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Consensus-Based Distributed Total Least Squares
Estimation in Ad Hoc Wireless Sensor Networks

Alexander Bertrand, Student Member, IEEE, and Marc Moonen, Fellow, IEEE

Abstract—Total least squares (TLS) is a popular solution tech-
nique for overdetermined systems of linear equations, where both
the right-hand side and the input data matrix are assumed to be
noisy. We consider a TLS problem in an ad hoc wireless sensor net-
work, where each node collects observations that yield a node-spe-
cific subset of linear equations. The goal is to compute the TLS so-
lution of the full set of equations in a distributed fashion, without
gathering all these equations in a fusion center. To facilitate the use
of the dual-based subgradient algorithm (DBSA), we transform the
TLS problem to an equivalent convex semidefinite program (SDP),
based on semidefinite relaxation (SDR). This allows us to derive a
distributed TLS (D-TLS) algorithm, that satisfies the conditions
for convergence of the DBSA, and obtains the same solution as the
original (unrelaxed) TLS problem. Even though we make a detour
through SDR and SDP theory, the resulting D-TLS algorithm re-
lies on solving local TLS-like problems at each node, rather than
computationally expensive SDP optimization techniques. The algo-
rithm is flexible and fully distributed, i.e., it does not make any as-
sumptions on the network topology and nodes only share data with
their neighbors through local broadcasts. Due to the flexibility and
the uniformity of the network, there is no single point of failure,
which makes the algorithm robust to sensor failures. Monte Carlo
simulation results are provided to demonstrate the effectiveness of
the method.

Index Terms—Adaptive estimation, distributed estimation, wire-
less sensor networks (WSNs).

I. INTRODUCTION

A N ad hoc wireless sensor network (WSN) [1] consists
of spatially distributed sensor nodes that share data with

each other through wireless links to perform a certain task, e.g.,
the estimation of a signal or parameter. Generally, the goal is
to implement an estimator that is equal (or close) to an op-
timal estimator that has access to all observations acquired by
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all the nodes in the network. The latter corresponds to a central-
ized approach, where all observations are gathered in a fusion
center to calculate an optimal estimate. A WSN, on the other
hand, requires distributed algorithms that allow for in-network
processing and only rely on local collaboration between neigh-
boring nodes. It is likely that future data acquisition, control, and
physical monitoring, will heavily rely on this type of networks.

Distributed estimation in a linear least squares (LLS) frame-
work has been widely studied in the sensor network literature
(see, e.g., [2]–[10]). The LLS framework is applied for linear
regression problems, and provides a solution for an overdeter-
mined system of linear equations, i.e., with an

data matrix and an -dimensional data vector with
. The aim is then to find a vector that minimizes the

squared error between the left- and the right-hand side (LHS)
(RHS), i.e.,

(1)

where denotes the Euclidean norm ( -norm). In a WSN,
nodes can either have access to subsets of the columns of
[2]–[4], e.g., for distributed signal enhancement and beam-
forming [11], or to subsets of the rows of (and ) [5]–[10],
e.g., for distributed system identification. Despite this common
cost function, both problems are tackled in very different
ways. In the former case, each node estimates a node-specific
subvector of the global estimator , whereas in the latter case,
each node estimates the full estimator , which allows for
consensus-based approaches. Here, we focus on the latter case,
i.e., where each node has access to a node-specific subset of the
equations. Distributed LLS estimation amounts to computing
the network-wide LLS solution in a distributed way, where the
nodes have to reach a consensus on a common network-wide
parameter vector . A motivation for this type of distributed
estimation problems, different types of algorithms, and possible
applications, can be found in [5]–[10] and references therein.

In a stochastic framework, (1) yields the best linear unbiased
estimate (BLUE), if is corrupted by additive zero-mean white
noise [12]. However, in many practical situations, the input data
matrix is also noisy. For example, in adaptive filtering, this
corresponds to the case where there is additive noise at both
the input and output of the filter that is estimated. In [13], it is
shown that the resulting LLS estimate (1) is biased in this case.
A natural generalization of LLS estimation is total least squares
(TLS) estimation, where both and are indeed assumed to
be noisy (cf. [14] for an extensive overview). For the particular
case of recursive TLS in adaptive filtering theory, we refer to
[13], where it is shown that TLS yields an unbiased estimate
if the additive noise at both the input and output of the filter is
zero-mean and white.
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In this paper, we propose an algorithm to compute the net-
work-wide TLS solution in a distributed way, where the nodes
of a WSN have to reach a consensus on a common network-
wide parameter vector . As opposed to the LLS problem,
the TLS problem is nonconvex, which makes the derivation
of a distributed algorithm nontrivial. To facilitate the use of
the dual based subgradient algorithm (DBSA) [15], we trans-
form the TLS problem to an equivalent convex semidefinite pro-
gram (SDP), based on a technique called semidefinite relax-
ation (SDR) [16]. This allows us to derive a consensus-based
distributed TLS (D-TLS) algorithm, that satisfies the conditions
for convergence of the DBSA. Even though we make a detour
through SDR and SDP theory, the resulting D-TLS algorithm
does not rely on computationally expensive SDP optimization
techniques. Instead, we obtain an iterative algorithm that solves
local TLS-like problems at each node, which enables the use
of robust TLS solvers. Furthermore, even though we solve a re-
laxed optimization problem, the D-TLS algorithm still obtains
the solution of the original TLS problem, which is available at
each node (after convergence).

The D-TLS algorithm is flexible and fully distributed, i.e.,
nodes only share data with their neighbors through local broad-
casts (single-hop communication) and the algorithm does not
assume a specific network topology or a so-called Hamiltonian
cycle (as often assumed in incremental strategies, e.g., [5]),
which makes it robust to sensor and link failures. Due to the
flexibility and the uniformity of the network (i.e., all nodes
perform identical tasks), there is no single point of failure and
the network is self-healing.

The outline of the paper is as follows. In Section II, we briefly
review the TLS problem statement and we explain how the TLS
solution can be computed. Furthermore, we describe the TLS
problem in a distributed context for WSNs. In Section III, we
review the dual based subgradient algorithm, which forms the
backbone of the D-TLS algorithm. In Section IV, we derive the
D-TLS algorithm, based on a SDR of the original TLS problem,
and we address its convergence properties. In Section V, we
provide simulation results. Conclusions are drawn in Section VI.

II. PROBLEM STATEMENT

A. The TLS Problem

We consider an overdetermined system of linear equations in
unknowns (stacked in a vector ), given by

(2)

with an noisy data matrix and an -dimensional
noisy data vector, with . Since this is an overdetermined
system of equations, its solution set is usually empty. The goal
is then to find the TLS solution, i.e., to solve the constrained
optimization problem

(3)

(4)

where denotes the Frobenius norm. In Section V-A, we will
demonstrate that the TLS estimate can be significantly better

than the LLS estimate in cases where the input data matrix
is noisy. In [13], it is shown that the TLS estimate provides an
unbiased estimate when both and are contaminated with
white noise (whereas the LLS solution is biased in this case). In
order to compute the solution of (3)–(4), we define the matrix

(5)

and the matrix

(6)

Let denote the eigenvector of corresponding to the smallest
eigenvalue, where is scaled such that

(7)

In [17], it is shown that there exists a unique solution for the TLS
problem (3)–(4) if the th singular value of is strictly
smaller than the th singular value (where the singular values
are sorted in decreasing order). In this case, the first entries of

, denoted by , are the solution of the TLS problem (3)–(4)
[14], [17]. The eigenvector can be computed in a robust and
efficient way (e.g., by means of an eigenvalue or singular value
decomposition [17]).

B. TLS in Ad Hoc Wireless Sensor Networks

Consider an ad hoc WSN with the set of nodes
and with a random (connected) topology, where

neighboring nodes can exchange data through a wireless link.
We denote the set of neighbor nodes of node as , i.e., all the
nodes that can share data with node , node excluded. Node

collects observations of a data matrix and a data vector
. The goal is then to solve a network-wide TLS problem, i.e.,

to compute a vector from

(8)

(9)

We will refer to this problem as the D-TLS problem, since it
corresponds to the TLS problem (3)–(4), where each node has
access to a subset of the rows of and a subvector of . The
goal is to compute in a distributed fashion, without gathering
all data in a fusion center.

We will develop a consensus-based algorithm, based on dual
decomposition of the optimization problem (8)–(9), which we
will refer to as the D-TLS algorithm. The dual-based subgra-
dient algorithm (DBSA) [15], which forms the backbone of the
D-TLS algorithm, is described in its general form in Section III.
Even though many of the required conditions for DBSA are vi-
olated in the case of D-TLS, we will explain in Section IV how
DBSA can still be applied, without affecting its convergence
results.

Remark I: In dynamic scenarios, an adaptive algorithm is
required to track changes in the environment. In this case, extra
observations become available over time at each node, and old
observations may become invalid. This can be easily included in
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the problem statement described above and in the D-TLS algo-
rithm described in Section IV, by applying recursive updating
and downdating schemes. However, for the sake of an easy ex-
position, we assume in the sequel that the matrices do not
change over time.

Remark II: The different nodes usually observe data at a dif-
ferent signal-to-noise ratio (SNR), depending on their position
(e.g., the distance to a localized source). Therefore, it is often
desirable to give a different weight to each term in (8), or even
to each specific row of , depending on the local SNR. This is
often referred to as generalized total least squares (GTLS) [14].
However, since the algorithmic treatment of GTLS and TLS are
the same, and for the sake of an easy exposition, we do not con-
sider GTLS in this paper.

III. DUAL BASED SUBGRADIENT ALGORITHM

In this section, we briefly review the Dual Based Subgra-
dient Algorithm (DBSA), as applied in [18] on the following
optimization problem1 for a connected network with a set of
nodes

(10)

(11)

where is a convex set with nonempty interior, is an -di-
mensional vector, and where , are convex functions.
In this problem, it is assumed that can only be evaluated
at node . The goal is then to solve (10)–(11) in a distributed
fashion, where each node eventually obtains an optimal vector

from the solution set of (10)–(11).
One possible way to solve the above problem is to apply dual

composition. The main idea is to introduce local copies of in
each node, and to optimize and update these variables until a
consensus is reached amongst all neighbor nodes as follows:

(12)

(13)

(14)

which has the same solution as (10)–(11), if the network is
connected. The constraints (14) are denoted as consensus
constraints. The condition removes redundancy in the
constraints, such that there is a single consensus constraint
for each individual link2. We denote the set of network links

, where each link contains a pair of nodes in .
We introduce the linking matrix

...
... (15)

1The problem described in [18] incorporates private variables, i.e., variables
that are not common between the nodes, and assumes that the consensus vari-
able is 1-dimensional. For later purpose, we extend the problem here for� -di-
mensional consensus variables. For the sake of an easy exposition, we omit the
private variables.

2Note that there is still a lot of redundancy left, since many links can be re-
moved without harming the overall consensus between the nodes.

where the submatrix is defined as

(16)

with denoting the identity matrix and denoting
an all-zero matrix. With this, we can rewrite problem
(12)–(14) as

(17)

(18)

(19)

where . This problem is not separable due
to the consensus constraints (19). However, by applying dual
decomposition [15], [19], the problem can be solved iteratively
in a fully distributed fashion. Consider the dual function

(20)

(21)

where denotes the so called Lagrangian defined by

(22)

and where the variables in the -dimensional vector are
so called Lagrange multipliers. We denote as the subvector of

that is applied to the rows of corresponding to submatrices
, i.e., the Lagrange multipliers corresponding to

the consensus constraints at link . If strong duality holds [19],
then the optimal value of (12)–(14) is the same as the optimal
value of the dual problem

(23)

Here, the unconstrained optimization problem (23) is referred
to as the ‘master problem’, and the optimization problem in
(20)–(21) is referred to as the “slave problem.” An important
observation is the fact that the slave problem is fully separable

(24)

with

(25)

(26)

where denotes the set of links that contain node . Since the
dual function is not differentiable in general, the master
problem is solved by a subgradient method. A subgradient of

in the point is given by

(27)

where denotes an that is in the solution set of the slave
problem (20)–(21) for the given [15]. It is noted that, if
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is differentiable in , the subgradient is equal to the actual
gradient .

We can now solve (12)–(14) with the following algorithm,
which is known as the DBSA:

1) Let and , where denotes an all-zero
-dimensional vector.

2) Each node solves (25)–(26) to get .
3) Each node transmits to the nodes in .
4) Each node updates the subvectors ,

according to

(28)

where is the node that is connected to node by link ,
and with stepsize .

5) .
6) return to step 2.
In [15], it is shown that, if the stepsize is sufficiently small,

the distance of the ’s to the optimal solution set is reduced in
each iteration if the following conditions are satisfied:

1) The functions are convex .
2) The set is convex with nonempty interior.
3) Strong duality holds for (17)–(19).
4) All subgradients of are bounded for all values of ,

i.e., .
More specifically, the following theorems hold under the

above assumptions [15].
Theorem III.1: If is not optimal, then for every dual op-

timal solution , we have

(29)

for all stepsizes such that

(30)

Theorem III.2: For a fixed stepsize , there is at least asymp-
totic convergence to a neighborhood of , i.e.

(31)

where is defined in condition 4.
In other words, there is at least asymptotic convergence to

a neighborhood of the optimal solution, where the size of this
neighborhood shrinks with .

IV. D-TLS

In this section, we demonstrate how the DBSA algorithm
can be applied to the D-TLS problem (8)–(9), even though the
latter is a nonconvex optimization problem. As explained in
Section II-A, the solution of the TLS problem (3)–(4) can be
found by means of an eigenvalue or a singular value decomposi-
tion, i.e., the computation of the eigenvector of corresponding
to the smallest eigenvalue. We use to denote this eigenvector,
and we use to denote the dimension of this vector, i.e.,

. The solution of the TLS problem is then given by the first
entries of when scaled such that the last (the th) entry

is .
The eigenvector corresponding to the smallest eigenvector

of is the solution of the following quadratically constrained
quadratic program3 (QCQP)

(32)

(33)

In the case of D-TLS, this becomes

(34)

(35)

where , with .

A. Transformation Into a Convex Problem

It is noted that (34)–(35) has the same form as (10)–(11) to
which the DBSA was applied in Section III. However, we cannot
straightforwardly apply the DBSA to (34)–(35) due to the norm
constraint, which defines a nonconvex constraint set with empty
interior. This violates condition 2 for application of the DBSA,
which states that the set must be convex with nonempty inte-
rior. Furthermore, condition 3 assumes strong duality after ad-
dition of the consensus constraints, which is not guaranteed for
(34)–(35), again due to the nonconvex norm constraint. How-
ever, since (34)–(35) is a QCQP, we can apply SDR to transform
the original problem into a convex optimization problem, which
has the solution of the original QCQP in its solution set (see
[16] for an overview article). Since the new problem is convex,
DBSA can be readily applied, and its convergence results will
then also hold for the derived algorithm. Remarkably, it will turn
out that the SDR yields an algorithm that solves local TLS prob-
lems at each node4 (see Section IV-B), which enables the use of
robust TLS solvers. Furthermore, even though we solve a re-
laxed problem, we eventually obtain the solution of the original
D-TLS problem (34)–(35).

SDR is based on the observation that
, where denotes the trace

of the matrix . By applying the substitution , we
transform (34)–(35) into the equivalent problem

(36)

(37)

(38)

(39)

3The stationary points of the Lagrangian of (32)–(33) are the eigenvectors of
�. Therefore, the eigenvector corresponding to the smallest eigenvalue is the
global minimum of (32)–(33).

4If DBSA would be directly applied to the original QCQP (34)–(35), this
would result in a different distributed algorithm that is not guaranteed to con-
verge, and it cannot rely on robust TLS solvers, since each local cost function
will then have linear terms due to the consensus constraints.
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where is used to denote that is symmetric and positive
(semi)definite. It is noted that the rank constraint (39) is the only
nonconvex constraint. The SDR approach relaxes (36)–(39) to a
convex optimization problem by removing this rank constraint,
i.e.

(40)

(41)

(42)

This type of problem is known as a SDP, which is studied exten-
sively in [19] and [20]. Obviously, the SDP resulting from the
SDR usually yields a new problem which is not equivalent to
the original QCQP. However, there is a known upper bound on
the rank of the matrix with lowest rank that is in the solution
set of any feasible SDP with an matrix variable and
linear constraints [16]

(43)

Furthermore, this matrix can easily be found [21]. It is noted
that if , as it is the case for (40)–(42), the rank of re-
duces to 1. This is a very important observation, since it implies
that the optimal solution of (36)–(39), and consequently of the
D-TLS problem (34)–(35), can be found by solving the relaxed
(convex) problem (40)–(42).

We can now apply the DBSA to the problem (40)–(42). Con-
dition 1 for convergence of the DBSA is straightforwardly satis-
fied. Condition 4 is also satisfied due to the boundedness of the
constraint set. To satisfy condition 2, the constraint set needs to
be convex with a nonempty interior, but the latter is not satis-
fied in (40)–(42). However, if we would replace the constraint
(41) with where , the solution set
of (40)–(42) remains the same (due to the minimization), but
the constraint set has now a nonempty interior (and it remains
bounded and convex). Therefore, condition 2 is also satisfied5.
Condition 3 is satisfied due to the following theorem6 from [22]:

Theorem IV.1: If the solution set of an SDP is nonempty
and bounded, then strong duality holds.

This theorem holds for the SDP (40)–(42) (also after in-
cluding the consensus constraints), because there is at least
one solution (corresponding to the solution of (34)–(35)) and
boundedness is guaranteed due to the fact that the constraint
set is bounded.

B. The D-TLS Algorithm

In the previous section, we have explained how the Dis-
tributed Total Least Squares Algorithm (D-TLS) problem can
be transformed into an SDP which has the same solution,

5The resulting DTLS algorithm as described in subSection IV-B will be ex-
actly the same, whether we use the constraint (41), or the constraint � � � �

����� � �, even though only the latter satisfies condition 2. Therefore, we
keep the constraint (40) in the sequel without affecting the convergence results
of DBSA.

6It is noted that strong duality still holds if (41) is replaced with � � � �

����� � �, due to convexity of the problem, and the fact that Slater’s condition
holds.

and satisfies the conditions for convergence of the DBSA. In
this section, we derive the formulas that describe the D-TLS
algorithm at each node, based on the algorithm description of
the DBSA in Section III.

The SDP (40)–(42) yields the following node-specific DBSA
slave problems (to be compared to the general formulation
(25)–(26)):

(44)

(45)

(46)

where is defined as the scalar version of (16), i.e.,
. The ’s are matrices that

contain the Lagrange multipliers corresponding to the con-
sensus constraints .

The slave problem (44)–(46) is solved by each node
(step 2 in the DBSA algorithm), followed by an exchange of
these solutions between neighboring nodes. After receiving its
neighbors’ solutions, the Lagrange multipliers at node are up-
dated as follows (step 4 in the DBSA algorithm):

(47)

where is the node that is connected to node by link . It is
noted that the nodes communicate matrices , which
is not very efficient. Eventually, we are interested in the -di-
mensional vector that solves the original QCQP (34)–(35) cor-
responding to the distributed TLS problem (8)–(9). However,
based on SDR theory, the problem (44)–(46) must have a rank-1
solution since it is the SDR of the QCQP7

(48)

(49)

where we used the substitution . We can then
solve this QCQP instead of (44)–(46), to obtain the rank-1 solu-
tion. Conveniently, the Lagrange multipliers now appear in the
quadratic term of the cost function, rather than in a separate
linear term as it is the case in (25). Therefore, the above con-
strained optimization problem again corresponds to computing
the eigenvector corresponding to the smallest eigenvalue8 of a
matrix, i.e., . This also implies that

(50)

where denotes the smallest eigenvalue of . The
nodes now only share -dimensional vectors with their neigh-
bors. This yields the following algorithm, which we refer to as
the D-TLS algorithm.

7Note that, since the� ’s are solutions of an SDP, they are symmetric. There-
fore the matrices� are also symmetric due to (47), assuming that they are ini-
tialized with a symmetric matrix.

8It is noted that this eigenvalue can be negative.
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The D-TLS Algorithm

1) Let and .
2) Each node computes the eigenvector

corresponding to the smallest eigenvalue of defined
by

(51)

where is scaled such that .
3) Each node transmits to the nodes in .
4) Each node updates the Lagrange multipliers

according to

(52)

where is the node that is connected to node by link
, and with stepsize .

5) .
6) return to step 2.

In each iteration of the D-TLS algorithm, each node com-
putes the eigenvector corresponding to the smallest eigenvalue
of a local symmetric matrix. Hence, although we took a detour
through SDR and SDP theory, the resulting D-TLS algorithm
eventually can still rely on robust TLS computations, i.e., an
eigenvalue decomposition, and there is no need for computa-
tionally expensive iterative interior-point algorithms, as mostly
used to solve SDP’s. Furthermore, if , the can
be efficiently computed from the previous solution by ex-
ploiting the rank-1 updates of the ’s [23], [24]. Similar pro-
cedures can be used to update (or downdate) the matrices
when new observations are included or when old observations
are removed (e.g., in adaptive scenarios).

Remark I: The multiplier update (52) requires that each
node has a unique index to determine the ’s, which requires
some extra coordination. Furthermore, each node stores a sep-
arate multiplier matrix for each different neighbor. We
can eliminate this need by using the substitution

(53)

which corresponds to a node-specific variable for node . Since
and for link that connects nodes and ,

we readily find from (52) and (53) that

(54)

where we use to denote the cardinality of the set . It is noted
that each node now only has to store a single multiplier matrix
(instead of multiple ’s, i.e., one for each link). This yields a
simplified version of the D-TLS algorithm where the multiplier
update (52) is replaced with (54) where ,
and where is redefined as .

Remark II: It is noted that D-TLS is an adaptive algorithm
where each node performs a similar task. This uniformity and
adaptivity guarantees that there is no single point of failure. This
means that the algorithm is self-healing in case of permanent
link or sensor failures, assuming that the network graph remains
connected. If link between nodes and is permanently re-
moved, both nodes need to remove from (51), and the net-
work will still converge to the solution of (34)–(35). If node
fails permanently, its neighbors must remove the from (51),

. The network will then adapt to find the new so-
lution, i.e., the solution of (34)–(35) with the th term removed
from (34). It is noted that the simplified version of the D-TLS
algorithm (see Remark I) does not have this self-healing prop-
erty, since the ’s are not stored separately9. However, both
versions of the algorithm can handle temporary link failures, as
long as none of the links or nodes are permanently removed.
We will demonstrate in Section V-G that the algorithm still per-
forms well in random graphs, where the links between nodes
fail in each iteration with a certain probability .

Remark III: We have transformed the original QCQP
(34)–(35) to another problem (44)–(46) that has the original
solution in its solution set and for which strong duality holds.
However, this does not necessarily imply that strong duality
also holds for (34)–(35). Nevertheless, strong duality of the
relaxed problem (44)–(46) is sufficient for convergence of the
derived D-TLS algorithm to the optimal solution of (44)–(46).
This is because the D-TLS algorithm is essentially DBSA
applied10 to (44)–(46), and not to (34)–(35). However, since we
select the rank-1 solution out of the solution set of (44)–(46), we
eventually obtain the solution of the original D-TLS problem
(34)–(35) or (8)–(9). It is noted that, when DBSA is applied to
the original QCQP (34)–(35), this would result in a different
algorithm, which will probably not converge due to a nonzero
duality gap. Furthermore, this algorithm cannot rely on TLS
solvers, since linear terms will appear in the local cost functions
due to the linear consensus constraints.

C. Convergence

The convergence of the D-TLS algorithm follows straightfor-
wardly from the convergence of the DBSA. For a fixed stepsize

, we know from Theorem III.2 that there is at least asymptotic
convergence to a neighborhood of the optimal solution, where
the size of this neighborhood shrinks with . Furthermore, from
Theorem III.1, we know that each new iteration of D-TLS gets
closer to the optimal solution if satisfies (30). In particular, for
the case of D-TLS, we find that [to be compared with (30)]

(55)

(56)

(57)

9Note that the sum of all� ’s must be zero at all time.
10Even though D-TLS eventually solves a QP at each node, the solution of this

QP is also a solution of (44)–(46) (i.e., the rank-1 solution), hence we implicitly
solve (44)–(46).
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where . Here, (55) follows from strong duality,
and (56) follows from (50) and (51). Expression (57) follows
from (27) and the fact that D-TLS implicitly solves an SDP with
substitution . Using the fact that
and , we obtain

(58)

Based on Theorem III.1, this results in the following bound for
the stepsize:

(59)

Here, the numerator is equal to the difference between the cur-
rent value of the dual function and its optimal value, which re-
duces to zero if and only if all are equal to the solution of
(34)–(35). The denominator (57) is the squared consensus error
summed over all the links of the network. It is noted that the
denominator heavily depends on the number of links , i.e.,
strongly connected networks require a smaller . However, this
does not necessarily result in slower convergence, since infor-
mation diffuses much faster over the network if it is strongly
connected (simulations in Section V-C confirm this). The nu-
merator, on the other hand, mainly depends on the number of
nodes, i.e., increases when increases (this
follows from the fact that all ’s are positive definite).

D. Choice of Stepsize

A small stepsize yields a more accurate estimate of the TLS
solution, but generally yields slow convergence. Therefore, it is
desirable to adapt in each iteration so that it is close to the
upper bound (59). This is often not possible in practice since
the nodes usually do not have access to most of the variables
in (59). However, the second term of both the numerator and
the denominator are summations over variables that are locally
available in different nodes of the network (in fact, the compu-
tation of can also be viewed as the sum of locally available
variables, i.e., ). Therefore, these sum-
mations can be iteratively computed by so called ‘consensus av-
eraging’ algorithms (see e.g., [25]). These procedures compute
the average (or sum) of local observations in an iterative fashion,
and this average is then eventually known to each node. If is
large, this will not significantly increase the required communi-
cation bandwidth that is used by D-TLS. Alternative fast gossip
type algorithms for computing the sum of local quantities can
be found in [26]. The value cannot be com-
puted, and therefore an estimate should be known a priori (or at
least a tight lower bound should be known).

It is noted that the computation of (59) becomes less robust
when the algorithm closely approximates the optimal solution,
since both the numerator and the denominator then become very

small. In this case, there will be large fluctuations in the step-
sizes of subsequent iterations, and extremely large values may
be obtained when the denominator approaches zero. Therefore,
it is better to use (59) in combination with an a priori fixed upper
bound, to avoid instability. An alternative approach is to only
use an upper bound for the denominator instead of the full ex-
pression, i.e.

(60)

or the less conservative bound

(61)

with .
If there is no knowledge available on any of the variables

in (59), convergence to the optimal solution can be guaranteed
when a variable stepsize is used that satisfies [15]

(62)

(63)

A possible (but conservative) choice is . However,
in tracking applications, (62)–(63) cannot be used, and then a
fixed stepsize is a better alternative. The latter requires some
parameter tuning, and it introduces a tradeoff between the speed
of convergence (or adaptation speed) and the accuracy of the
final solution, as given by Theorem III.2.

V. SIMULATIONS

In this section, we provide numerical simulation results
that demonstrate the convergence properties of the D-TLS
algorithm. To illustrate the general behavior, we show results
that are averaged over multiple Monte Carlo (MC) runs. In each
MC run, the following process is used to generate the network
and the sensor observations (unless stated otherwise):

1) Construct a -dimensional vector where the entries are
drawn from a zero-mean normal distribution with unit vari-
ance.

2) Create a random11 connected network with nodes, with
3 neighbors per node (on average).

3) For each node :
• Construct a input data matrix where the

entries are drawn from a zero-mean normal distribution
with unit variance. The matrix is then scaled by a
random factor drawn from a uniform distribution on the
unit interval (this models the different observation SNR
at each node).

• Compute .

11Unless stated otherwise, we start from a random tree to guarantee that the
network is connected. Links are then randomly added until the average number
of links per node equals 3.
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Fig. 1. Comparison of different techniques for the estimation of�.

• Add zero-mean white Gaussian noise to the entries in
and , with a standard deviation of 0.5.

In each experiment, we choose ,
and we run the D-TLS algorithm for 400 iterations (unless stated
otherwise). It is noted that both algorithms (i.e., D-TLS and its
simplified version, as described in Remark I in Section IV-B)
are exactly equivalent in each of the experiments in the sequel,
except for the experiment in Section V-G.

To assess the convergence and optimality of the algorithm,
we use the error between the centralized TLS solution and the
local estimate, averaged over the nodes in the network

(64)

where is the solution of (34)–(35).

A. TLS Versus LLS

To motivate the use of D-TLS, we first compare different
techniques to estimate . The results are given in Fig. 1,
showing the exact entries of the 9-dimensional vector ,
together with the following estimates:

• The centralized TLS solution.
• The D-TLS solution at node 1 (with fixed stepsize ).
• The local TLS solution at node 1, without sharing any data

with neighboring nodes.
• The centralized LLS solution.
Fig. 1 demonstrates that the TLS procedure indeed provides

a significantly better estimate than the LLS procedure, since the
latter ignores the fact that the input data matrix is noisy. Fur-
thermore, it is demonstrated that the solution of the D-TLS al-
gorithm is very close the centralized TLS solution. A last ob-
servation is that nodes indeed benefit from sharing their data
among each other, since only using the data of node 1 yields a
very poor TLS estimate.

B. Influence of Stepsize

For the convergence properties of the D-TLS algorithm, we
compare the following strategies to choose the stepsize :

• Strategy 1: a fixed stepsize .
• Strategy 2: an adaptive stepsize, based on upper bound

(59), but clipped to always stay smaller than 5.
• Strategy 3: a more conservative adaptive stepsize, based on

upper bound (60).

Fig. 2. Convergence properties of D-TLS for different strategies in choosing
�, averaged over 1000 MC runs.

Fig. 3. Convergence properties of D-TLS for different values of the fixed step-
size �, averaged over 1000 MC runs.

For each strategy, 1000 MC runs are performed, and the mean
values (over all MC runs) of the error curves are shown in Fig. 2.
The gray-colored areas cover one standard deviation of the error
curves over all MC runs (on both sides of the mean curve). It is
observed that the stepsize based on (60) (strategy 3) has a fast
initial convergence, but becomes extremely slow when it gets
close to the optimal solution. This can be explained by the fact
that the denominator is fixed in (60), and becomes very large
compared to the numerator when reaching the optimal solution,
yielding an extremely conservative stepsize . The fixed step-
size and the adaptive stepsize based on (59) (strategies 1 and 2),
have a similar convergence speed.

In the next experiment, we use different values for the fixed
stepsize. The results are shown in Fig. 3 (the standard deviation
of the MC runs is given for and ). Fig. 3 shows
that was actually a lucky guess. Indeed, the convergence
of the D-TLS algorithm heavily depends on the stepsize. The
stepsizes that are smaller than 1 all yield slower convergence.
For the stepsizes larger than 1 ( and ), convergence
becomes a vague concept, due to the large excess error, i.e., the

’s vary significantly over the different iterations (this causes
the large standard deviation in the experiments with ).
The adaptive stepsize based on (59) seems to provide a good
convergence speed when prior tuning of the stepsize is not pos-
sible, as it is almost identical to the experiment (compare
with Fig. 2).
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Fig. 4. Convergence properties of D-TLS for different degrees of connectivity,
averaged over 200 MC runs.

C. Influence of Connectivity of the Network Graph

In this experiment, we investigate the influence of the con-
nectivity of the network, where the number of nodes is fixed to

. Two extremes are of interest: a network with a ring
topology (i.e., each node has 2 neighbors) and a fully connected
network (i.e., each node has neighbors). We also inves-
tigate networks in between those extremes, by adding links be-
tween random node pairs. In particular, we simulated (random)
networks with .

200 MC runs are performed for each type of network (the
links are chosen differently in each run). The stepsize is fixed,
but depends on the number of links, i.e., , in-
spired by expression (60), as the denominator increases linearly
with the number of links. The results are shown in Fig. 4. Not
surprisingly, it is observed that increasing the number of links
increases the convergence speed, even though a smaller is
used. However, this effect becomes less significant for large .
In the case of a ring topology, the convergence speed can be
greatly improved by only adding a few extra links.

D. Influence of Dimension

In this experiment, we increase the dimension of the
vector . When is large, the ratio between the smallest and
second smallest eigenvalue of the matrix might be close to
one, especially at nodes with very low SNR. This makes the
eigenvalue problem in step 2 of the D-TLS algorithm ill-condi-
tioned, which may affect the stability or the convergence time
of the D-TLS algorithm12. Therefore, the input data matrix is
not scaled with a random variable in this experiment, to avoid
nodes with very low SNR.

In particular, we simulated 100 MC runs for each value of
. The stepsize is fixed, but depends on

the dimension , i.e., , inspired by expression
(60), as the numerator increases linearly with . The results13

are shown in Fig. 5. It is observed that the value of signifi-
cantly influences the convergence speed of the algorithm.

12In practice, low SNR nodes should therefore be removed from the network
when using D-TLS for high-dimensional regression problems.

13The reason why the variance over the different MC runs is smaller than in
previous experiments, is the fact that the SNR is equal in every node and in every
MC run.

Fig. 5. Convergence properties of D-TLS for different dimensions� , averaged
over 100 MC runs.

Fig. 6. Convergence properties of D-TLS for different sizes of the network,
averaged over 100 MC runs.

E. Influence of Size of the Network

In this experiment, we increase the number of nodes , but
the average links per node remains fixed to 3. We simulated 100
MC runs for a network with nodes, and with
the stepsize fixed to . The result is shown in Fig. 6. It is
observed that the size of the network has almost no influence on
the convergence speed.

F. Random Graphs

In this experiment, each link can fail in each iteration, with
a certain probability . This models packet loss in the commu-
nication between nodes. Basically, this means that in (54)
changes with the iteration index . We simulated 200 MC runs
for each value of . The results are
shown in Fig. 7 for a fixed stepsize . It is observed that
the algorithm still performs pretty well under significant packet
loss. However, high packet loss significantly decreases conver-
gence speed, especially when close to the optimal solution.

G. Self-Healing Property

In this experiment, we demonstrate the self-healing property
of the D-TLS algorithm, i.e., it’s capability to adapt to perma-
nent changes in the network topology. Notice that this is dif-
ferent from the previous experiment with random graphs, where
each link is active in an infinite number of iterations. Here, we
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Fig. 7. Convergence properties of D-TLS for random network graphs with dif-
ferent link failure probabilities, averaged over 200 MC runs.

Fig. 8. Self-healing property of the D-TLS algorithms after removal of nodes.

demonstrate that the algorithm can recover the optimal TLS so-
lution when nodes are permanently removed from the network.
It is noted that the simplified algorithm, as described in Re-
mark I at the end of Section IV.B, does not have this self-healing
property.

In the experiment, 2 random nodes are permanently re-
moved14 after 800 iterations, and another 2 after 1600 iterations.
When these nodes are removed, the topology of the network
changes significantly since many links disappear, and also the
TLS solution changes since two terms in the cost function (34)
are removed. The ’s corresponding to the disappearing links

are removed from the expressions (51) and (52). The result
is shown in Fig. 8 for a fixed stepsize , and a single run.
After every 800 iterations, the error increases significantly, but
the algorithm swiftly recovers from the changes in the network.

VI. CONCLUSION

In this paper, we have considered the TLS problem in anad hoc
wireless sensor network, where each node collects observations
that yield a node-specific subset of linear equations. We have de-
rived a D-TLS algorithm that computes the centralized TLS so-
lution of the full set of equations in a distributed fashion, without
gathering the data in a fusion center. To facilitate the use of the
DBSA, we have transformed the TLS problem to an equivalent
convex SDP that satisfies the convergence conditions of DBSA,
and yields the same solution as in the original problem. Even

14Nodes can only be removed if the network graph remains connected after
the removal.

though we have made a detour through SDR and SDP theory, the
resulting D-TLS algorithm relies on solving local TLS-like prob-
lems at each node, rather than on computationally expensive SDP
optimization techniques. The algorithm is flexible and fully dis-
tributed, i.e., it does not make any assumptions on the network
topology and nodes only share data with their direct neighbors
through local broadcasts. Due to the flexibility and the uniformity
of the network, there is no single point of failure, which makes the
algorithm robust to sensor failures. We have provided MC simu-
lation that demonstrate the effectiveness of the algorithm.
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