvertex,Homo
p .

The property now follows from the next two observations:

1. Any K-image of P contains a K-image of p.
2. Let g1, g2 be two K-images of P and g′1 ⊆ g1 and g′2 ⊆ g2 be two K-images of

p. If g′1 and g′2 have a γ -overlap, so do g1 and g2.

Indeed, for our running example we have:

Image of P Contains image of p
g1 g′2, g′4
g2 g′2, g′5
g3 g′1
g4 g′7

Since g′1 and g′4 have a vertex-overlap, and g1 contains g′4 and g3 contains g′1, g1 and
g3 overlap as well. Since g3 and g4 do not overlap, none of the images of p contained
in g3 can overlap with any of the images of p contained in g4.

These conditions hold for all settings considered in this article. We quickly sketch
the main ideas of the transformation process and refer to Vanetik et al. (2006) for the
full details. For reasons of simplicity we assume that p contains at least one edge.
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Let g′ ⊆ G be a image of p, and let super(g′) be all images of P in G containing
g′. For our running example this gives:

g′ super(g′) g′ super(g′)
g′1 g3 g′5 g2
g′2 g1, g2 g′6
g′3 g′7 g4
g′4 g1

Because of Observation 1, every image g of P in G must be in at least one super(g′).
Because of Observation 2, super(g′) forms a clique in Gγ,K

P , as they all overlap on

g′. Furthermore, if there is an edge {g′1, g′2} in Gγ,K
p , there is an edge between any

two g1 ∈ super(g′1) and g2 ∈ super(g′2) in Gγ,K
P . As such, an induced subgraph of

Gγ,K
p can be formed by subsequently contracting the cliques super(g′) until for all

g′ ∈ Gγ,K
p , either super(g′) is empty, or a singleton. In our running example, these

contractions lead to the second overlap graph of Fig. 6. It is easy to see that one can

go from an induced subgraph of Gγ,K
p to Gγ,K

p : first add all vertices not in the induced
subgraph with vertex additions, and then remove spurious edges with edge removals.
Again, for the running example this is illustrated the third and the fourth overlap graphs
of Fig. 6. ��

3.2 Overlap support measure

We now formally describe what is meant by an overlap support measure.

Definition 8 A graph measure is a function f̂ : G↔• → R. Let o be a graph operation
that transforms a graph G into a graph o(G). A graph measure f̂ is increasing under
o if and only if ∀G ∈ G↔• : f̂ (G) ≤ f̂ (o(G)).

Definition 9 Let α ∈ {→,↔}, β ∈ {λ, •}, γ ∈ {vertex, edge} and K ∈ {Homo,
Iso,Homeo}.

A support measure f on Gαβ is a K-γ -overlap support measure on Gαβ , if there exists

a graph measure f̂ such that ∀P,G ∈ Gαβ : f (P,G) = f̂ (Gγ,K
P ).

Informally, an overlap support measure is a support measure that only depends on
the overlap graph. Consider, e.g., the following measure based on the maximal inde-
pendent set of the overlap graph. An independent set of a graph G is a subset I of
V (G) such that ∀v,w ∈ I : {v,w} /∈ E(G). A maximal independent set (MIS) of
G is an independent set of maximal cardinality and its size is notated as mis(G). The
MIS-based overlap support measure assigns to every pattern P the size of the maximal

independent set (MIS) (Vanetik et al. 2006) of Gγ,K
P ; that is, the support is the maximal

number of images that fit in G without overlap. This measure is anti-monotonic. One
of the main results of this article is the generalization of the following theorem of
Vanetik et al. (2006).
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Theorem 10 (Vanetik et al. 2006)
Let α ∈ {→,↔}. Any Iso-edge-overlap support measure f on Gαλ is anti-monotonic

if and only if the associated graph measure f̂ is increasing under clique contraction,
edge removal and vertex addition.

In this paper, we extend this result to the complete space defined by the parameters
α, β,K and γ . More formally:

Theorem 11 Let α ∈ {→,↔}, β ∈ {λ, •},K ∈ {Iso,Homo,Homeo}, and γ ∈
{vertex, edge}.

Any K-γ -overlap support measure f on Gαβ is anti-monotonic if and only if the

associated graph measure f̂ is increasing under clique contraction, edge removal
and vertex addition.

The proof of sufficiency, i.e., that any K-γ -overlap support measure f is anti-
monotonic if the associated graph measure is increasing under CC,VA and ER follows

immediately from the fact that Gγ,K
P can be transformed into Gγ,K

p by these operations
(cfr. Property 7).

To prove necessity, Vanetik et al. (2006) construct for every unlabeled graph H
and every operation o, a triple (P, p,G) (where P is a superpattern, p a subpat-

tern and G a database graph. such that Gγ,K
P

∼= H and Gγ,K
p

∼= o(H). Henceforth,
if f would be non-increasing under some o ∈ {CC,ER,VA}, then there would be
a H such that f (H) > f (o(H)) and one could construct a G, P and p such that
f (G, P) > f (G, p), which would mean that f is not anti-monotonic. We will follow
the same approach in Sect. 5.

4 Minimal and maximal overlap support measures

In this section we show that there exist natural minimal and maximal support mea-
sures such that every normalized overlap support measure is always between these
two extremes. A normalized support measure is defined as follows.

Definition 12 Let G ∈ G↔• be an undirected graph and Kk the graph composed of k
isolated vertices.

We call an overlap support measure f normalized if it is anti-monotonic and assigns
the frequency k to k non-overlapping images, i.e., f̂ (Kk) = k.

Up to now, all normalized overlap support measures f we are aware of are MIS-

measures, i.e., the support of f (P,G) = mis(Gγ,K
P ). MIS was introduced and proven

to be anti-monotonic in Vanetik et al. (2006). A more compact proof can be found
in Fiedler and Borgelt (2007).

4.1 MCP-measure

We introduce a new anti-monotonic overlap support measure, inspired by the CC-
operation:

123



Graph mining 515

Definition 13 A clique partition of G ∈ G↔• is a partitioning of V (G) into
{V1, . . . , Vk} such that each Vi induces a complete graph in G. A minimum clique
partition (MCP) is a clique partition of minimum cardinality. Its cardinality is denoted
mcp(G).

The MCP-measure is defined by MCP(P,G) : (P,G) �→ mcp(Gγ,K
P ).

Theorem 14 Let K ∈ {Iso,Homo,Homeo}, γ ∈ {vertex, edge}, and α ∈ {→,↔
}, β ∈ {λ, •}. The MCP-measure is an anti-monotonic K-γ -overlap measure on Gαβ .

Proof By Theorem 11, it is sufficient to show that mcp is not decreasing under
CC,VA,ER. Let H ∈ G↔• and {V1, . . . , Vk} be an MCP for H .

Clearly, removing an edge (ER) can only not decrease mcp(H). mcp(H) is invari-
ant under VA: as the new vertex v /∈ V (H) is adjacent to all other vertices, it can be
added to any partition of an MCP for H or removed from any partition of an MCP for
VA(H) to obtain an MCP of the same size for VA(H) respectively H .

Let K be a clique in H that is contracted into vk /∈ V (H), the new vertex in H ′ =
CC(H, K ). Assume that {V ′1, . . . , V ′k′ } is an MCP for H ′. Without loss of generality we
can assume that vk ∈ V ′1. Since V ′1 is a complete graph in H ′, so is V ∗1 = V ′1 \{vk}∪K
in H . Moreover, V ′2, . . . , V ′k′ are also cliques in H . So {V ∗1 , V ′2, . . . , V ′k} is a MCP for
H , and therefore mcp(H) ≤ mcp(H ′). We can conclude that mcp is not decreasing
under clique contraction. ��

It is interesting to compare MCP with MIS. Let χ(G) be the chromatic number of
G, i.e., the minimal number of colors needed to color the vertices of G such that no
two vertices with the same color are adjacent, and let ω(G) be the clique number; the
size of the largest clique in G.

First, it is known that mcp(G) = χ(G) and mis(G) = ω(G) (see e.g., Gross and
Yellen 2004, Sect. 5.5.1). Consequently, mcp(G) ≥ mis(G),∀G ∈ G↔• , since the size
of a maximum clique is a lower bound for the chromatic number.

Informally, it is easy to see why this is so: let {V1, . . . , Vk} be an MCP and I a MIS
for G. We know that I contains at most one vertex vi of each Vi , 1 ≤ i ≤ k. In other
words, to decide whether we can include a image of Vi ,MIS forces us to choose either
no image or exactly one image vi , which must be independent of all chosen v j ∈ Vj .
MCP, however, allows us to count a image in Vi as soon there is a image in Vi which
does not overlap with a image in Vj . That is, we can make another choice for each
(Vi , Vj ) pair.

Example 15 Let us look at an example: consider pattern P and the graph G as shown
in Fig. 7. The 5 Iso-images of P are indicated by an identifier on the image in G of the
edges outside the triangle of P . The Iso-edge-overlap graph Gedge,Iso

P of P in G is
shown on the right in Fig. 7 and is isomorphic to a pentagon. The white vertices mark
the MIS{1, 3} and the dashed ellipses mark the MCP{{1}, {2, 3}, {4, 5}} of Gedge,Iso

P .
Hence, if we count image 1 with MIS, we can only take image 3 or image 4 as second
independent image, because 3 and 4 overlap, leading to a MIS-support of 2. This is a
bit unnatural, because each of the 3 images of the triangle can be extended to a image
of P in a way that they do not overlap with each other, which would lead to a support
of 3 of P .
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Fig. 7 Le f t : a pattern P and a graph G. The 5 Iso-images of P in G are indicated by the image in G of the

edges outside the tr iangle. Right : the Iso-edge-overlap graph Gedge,Iso
P with a MCP (dashed elli pses)

and a MIS (white vertices)

This more natural notion of counting independent images is exactly what MCP-
support allows us to do: we do not count individual images, but groups of images
of P sharing a image of a subpattern p (a triangle) and allow to “switch” images to
decide whether a group is independent of an other. In this example, the group {1} is
independent of the groups {2, 3} and {4, 5}, because it does not overlap with image 3
(respectively image 4) and the group {2, 3} is independent of the group {4, 5} because,
for instance, image 2 and image 5 do not overlap.

4.2 Bounding theorem

Interestingly, MIS and MCP turn out to be the minimal and the maximal possible
normalized overlap measures. The following theorem is one of our main results:

Theorem 16 Let K ∈ {Iso,Homo,Homeo}, γ ∈ {vertex, edge}, α ∈ {→,↔}, and
β ∈ {λ, •}.

For every normalized K-γ -overlap measure f on Gαβ , and every P,G ∈ Gαβ , it holds
that:

MIS(P,G) ≤ f (P,G) ≤ MCP(P,G).

Proof We use Theorem 11 to show both the minimality of MIS and the maximality of
MCP.

Let H = Gγ,K
P , let mis(H) = k, and let I = {v1, . . . , vk} be a MIS for H . Start-

ing from the graph ({v1, . . . , vk},∅) we can add the vertices V (H) \ I using VA and
remove edges not in E(H) by ER. Since f is normalized, it is anti-monotonic and
therefore f̂ cannot decrease after each step, starting from f̂ (({v1, . . . , vk},∅)) = k.
As such, f̂ (H) is larger than or equal to k = mis(H).

On the other hand, let mcp(H) = k, and let {V1, . . . Vk} be an MCP for H and let
Hcc = CC(. . .CC(CC(H, V1), V2) . . . , Vk). Hcc does not have edges: if it did, then
joining the two cliques that were contracted to two adjacent vertices of Hcc would
give us a smaller clique partition. Because f is anti-monotonic, f̂ is not decreasing
under CC and thus

f̂ (H) ≤ f̂ (CC(H, V1)) ≤ · · · ≤ f̂ (Hcc) = f̂ (Kk) = k.

This bounding theorem still leaves a lot of room to define support measures, as
there can be an arbitrarily large gap between MIS and MCP (Brimkov 2004).
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Fig. 8 Illustration of a sequence of operations to move from a maximal independent set to the overlap
graph of Fig. 7 to the minimal clique partition

Example 17 Consider again the example given in Fig. 7. mis(Gedge,Iso
P ) = 2 and

mcp(Gedge,Iso
P ) = 3. Hence, every normalized Iso, edge based support measure must

assign a value between 2 and 3 for P in G. Indeed, as illustrated in Fig. 8, K2 can be

transformed into Gedge,Iso
P and Gedge,Iso

P can on its turn be transformed into K3.

4.3 A polynomial time computable support measure

In the previous section we have established upper and lower bounds for normalized
overlap measures. However, both mis and mcp are known to be NP-hard to compute
in the size of the overlap graph. This leads us to the following question: does there
exist a normalized overlap measure which is efficiently computable?

A well-known measure that is sandwiched between mis and mcp and that can be
computed in polynomial time, is the theta function, also known as the Lovász function
(Knuth 1994). There are several equivalent characterizations of this function. Here,
we will use a characterization which is convenient for our proof that it is a normalized
measure.

In the following, we will associate a vector with each vertex of a graph. For nota-
tional convenience, we will assume that V (G) = {1, . . . , n} so that we can use a
vertex as an index of a vector. We will denote cell i of a vector x by xi .

If x is a vector, then c(x) = 0 if x = 0 (the nul-vector), else

c(x) = x2
1/

∑

i

x2
i

An orthogonal labeling a of a graph G is a function from V (G) to vectors such that
the vectors associated with u and v are orthogonal (i.e. a(u) · a(v) = 0) whenever
{u, v} �∈ E(G).

Let G be an undirected unlabeled graph. One can now define θ(G) as

θ(G) = max

{
∑

u

c(a(u)) | ais an orthogonal labeling of G

}

Example 18 Consider the class of cycles of odd length n. The triangle is a clique and
hence its MIS, MCP and θ all equal 1. For odd n ≥ 5, the size of the minimum clique
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partition equals (n + 1)/2 and a maximum independent set has size (n − 1)/2. For
any odd integer n ≥ 3, the theta function of a cycle of length n is (Crespi 2004)

n
cos(π/n)

1+ cos(π/n)
.

One can see that for small n, θ is close to M I S while for large n, θ − n/2 converges
to 0, so θ is halfway between M I S and MC P for large n.

We now prove the following result:

Theorem 19 θ is a normalized overlap measure.

Proof By Theorem 11, it is sufficient to show that θ is not decreasing under CC,VA
and ER to prove that θ is anti-monotonic.

Let G ∈ G↔• be an arbitrary graph. For all three operations CC, VA, and ER we will
show a construction that transforms an orthogonal labeling b for G into a labeling b′ for
the result G ′ of the operation on G such that

∑
u∈V (G) c(b(u)) = ∑

u∈V (G ′) c(b(u)).
Since θ is defined as the maximum over all orthogonal labelings a this construction
effectively proves that θ(G ′) ≥ θ(G).
VA Let G ′ = VA(G, v′). Let b : V (G) → R

n be an orthogonal labeling of G
maximizing

∑
u∈V (G) c(au). Then, let b′ be defined by

∀v ∈ V (G) : b′(v) = b(v)
b′(v′) = 0n

where 0n is a n× 1 vector of zeroes. b′ is an orthogonal labeling of G ′, since for
each v ∈ V (G ′) \ {v′}, {v, v′} /∈ E(G ′). Therefore θ(G ′) ≥ θ(G).

ER Let G ′ = ER(G, e) = (V (G), E(G) \ {e}). Let b be an orthogonal labeling of
G maximizing

∑
u c(b(u)). b is an orthogonal labeling of G ′, as for every edge

{u, v} �∈ E(G ′), we have {u, v} ∈ E(G ′), {u, v} ∈ E(G) and {u, v} �∈ E(G) and
therefore b(u) · b(v) = 0. We can conclude that θ(G ′) ≥ ∑

u∈V (G) c(b(u)) =
θ(G).

CC Let C = {v1 . . . vn} be a clique of G. Let G ′ = CC(G,C, v), i.e. C is contracted
into v. Let b be a orthogonal labeling of G that maximizes θ(G), so

θ(G) =
∑

u∈V (G)

c(b(u))

We can assume ‖b(u)‖ = 1 for all v (scaling a vector does not change c(b(v))).
Now consider the matrix Cb = [b(v1) . . . b(vn)]. We can see that:
– for all pairs of distinct vertices vi and v j of C, vi , v j ∈ C are adjacent, i.e.
{vi , v j } �∈ V (G) and hence b(vi ) · b(v j ) = 0

– for all vi ∈ C , we have b(vi ) · b(vi ) = ‖b(vi )‖ = 1.
– Therefore, CT

b · Cb = I|C|.
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Cb is a d × n matrix with d ≥ n. Cb can be extended into a square d × d unitary
matrix Q = [Cb C⊥b ], i.e. QT Q = Id = Q QT . Let C⊥b = [b(vn+1) . . . b(vd)]
(for some new vn+1 . . . vd ). Let e be the unit vector with e1 = 1 and ei = 0 for
i �= 0. Notice that c(x) = (x · e)2 for any vector x with ‖x‖ = 1. Let

pC =
∑

w∈C

(b(w) · e).b(w)

and

eC = pC

‖pC‖

It is clear that eC is the unit vector in the subspace spanned by Cb for which
the first component is maximal (because pC is the projection of e in this space
spanned by Cb).
Moreover, we have:

c(eC ) = (eC · e)2
= ((pC/‖pC‖) · e)2
= (pC · e)2/‖pC‖2

where

pC · e =
(

∑

w∈C

(b(w) · e).b(w)
)

· e

=
∑

w∈C

(b(w) · e)2

=
∑

w∈C

c(b(w))

and also (since the b(w) are orthonormal)

‖pC‖2 = ‖
∑

w∈C

(b(w) · e).b(w)‖2

=
∑

w∈C

(b(w) · e)2

=
∑

w∈C

c(b(w))
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Therefore,

c(eC ) = (pC · e)2/‖pC‖2

=
(∑

w∈C c(b(w))
)2

∑
w∈C c(b(w))

=
∑

w∈C

c(b(w))

Let b′ be the labeling of G ′ where b′(u) = b(u) if u �∈ C and

b′(v) = eC =
∑

w∈C

b(w) · e
‖pC‖ b(w)

with v the new vertex of G ′. So we have c(b′(v)) =∑
w∈C c(b(w)).

b′ is an orthogonal labeling of G ′. Indeed, for u1, u2 ∈ V (G) \ C , we have
b′(u1) · b′(u2) = b(u1) · b(u2) = 0 whenever {u1, u2} �∈ E(G). For u ∈
V (G) \ C, {u, v} �∈ E(G ′) iff {u, w} �∈ E(G) for all w ∈ C . In that case,
b(u) · b(w) = 0 for all w ∈ C , and hence

b(u) · b(v) = b(u) ·
∑

w∈C

b(w) · e
‖pC‖ b(w)

= 0

Therefore, b′ is an orthogonal labeling for G ′. Moreover,

∑

u∈V (G ′)
c(b′(u)) =

∑

u∈V (G)\C
c(b(u))+ c(b′(v))

=
∑

u∈V (G)\C
c(b(u))+

∑

u∈C

c(b(u))

= θ(G)

and hence θ(G ′) ≥ θ(G).
Since θ is sandwiched between mis and mcp, and mis(Kk) = mcp(Kk) = k, it

follows immediately that θ is normalized. ��

5 Necessity for other morphisms and graph settings

In the previous sections we considered graph properties on overlap graphs that are
not decreasing under the operations VA,ER and CC. Property 7 showed that these
conditions are sufficient for the support measure based on this graph property to be an
overlap-graph measure to be anti-monotonic. Vanetik et al. (2006) showed, for the case
of labeled graphs with isomorphic images and edge-overlap that this condition is also
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necessary. In this section, we generalize this result to all 24 combinations of morphism
type K ∈ {Iso,Homo,Homeo}, overlap type γ ∈ {edge, vertex}, directed/undirected
α ∈ {→,↔}, and labeled/unlabeled β ∈ {•, λ}. We will denote such a combination,
or case, by (K, γ, α, β).

For some cases we will use a direct proof, based on the following notion of com-
pleteness.

Definition 20 A case (K, γ, α, β) is called complete if and only if for every graph
H ∈ G↔• , and every operation o ∈ {ER,VA,CC}, there exist p, P,G ∈ Gαβ such that

p ⊆ P,GK,γ
P = H and GK,γ

p = o(H).

If (K, γ, α, β) is a complete case, any K, γ overlap-graph based support measure
f on Gαβ that is anti-monotone will be non-decreasing under the three operations
ER,VA,CC. This is easy to see as follows: given H and o, let p, P,G be as in the
definition. Then,

f̂ (H) = f̂ (G P ) = f (P,G) ≤ f (p,G) = f̂ (G p) = f̂ (o(H)),

where f̂ denotes the (overlap) graph measure associated with f . This strategy was
used by Vanetik et al. (2006) for the cases (Iso, edge,↔, λ) and (Iso, edge,→, λ).
In Sect. 5.2, we will use this same strategy to show, in a generic way, the necessity for
all cases (K, γ, α, β) with α = λ and K ∈ {Iso,Homo}.

Another key construction in the proofs of this section will be that of a reduction. A
reduction maps a triplet (p, P, D) for one case to a triplet (p′, P ′, D′), maintaining
subpattern relations and overlap graphs. All cases to which a complete case can be
reduced will be complete as well, and hence, the necessity condition holds.

The structure of this section is now as follows: first, we formally introduce the
notion of a reduction and show that it effectively carries over completeness from one
case to another. As an easy start we show how to reduce unlabeled to labeled cases,
and undirected to directed cases. After that, it will be shown that the labeled homo- and
isomorphisms cases are complete, and finally the proofs are completed by giving and
proving various reductions making all 24 cases reachable from at least one complete
case. Figure 9 serves as a road map for this section, giving a complete picture of the
different theorems and proofs in this section.

5.1 Reductions

The necessity proofs for most settings are based on reductions from K-images for Gαβ
to K′-images for Gα′

β ′ .

Definition 21 Let K,K′ ∈ {Iso,Homo,Homeo}, α, α′ ∈ {→,↔}, β, β ′ ∈ {•, λ},
and γ, γ ′ ∈ {edge, vertex}.

A (K, γ, α, β) to (K′, γ ′, α′, β ′) reduction is a function R : (Gαβ )3 → (Gα′
β ′ )

3 that
maps a triplet (p, P,G) to a triplet (p′, P ′,G ′) such that:
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Fig. 9 Overview of the reductions. R1, R2, and R3 are proven respectively in Theorems 33, 41, and 50; the
dashed and the dotted arrows in Proposition 23. Arrows representing reductions changing γ -overlap
into γ ′-overlap are labeled with γ → γ ′

(1) p ⊆ P if and only if p′ ⊆ P ′, and

(2) Gγ,K
p
∼= G ′γ

′,K′
p′ ∧ Gγ,K

P
∼= G ′γ

′,K′
P ′ .

Recall that the overlap graph is defined w.r.t. images of the pattern in the data-
base graph. Therefore, this definition does not automatically imply that the number of
K-embeddings of P in G equals the number of embeddings of P ′ in G ′, as P ′ might
have more/less automorphisms than P .

The importance of reductions lies in the following theorem, stating that the reduc-
tions carry over completeness, and hence prove the necessity condition:

Theorem 22 Let R be a (K, γ, α, β) to (K′, γ ′, α′, β ′) reduction. If (K, γ, α, β) is
complete, then (K′, γ ′, α′, β ′) is complete as well.

Proof Let H ∈ G↔• , and o ∈ {ER,VA,CC}. Since (K, γ, α, β) is complete, there exist

p, P,G ∈ Gαβ such that p ⊆ P,GK,γ
P = H and GK,γ

p = o(H). Since R is a reduction,

for (p′, P ′,G ′) = R(p, P,G), also p′ ⊂ P ′ and G ′K
′,γ ′

P ′ = H and G ′K
′,γ ′

p′ = o(H).
Since H and o are arbitrary, this shows that (K′, γ ′, α′, β ′) is complete as well. ��

The following property gives reductions from unlabeled to labeled graphs, and from
undirected to directed graphs.

Property 23 For all α ∈ {→,↔}, γ ∈ {vertex, edge}, β ∈ {λ, •},K ∈ {Iso,Homo,
Homeo}, there exist reductions:

1. from (K, γ, α, •) to (K, γ, α, λ), and
2. from (K, γ,↔, β) to (K, γ,→, β).

Proof 1. (unlabeled to labeled) is straightforward; the function that labels every
node in all graphs in the unlabeled triplet (p, P,G) with the same label clearly is
a reduction.
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Fig. 10 Illustration of the reduction in Property 23 from undirected to directed for iso- and homomor-
phism. The le f t figure shows a homeomorphic embedding of a triangular pattern graph into the data graph
(undirected setting) and the corresponding homeomorphic embedding in the directed setting

Fig. 11 Illustration of the reduction in Property 23 from undirected to directed for homeomorphism. The
left figure shows a homeomorphic embedding of a triangular pattern graph into the data graph (undirected
setting) and the corresponding homeomorphic embedding in the directed setting

2. (undirected to directed) We discriminate two cases. K ∈ {Iso,Homo}: This reduc-
tion is illustrated in Fig. 10. Let G be an undirected graph, and let Gd denote the
following directed graph: V (Gd) = V (G), λGd = λG in case G is labeled, and
E(Gd) = {(v,w), (w, v) | {v,w} ∈ E(G)}; hence, every edge {v,w} is replaced
by the pair of arcs (v,w) and (w, v). The function that maps a triplet of undirected
graphs (p, P,G) to (pd , Pd ,Gd) is a reduction. This follows easily from the fact
that any iso- and homomorphism π is completely determined by the image of the
vertices alone, and that there are arcs (v,w) and (w, v) in Gd if and only there is
an edge {v,w} in G.

K = Homeo: For homeomorphisms, the reduction requires somewhat more work,
as an homeomorphism is not completely determined by the image of the vertices, as
edges (arcs) are mapped to paths. If we keep the same construction as above, before
the reduction we can map the edge a − c to the path a − b − c, yet the two edges
a → c, c → a in the reduced pattern cannot be mapped to the paths a → b → c and
c → b → a at the same time, as this would result in the inner vertex b being shared
by both paths. Only keeping one direction for the pattern and maintaining both direc-
tions for the database graph does not result in a valid reduction either as edge-overlap
may be lost between two images using the edge a → b and b → a respectively. A
construction that does work is given below and is illustrated in Fig. 11.

We will show the reduction only for labeled graphs, because later on, we will show
how to simulate labeled graphs with unlabeled graphs (The proofs there do not depend
on the property we are proving now). For an undirected, labeled graph G, let G ′ denote
the following graph: for every edge e ∈ E(G), we introduce two new nodes v1

e and
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v2
e . V (G ′) = V (G) ∪⋃

e∈E(G){v1
e , v

2
e }. Let � be a new label, not used in G. For all

v ∈ V (G), λG ′(v) = λ(v), and λG ′(vi
e) = �, for all e ∈ E(G), i = 1, 2. The set of

edges E(G ′) is defined as

⋃

e={v,w}∈E(G)

{(v, v1
e ), (w, v

1
e ), (v

1
e , v

2
e ), (v

2
e , v), (v

2
e , w)}.

Hence, G ′ is G in which every edge {v,w} has been replaced by 5 arcs as follows:

v �� v1
e

�� v2
e

���� w
��

The newly introduced nodes can be recognized by their new label �. The patterns
p and P are transformed into p′ and P ′ by replacing every edge {vi , v j }, i < j by
the arc (vi , v j ). (We assume an arbitrary order of the vertices of the patterns which is
consistent with their subpattern relationship.)

The function that maps (p, P,G) to (p′, P ′,G ′) is a reduction: because of the
uniqueness of the new label �, a homeomorphism from p′ (P ′) to G ′ must map nodes in
p′ (P ′) to nodes in V (G). Furthermore, q = (v1, v2, . . . , vp) is a path in G if and only
if q ′ = (v1, v

1
e1
, v2

e1
, v2, v

1
e2
, v2

e2
, v3, . . . , v

1
ep−1

, v2
ep−1

, vp), with ei = (vi , vi+1), i =
1 . . . p−1 is a path in G ′. Also, all paths in G ′ between nodes in V (G) are of the form

(v1, v
1
e1
, v2

e1
, v2, v

1
e2
, v2

e2
, v3, . . . , v

1
ep−1

, v2
ep−1

, vp),

with ei = (vi , vi+1), i = 1 . . . p − 1. Therefore, π is a homeomorphism from p to
G if and only if the following π ′ is a homeomorphism from p′ to G ′: for all v ∈
V (p′), π ′(v) = π(v), and for all arcs (v,w) ∈ p′, π ′((v,w)) = q ′ if π({v,w}) = q.
Hence, any image g from p in G corresponds uniquely to a image g′ of p′ in G ′.
Last but not least: two images g1 and g2 of p in G are vertex- (edge-) disjoint if and
only if g′1 and g′2 are vertex (edge-) disjoint. For vertex-disjoint this follows from the
fact that if two paths q1 and q2 overlap in v ∈ V (p) if and only if q ′1 and q ′2 overlap
in v, and q ′1 and q ′2 overlap in v1

e or v2
e if and only if q ′1 and q ′2 overlap in v and w,

where e = {v,w}. For edge-disjointness, it suffices to notice that if two paths q1 and
q2 edge-overlap in e = {v,w}, then q ′1 and q ′2 overlap on the arc (v1

e , v
2
e ). ��

The reductions we will prove later on in this article are similar in spirit in the sense
that we will replace vertices and/or edges with certain structured subgraphs to enforce
certain properties in the transformed graphs which can be used to limit the potential
images of vertices and/or edges. An overview of the reductions which follow from our
proofs are shown in Fig. 9.

5.2 Necessity for labeled homomorphisms and isomorphisms

As base case, we prove the necessity of the non-decreasingness of f̂ under the three
graph operations for the anti-monotonicity of f for K-γ -overlap on Gαλ , for all com-
binations of K ∈ {Iso,Homo}, γ ∈ {vertex, edge}, and α ∈ {→,↔}. The proof will
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Fig. 12 The graphs Bk and Lk

not rely on reductions, but show the necessity directly for these cases. We show only
the undirected case, as for the proof for the directed case is very similar. Notice also
that the directed case follows from the undirected-to-directed reductions shown in
Property 23.

The general idea of the proof is to construct a superpattern P composed of three
parts: a collection of arms, a collection of legs, a hip and a torso. An example of such
a pattern is given in Fig. 12. The subpattern p will be composed only of the hip and
legs.

We than construct a database graph G composed of a number of instances of P and
p which overlap in some of these parts. The number of arms and legs is sufficiently
high so that we can choose for any pair of images of the superpattern respectively
subpattern to share an arm respectively a leg. In that way, we can choose for any pair
of vertices of the overlap graph of P if they are connected by an edge. If we want the
same edge to be present in the overlap graph of p we use a leg and otherwise we use
an arm. If we want a k-clique in the overlap graph of P we let k instances of P overlap
in one instance of p (hip and legs) but not in the torso and arms.

We will essentially use invariants under subgraph homomorphism to force an injec-
tive homomorphism; i.e., to ensure isomorphism.

Let G ∈ G↔. The odd girth go(G) of G is the size of a smallest cycle of odd length
in G. The distance dG(v,w) is equal to the length of a shortest path from v to w
in G. If no such cycle respectively shortest path exist, we define go(G) respectively
dG(v,w) equal to∞.

We will use the following well known invariants to force each subgraph homomor-
phism into an isomorphism:

Proposition 24 (Hell and Nešetřil 2004) If H,G ∈ Gαβ , α ∈ {→,↔}, β ∈ {λ, •} for
which there exists a homomorphism π : H → G, then

1. go(H) ≥ go(G),
2. ∀v,w ∈ V (H) : dH (v,w) ≥ dG(π(v), π(w)).

Remark that the first invariant from Proposition 24 implies that a cycle of length
k, with k odd, can only be mapped by a homomorphism to a cycle of odd length at
most k.

We will use the following graphs as patterns:
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Fig. 13 The four overlap types:
a lower body overlap, b leg
overlap, c arm overlap, and d
partial leg overlap

(b)(a)

(c) (d)

Definition 25 Let k + 1 be an odd integer. Bk denotes the graph in G↔λ defined by:

V (Bk) = Va ∪ Vb ∪ Vc ∪ Vd ,

Va = {a1, . . . , ak, a′1, . . . , a′k}, Vb = {b1, . . . , bk+1},
Vc = {c1, . . . , ck+1}, Vd = {d1, . . . , dk, d ′1, . . . , d ′k},

E(Bk) = Ea ∪ Eb ∪ Ec ∪ Ed ∪
k⋃

i=1

{{ai , bi }, {ci , di }}

∪{bk+1, ck+1},

Ea =
k⋃

i=1

{ai , a′i }, Eb = {bk+1, b1} ∪
k⋃

i=1

{bi , bi+1},

Ec = {ck+1, c1} ∪
k⋃

i=1

{ci , ci+1}, Ed =
k⋃

i=1

{di , d ′i },

λBk (u) = x,∀u ∈ Vx , x = a, b, c, d.

We call the edges {ai , a′i } arms, the edges {di , d ′i } legs, 1 ≤ i ≤ k, the cycle induced
by Vb the torso and the cycle induced by Vc the hip.

Lk ∈ G↔λ denotes the subgraph of Bk induced by Vc ∪ Vd and is called the lower
body of Bk .

An illustration of both graphs is shown in Fig. 12.
Let P[1], P[2] and p[1], p[2] be two instances of P = Bk respectively p = Lk in

a larger graph G. Let g ⊆ G be a subgraph of G. Let super(g) denote the set of all
images of P in G containing g ⊆ G. We will use four types of overlap (see Fig. 13):
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lower body overlap P[1] and P[2] share the complete lower body, which is a single

instance of p, resulting in two adjacent vertices in Gγ,K
P and a single vertex in Gγ,K

p ,

leg overlap P[1] and P[2] share a leg, resulting in two adjacent vertices in Gγ,K
P

and two adjacent vertices in Gγ,K
p ,

arm overlap P[1] and P[2] share an arm, resulting in two adjacent vertices in Gγ,K
P

and two independent vertices in Gγ,K
p ,

partial leg overlap p[1] ⊂ P[1] shares a leg with p[2], with super(p[2]) = ∅,

resulting in a single vertex in Gγ,K
P and two adjacent vertices in Gγ,K

p .

Note that in each type of overlap, there is always vertex overlap if and only if there
is edge overlap. When three or more instances of P or p overlap, we will always
make sure that an arm or leg is shared by at most two instances of P or p, which
is always possible by taking k sufficiently large. When two instances overlap, they
always overlap once, i.e., if P[1] and P[2] have an overlap of type x , they do not
have an additional overlap of type y �= x . We will call these restrictions the overlap
condition and assume implicitly that they are obeyed at all times when constructing
graphs by overlapping instances of P and p. More formally:

Definition 26 (overlap condition) Let G be a graph composed of n overlapping in-
stances P[i] of P = Bk and/or m overlapping instances p[ j] of p = Lk , such that no
p[ j] is a subgraph of a P[i], 1 ≤ i ≤ n, 1 ≤ j ≤ m, k > 1. We say that G obeys the
overlap condition if any P[i1] and P[i2]
– do not overlap, or
– overlap in exactly one complete instance of p, which might be shared by other

instances P[i3], or
– overlap in exactly one leg, not shared by any other P[i3] or p[ j1], or
– overlap in exactly one arm, not shared by any other instance P[i3],
and any P[i1] and any p[ j1]
– do not overlap, or
– overlap in exactly one leg, not shared by any other P[i2] or p[ j2],
and any p[ j1] and p[ j2]

do not overlap, or
overlap in exactly one leg, not shared by any other p[ j3],

with i1, i2, i3 ∈ {1, . . . , n} all distinct, and j1, j2, j3 ∈ {1, . . . ,m} all distinct.

Figure 14 shows a graph built up from instances of B3 where all pairs of instances
either do not overlap, or follow one of the four overlap types described in Definition 26.
For such graphs the following lemma states that the only images of B3 are exactly
those that were used to build up the graph.

Lemma 27 Let G ∈ G↔λ be a graph constructed from n overlapping instances
P[1], . . . , P[n] of P = Bk such that the overlap condition is obeyed. Then, the
P[1], . . . , P[n] are the only Homo-images of P in G.
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Fig. 14 Example of a database graph constructed of three images of B3 with a lower body overlap and a
leg overlap. The pattern graph B3 has hence three overlapping Homo-images, resulting in a tr iangle as
overlap graph

Proof First, note that the only cycles induced by vertices labeled b (c) are the hips
(torsos) of the P[i], 1 ≤ i ≤ n. Moreover, because the torso is never shared, there
are exactly n instances of the torso, which is a cycle of odd length. Consequently, by
Proposition 24, they are exactly nHomo-images of the torso and they are necessarily
Iso-images. Hence, any homomorphism π from P to G must map the torso of P to
such an instance of the torso T ⊂ G, which is part of an instance of P[i], for some
1 ≤ i ≤ n.

Due to the nature of the overlap types, k vertices of T are connected to exactly
one arm and the only vertex not connected to an arm is connected to a unique ver-
tex v labeled c. By construction each of those arms and v are all part of P[i]. Be-
cause dP (ai , bi ) = 1, π must map the arms injectively to the arms of P[i]. Using
dP (ci , di ) = 1, 1 ≤ i ≤ k, we can repeat the same argument for the legs connected
to the unique instance of the hip to which v belongs. Hence, π(P) = P[i] and π is
necessarily a subgraph isomorphism.

Thus, there are exactly nHomo-images of P , one for each instance of the torso, and
they are necessarily Iso-images. ��
Theorem 28 Let α ∈ {→,↔}, γ ∈ {vertex, edge} and K ∈ {Homo,Iso}. Any undi-
rected graph H is a K-γ -overlap graph, i.e., there always exist P,G ∈ Gαλ such that

H ∼= Gγ,K
P .

Proof Let H ∈ G↔• be an arbitrary graph and let V (H) = {v1, . . . , vn}.
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Let k = 2�n/2� + 1. As pattern P we take Bk and as database graph G the graph
composed of n instances of P[1], . . . , P[n] of P where P[i] and P[ j] have an arm
or leg overlap if and only if {vi , v j } ∈ E(H), 1 ≤ i < j ≤ n. The choice between
arm or leg overlap is not important as long as the overlap condition is obeyed, which
is always possible by our choice of k. Due to the nature of the overlaps, two images
have vertex-overlap if and only if they have edge-overlap.

By Lemma 27 the only Homo-images of P in G are the P[i], 1 ≤ i ≤ n, and they
are all Iso-images.

As such, if ui is the vertex of Gγ,K
P corresponding to P[i], we see that the mapping

ϕ(ui ) = vi is an isomorphism from Gγ,K
P to H, 1 ≤ i ≤ n. ��

We are now ready to prove the main theorem that extends the result of Theorem 10
to homomorphic images. The constructions used in the proof are illustrated in Fig. 15.

Theorem 29 Let α ∈ {→,↔}, γ ∈ {vertex, edge} and K ∈ {Homo,Iso}. Any K-γ -
overlap support measure f on Gαλ is anti-monotonic only if the associated graph

measure f̂ is not decreasing under clique contraction, edge removal and vertex
addition.

Proof Let H ∈ G↔• be an arbitrary graph, with V (H) = {v1, . . . , vn}.
As pattern P we take Bk and as subpattern p = Lk , with k = 2�n/2� + 1.
For each operation o ∈ {CC,ER,VA}, we construct a database graph G, such that

Gγ,K
P

∼= H and Gγ,K
p

∼= o(Gγ,mk
P ). The database graph G is always composed of n

instances P[1], . . . , P[n] of P , which overlap depending on the operation considered.
We will tackle vertex- and edge-overlap at the same time, since in each overlaptype
there is vertex-overlap if and only if there is edge-overlap. By Lemma 27 the only
Homo-images of P in G are the P[i], 1 ≤ i ≤ n, and they are all Iso-images. As
soon as the database graph G is constructed, we will implicitely assume an isomor-

phism ϕ from H to Gγ,K
P such that ϕ(vi ) corresponds with P[i] ⊆ G, as in the proof

of Theorem 28, and use vi as short hand for ϕ(vi ), 1 ≤ i ≤ n.

Clique contraction Let K be a clique in H , with k = |V (K )|. Without loss of gener-
ality we assume that V (K ) = {v1, . . . , vk}. The overlap of the P[i] in G is as follows.
P[1], . . . , P[k] have a lower body overlap. For any edge {vi , v j } ∈ E(H), k < i <
j ≤ n, we let P[i] and P[ j] have a leg overlap. For any edge {vi , v j } ∈ E(H), 1 ≤
i ≤ k < j ≤ n, we let P[i] and P[ j] have a leg overlap if v j is adjacent to all vertices
of K and an arm overlap otherwise. Note that edges corresponding with a leg overlap

will remain in Gγ,K
p , while edges corresponding with an arm overlap will disappear,

since the arms are not present in p. As such, Gγ,K
p
∼= CC(G, K ).

Edge removal Let e be an edge in H . Without loss of generality we can assume that
e = {v1, v2}. For each edge {vi , v j } �= e ∈ E(H), we let P[i] and P[ j] have a leg

overlap and P[1] and P[2] have an arm overlap. As such, any edge in Gγ,K
P except e

will be present in Gγ,K
p and thus Gγ,K

p
∼= ER(G, e).
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Fig. 15 Illustration of the constructions in Theorem 29. The database graph and the overlap graphs of
respectively the pattern Bk and its subpattern Lk are shown for subsequently a clique contraction, an edge
removal, and a vertex additions. The dotted edges and the open nodes are those that are removed/added
by the operations on the overlap graphs

Vertex addition Let P[i] and P[ j] have a leg overlap in G if {vi , v j } ∈ E(H) and
add an instance p′ of p having a partial leg overlap with all P[i], 1 ≤ i ≤ n. Thus,

since p′ is not part of an instance of P it will have no corresponding vertex in Gγ,K
P .

In Gγ,K
p however, the vertex associated with p′ will be adjacent to all other vertices,

since it has a (partial) leg overlap with all instances of p contained in the P[i]. In other

words, Gγ,K
p
∼= VA(G), as desired.

Note again that we choose k sufficiently large such that in each case we can construct
G in such a way that the overlap condition holds. ��
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5.3 Labeled isomorphisms to homeomorphisms

We will now show that we can reduce isomorphic mappings to homeomorphic map-
pings while preserving edge- and vertex-overlap. First we show how to reduce iso-
morphic mappings to homeomorphic mappings for the labeled case, and then we show
how to reduce the labeled homeomorphisms to unlabeled homeomorphisms. We will
only give the proofs for the undirected cases, as the directed cases can either be proven
in a very similar way (replace all edges by arcs), or by composition of the reduction for
the undirected case with the reduction from undirected to directed of Proposition 23.

We first prove some invariants under subgraph homeomorphism which will be
important in the proof of correctness of both reductions in this section.

The degree of a vertex v in a graph G ∈ Gα is defined as

G(v) :=
{

#{w | {v,w} ∈ E(G)} , if α =↔
#{w | (v,w) ∈ E(G) ∨ (w, v) ∈ E(G)} , if α =→

The maximum degree of G is then

(G) := maxv∈V (G)G(v).

The (vertex-)connectivity κ(G) of G ∈ G↔ is the minimum number of vertices
that need to be removed to make G disconnected. The local connectivity κG(v,w)

between two vertices v andw of G equals the minimal number of vertices that need to
be removed to disconnect v and w. It is well known that κG(v,w) equals the number
of pairwise disjoint paths between v and w in G (Menger’s theorem, Diestel 2000):

κG(v,w) = max{|P| : P ⊆ PG(v,w) s.t. paths in P are pairwise disjoint}.

The following theorem is straightforward (see a.o. Bolobas 2001):

Lemma 30 Let π be a subgraph homeomorphism from H to G. Then,

1. |V (H)| ≤ |V (G)| and |E(H)| ≤ |E(G)|;
2. ∀v ∈ V (H) : H (v) ≤ G(π(v));
3. ∀v,w ∈ V (H) : κH (v,w) ≤ κG(π(v), π(w)).

Proof |V (H)| ≤ |V (G)| follows directly from the fact that π |V (H) : VH → VG is
injective. Because ∀e �= e′ ∈ E(H), π(e) and π(e′) are disjoint and contain each at
least one edge, |E(H)| ≤∑

e∈E(H) |E(π(e))| ≤ |E(G)|.
Let v be a node in V (H) with neighbors v1, . . . , vd . By definition of homeomor-

phism, the edges (v, v1), …, (v, vd) are mapped to edge disjoint paths p1, . . . , pd of
G, all with the same starting node π(v). Consider now the second nodes v′1, . . . , v′d on
each of these paths. These nodes are all different, as the paths pi are mutually disjoint.
Hence, π(v) has a degree of at least d, because it is adjacent to v′1, . . . , v′d .

Let v,w be two nodes in V (H) with κH (v,w) = k. Let (v1, . . . , vk)⊕ (vk, . . . vn)

denote (v1, . . . , vn); i.e.,⊕ concatenates two paths for which the endpoint of the first
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path is the starting point of the second path, without duplicating the common node.
Let now p = (v, v1, . . . , vl , w) be a path between v and w. Then,

π(p) := π((v, v1))⊕ π((v1, v2))⊕ . . .⊕ π((vl , w))

is a path between π(v) and π(w) in G. First of all, by definition of a homeomorphism,
π maps (vi , vi+1) to a path between π(vi ) and π(vi+1), and thus the precondition for
applying⊕ is satisfied. Secondly, no nodes are repeated in p. Similarly, if p1, . . . , pk

are pairwise vertex-disjoint paths between v and w, so are π(p1), . . . , π(pk). There-
fore, κG(π(v), π(w)) ≥ k. ��

5.3.1 Labeled isomorphisms to labeled homeomorphisms

We first present the labeled case, i.e. a (Iso, γ,↔, λ) to (Homeo, γ,↔, λ) reduction.
The reduction R1 replaces each edge e by an induced subgraph (Ve, Ee) containing
the original end vertices and some new vertices. We make sure that no new vertex can
be the image of an original vertex by labeling them with a new label. The construction
that replaces an edge between a node with label a and a node with label b is as follows:

�
���

� ���
� �

���
� ���

�

a � b

�

���� ����
�

���� ����

The two pairs of disjoint paths guarantee that edges are mapped to edges and not to
longer paths. If we would simply replace an a-b edge with an a-�-b path, it would be
possible to map an a-�-b path to, for instance, an a-�-c-�-b path.

Definition 31 Formally, let G ∈ G↔λ with label alphabet �. Let R1 : G → R1(G) ∈
G↔λ and e = {u, w} ∈ E(G). We define (Ve, Ee) as follows:

Ve = {u, w} ∪ {vi
e | 1 ≤ i ≤ 5},

Ve ∩ V (G) = {u, w},
Ee = {{u, v1

e }, {u, v2
e }, {v1

e , v
3
e }, {v2

e , v
3
e },

{v3
e , v

4
e }, {v3

e , v
5
e }, {v4

e , w}, {v5
e , w}}

Let e′ = {u′, w′} ∈ E(G). For e′ �= e, we make sure that:

Ve ∩ Ve′ = {u, w} ∩ {u′, w′},
Ee ∩ Ee′ = ∅.

We are now ready to define R1(G):

V (R1(G)) = V (G) ∪
⋃

e∈E(G)

Ve,
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Fig. 16 Illustration of the function R1 defined in Definition 31

E(R1(G)) =
⋃

e∈E(G)

Ee,

λR1(G)(u) =
{
λG(u), ∀u ∈ V (G),
� /∈ �, ∀ve ∈ V (R1(G)) \ V (G)

In Fig. 16 the function R1 is illustrated.
We will prove the following lemma and theorem only for α =↔. The reader can

easily check that both proofs are completely analogous for α =→.

Lemma 32 Let G, H ∈ G↔λ . Any surjective homeomorphism π from R1(G) to h′ ⊆
R1(H) is an isomorphism and the restriction of π to V (G) defines an isomorphism
from G to h ⊆ H with h′ = R1(h).

Proof First note that π must map vertices from G to vertices from H since all vertices
in V (R1(H)) \ V (H) are labeled � /∈ �. Note also that if v is an isolated vertex in G,
it is also an isolated vertex in R1(G). Hence, by the surjectivity of π, π(v) must also
be isolated in h′.

Let e = {u, w} ∈ E(G) and consider the image of v3
e underπ . By Lemma 30,π(v3

e )

must be a vertex labeled � of degree at least 4. Hence, by construction, π(v3
e ) = v3

e′
for some e′ ∈ E(H) as these are the only vertices in R1(H) having this property.
Moreover, Lemma 30 also dictates that

κR1(H)(π(u), π(v
3
e )) ≥ κR1(G)(u, v

3
e ) = 2

κR1(H)(π(v
3
e ), π(w)) ≥ κR1(G)(v

3
e , w) = 2.

The only vertices reachable by two disjoint paths from v3
e′ are the end vertices of e′.

Hence, the restriction of π to Ve is an isomorphism from (Ve, Ee) to (Ve′, Ee′).
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Fig. 17 Label graphs for n = 3

Let E ′ = {e′ | ∃e : π(Ve) = Ve′ } and let W be the set of isolated vertices of G.
Combining all the above, we see that

V (h′) = π(W ) ∪
⋃

e′∈E ′
Ve′ and E(h′) =

⋃

e′∈E ′
Ee′ .

Thus, as E(R1(G)) = ∪e∈E(G)Ee and isolated vertices are mapped to isolated
vertices, π itself must be an isomorphism from R1(G) to h′ ⊆ R1(H). Consequently,

{u, w} ∈ E(G) ⇐⇒ {π(u), π(w)} ∈ E(h)

and thus, by construction, h′ = R1(h) with h the subgraph of H with vertex set
π(V (G)) and edgeset E ′. ��
Theorem 33 For all γ ∈ {vertex, edge}, (P, p,G) → (R1(P), R1(p), R1(G)) is a
(Iso, γ,↔, λ) to (Homeo, γ,↔, λ) reduction.

Proof Because R1 preserves both vertex- and edge-overlap, the theorem follows
immediately from the previous lemma as it establishes a bijection between Iso-images
of P (p) in G and Homeo-images of R1(P) (R1(p)) in R1(G). ��

5.3.2 Labeled to unlabeled homeomorphisms

We now show the reduction from the labeled case to the unlabeled one; i.e., from
vertex-overlap of G↔λ to γ -overlap of G↔• for all γ ∈ {vertex, edge}.

We will use the following special label graphs Ln
i , depicted in Fig. 17, to replace the

labels � = {l1, . . . , ln}. The Ln
i are based on circulant graphs—a class of graphs for

which Muzychuk proved that the isomorphism problem can be solved in polynomial
time (Muzychuk 2004).

Definition 34 Let 1 ≤ s < k be integers. Cik(1, . . . , s) ∈ G↔• denotes the circulant
graph with nodes {c0, . . . , ck−1} and edges

E := {{ci , c j } | j = (i + 1) mod k . . . (i + s) mod k}.

Let 1 ≤ i ≤ n be integers. Ln
i denotes the graph Ci2(n+i)(1, . . . , n − i + 1).
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Hence, a circulant graph Cik(1, . . . , s) is a cycle of length k, with additional edges:
every node is adjacent to its s successors (and hence also its s predecessors). The
graphs Ln

i will be used in the proof to replace labels. In Fig. 17, the label graphs for
an alphabet of size 3 have been given. Intuitively, we will replace the labels of the
vertices by “attaching” an appropriate Ln

i to the node. For a graph over the alphabet
� = {l1, . . . , ln}, Ln

i will be used to replace li . A first essential piece of the proof is
that for a given n, no label graph Ln

i can be mapped to another label graph Ln
j , j �= i

under homeomorphism.

Lemma 35 Let 1 ≤ i, j ≤ n be integers. There exists a homeomorphism from Ln
i to

Ln
j if and only if i = j .

Proof Suppose there exists a vertex-disjoint subgraph homeomorphism from Ln
i to

Ln
j . The number of vertices of Ln

i = Ci2(n+i)(1, . . . , n − i + 1) equals 2(n + i), and

the number of edges is equal to 2(n+ i) · (n− i + 1) = 2n2+ 2n− 2(i2− i), because
every vertex has degree 2(n − i + 1). Similarly, for Ln

j , the number of vertices is

2(n + j), and the number of edges 2(n2 + n − ( j2 − j)). Because of Lemma 30,
both the number of vertices and the number of edges of Ln

i must be dominated by,
respectively, the number of vertices and the number of edges of Ln

j . This gives:

2(n + i) ≤ 2(n + j)

2n2 + 2n − 2(i2 − i) ≤ 2n2 + 2n − 2( j2 − j)

and thus,

i ≤ j

i2 − i ≥ j2 − j

which is only possible if i = j , since i, j ≥ 1, and x2 − x is strictly increasing for
x > 0.5. ��

5.3.3 The construction

In all what follows, n will denote the size of the alphabet� = {l1, . . . , ln}. We assume
a function ι that maps the label li to its index i . We will slightly abuse the notation
ι, and use ι(v) to denote ι(λ(v)). Let G be a graph in G↔λ over the alphabet �, with
vertices V = {v1, . . . , vk} and edges E = {e1, . . . , em}.

In the proofs we will need many copies of the same label graph Ln
i . Therefore, we

will need to rename the vertices in these graphs to avoid confusion. We will use L[vi ] to
denote the following isomorphic copy of Ln

ι(λ(vi ))
: V (L[vi ]) = {ci

j | c j ∈ V (Ln
ι(vi )

)},
and E(L[vi ]) = {{ci

j , ci
k} | {c j , ck} ∈ E(Ln

ι(vi )
)}. As such, any two L[v] and L[w] are

disjoint whenever v �= w, even if λ(v) = λ(w).
We are now ready to define the reduction, parameterized by c.
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Fig. 18 Reduction for removing labels in the case of homeomorphisms. The triangle in the middle is the
original graph G. The labels of the top, le f t, right nodes were respectively l1, l2, and l3

Definition 36 For every vi ∈ V (G), let the following sets of vertices be given.

B(vi ) = {bi
j | j = 1 . . . c} C(vi ) = V (L[vi ])

D(vi ) = {di
j | j = 1 . . . c}

We assume all these sets are disjoint. Furthermore, c0(vi ) denotes the node ci
0; i.e.,

the first node in L[vi ].
Rc

2(G) is the following graph in G↔• :

– The set of vertices is:

V (Rc
2(G)) := V (G) ∪

⋃

v∈V

(C(v) ∪ D(v) ∪ B(v))

– The set of edges E(Rc
2(G)) is:

E(G) ∪
⋃

v∈V

E(L[v]) ∪
⋃

v∈V

{{c0(v), d} | d ∈ D(v)}

∪
⋃

v∈V

{{v, b}, {b, c0(v)} | b ∈ B(v)}

An example of the reduction has been given in Fig. 18. Intuitively, the rationale
behind the reduction is as follows: the subgraphs L[v] replace the label of v. The nodes
D(v) are added in order to increase the degree of all nodes c0(v) to at least 2c+2. All
other nodes have degree at most 2c. This allows us to use degree arguments to show
that all c0-nodes are mapped to c0-nodes. The nodes B(v) are added to connect any
label graph L[v] to the right node v (b of between). Their number c will be chosen so
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we can use local connectivity arguments to show that in an image always label graphs
will be associated with the right node.

Lemma 37 For all integers 1 ≤ s, k > 2s, κ(Cik(1, . . . , s)) = 2s. Hence, for all
Ln

i , κ(L
n
i ) = 2n − 2i + 2 ≤ 2n.

Proof It is easy to see that 2s is an upper bound, as every node has degree 2s. For the
lower bound, we show that there are 2s disjoint paths between node c0 and node cs+1.
There are s paths using only nodes c0, c1, . . . , cs : (c0, ci , cs), for i = 1 . . . s. Then
there are also s paths using the nodes c0, cs, cs+1, . . . , ck : for every m = 0, . . . , s−1,
there is one path using only the nodes {ci | s < i ≤ k, i mod s = m} as intermediate
nodes; i.e., for k = qs + r, r < s, the paths:

(c0, cqs, c(q−1)s, . . . , cs)

(c0, c(q−1)s+1, c(q−2)s+1, . . . , cs+1, cs)

. . .

(c0, c(q−1)s+r−1, c(q−2)s+r−1, . . . , cs+r−1, cs)

The second claim follows directly form the definition of Ln
i as Ci2(n+i)(1, . . . ,

n − i + 1). ��
The next lemma states some basic properties of the construction. The proof is

straightforward and only provided for completeness.

Lemma 38 Let G be a graph in G↔λ , with V (G) = {v1, . . . , vk}. Let c >

max((G), 2n). Then,

1. {x ∈ V (Rc
2(G)) | Rc

2(G)
(x) ≥ 2c + 2} = c0(V (G));

2. ∀v,w ∈ V (G) : PG(v,w) = PRc
2(G)

(v, w);
3. κ(Rc

2(G)) = c, and, ∀v ∈ V (G) : {x ∈ V (Rc
2(G)) | κRc

2(G)
(c0(v), x) ≥ c} = {v};

Proof For 1 it suffices to notice the degrees of the different node types. Let v ∈ V (G).

– v has degree G(vi ) + c in Rc
2(G): it is still adjacent to the G(v) nodes it was

adjacent to in G, plus the c nodes in B(v).
– Every node c in C(v) \ {c0(v)} is only adjacent to nodes in C(v) and hence has

degree 2(n − ι(v)+ 1), which is at most 2n.
– Every node c0(v) has degree at least 2 + 2c; first of all, it is adjacent to at least 2

nodes in L[v]. Secondly, it is adjacent to the 2c nodes in B(v) ∪ D(v).
– The nodes b ∈ B(v) all have degree 2; b is adjacent only to c0(v) and v.
– The nodes d ∈ D(v) all have degree 1; d is adjacent only to c0(v).

For 2, notice that any path between node v ∈ V (G), and a node in x ∈ C(v′) ∪
D(v′)∪B(v′), with v′ ∈ V (G), has to contain v′. Therefore, for any path between v and
w in V (G), it is not possible that it contains any of the nodes x ∈ C(v′)∪D(v′)∪B(v′)
for any v′ ∈ V (G), as this would imply that node v′ would be on the path twice; v′
must be once on the subpath from v to x , and once again on the second part of the path
from x to w. By definition of a path, this is impossible. As such, any path between v
and w uses only nodes of V (G), and hence PRc

2(G)
(v, w) ⊆ PG(v,w). For the other

direction of the inclusion, it suffices to notice that Rc
2(G) contains G as a subgraph.
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For 3, we give the local connectivity for all pairs of nodes x, y ∈ V (Rc
2(G)). From

this, these claims follow directly. Let v,w be two distinct and arbitrary nodes in V (G).

– (x, y) = (v, c0(v)): c0(v) is connected to v by the c > (G) ≥ κ(G) disjoint
paths (v, b, c0(v)), b ∈ B(v). There are no other paths, as v and c0(v) become dis-
connected if all b ∈ B(v) are removed from Rc

2(G). Hence, the local connectivity
is c.

– (x, y) = (v, c), with c ∈ C(v) \ {c0(v)}: local connectivity is 1, as v is connected
to c, but all paths have to pass through c0(v).

– (x, y) = (c1, c2), with c1 �= c2 ∈ C(v): the local connectivity is at most κ(L[v]) =
2n − 2ι(v) + 2 (Lemma 37), which is at most 2n, and at least 2, as L[v] always
contains a cycle.

– (x, y) = (v, b), with b ∈ B(v): local connectivity is at most 2 because b has
degree 2. There exist two disjoint paths: ((v, b)) and ((v, b′, c0(v), b)) for any
b′ ∈ B(v) \ {b}. Hence the local connectivity is 2.

– (x, y) = (b, c0(v)), b ∈ B(v): local connectivity is 2; the degree of b is 2, and
(b, v, b′, c0(v)) with b′ ∈ B(v) \ {b} and (b, c0(v)) are disjoint.

– (x, y) = (b, c), b ∈ B(v), c ∈ C(v) \ {c0(v)}: the local connectivity is 1, as b is
connected to c, but all paths between them have to pass through c0(v).

– (x, d) with x ∈ {v} ∪C(v)∪ B(v)∪ D(v), and d ∈ D(v): local connectivity is 1;
the degree of d is 1, and d is connected to all presented choices for x .

– (x, y) = (v,w): the local connectivity betweenv andw is at mostκ(G) ≤ (G) <
c, since because of point 2, the paths between v and w in Rc

2(G) are exactly the
same as the paths between them in G.

– (x, y), with x ∈ {v} ∪ B(v) ∪ C(v) ∪ D(v), y ∈ B(w) ∪ C(w) ∪ D(w): the local
connectivity is 0 or 1; every path between x and y has to pass through w, so the
local connectivity is at most 1. It is 1 if and only if v and w are adjacent in G.

The following lemma will be crucial in the proof of correctness of the reduction:

Lemma 39 Let P,G ∈ G↔λ , and let π be a homeomorphism from the unlabeled
graph Rc

2(P) to the unlabeled graph Rc
2(G), with c > max{(G),(P), 2n}. Then,

π |V (P)∪E(P) is a label-preserving homeomorphism from the labeled graph P to the
labeled graph G. Furthermore, let v ∈ V (P), e ∈ E(P), and e′ ∈ E(Rc

2(P))\ E(P),
with e′ = {x, y}. It holds that:

π(v) ∈ V (G)
π(e) ∈ PG π(C(v)) = C(π(v))
π(c0(v)) = c0(π(v)) π(D(v)) = D(π(v))
π(B(v)) = B(π(v)) π(e′) = (π(x), π(y))

Proof From Lemma 38 (point 1), we know that for all v ∈ V (P), c0(v) has a de-
gree of at least 2c + 2 in Rc

2(P). According to Lemma 30, these nodes must hence
be mapped to nodes in Rc

2(G) that also have a degree of at least 2c + 2. Because
of Lemma 38 (point 1), only the nodes in c0(V (G)) satisfy this condition, and
hence, π(c0(V (P))) ⊆ c0(V (G)). According to Lemma 38 (point 3), the connec-
tion strength in Rc

2(P) between v and c0(v) is c, for all v ∈ V (P). Henceforth,
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because of Lemma 30, the local connectivity between π(v) and π(c0(v)) must be
at least c as well. Furthermore, we already established that π(c0(v)) must be equal
to c0(w) for a w in V (G). Also because of Lemma 38 (point 3), the only node that
satisfies this local connectivity condition with c0(w) in Rc

2(G) is w. Hence, for all
v ∈ V (P), π(v) = w ∈ V (G), and π(c0(v)) = c0(w) = c0(π(v)).

As such, any path in P is mapped to a path in Rc
2(G) between two nodes of V (G).

Since Lemma 38 (point 2) states that every path in Rc
2(G) between nodes in V (G)

is also a path in G, π |V (P)∪E(P)(E(P)) ⊆ PG . All paths in π |V (P)∪E(P)(E(P)) are
disjoint, as π is a homeomorphism. So, π |V (P)∪E(P)(E(P)) is a homeomorphism
between P and G.

We still have to show thatπ |V (P)∪E(P) is label-preserving. Let v ∈ V (P). In Rc
2(P),

the set of nodes that are adjacent to both c0(v) and v is the set B(v). These nodes must
be mapped to nodes that are connected to both c0(π(v)) and π(v) through disjoint
paths. The only nodes in Rc

2(G) that satisfy this condition are the nodes in B(π(v)).
Therefore, π(B(v)) ⊆ B(π(v)). Because π is injective and both sets have the same
cardinality c, π(B(v)) = B(π(v)).

In Rc
2(G), all nodes of C(v)\c0(v) have a local connectivity of at least 2 with c0(v)

(proof of Lemma 38) Hence, also all nodes π(C(v)) \ {c0(π(v))} must have connec-
tion strength of at least 2 with c0(π(v)), and thus π(C(v) \ {c0(π(v))}) ⊆ C(π(v)),
because these are the only nodes that have a local connectivity of 2 with c0(π(v)),
except for the nodes in B(π(v)) and π(v), but these nodes are already in the image
of the nodes B(v) ∪ {v}, and π is injective. Hence, π |V (L[v])∪E(L[v]) is a subgraph
homeomorphism from a L[v] to L[π(v)]). Because of Lemma 35, this implies that
ιP (v) = ιG(π(v)), and thus λP (v) = lιP (v) = lιG (π(v)) = λG(π(v)). Henceforth,
π |V (P)∪E(P) is also label-preserving.

To show π(D(v)) = D(π(v)), notice that every d ∈ D(v) is adjacent to c0(v).
Therefore, π((c0(v), d))must be a path from π(c0(v)) to π(d), disjoint from all nodes
π(V (Rc

2(P))). The only nodes to which there still is a disjoint path possible, are the
nodes in D(π(v)). Both D(π(v)) and π(D(v)) have the same cardinality and thus
D(v) = D(π(v)). ��

Also the other direction obtains:

Lemma 40 Let P,G ∈ G↔λ , and let c > max{(G),(P), 2n}. Let π be a subgraph
homeomorphism from P to G. Then there exists a (not necessarily unique) subgraph
homeomorphism ψ from Rc

2(P) to Rc
2(G) such that ψ |V (P)∪E(P) = π . Nevertheless,

the image ext(g) in Rc
2(G) through ψ is unique and g equals the subgraph of ext(g)

induced by VG.

Proof The first part on the existence of ψ is straightforward; from Lemma 39 we
know that for all v ∈ V (P), π(v) ∈ V (G), and λP (v) = λG(π(v)), and thus L[v] and
L[π(v)] are isomorphic, B(v) can be mapped to B(π(v)), and D(v) to D(π(v)). Any
edge (v,w) in E(Rc

2(P))\E(P) is mapped to the path with as only edge (π(v), π(w)).
The resulting function is a homeomorphism from Rc

2(P) to Rc
2(G).

The second part on the uniqueness of the image now follows from Lemma 39:
the mapping of the vertices and the edges V (P) ∪ E(P) completely determines the
mapping of Rc

2(P) in Rc
2(G); the image of C(v) is C(π(v)), the image of B(v) is
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B(π(v)), and the image of D(v) is D(π(v)). Also the edges in π(E(Rc
2(P))) are

uniquely determined by the mapping of the vertices and the edges V (P) ∪ E(P);
let e = (x, y) be an edge in E(Rc

2(P)) \ E(P). Then at least one of x, y must be
in B(v) ∪ C(v) ∪ D(v) for a v ∈ V (P). We assume without loss of generality that
x ∈ B(v)∪C(v)∪ D(v). Then, π(x) ∈ B(π(v))∪C(π(v))∪ D(π(v)). Notice, how-
ever, that all vertices adjacent to x are in π(V (Rc

2(P))). Therefore, the path π(x, y)
cannot contain any of the nodes adjacent to π(x) as an internal node. This is only
possible if π(x, y) = (π(x), π(y)). As we already established that π(x) and π(y) are
completely determined by π |V (P)∪E(P), so is π(e).

Hence, the image of π is completely determined by π |V (P)∪E(P). ��
We will denote the unique extension of a Homeo-image g of P in G to an Homeo-

image of Rc
2(P) in Rc

2(G) by ext(g).

Theorem 41 Let P,G ∈ G↔λ , let c > max{(G),(P), 2n}, and let ext(g) and
ext(g′) be two Homeo images of Rc

2(P) in Rc
2(G).

The mapping from Homeo-image of P in G to Homeo-image of Rc
2(P) in Rc

2(G)
that maps g to ext(g) is a bijection.

Let g, g′ be two Homeo-images of P in G. The following are equivalent:

1. g and g′ vertex-overlap.
2. ext(g) and ext(g′) vertex-overlap;
3. ext(g) and ext(g′) edge-overlap;

Proof Suppose ext(g) = ext(g′). Then, g and g′ are equal on V (P). Because of
Lemma 40, this implies that g = g′.

The second part follows directly from Lemma 40 and the fact that when two homeo-
morphisms from Rc

2(P) to Rc
2(G) overlap, they must also overlap on G. This follows

from Lemma 39; Rc
2 is such that in a homeomorphism π must have π(B(v)) =

B(π(v)), π(C(v)) = C(π(v)), and π(D(v)) = D(π(v)). Hence, if two images over-
lap in any node of B(π(v))∪C(π(v))∪ D(π(v)), they must also overlap at π(v). For
the edge overlap it suffices to notice that if two mappings overlap in π(v), they also
overlap in, e.g., (π(v), π(c0(v))). ��

From the theorem, the proof of Corollary 42 is immediate.

Corollary 42 Let p, P,G ∈ G↔λ , and let c = max{(G),(P),(p), 2n}+1. The
function R2 that maps (p, P,G) to (Rc

2(p), Rc
2(P), Rc

2(G)) is a (Homeo, vertex, α, λ)
to (Homeo, γ, α, •) reduction, for all α ∈ {→,↔} and γ ∈ {vertex, edge}.

5.4 From labeled to unlabeled homomorphisms and isomorphisms

Finally, we extend the results for homomorphism and isomorphism to unlabeled
graphs. First, we will show that our constructions for labeled graphs can be extended
to unlabeled graphs by using special subgraphs in the unlabeled case to encode the
labels from the labeled case. We will focus on the most difficult case, homomorphism.
For isomorphism, much simpler constructions are possible. Also, we will discuss only
the undirected case here. The directed case is analogous.
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The key idea for emulating labels with unlabeled subgraphs under homomorphism
follows from the fact that cliques are always mapped on cliques of the same size.

Lemma 43 Let G ∈ G↔. Let π be a homomorphism from Kk to G (where Kk is
the complete graph with k vertices). Then, π is a subgraph isomorphism mapping,
i.e. π(Kk) is a k-clique of G.

Proof It is sufficient to show that for any two different vertices v andw of Kk, π(v) �=
π(w). If π(v) = π(w) would be true, the loop {π(v), π(w)} would belong to E(G),
which would be a contradiction with the assumption that G does not contain loops.
Therefore, π is a subgraph isomorphism mapping. ��

Apart from the notations introduced in Definition 45, we will also use

Vw
j = {vw, j , vw, j+1 mod σ(w), . . . vw, j+K mod σ(w)}.

The subgraphs attached to the original vertices to represent the labels are isomorphic
to the graphs Cσ(w)

K as in Definition 34 and are illustrated in Fig. 17.
We now formalize the encoding of labels with undirected subgraphs:

Definition 44 Let G ∈ G↔λ . Let k be a strict upper bound on the size of the largest
clique of G. A Schema for Labeling with Unlabeled Subgraphs (SLUS) for G is a pair
(K , σ ) such that

– K ≥ max(k + 2, 2|�|);
– σ : � → N is an injective function mapping every element from the alphabet �

of labels on a distinct odd integer such that

∀l ∈ � : 4(K + 1) < σ(l) < 5(K + 1) . (1)

When it is clear thatw is a vertex, we will use σ(w) as a shorthand for σ(λG(w)). We
now define a transformation from labeled to unlabeled graphs:

Definition 45 Let G ∈ G↔λ Let (K , σ ) be a SLUS for G. Then, we define the trans-

formed (unlabeled) graph RK ,σ
3 (G) by

– the vertices of RK ,σ
3 (G) are

V (RK ,σ
3 (G)) = ∪w∈V (G)V

w

where Vw = {w j | 0 ≤ j < σ(w)} where for all w,w0 = w and w j , j =
1 . . . σ (w) are new vertices.

– the edges of RK ,σ
3 (G) are

E(RK ,σ
3 (G)) = E(G) ∪ Elab

K ,σ (G)

with Elab
K ,σ (G) = ∪w∈V (G)Ew where

Ew =
{
{vw, j , vw, j+i mod σ(w)} |
0 ≤ j < σ(w) ∧ 1 ≤ i ≤ K }
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The subgraphs attached to the original vertices to represent the labels are isomorphic
to the graphs Cσ(w)

K as in Definition 34 and are illustrated in Fig. 17.

Lemma 46 Let G ∈ G↔λ , (K , σ ) be a SLUS for G and w ∈ V (G). Then, the set

of (K + 1)-cliques of RK ,σ
3 (G) is exactly the set of subgraphs induced by Vw

j , w ∈
V (G), 0 ≤ j < σ(w).

Proof This follows directly from the construction of les(G, K , σ ). ��

In the remainder of this section, we will assume that G, P ∈ G↔λ and that (K , σ )
is a SLUS for G and for P . We will prove that there is a homomorphism π from P
to G iff there is a homomorphism π ′ from RK ,σ

3 (P) to RK ,σ
3 (G), and that in this case

π ′ ⊃ π .

Lemma 47 Let π ′ be a subgraph homomorphism from RK ,σ
3 (P) to RK ,σ

3 (G). Let w

be a vertex of P. Then, there is a w′ ∈ V (G) such that π ′(Vw) ⊆ Vw′ .

Proof Consider the graph induced by Vw
j in RK ,σ

3 (P) for some 0 ≤ j < σ(w). It is

clearly a (K + 1)-clique from the definition of Elab
K ,σ (P). From Lemma 43, we know

that the image under π ′ should be a (K + 1)-clique of RK ,σ
3 (G).

Suppose that π ′(e) ∈ E(G), and hence that π ′(e) is part of a (K +1)-clique. Then,
as no element of Elab

K ,σ (G) is adjacent to two different vertices in V (G), no vertices

of Elab
K ,σ (G) can be in this (K + 1)-clique, and the (K + 1)-clique must be a subgraph

of G itself. This is impossible as the size of the largest clique in G is at most k < K .
Therefore, we must conclude that π ′(e) ∈ Elab

K ,σ (G).
Moreover, as all (V v, Ev) are disjoint graphs, the endpoints of π ′(e) are in the same

(V v, Ev). We have π ′(w) = π ′(w0) = π ′(w1) and by induction we can see that all
π ′(w j ) are in the same Vw′ for some w′. ��

Theorem 48 Assume that G and P have no two adjacent vertices with identical labels.
Let π ′ be a subgraph homomorphism mapping from RK ,σ

3 (P) to RK ,σ
3 (G). Let w be

a non-isolated vertex of P. Then, for any 0 ≤ j < σ(w), π ′ maps w, j on a vertex
w′j ′ where λ(w) = λ(w′) and j = j ′ or j + j ′ = σ(w).

Proof We will first introduce some notations. Consider a fixed homomorphism π ′
from P to G. Consider also a fixed w ∈ V (P). According to Lemma 47 there is a
w′ ∈ V (G) such that every w j is mapped by π ′ on some vertex w′j ′ for some j ′. Now
let f be a function that maps every j on f ( j) such that

π ′
(
w j mod σ(w)

)
= w′f ( j)

and 0 ≤ f ( j) < σ(w′).
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For any j , as Vw
j induces a (K +1)-clique in RK ,σ

3 (P), its image under π ′ is also a
(K +1)-clique, and according to Lemma 43, π ′ restricted to Vw

j is a bijection. Hence,

π ′(Vw
j ) = Vw′

j ′ for some j ′. Let F be the function that maps every j on F( j) such that

π ′
(

Vw
j mod σ(w)

)
= Vw′

F( j)

and 0 ≤ F( j) < σ(w′).
We start with making a number of observations. First, from the structure of

lesK ,σ (G), we can see that

F( j)− F( j + 1) mod σ(w′) ∈ {σ(w′)− 1, 0, 1} (2)

Indeed, w j+i mod σ(w) with 1 ≤ i ≤ K are all distinct, and so are there images under
π ′. They belong to the intersection of Vw

j and Vw
j+1 mod σ(w)

. So the intersection of

their images should also contain at least K elements.
Second, as the image of Vw

j contains π ′(w, j), we have

0 ≤ f ( j)− F( j) mod σ(w) ≤ K (3)

Third, corresponding to the three possible ways in which π ′
(

Vw
j

)
and

π ′
(

Vw
j+1 mod σ(w)

)
overlap, we have

( f ( j)− f ( j + K + 1)) mod σ(w′) ∈ {σ(w′)− K − 1, 0, K + 1}. (4)

It also holds that

1 ≤ | j1 − j2| ≤ K ⇒ 1 ≤ | f ( j1)− f ( j2)| ≤ K
∨σ(w′)− K ≤ | f ( j1)− f ( j2)| ≤ σ(w′)− 1

(5)

Let σ(w) = 4(K + 1)+ r with 0 < r < K + 1 integer. Now consider

 f j = f ( j)− f ( j + 4(K + 1))

= f ( j)− f ( j + (K + 1))

+ f ( j + (K + 1))− f ( j + 2(K + 1))+ f ( j + 2(K + 1))

− f ( j + 3(K + 1))+ f ( j + 3(K + 1))− f ( j + 4(K + 1))

= k1(σ (w
′)− (K + 1))+ k2(K + 1)

= k1σ(w
′)+ (k2 − k1)(K + 1),

for some k1, k2 ∈ N.
Clearly,

| f j | = n′(K + 1) ∨ | f j | = σ(w′)− n′(K + 1) (6)

for some integer n′ with 0 < n′ ≤ 4.
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We will now prove that λ(w) = λ(w′). Suppose that λ(w) �= λ(w′). We will show
that this leads to a contradiction. There are a number of possibilities to consider:

– A first case is the situation where there is a 0 ≤ j ′ < σ(w′) such that there is no j
such that f ( j) = j ′. Without loss of generality we can assume that j ′ = σ(w′)−1
and | f j | = n′(K + 1) for some n′. However, f ( j + n(K + 1)) = f ( j − r) and
hence  f j = f ( j)− f ( j − r). Equation 5 then contradicts | f j | = n′(K + 1).

– Therefore, π ′ restricted to Vw is a surjection on Vw′ . Hence, σ(w) > σ(w′) (as
we assume λ(w) �= λ(w′)).
So the function f takes all values from 0 to σ(w′) − 1, and from Eq. 3, for each
0 ≤ f ( j) < σ(w′), F( j) ≤ f ( j) ≤ F( j) + K . Moreover, from Eq. 2 we have
that for each j ,

F( j + 1)− F( j) mod σ(w′) ∈ {σ(w′)− 1, 0,+1}.

These three facts together imply that for every 0 ≤ p < σ(w′), there is a jp such
that F( jp) = p. If this would not be the case, e.g. if for no value of j, F( j) would
be σ(w′) − 1, F( j) would go (with increasing j) from a value 0 ≤ F( jK ) ≤ K
when f ( jK ) = K up to a value σ(w′) − K − 2 ≤ F( jσ(w′)−2) ≤ σ(w′) − 2
when f ( jσ(w′)−2) = σ(w′) − 2 (which takes at least (σ (w′) − K − 2) − K =
σ(w′) − 2K − 2 steps if we can not pass σ(w′) − 1), and then down again to
0 ≤ F( jK ) ≤ K (which again takes at least σ(w′)− 2K − 2 steps). Going up and
down with increasing j would require 2(σ (w′)−2K−2) = 2σ(w′)−4K−4 steps,
but 2σ(w′)−4K−4 > σ(w′)due to the definition ofσ(w′). So there are not enough
steps available to go all the way up and down from F( jK ) to F( jσ(w′)−2) and back.
Now we can see that this means that for some j∗, F( j∗) = F( j∗ + 1). Suppose
this would not be true. Then, for every j, F( j + 1) = F( j) + 1 mod σ(w′) or
F( j + 1) = F( j)− 1 mod σ(w′). If F(0) is even, F(1) is odd, F(2) is even, etc.
and since σ(w′) is odd, F(σ (w′))would be even and we could conclude that F(0)
is odd. Similarly, if F(0) is odd, we could show by going round once that F(0) is
also even. Hence, for some j∗, F( j∗) = F( j∗ + 1).
This means that Vw

j∗ \ Vw
j∗+1 = {w j∗} and Vw

j∗+1 \ Vw
j∗ = {w j∗+K+1} have the

same image under π ′, and hence f ( j∗) = f ( j∗ + K + 1). For each 1 ≤ i ≤ K ,
we have now by Eq. 5 that

f ( j∗ + i)− f ( j∗) mod K + 1 ∈ ±K

f ( j∗ − K − 1+ i)− f ( j∗) mod K + 1 ∈ ±K

f ( j∗ + K + 1+ i)− f ( j∗) mod K + 1 ∈ ±K

where

±K = {σ(w′)− K , . . . , σ (w′)− 1, 0, 1, . . . , K }

Because all the pairwise differences between f ( j∗ + i), f ( j∗ − K − 1+ i) and
f ( j∗ + K + 1 + i) (mod K + 1) are multiples of K + 1, for each i , two should
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be equal. Therefore, in total at least K + 1 vertices of Vw′ are the images of two
different elements of Vw under π ′.
Earlier we concluded that for all 0 ≤ p < σ(w′), for some j we have f ( j) = p.
If now for at least K + 1 of these values of p we should have two distinct values
of j such that f ( j) = p, we need at least σ(w′) + K + 1 vertices in Vw. But
σ(w) < σ(w′)+ K + 1, which is a contradiction.
Therefore, we must reject our assumption that λ(w) �= λ(w′).

We have now shown that λ(w) = λ(w′). Now consider the hypothesis that an edge
from Eorig with endpoints w1 and w2 is mapped on an edge of Elab by π ′. As no
edge from Elab is mapped on an edge of Eorig , this would mean that the subgraphs
of les(G, K , σ ) induced by Vw1 and by Vw2 are mapped on the same subgraph of
les(G, K , σ ) induced by Vw′ for some w′. As we know that no edge of G has end-
points with identical labels, we cannot have both λ(w1) = λ(w′) and λ(w2) = λ(w′).
Therefore we should reject the possibility that an edge from Eorig is mapped on an
edge of Elab by π ′.

Therefore, every vertex w0 is mapped on some vertex w′0 by π ′. The rest of the
proof is straightforward. ��

Theorem 49 Assume that P and G have no two adjacent vertices with identical labels
and that P and G have no isolated vertices. Then, P is subgraph homomorphic to G
if and only if RK ,σ

3 (P) is subgraph homomorphic to RK ,σ
3 (G).

Proof Straightforward from Theorem 48, noting the relation between a label-preserv-
ing homomorphism π : P → G and a homomorphism π ′ : lesK ,σ (P)→ lesK ,σ (G):

∃π ′,∀w ∈ V (P),

{
π ′(w0) = w′0
π ′(wi ) = w′i , 1 ≤ i ≤ σ(w) = σ(w′)

⇐⇒ ∃π,∀w ∈ V (P), π(w) = w′,

Theorem 50 Let p, P,G ∈ G↔λ , and let (K , σ ) be a SLUS for p, P and G. Then, the

function RK ,σ
3 that maps (p, P,G) to (RK ,σ

3 (p), RK ,σ
3 (P), RK ,σ

3 (G)) is an Homo-
vertex-overlap on Gαλ to Homeo-γ -overlap on Gα• reduction, for all α ∈ {→,↔} and
γ ∈ {vertex, edge}.

Proof Armed with Theorem 49, we only have to proof that the restriction to
(sub)graphs with no isolated vertices or edges between vertices with the same la-
bel can be circumvented. Indeed, consider the disjoint union G ′ of two labeled graphs
P and G without isolated vertices or edges between vertices with the same label. By
Theorem 49, there exists a homomorphism π from P to a subgraph g of G iff there
exists a homomorphism π ′ from RK ,σ

3 (P) to RK ,σ
3 (G), with (K , σ ) an SLUS for G ′.

Now, consider a mapping f that maps a labeled graph H = (V, E, λ) with label
alphabet � and E(H) = {e1 = {u1, w1}, . . . , em = {um, wm}} to a labeled graph
f (H) = (V f , E f , λ f ) with label alphabet � ∪ {α, β1, β2, β3}, α, β1, β2, β3 /∈ �,
defined by:

123



546 T. Calders et al.

V f = V ∪ {v∗, v1, . . . , v5m},
E f = {{v∗, w}|w ∈ V } ∪ ∪m

i=1{
{ui , v5i−4}, {v5i−4, v5i−3}, {v5i−3, wi },
{ui , v5i−2}, {v5i−2, wi },
{ui , v5i−1}, {v5i−1, v5i }, {v5i , wi }}

λ f (u) = λ(u), ∀u ∈ V,

λ f (v∗) = α

λ f (v5i−4) = λ f (v5i ) = β1, 1 ≤ i ≤ m,

λ f (v5i−3) = λ f (v5i−1) = β2, 1 ≤ i ≤ m,

λ f (v5i−2) = β3, 1 ≤ i ≤ m,

with v∗, v1, . . . , v5m /∈ V . Clearly, f (H) has no isolated vertices and no adjacent
vertices with identical labels.

We show that P is homomorphic to a subgraph g of G iff f (P) is homomorphic to
f (g), which in turn is a subgraph of f (G). Let vP∗ , vP

i and vg∗ , vg
j be the new vertices

of f (P) and f (g), 1 ≤ i ≤ 5|E(P)|, 1 ≤ j ≤ 5|E(g)|.
Assume a homomorphism π from P to g, then π f mapping each u ∈ V (P) to

π(u), each vP
5i−k associated with an edge eP

i = {ui , wi } of P to vg
5 j−k associated with

the edge eg
j = {π(ui ), π(wi )} of g, 0 ≤ k ≤ 4, vP∗ to vg∗ , is a homomorphism from

f (P) to f (g).
On the other hand, if π f is a homomorphism from f (P) to f (g) then π(vP∗ ) = vg∗

because there is only one vertex in each graph labeled α. Consider u, w ∈ V (P), if
{u, w} = ei ∈ E(P), for some i , then u, vP

5i−4, v
P
5i−3, w is a path in f (P) in which

every edge connects vertices with different labels. Consequently, it must be mapped
by π f to a path of equal length with the same label sequence. Due to label restric-
tions, π f (u) = u′, for some u′ ∈ V (g), and π f (v

P
5i−4) ∈ {vg

5 j−4, v
g
5 j }, for some j

such that eg
j = {u′, w′} ∈ E(g). If π f (v

P
5i−4) = v

g
5 j−4 it immediately follows that

π f (v
P
5i−3) = vg

5 j−3 and π f (v
P
5i−4) = vg

5 j implies π f (v
P
5i−3) = vg

5 j−1. In either case,
π f (w) must be w′. Thus, if {u, w} ∈ E(P) then {π f (u), π f (w)} ∈ E(g). In other
words, the restriction of π f to V (P) defines a homomorphism from P → g. ��

6 Discussion and conclusion

We extended the results of Vanetik et al. (2006) to a range of different settings. We
proved the results for labeled homomorphism as a base case and provided reductions
which are more generally applicable to prove the results for the other settings.

We showed that MIS and MCP are minimal and maximal anti-monotonic overlap
support measures. We also made a first step towards making the overlap support mea-
sures scalable by proving the anti-monotonicity of the Lovász θ -function, a polynomial
time computable graph measure sandwiched between MIS and MCP.

Several extensions of our work are possible, some of those leading to smaller overlap
graphs. An interesting one concerns alternative definitions for images. We considered
images to be all vertices (edges) of the embedding of a pattern in the database graph.
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Alternatively, we can consider patterns where only a few distinguished vertices are
taken into account for overlap. Making the set of vertices relevant for overlap smaller
reduces the size of the overlap graph. The extension is straightforward in most of
the cases considered in this paper. As a special case, suppose only one vertex of a
pattern is considered relevant. The overlap graph is then reduced to a set of isolated
vertices of size at most |V (G)|. Bringmann and Nijssen (2007) proposed a measure
f (P,G) = minv∈P |{w ∈ V (G) : ∃π ∈ Iso : (π(P) ⊆ G) ∧ (w ∈ V (π(P)))}|.
One can see this as the minimum over several measures, each considering one of the
vertices of P relevant. The minimum of anti-monotonic functions is anti-monotonic
itself.

There also exist different notions of overlap. e.g. Fiedler and Borgelt (2007) defines
harmful overlap, which is based on embeddings. Two embeddings π1 and π2 of a
pattern P overlap iff ∃v ∈ V (P) : π1(v), π2(v) ∈ π1(V (P))∩π2(V (P)). This notion
then results in harmful overlap graphs. We expect our reductions can also be easily
adapted to generalize to the harmful overlap notion to the considered combinations of
directedness, labeledness and morphism choice.

This work focusses on the mathematical properties of anti-monotonic support mea-
sures on graphs, an important first condition for mining efficiently. It does not com-
pletely solve the complexity question, as in the general case pattern matching remains
NP-complete and the number of matches may be exponential. There is a large litera-
ture on exact and approximate graph matching methods and in practical applications
the number of patterns may be tractable. E.g. pattern matching is possible in poly-
nomial time if the morphism type is homomorphism and the patterns have bounded
treewidth. E.g. the size of the overlap graph is bounded by a linear function of the
database size if plane graphs and plane embedding are considered. These elements
offer good perspectives to build on our theory and develop a practical pattern mining
system for large graphs in future work.

Another interesting research direction involves random graphs (Bolobas 2001).
These graphs satisfy statistical regularities, and sampling only partially the occur-
rences of a pattern may be sufficient to make a good estimation of some useful support
measures (Kashtan et al. 2004; Furer and Kasiviswanathan 2008).
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