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Bearings, friction wheels, cams, etc. are widely employed elements in machine construction. The

modeling of the dynamics of rolling friction plays therefore a crucial role in the simulation and

optimization of such systems. This paper describes a recently developed transient-rolling-friction

model with its application to different generic dynamical systems, to simulate the effects of rolling

friction or traction on the dynamics of mechanical systems. The results, which are expressed in terms of

the complex stiffness arising in the rolling-contact patches, show that the behavior depends on both the

amplitude and the frequency of oscillation. For low amplitudes and frequencies, the behavior is quasi-

linear. For increasing amplitudes and frequencies, however, strong non-linearities appear, leading to

complex behavior.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Rolling elements are widely used in machine construction for
motion guidance and transmission, in various applications,
including robotics and positioning systems, railway and vehicle
applications. The growing demands for accuracy, performance,
and reliability in machines require an accurate modeling of
friction in their moving parts.

Positioning and machining devices often employ rolling
elements, such as ball bearings and roller bearings (see, e.g.
[1–4]). The study of rolling-element bearings was and still is an
important research topic [5–11]. These elements introduce non-
linear frictional behavior, which often mortgages accurate and fast
positioning. Furthermore, the replacement of failed or damaged
elements constitutes a considerable part of the maintenance costs
in industrial applications and maintenance schemes.

The study of traction in tyre–road contacts [12,13] can lead to
significant improvements in the drive comfort, handling and
reliability of vehicles. Similar research is performed and is still
ongoing in the field of railway applications [14–18], where noise
and vibrations such as squeaking and rattling while braking and
taking bends, and associated wear, are of great concern [19–21].

The preceding examples point to the exigency of simulating
and optimizing rolling contacts. A profound study of the tractive
forces in the contact between a rolling element and its counter
ll rights reserved.
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surface is therefore a pertinent issue, together with the investiga-
tion of the reciprocal influence of friction and structural dynamics.

The traction stress field in the contact of a body of revolution
and its mating surface, originates from the relative motion
between points on the contacting bodies. When an elastic body
of revolution rolls with traction over another, the traction field in
the contact patch changes progressively with the traversed
distance and the prevailing creepages. This traction field, which
is generally dynamic, determines the traction forces developed in
the system. During the past decades, there has been a significant
amount of research into rolling elements, which remained,
however, restricted to steady-state rolling. Consequently, nowa-
days, the steady-state gross rolling process is well understood,
while transient effects still need a profound investigation.

The transition period, building up to steady, gross rolling,
which is denominated the pre-rolling period, is characterized by
rate independent hysteresis behavior with non-local-memory
effect [22]. In an earlier publication [23], the authors present a
transient model which is able to simulate the motion and traction
stresses in a tractive rolling contact, subjected to a constant
creepage. This model has been validated in Ref. [24] for the
specific case of a ball rolling in a V-grooved track. In the present
paper the application of the model is extended towards dynamical
systems, in which the creepage is no longer constant over time,
but depends on the dynamics of the constituent system.

In applications where transient conditions are expected, such
as vibrations, accelerations or decelerations, the dynamics of the
system play a part in the analysis. Gupta proposes an advanced
approach to simulate the rolling element motion in a general way
for both roller and ball bearings [25], based on a time integration of
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the general differential equations of motion, and a calculation of
the external forces acting on the rolling element. The determina-
tion of the external forces relies on the applied bearing load, the
roller-race and the roller-cage interactions, together with the
lubrication effects. In his analysis, the traction forces are based on
steady-state elastohydrodynamic lubrication theory. Abascal [26]
studies the transient dynamic friction in two-dimensional contacts,
using the boundary element method. Spiegelberg et al. [27] study
the transient friction effects in the contact between a cylinder and
two flat plates, using a brush model. Overall, the knowledge of
rolling friction under transient conditions is somewhat limited,
while there is an obvious need for such knowledge, and for the
possible models it can yield, for the purpose of characterizing the
dynamics of systems comprising rolling elements.

The objective of this study is to simulate the transient rolling-
friction behavior together with the dynamics of generic systems
comprising rolling elements. The used rolling-friction model,
based on a Winkler bedding and an appropriate choice of the
flexibility parameter L, yields a linear approximation with a
solution close to the exact theory [23]. The transparency and the
easy application of the theory is advantageous for implementing
the model in larger systems, i.e. including system dynamics. The
dynamics of the system will affect the developed friction
behavior, while the transient effects of the friction will, in their
turn, influence the system’s behavior. This interaction is the
underlying theme of this paper.

The paper is structured as follows. Section 2 outlines the rolling
friction model, which is used in the subsequent case studies. In
Section 3, the dynamics of a ball on a flat plane is investigated,
where the rotation of the ball is affected by the imposed motion of
the contacting flat. In Section 4, a two degree-of-freedom model is
presented, namely the motion of a ball in between two flat planes,
where the system is excited through the motion of the upper
plane. The last case study in Section 5 comprises the motion of a
ball in between two V-grooved tracks. In this case, the kinematic
spin motion of the ball is added to the dynamical creepage in the
contact. Finally, appropriate conclusions are drawn.
2. Transient rolling of a sphere on a plane surface

Based on [23,24], this section delineates the basic theory for
modeling the transient, tractive rolling of a sphere on a plane rigid
surface. The rolling situation is depicted in Fig. 1. The sphere, of
radius R, being loaded by a force normal to the plane surface, W,
rolls in the x-direction such that its centre translates at a velocity
V, while being subjected to creepages (see further).

2.1. Problem specification

The rolling problem is specified by determining (i) the contact
patch size and pressure distribution and (ii) the rolling creepages,
as follows.
Fig. 1. Overview of the rolling motion. (Reproduced with permission from [23].)
2.1.1. Normal stresses and contact patch

When an elastic sphere, of radius R and equivalent modulus of
elasticity Ee, is pressed against a rigid plane surface with a load W,
we have:
�
 The contact patch will be the circular region A¼ fðx,yÞ : x2þ

y2ra2g, where the radius is given by

a¼
3WR

4Ee

� �1=3

: ð1Þ
�
 The normal stress, pz, is given by

pzðx,yÞ ¼ p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ðx=aÞ2�ðy=aÞ2

q
with p0 ¼

3W

2pa2
: ð2Þ

2.1.2. The creepages

Creepage, sometimes called rigid slip, is the difference
between surface velocities of the rolling objects in the contact
patch, when the objects are assumed rigid. Referring to Fig. 1, if
the sphere’s geometrical centre translates with a velocity V, while
the sphere is spinning around its x-, y- and z-axes with angular
speeds _c, o and _f, respectively, the creepages are defined by

dVx ¼�oRþV the longitudinal creepage;

dVy ¼
_cR the lateral creepage;

_f the spin creepage:

8><
>: ð3Þ

Creepage can originate from (i) the kinematics of the system, or (ii)
from the dynamics of the system. The case (i) can be illustrated by
the rolling of a ball in a V-grooved track. Assuming that the
velocity of the ball is low enough to avoid dynamic effects, or
equivalently that the ball is massless, the creepage in the contact is
that of pure spin, due to kinematics of the system. This is
illustrated in Fig. 2. In case (ii), the creepage originates from the
dynamics of the ball with respect to the track surface. Examples of
this case can be found in high speed spindle bearings, in which the
high accelerations applied by the electric motors result in slipping
of the bearing balls in their raceways. Similar effects can occur in
ball-screw nuts of dynamically driven systems.

The problem of an elastic sphere, tractively rolling on a rigid
plane, can be reduced to that in which the contact patch is
stationary in space and time. This is accomplished by assuming
the rigid plane upon which the sphere is rolling to be moving in
the opposite direction with a velocity V (see Fig. 1).

2.2. Constitutive equations

2.2.1. The slip equation

In order to arrive at an equation to describe the kinematics
of the surface points lying inside the contact patch A, one follows
ωs

ω
ωr

Main rolling

α R
R’

Fig. 2. The configuration of V-groove rolling.
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a point on the surface of the sphere, which enters the contact
patch and mates, at the entrance, with a counterpoint on the rigid
plane. Owing to the creepage, the point on the surface of the
sphere will have to deform in the contact plane, by an amount
u¼(u,v) being called the displacement, which is generally
function of space and time. The slip s is defined as the relative
velocity between mating points in the interface. We obtain the
following differential equation for the plane deformations:

s¼ c�V
@u

@x
þ
@u

@t
, ð4Þ

with c¼ ðdVx�
_fy,dVyþ

_fxÞ.
Generally, V¼V(t). If the creepage is scaled with V, then one

can rewrite the previous equation in terms of the traversed rolling
distance, q by making use of the substitution:

q¼

Z t

0
VðtÞdt: ð5Þ

Substituting this into Eq. (4) and normalizing the creepage and
the spin by the rolling velocity results in

S¼ C�
@u

@x
þ
@u

@q
, ð6Þ

where S¼s/V ¼ (Sx,Sy) is the relative slip and C¼ c=V ¼

ðxx�fy=a,xyþfx=aÞ is the relative creepage, with xx ¼ dVx=V ,
xy ¼ dVy=V , f¼ _fa=V .

2.2.2. Traction–displacement relationship: a linearized theory

Here, the relationship between surface displacement (u,v) and
the tangential traction field (px,py) for the case of no slip is
determined using a ‘‘Winkler bedding’’ model. In this approx-
imating approach, the surface of the elastic object is considered to
be covered with elastic bristles in the normal direction with
constant stiffness for tangential deformations, being characterized
by the flexibility parameter L, such that the following relation
holds for no-slip conditions:

ðu,vÞ ¼ L:ðpx,pyÞ: ð7Þ

The flexibility parameter L depends on the elasticity character-
istics of the sphere and the magnitude of the creepages, and is
given by

L¼
L1jxxjþL2jxyjþL3jfjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
xþx

2
yþf

2
q : ð8Þ

The formulas for the parameters L1, L2 and L3 are given in
Appendix B.

2.2.3. The traction limit and slip conditions

Eq. (7) is no longer valid when slip occurs between the mating
points. This will be the case when the condition

Jðpx,pyÞJrmpz ð9Þ

is violated. Here, pz is given by Eq. (2) and m is a local coefficient of
friction. This condition (9) is known as the traction bound, which
results in a relationship for determining the tangential tractions:

ðpx,pyÞ ¼

ðu,vÞ

L
; Jðpx,pyÞJrmpz,

mpz
ðu,vÞ

Jðu,vÞJ
elsewhere:

8>><
>>: ð10Þ

In this analysis, the local coefficient of friction is assumed to be
constant in time and in contact condition. However, in real
contacts, the coefficient of friction may vary owing to many
factors such as variable contact pressure and/or wear caused by
(partial) slip. In a more refined analysis, these effects can be taken
into account. However, the error committed by neglecting them,
appears to be acceptable [24], which justifies assuming a constant
coefficient of friction for the time being.
2.2.4. Initial conditions

The final necessary ingredient for solving the rolling-contact
problem is the specification of the initial traction field present in
the contact prior to commencement of (pre)rolling motion. This
traction field is induced by the Hertzian loading of the rolling
bodies, in the normal direction, when friction is present between
the contacting surfaces. The procedure for calculating this traction
field is detailed in [23]. Obviously, this initial traction field will
determine the transition trajectory to steady-state rolling. How-
ever, the traction field pertaining to steady-state rolling is
independent of the initial traction field (see [23]). Thus, if periodic
rolling involves passing through the steady-state traction field, it
will, consequently, be independent of the initial conditions. In the
simulation experiments presented in the remainder of this paper,
which consider only sinusoidal motion, one may therefore assume
any arbitrary initial traction field, e.g. a null field, without loss of
generality.
2.3. Numerical implementation and calculation of the traction forces

and moment

In order to solve the system of equations presented above, a
numerical procedure was developed in which the contact patch
was discretized into a set of nodes. Starting from any given initial
traction field, the new displacement distribution (u,v) at every
time step is obtained by shifting the previous u and v vectors by
the rolling increment Dq and augmenting it with the calculated
extra displacement. Since the rolling increment is generally
independent of the grid size, the shifting must be performed by
2D bilinear interpolation of the displacement distribution. After-
wards, the traction bound is calculated and the traction limit is
verified. For details, the reader is referred to [23]. When the
traction fields have been determined, the resultant traction forces
and traction moment are calculated by quadrature of the fields
over the contact patch:

Fx ¼

Z a

�a

Z aðyÞ

�aðyÞ
pxðx,yÞdx dy, ð11Þ

Fy ¼

Z a

�a

Z aðyÞ

�aðyÞ
pyðx,yÞdx dy, ð12Þ

Mz ¼

Z a

�a

Z aðyÞ

�aðyÞ
pðx,yÞrðx,yÞdx dy, ð13Þ

with r(x,y) being the radial distance from the centre of the contact
patch to the location of the node. Fig. 3 shows an example
of a transient simulation for the case of rolling with longi-
tudinal creepage, where the friction force Fx is calculated using
Eq. (11).
2.4. Normalization of the model

Before going into the case studies, and in order to facilitate
analysis and presentation, we consider it useful first to normalize
the problem with respect to its parameters, using dimensional
analysis, so as to permit an easier analysis of the results and
provide better insight into the behavior. For this purpose, the
lengths are rescaled by a, the masses by I/a2 (I being the moment
of inertia of the sphere about an axis through its centre), and the

times by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I=ðp0a3Þ

p
. The frequency of excitation is made
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Fig. 3. The results for transient (pre-)rolling with longitudinal creepage. In the middle figure, the hysteresis plot is depicted, the other figures depict the local traction field.

(Reproduced with permission from [23].)
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dimensionless via:

f �t ¼ ft

ffiffiffiffiffiffiffiffiffiffi
I

p0a3

s
: ð14Þ

With

I¼ 8
15pR5r, ð15Þ

for a solid sphere, we obtain

ft ¼ f �t

ffiffiffiffiffiffiffiffiffi
15E

4r

s
a2

pR3
, ð16Þ

which gives the conversion relationship between dimensional and
dimensionless frequency.

In the following sections, all results are given in dimensionless
form, where the * is dropped for convenience.
3. Case 1: a sphere rolling on a plane

3.1. System description

As a first case to study the influence of dynamics on the
frictional behavior of a system comprising a rolling element, the
system depicted in Fig. 4 is treated. The rolling sphere has
one degree-of-freedom, namely its (frictionless) rotation around
the z-axis. A massless flat plate is pressed against the sphere,
resulting in a circular contact patch. Obviously, the dynamic
behavior of the sphere is affected by the traction between plane
and sphere. A prescribed tangential displacement xt(t), is imposed
on the upper plane, while the effect on the motion of the sphere
and the friction force in the contact is determined. The rotation of
the sphere is determined by the following equation:

€y ¼F ðy,xt ,hisÞ, ð17Þ
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where F is the non-linear frictional force, which depends on the
position of the upper plate xt, the rotation of the sphere y, and the
history of the motion his. The simulation is carried out as follows.
At every time step, the friction force is calculated using the rolling
friction model of Section 2. For given geometrical, material and
load properties of the system, the input to this model is the
longitudinal creepage in the contact, given by

xx ¼
_xt�R _y
_xt

: ð18Þ

The friction force acting on the sphere constitutes the input to the
numerical scheme to solve Eq. (17). Since the only damping
originates from the slip of the ball on the flat surface, the system
will not damp out entirely. For low oscillation amplitudes, the
friction force will become a linear function of the displacement, as
can be observed on the hysteresis curve of Fig. 3(c), at
commencement of motion reversal. In this region, very little
damping will occur, and the stiffness is given by the slope of the
hysteresis curve at that point. Therefore, a Newmark scheme [28]
I

y

x
z

xt (t)

θ

Fig. 4. Rolling dynamics case 1: a 1-DOF system.
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Fig. 6. Ramp input to the position of the plate xt. (a) The b
is used to solve Eq. (17), which is appropriate for lightly damped
systems.
3.2. Simulation results

Fig. 5(a) depicts the phase plot of the free response, with initial
conditions _y0 ¼ 0:3 and y0 ¼ 0 and null initial traction field. In
the nomenclature section, an additional table is added with the
numerical values of the variables used in the simulations. The
amplitude dependency of the damping is clearly visible. In
Fig. 5(b), the friction force is plotted as a function of the ball
rotation angle. During the oscillatory decay, the increasing
stiffness of the hysteresis behavior is observed, as evidenced by
the ever increasing slope of the force-displacement curve.

When we apply a ramp input of the position xt, that is, a step
input of the velocity _xt , we may expect damped oscillatory
behavior of the rotational velocity _y of the sphere, while the
angular position of a point on the surface of the sphere will lag
the reference signal. In Fig. 6, which simulates this situation, the
angular position and velocity are plotted together with their
reference signal. One can clearly see the resonant behavior of the
ball in the velocity signal. The resonance originates from the ball
inertia and the tangential stiffness in the contact patch.

To perform a systematic analysis of the non-linear behavior, a
stepped-sine excitation is applied to the system. That is, the upper
plane motion xt is made sinusoidal, for a set of discrete
frequencies. This experiment is carried out for different excitation
amplitudes, in order to study the influence of the amplitude on
the behavior. In Fig. 7(a), the frequency response function Ffric/xt is
plotted, which represents a measure of the complex stiffness of
the ball-flat contact. For low frequencies, one can notice an
increasing stiffness, up to a certain break frequency after which
the stiffness becomes constant and a phase lag begins. For low
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frequencies, the motion of the plate is (almost) completely
transmitted to the ball, which can thus follow the imposed
motion. For higher excitation frequencies, the velocity of the plate
increases and as a result, the ball will no longer be able to follow
the plane’s motion, which results in a certain amount of slip
between plane and sphere. The transition frequency from
increasing stiffness to a constant amplitude complex stiffness is
denoted by fs. In Fig. 7(b), fs is plotted as a function of the
excitation amplitude. One can notice a decreasing exponential
trend for fs as a function of A.

A profound study of this behavior in function of the different
model parameters can result in a better insight into the problem
and a consequently better design to avoid early wear and failure
of the system due to excessive slip in the contacts. Because the
model parameters are reduced by normalizing w.r.t. the radius of
the contact patch a, the maximum normal pressure p0, and the
ball inertia I, these parameters fall out of the model equations, so
that Eq. (1) becomes

1¼
3W�R�

4E�h

 !1=3

3R� ¼
4E�h
3W�

: ð19Þ

In other words, R* increases if E* increases or W* decreases. In this
way, R* contains all geometry, elasticity and load information.
Since the ball inertia is also reduced by non-dimensionalizing the
model, we get

I� ¼ 1¼ R2
g m� ¼ f ðR�Þm� ) R� ¼ f ðm�Þ: ð20Þ

From Eq. (20), R* also holds the inertial or mass information. To
study the influence of R*, this parameter is varied between
reasonable bounds. Owing to geometrical limitation, a cannot be
larger than about R/4 without violating the assumptions of the
Hertz theory.

The resonance frequency fres is defined as

fres ¼
1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R�2K�

I�

r
, ð21Þ

where K* is the tangential stiffness in the contact patch.
3.3. Dynamic behavior of a mass on a non-linear element

In this section, the dynamic behavior is discussed when non-
vanishing inertia, a (dimensionless) mass M, is assigned to the
plate. In this case, the input force Fx, needed to maintain a
sinusoidal displacement xt (applied to the plate, as in the previous
section), is a function of the inertia of the plate. Fig. 8 shows the
absolute frequency response function of the simulated force/
displacement for an indicated excitation amplitude A¼1, for
different masses of the plate. As can be seen, the shape of the
transfer function changes drastically with changing plate mass.
Obviously, the limit M¼0 corresponds to Fig. 7(a) (A¼1), while
for M-1, the mass-line limit is approached.
4. Case 2: a rolling sphere in between two planes

4.1. System description

The system of a rolling sphere in between two flat plates is
depicted in Fig. 9. This is a simplified model representing various
kinds of rolling, such as that found in ball bearings, linear
guideways, cam-follower systems, etc. The system is excited by
applying a tangential displacement to the upper plate, while
the motion of the lower plate is obstructed. The friction force in
the upper contact is denoted by Fx1, while the friction force in the
lower contact is denoted by Fx2. The creepage in each contact is
given by Eq. (22).

x1 ¼
_xt�ð _xþR _yÞ

_xt
,
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x2 ¼
�ð _x�R _yÞ

_x
: ð22Þ

4.2. Simulation results

When a velocity step is applied to the system, the (exponen-
tially windowed) spectrum of Fx1 shows two peaks, originating
from the natural frequencies of the translation and rotation
oscillations, respectively, given by

o1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K�upþK�lo

m�

s
,

o2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R�2ðK�upþK�loÞ

I�

s
, ð23Þ

where K*up and K*lo are the tangential contact stiffness in the
upper and lower contact patches, respectively. These stiffnesses
can be calculated from the tractive behavior in each contact. Since
for a solid sphere I* ¼ 2/5m*R*2 and under the assumption that

K*up equals K*lo, one can derive that o2 ¼
ffiffiffiffiffiffiffiffiffi
5=2

p
o1. This is

confirmed by the simulation results of Fig. 10.
The response to a velocity step input, is given in Fig. 11. From

these plots, one can see the different frequencies of the rotational
and the translational motion of the sphere. v1 and v2 are the
xt (t)

y

x

z
θ

Fig. 9. Rolling dynamics case 2: a 2-DOF system: rotation and translation.
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velocities of particles on the surface of the sphere, in the upper
and lower contact, respectively. Since v1 ¼ _xþ _yR and v2 ¼ _x� _yR,
these particle velocities contain frequency information from both
modes. ðv1� _xtÞ and v2 denote the slipping velocities in both
contacts and account for the energy dissipation and consequently
for damping and wear in both contacts.

In Fig. 12, three sinusoidal excitations xt ¼ Asinð2pfttÞ with
different excitation frequencies are compared. The initial velo-
cities _yð0Þ and _xð0Þ are set equal to 2pftA=ð2RÞ and 2pftA=2,
respectively, to avoid transient effects at the start of the
simulation. For the lowest excitation frequency ft ¼ 1,
Fig. 12(a), there is almost no sliding in the contacts. When
increasing the frequency to ft ¼ 6.5, the sliding increases,
Fig. 12(c). For yet higher excitation frequency ft ¼ 10, Fig. 12(e),
high sliding speeds occur in the contacts, while the motion of the
sphere, both for rotation and translation, is no longer sinusoidal,
but approximates a rounded triangular signal. The friction forces
in both contacts are visualized for these three cases in the right
column of Fig. 12(b,d,f).

When applying a stepped-sine excitation to the system,
identical results are obtained as for the system with one degree-
of-freedom of Section 3. We can therefore conclude that the
translating motion does not influence the stiffness properties of
the upper contact.

In a significant part of the applications, the rolling element is
subjected to a varying normal load, implying a variable contact
patch. An obvious example is the loaded deep groove ball bearing,
provided with a static radial load. Here, the load for each ball in
the bearing alters with its changing radial position. Fig. 13 shows
the evolution of the contact patch radius as a function of time. In
Fig. 14, the frictional forces are plotted as a function of time, when
the externally applied force W* changes progressively with time,
from 2 up to 3.6. From Fig. 14, one can notice the beneficial effect
of the increasing normal load on the damping of high-frequency
components.
5. Case 3: a rolling sphere in between two V-grooved tracks

5.1. System description

Fig. 15 shows the configuration of a sphere rolling in between
two V-grooves. To the upper V-groove, a displacement xt(t) is
applied, while the lower V-groove stands still. From the right
panel of Fig. 15, one can notice that the rolling motion of the ball
o can be resolved in the contact patches as a spin motion os

combined with a pure rolling motion or . In a kinematic analysis,
that is, where inertial effects are neglected, the spin motion of the
ball is the main source for the frictional losses in the contact. For a
low-frequency excitation of the upper V-groove, the spin motion
is determined by the geometry of the system, i.e. the ball radius
R, and the opening angle of the V-groove, a. Analysis of rolling
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in V-groove can be found in [24], where experimental evidence,
pertaining to low-frequency motion, is weighted against the
theoretical model briefly presented in Section 2. For higher
dynamical excitation, the inertia of the sphere will cause an



Fig. 15. Rolling dynamics case 3: V-groove rolling. (Reproduced with permission

from [24].)
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additional creepage in the contact patches and consequently extra
losses.

The spin component is given by [24]

f¼
os

vt
¼

ocos
a
2

� �
vt

: ð24Þ

5.2. Simulation results

The motion response to a step input of the velocity _xt is
presented in Fig. 16, with groove angle a¼ p=3. The transient is
damped out much faster than in the case of systems 1 and 2 (cf.
Sections 3 and 4) because of the extra, permanent damping due to
the spinning motion in the contact patches. The spin component,
and consequently the extra damping, decrease with increasing
groove angle a. Due to the geometry of the system, the natural
frequencies of the translation and rotation oscillations are given by

o1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K�upþK�lo

m�

s
,

o2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ru�2ðK�upþK�loÞ

I�

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R�2sin2 a

2

� �
ðK�upþK�loÞ

I�

vuut
, ð25Þ

with K*lo and K*up the tangential contact stiffness in the lower
and upper contact, respectively, which results in o2 ¼

ffiffiffiffiffiffiffiffiffi
5=2

p
sinða=2Þo1, assuming that K*up equals K*lo. Thus, whenffiffiffiffiffiffiffi

2:5
p

sinða=2Þ41, the resonance frequency of the rotational mode
o2 is higher than the translational model o1. The flipping point of
the modes, that is, the point at which the two frequencies become
equal, lies at a¼ 78:463.
The frequency-response characterization of an externally
excited non-linear dynamic system can only be carried out in an
approximating way, since analytical solutions are not available
[29]. One of the methods is the describing function method. Here,
the non-linear element is replaced by an element that gives the
fundamental component in Fourier terms, of the output of that
non-linear element for a sinusoidal input. In [22], this type of
analysis is carried out to obtain three characterizing parameters of
the hysteresis loop. The equivalent stiffness ke and the equivalent
damping, ce, which give rise to an excitation dependent equivalent
damping ratio zr . The equations obtained in [22] are

ke �
Fm

Am
,

cef ¼
loop area

pA2
m

,

zr ¼
loop area

2pAmFm
: ð26Þ
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Since these three parameters comprise the hysteresis character-
istic behavior, a study of these shows the dependence of the
characteristics on the influence parameters. From the previous
section, it is clear that the dimensionless ball radius R* comprises
load information, geometrical and material properties. The local
coefficient of friction m, forms an additional influence parameter
which, together with the V-groove angle of the system a, and the
ball radius, influences the spin creepage f� in the contact patches.
The influence of these parameters on the equivalent stiffness and
damping ratio of the hysteresis are depicted in Fig. 17. The
equivalent stiffness ke and the equivalent damping cef decrease
with increasing ball radius R* and increasing groove angle a, and
increase with increasing coefficient of friction m. The damping
ratio decreases with increasing ball radius, increasing coefficient of
friction and increasing groove angle.

For a sinusoidal excitation xt, at low frequencies, the system
behaves quasi-similar to the kinematic model described in [24],
since the creepage in the contact originates almost only from the
spin due to rolling in a V-groove. When the excitation frequency is
increased, however, extra creepage will occur in the contacts due
to the inertial effect of the ball. For very high frequencies, the latter
effect will dominate. In Fig. 18, the hysteresis curve is plotted for
−1 −0.5 0 0.5 1
−0.4

−0.2

0

0.2

0.4

F x
 [−

]

xt [−]

ft = 0.25

ft = 0.50

ft = 1.00

ft = 1.50

ft = 3.00

Fig. 18. The hysteresis loop for different excitation frequencies ft (a¼p=3).
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different excitation frequencies for a constant excitation ampli-
tude. One can clearly see the increasing stiffness of the hysteresis
loop with increasing excitation frequency ft. However, as the
frequency increases further, the hysteresis behavior becomes
distorted and shows chaotic behavior, as shown in Fig. 19, where
the force–displacement plot is depicted for an amplitude A of 1
and a frequency ft of 5. The combination of sliding due to the
inertial effect of the ball, together with the spinning motion of the
ball, results in an additional oscillatory behavior. Finally, in Fig. 20,
the equivalent stiffness and equivalent damping ratio are plotted
as a function of the excitation frequency and the excitation
amplitude. The equivalent stiffness ke increases with increasing
excitation frequency ft, while the latter has no significant effect on
the equivalent damping cef. Thus, the damping ratio zr decreases
with increasing excitation frequency. However, the results shown
in Fig. 20 are no longer valid for high excitation frequency and
large amplitudes, since regular hysteretic behavior is absent in
that region of operation (see Fig. 19).
6. Conclusions

In this paper, the simulation of transient rolling friction is
reported. The interplay between friction and the other system
dynamics is investigated.

Firstly, a brief introduction is given to rolling friction model,
which enables one to simulate the transient traction stresses in
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the contact of a rolling body and upon a counter surface.
Thereafter, that model is used in the dynamic simulation of
systems comprising rolling elements. The basic characteristics of
such systems, such as the traction forces in the contact and the
resulting complex stiffness are examined. It turns out that
systems comprising rolling elements can manifest complex
dynamics that depends on the amplitude and frequency of
excitation.

For the case of a ball rolling on a massless plate, an increasing
complex stiffness as a function of excitation frequency is
observed, up to a certain break frequency. For higher frequencies,
the amplitude of the complex stiffness becomes constant. The
influence of plate inertia, was also investigated in the time and
the frequency domains.

Finally, owing to its relevance in industrial applications, a
system of a ball rolling between two V-grooved tracks is
investigated, where a combination of kinematic creepage and
dynamic creepage occurs. The study of these dynamic effects in
frictional contacts, can significantly help improve the position
accuracy of systems comprising these elements. Furthermore, a
profound knowledge of the frictional dissipation in the rolling
contacts, such as given in this paper, permits a better estimation
of lifetime and performance degradation due to fatigue and wear.
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Appendix A. Nomenclature
a
 footprint radius

A
 excitation amplitude

A
 contact patch

c
 creepage

C
 relative creepage

ce
 equivalent damping

Ee
 Hertzian modulus of elasticity

ft
 excitation frequency

F
 traction force

G
 modulus of rigidity

I
 sphere inertia

ke
 equivalent stiffness

K
 contact stiffness

L
 surface bristle flexibility

M
 moment

m
 mass

p
 pressure

q
 traversed rolling distance

R
 ball radius

Rg
 radius of gyration

s
 slip

S
 relative slip

t
 time

u,v
 particle displacement

V
 rolling velocity

W
 normal load

xt
 displacement

xpr
 pre-rolling distance

a
 V-groove opening angle
dVx
 dimensional longitudinal creepage
dVy
 dimensional lateral creepage
zr
 equivalent damping ratio
y
 angular displacement
m
 coefficient of friction

n
 Poisson’s coefficient

r
 mass density
xx
 longitudinal creepage
xy
 lateral creepage
f
 spin creepage
c
 angular lateral creepage
o
 angular frequency of resonance

Dimensional variable
 Value
a
 1.4812e�4 m

E
 1.1538e11 Pa

I
 4.1103e�8 kg m2
m
 0.0041 kg

p0
 2.1761e9 Pa

R
 0.005 m

W
 100 N

m
 0.5 (–)

n
 0.3 (–)
Dimensionless variable
 Value
a*
 1

E*
 53.0227

I*
 1

m*
 0.0022

p0*
 1

R*
 33.7553

W*
 2.0944

m�
 0.5

n�
 0.3
Appendix B. The flexibility parameter

With G being the equivalent modulus of rigidity of the sphere,
L1, L2 and L3 are obtained from [30] as

L1 ¼
8a

3GC11
with C11 ¼ 4:34 ð27Þ

L2 ¼
8a

3GC22
with C22 ¼ 3:73 ð28Þ

L3 ¼
pa2

4GaC23
with C23 ¼ 1:50 ð29Þ
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