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a b s t r a c t

Since its first publication in the beginning of the 1980s, transfer path analysis (TPA) has

evolved into a widely used tool for noise and vibration troubleshooting and internal load

estimation, for single source and multivariate problems. One of the main bottlenecks

preventing its even more widespread use in the vehicle development process is the test

time needed to build the full data model, requiring not only in-operation tests but also

extensive frequency response function (FRF) measurements.

As a consequence, several new approaches, such as operational TPA, have appeared over

the past years attempting to circumvent this limitation. These methods attract quite some

attention as they only require operational data measured at the path references and target

locations. However, despite being time-efficient, these methods suffer from several limitations

that can lead to incorrect path contribution interpretations and wrong engineering decisions.

Hence, a new TPA approach is proposed, providing a good compromise between path

accuracy and measurement time. The method is referred to as OPAX as it essentially uses in-

operation data complemented with a minimal set of extra tests with forced excitation. The key

idea of OPAX is the use of parametric models for identifying the operational loads. This makes

the method scalable, enabling the engineer to use a simple model based on a small amount of

measurement data for quick troubleshooting or increase accuracy using a more complex

model together with additional measurements.

& 2010 Published by Elsevier Ltd.

1. Introduction

Transfer path analysis (TPA) is an experimental technique for identifying the vibro-acoustic transfer paths in a system. The
energy transfer starts from the active system components that generate the structural and acoustic loads, and passes through
the physical connections and along airborne pathways, to the response target locations in the passive system components.
The acoustic and vibration responses at the target locations (e.g. interior noise, seat vibration, steering wheel vibration, etc.)
are expressed as a sum of path contributions, each associated with an individual path and load. For example, for a target
response yk(o) at point k, this is formulated in equation Eq. (1), where yik(o) denotes the path contribution of path i, o the
frequency and n the number of paths:

ykðoÞ ¼
Xn

i ¼ 1

ykiðoÞ ð1Þ
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The first approaches to this problem used coherence analysis to assess yik,, the contributions of the different inputs to the target,
but such approaches suffered from problems related to separating partially correlated sources [1]. In the late 1980s, an alternative
formulation based on a source-system-receiver model was developed for univariate noise and vibration problems. This
formulation expresses each of the partial response contributions as the result of an individual structural or acoustic load acting at a
localized interface, and a system response to this interface load [2–4]. The various contributions are added in a vector form to yield
the global response. This procedure effectively corresponds to cutting the global system at the interface into an active part,
generating the interface loads and a passive part reacting to them. For structural loads, this cut typically corresponds to the
physical connection points (e.g. mounts, subsystem connections, etc.). For acoustic loads from vibrating surfaces or pulsations
from nozzles or apertures, a discretization by omni-directional volume acceleration point sources is typically applied [5,6].

This systems’ approach allows expressing each of the partial contributions explicitly as the result of the loads acting at
each contribution location and the frequency response functions (FRF) between the load location and the considered target
response. With the assumption that the system is linear and time invariant, this can be formulated as follows:

ykðoÞ ¼
Xn

i ¼ 1

HkiðoÞFiðoÞþ
Xp

j ¼ 1

HkjðoÞQjðoÞ ð2Þ

with Fi(o) denoting (i=1,y,n) the structural interface loads or forces, Qj(o) (j=1,y,p) the acoustic loads, typically volume
velocities or accelerations, and Hik(o) and Hjk(o) the uncoupled passive side FRFs from the input loads to the target.

Concise visualizations of the transfer path contribution results allow quick assessment of critical paths and frequency
regions. The separation into loads and FRFs is furthermore the key to identify dominant causes and propose solutions
(e.g. modify specific load inputs, a certain mount stiffness or a specific transfer path).

The test procedure to build a conventional TPA model typically requires two basic steps: (i) identification of the operational loads
during in-operation tests (e.g. run-up and run-down) on the road or on a chassis dyno; and (ii) estimation of the uncoupled FRFs from
excitation tests (e.g. hammer tests and shaker test), during which the active component is removed. The procedure is similar for both
structural and acoustical loading cases, but the practical implementation is governed by the nature of the signals and loads.

With the advances in instrumentation the measurement of the FRFs between input loads and target response(s) is a well-
controlled process. Direct measurement of the vibro-acoustic FRF may be subject to practical difficulties such as the fast and
correct mounting of exciters so that in most cases the vibro-acoustic reciprocity principle [7,8] is utilized, allowing excitation
at the target locations (e.g. cabin pressure in a vehicle) and the measurement of the structural response at the load
contributing location (e.g. mount connection points). Reciprocal measurements are also the standard method for the
measurement of the acoustic–acoustic FRFs in case of acoustic loads, since the number of target locations is typically much
smaller than the number of load locations.

The main factor in the accuracy is the identification of the operational loads. Several approaches have been developed for
both structural and acoustic loads. The present discussion is limited to the structural excitation case, but similar concepts are
applicable to the acoustic load case [23]. Essentially, three ways exist to identify the forces [3,9–13]: direct measurement,
mounts stiffness based identification and matrix inversion based identification.

The first approach is the direct measurement of the forces by dedicated devices such as load cells. Such direct
measurement is however not possible in the majority of cases as the load cells require space and well-defined support
surfaces, which often makes application impractical or even impossible without distorting the original connection.

The second approach is the mount stiffness method that can be used when the active and passive system components are
connected through flexible mounts. This approach combines the differential operational responses across the mounts and the
mount stiffness characteristics to estimate the transmitted forces. For a given mount, this can be expressed as follows:

FiðoÞ ¼ KiðoÞ
ðaaiðoÞ�apiðoÞÞ

�o2
ð3Þ

with Fi(o) denoting the mount force, Ki(o) the dynamic mount stiffness and aai(o) and api(o) the active and passive side
mount accelerations, respectively. The mount stiffness method is a fast method, but its drawback is that accurate mount
stiffness data is seldom available and even if it is, it is only valid for a given load condition and excitation amplitude.

The third approach is the inverse force identification method that identifies the operational loads Fi(o) (i=1,y,n) from
nearby acceleration indicator responses uq(o) (q=1,y,v) at the passive system side by multiplying these with the pseudo-
inverse of the measured force–acceleration FRF matrix between all force inputs and indicator responses. This can be described
with the following equation:

F1ðoÞ
^

FiðoÞ
^

FnðoÞ

2
6666664

3
7777775
¼

H11ðoÞ � � � H1iðoÞ � � � H1nðoÞ
^ ^ ^ ^ ^

Hq1ðoÞ � � � HqiðoÞ � � � HqnðoÞ
^ ^ ^ ^ ^

Hv1ðoÞ � � � HviðoÞ � � � HvnðoÞ

2
6666664

3
7777775

þ u1ðoÞ
^

uqðoÞ
^

uvðoÞ

2
6666664

3
7777775

ð4Þ

Matrix inversion and force identification are calculated frequency by frequency. The number of indicator responses (v)
must significantly exceed the number of forces (n) – with a factor 2 as a rule of thumb – to minimize ill-conditioning problems
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when calculating the pseudo-inverse. The main disadvantage of this method is the large number of FRF measurements
required to build the full matrix. This costs a lot of time and is the main bottleneck for more widespread industrial application.

The main industrial driver for innovations in TPA is hence the demand for simpler and faster methods. New methods such as
Fast TPA and Multilevel TPA [14] partially address this demand reducing component loads to equivalent virtual locations, leading
to globalized subsystem contributions. Other methods aim at reducing the amount of FRF measurements [15]. Another possibility
for speeding up the TPA refinement process is characterizing the active component independently of its environment. This way no
operational measurements are necessary after a modification of the passive subsystem [33]. The method, however, that recently
attracted most attention is the operational path analysis approach [16,17], which has been referred to as OPA, OTPA, CTC, AMM or
TPA FORM in different publications. Key to this method is that it requires only operational data measured at the path references
(e.g. passive/active-side mount accelerations, pressures near vibrating surfaces, nozzles and apertures) and target points but no
FRFs. Essentially, it is a transmissibility method as known from structural dynamics [18], characterizing the co-existence
relationship between the target response(s) and path references. This method is indeed very time-efficient and offers very
interesting perspectives to get a quick insight in the noise and vibration patterns of the problem under investigation.

However, its use as a true modeling and design engineering tool, as is TPA, is subject to several limitations that require
caution when interpreting the obtained results [19,23]. One critical factor is the potential cross-coupling between the
assumed path references. Because of the system’s modal behavior, a single force in one of the mounts causes vibrations at all
locations of the passive-side structure, hence also at the locations of other path inputs. Consequently, a high response level at
a path input location does not necessarily imply that a force or acoustic load is entering the system at that location.
Co-existence of signals does not imply causality. This cross-coupling effect hence may lead to an incorrect interpretation in
terms of significant paths. Next to this, the method may suffer from ill-conditioning problems, such as rank deficiency at
resonances, related to estimating the transmissibilities from operational data as it has been reported in [32,33]. This is
dependent on the dimensionality of the primary noise problem and has an impact on the required extent of the test
conditions [20]. Although the use of SVD techniques may improve the quality of estimation, in particular in case of noisy data,
the inherent breakdown of dimensionality may still result in unreliable transmissibility estimates in many situations. This is
one of the aspects to be monitored when validating the analysis results. Finally, there are potential errors due to missing paths
in the analysis. Simulations have shown [21] that the contributions of missing paths are distributed over the other ones,
introducing errors that are often hard to recognize. Due to the backward–forward use of the same data, a good synthesis of
summed contributions is not representative for completeness and quality of the results.

This publication introduces a new TPA method, which combines the efficiency of OPA and the effectiveness of the existing
conventional TPA methods. The key idea of the new method is the use of parametric models for identifying the operational
loads. This makes the method scalable, enabling the engineer to use a simple model based on a small amount of measurement
data for a quick troubleshooting or increase accuracy using a more complex model together with additional measurements.
This new TPA method is referred to as operational path analysis with eXogeneous inputs (OPAX) in the following discussion,
where the ‘‘X’’-suffix refers to the use of additional excitation-based measurement data to estimate the parametric models.
The name OPAX also makes the association with the ARX type of parametric models (e.g. ARX, ARMAX, etc.) [24], which are
well known and widely used in system identification.

2. OPAX method

The OPAX method differs from the existing ones in the identification of the operational loads. The key is the use of
parametric models characterizing the operational forces and acoustic loads as a function of measured path inputs such as
mount accelerations and acoustic pressures. The parametric load models are estimated from (i) in-situ measured operational
path inputs and target response signals and (ii) transfer path FRFs using mathematical techniques, such as, for example, the
least squares (LS) estimation approach. Extra acceleration and/or pressure indicators can be included in the set of equations to
obtain more robust parameter estimations, but this is optional.

A schematic representation of the different variables to be measured and identified is given in Fig. 1. The figure presents a
system with an active part generating forces Fi(o) (i=1,y,n) and acoustic loads Qj(o) (j=1,y,p) and with a passive part
reacting to these loads. A typical example of such a system is a vehicle body on which a powertrain is mounted. In this
example, the powertrain forms the active part of the system, while the body with passenger compartment is the passive part.

In order to identify the noise transfer paths from the active system part, through the physical connection elements and
along airborne pathways, to the target(s) of interest, the following variables are typically measured:

� Operational measurements:
J Responses:

– Target(s): pressures and/or accelerations yk(o) (k=1,y,u).
– Optionally some extra indicators, for example, some acceleration indicators closeby the mounts: uq(o) (q=1,y,v).

J Path inputs:
– Structural path inputs: active and passive-side accelerations at the mount connections aai(o) (i=1,y,n) and

api(o) (i=1,y,n).
– Acoustic path inputs: pressures near the acoustic sources pj(o) (j=1,y,p).

K. Janssens et al. / Mechanical Systems and Signal Processing 25 (2011) 1321–1338 1323
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J Tacho signal (pulse train, RPM) or phase reference

� FRF measurements:
J FRFs from loads to target(s): Hki(o), Hkj(o).
J FRFs from loads to extra indicators when used: Hqi(o), Hqj(o)

OPAX comprises 5 major steps. A flow diagram of the method is shown in Fig. 2. The steps are as follows:

� Phase 1: operational measurements
First, operational measurements are performed to acquire the time data of all measurement channels. These can be several
run-up or run-down measurements at different conditions (e.g. for various throttles, gears, etc.) but even a single
measurement can already be sufficient. It depends on the condition(s) for which the OPAX model is to be developed.
During the operational measurements, all mount accelerations and pressure inputs and all responses at the target(s) and
indicators are measured synchronously. Order envelopes (phase and amplitude in function of rotational speed) are then
tracked for all measured input and response channels. Strictly speaking, only the orders of interest must be processed.
However, the more orders are used for identifying the parametric load models, the more robust the estimation becomes
and the more accurate path contributions can be derived. After the measurements one ends up with complex order data of
all measured channels.
� Phase 2: FRF measurements

In the second phase, the uncoupled FRFs are measured between the input loads and the target response(s). The FRFs can be
measured in a direct or reciprocal way. The use of reciprocal measurements (excitation at the target location(s) and
responses measured at the interface) has two advantages: (i) only one excitation is needed per target point while the direct
approach requires one excitation per input load; (ii) the limited space at the path inputs can lead to direction errors in the
direct FRF measurements of up to 10 dB [22]. In case additional indicators are used, the FRFs from the inputs to the
indicators must also be measured. The sequence of phases 1 and 2 may be interchanged.

passive partactive part

RPM
yref

Q1 (ω)

Qj (ω)

Qp (ω)

p1 (ω)

pj (ω)  

pp (ω)

u1 (ω)

uq (ω)

uv (ω)

aa1 (ω) ap1 (ω)  

F1 (ω)

aai (ω) api (ω)

Fi (ω)

aan (ω) apn (ω)

Fn (ω)

Hiq (ω)

Hik (ω)

Hjk (ω)

 

acoustic
paths

structural 
paths

extra 
indicators

=

=

=

y1 (ω)

yk (ω)

yu (ω)

 

targets
=

Hjq (ω)

Fig. 1. Schematic representation of a system with an active component generating forces and acoustic loads, and a passive component responding to these

loads. Operational data (path inputs, targets and extra indicators) and FRFs are measured for an OPAX analysis.
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� Phase 3: identification of parametric load models
Phase 3 forms the key step of the method. In this phase, the operational forces and acoustic loads are identified in a
parametric way from the measurement data obtained in phases 1 and 2. The advantage of this approach is that these
parameters are frequency independent which, as shown in the following steps, reduces the complexity of the problem.
First, the parametric load models are formulated, describing the forces and acoustic loads as a function of the acceleration
and pressure path inputs:

FiðoÞ ¼ f ðparameters,aaiðoÞ,apiðoÞÞ ð5Þ

QjðoÞ ¼ gðparameters,pjðoÞÞ ð6Þ

Substituting these parametric load models in the source-transfer-response equations for the target(s) and extra
indicators, we obtain a new set of equations with these parameters as unknowns:

ykðoÞ ¼
Xn

i ¼ 1

HkiðoÞFiðparameters,aaiðoÞ,apiðoÞÞþ
Xp

j ¼ 1

HkjðoÞQjðparameters,pjðoÞÞ

uqðoÞ ¼
Xn

i ¼ 1

HqiðoÞFiðparameters,aaiðoÞ,apiðoÞÞþ
Xp

j ¼ 1

HqjðoÞQjðparameters,pjðoÞÞ ð7Þ

with Hki(o) and Hqi(o) the FRFs from loads to targets and indicators, respectively, measured reciprocally or though direct
excitation (Step 2), and yk(o) and uq(o) the complex order data of targets and indicators, respectively, as measured
in Step 1.
This OPAX formulation yields a large overdetermined set of equations. The unknown variables of this system of equations
are the model parameters, while the known variables are the measured FRFs and frequency values. The structure of the
equations and the nature of the unknown parameters directly depend on the type of load models used in the formulation
(e.g. Eq. (8) or (9)), which can be either linear or non-linear. Solving the system of equations the model parameters are
identified, and Eq. (7) expresses the relationship between the measured path reference signals, aai, api and pj and the target
responses, yk and uq.

Operational measurements
measure path inputs, targets and indicator responses

Identification of parametric load models
characterizing operational loads in function of measured path 

inputs

Calculation of operational loads
from measured path inputs and identified load models

Phase 1:

Computation of path contributions:
for each target

Phase 3:

Phase 2:

Phase 4:

Phase 5:

FRF measurements
measure FRF’s to targets and extra indicators

Fig. 2. Flow diagram of the OPAX approach, comprising 5 major steps.
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Any suitable mount or source model can be used as the parametric model in Eqs. (5) and (6). In this paper only two basic
models will be introduced. The first one, for structural forces acting in mounts, is a single degree of freedom (SDOF) model:

FiðoÞ ¼ KiðoÞ
ðaaiðoÞ�apiðoÞÞ

�o2
ð8Þ

where

KiðoÞ ¼�mio2þ jcioþki ð9Þ

mi, ci and ki are physically meaningful parameters representing the dynamic mass, damping and static stiffness of a given
mount, respectively. A schematic representation of the SDOF model is shown in Fig. 3(a).
An interesting alternative to the previous model is, for example, the application of a multi-band model, assuming a constant
complex mount stiffness for a given frequency band. This model is useful in the case when the mount or acoustic source
behavior is not known a priori. The idea of such a bandwise approximation of the dynamic mount stiffness is shown in Fig. 3(b).

KiðoÞ ¼ ki ð10Þ

For the acoustic loads, a multi-band model description may also be used, assuming a bandwise constant relation between the
load and the measured path input. The mathematical formulation is as follows:

QjðoÞ ¼ yjðoÞpjðoÞ ð11Þ
where

yjðoÞ ¼ yj ð12Þ

is a constant complex value within each frequency band.
Since the structure of the resulting linear system of equations strongly depends on the choice of model, a more detailed
description is provided separately, in Section 3, examining two typical user scenarios.
As further discussed in Section 4, a priori known parameters (e.g. static stiffness properties ki of some mounts may be known) or
known relations among parameters (e.g. some mounts may have equal stiffness properties in x- and y-directions) can be taken
into account, reducing the number of model parameters and improving the conditioning of the set of equations to be solved.
Furthermore, in general, adding more input data, i.e. more orders, targets and indicators, the accuracy of the model parameter
estimation can be further improved, with the condition that the added data is different from, and is not noisier than, the data
already contained in the model. Finally, the use of balancing factors to scale (i) the order components, (ii) the structural and
acoustic terms and (iii) the target and indicator responses will also help to improve the parameter estimations.
� Phase 4: calculation of operational loads

In phase 4, the operational input forces (i=1,y,n) and volume accelerations (j=1,y,p) are determined by substituting the
estimated model parameter values in Eqs. (5) and (6). The loads are typically calculated per order component.
� Phase 5: computation of path contributions

Finally, once the operational loads are identified, the path contributions can be calculated for each target point k,
multiplying the loads with the corresponding FRF, as expressed in Eq. (2). Visualizations of the path contribution results
then allow the assessment of critical paths, order components and frequency regions, providing a basis for modifications
of, for instance, mount characteristics or path FRFs.

3. OPAX user scenarios

The structural and acoustic path contributions in OPAX can be identified either separately or simultaneously. These two
typical user scenarios and their mathematical formulation are presented in the sections below.

3.1. Separate identification of structural path contributions

Similar to the TPA matrix inversion method, the structural path contributions to the target(s) can be identified without
considering the acoustic loads. For this, a number of acceleration indicators uq(o) need to be measured near the mounts. It can
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s mount stiffness
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s mount stiffness
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Fig. 3. Examples of OPAX mount models: (left) SDOF model and (right) multi-band model.
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be assumed that these indicators are hardly affected by the acoustic loads, hence the following formulation can be written
for uq(o):

uqðoÞ ¼
Xn

i ¼ 1

HqiðoÞFiðoÞ ¼
Xn

i ¼ 1

HqiðoÞKiðoÞ
ðaaiðoÞ�apiðoÞÞ

�o2
ð13Þ

3.1.1. SDOF mount model

Assuming the SDOF mount model of Eq. (9) with real mass mi (i=1,y,n), damping ci (i=1,y,n) and stiffness ki (i=1,y,n),
we obtain

uqðoÞ ¼
Xn

i ¼ 1

HqiðoÞð�mio2þ jcioþkiÞ
ðaaiðoÞ�apiðoÞÞ

�o2
¼
Xn

i ¼ 1

�miðo2GqiðoÞÞþciðjoGqiðoÞÞþkiGqiðoÞ ð14Þ

where

GqiðoÞ ¼HqiðoÞ
ðaaiðoÞ�apiðoÞÞ

�o2
ð15Þ

In matrix notation, this gives

� � � �o2GqiðoÞ joGqiðoÞ GqiðoÞ � � �
h i

^

mi

ci

ki

^

2
6666664

3
7777775
¼ ½uqðoÞ� ð16Þ

Considering a typical automotive application case with data consisting of m orders and r RPM points per order, the
following system of equations can be formulated:

½Aq�½X� ¼ ½Bq� ð17Þ

where

where oxy=oy RPMx/60, with oy being the order number (y=1,y,m) and RPMx the rotational speed (x=1,y,q).
For all indicator points uq (q=1,y,v), Eq. (17) becomes

½A�½X� ¼ ½B� ð18Þ

K. Janssens et al. / Mechanical Systems and Signal Processing 25 (2011) 1321–1338 1327
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where

½A� ¼

A1

^

Av

2
64

3
75 and ½B� ¼

B1

^

Bv

2
64

3
75

The least squares (LS) solution of this linear system of equations is

½X� ¼
ReðAÞ

ImðAÞ

" #þ
ReðBÞ

ImðBÞ

" #
ð19Þ

where [X] is the solution vector with real estimated mass mi, damping ci and stiffness ki values, and ‘‘+ ’’ denotes the pseudo
inverse, which is calculated with the help of singular value decomposition. Due to the significant overdetermination of the
system of equations, the condition number is generally low and no truncation is applied during the inversion.

Substituting these parameter values in Eqs. (8) and (9), we obtain the dynamic mount stiffness profiles and operating
forces. Multiplying these with the according transfer path FRFs gives the structural path contributions to the target(s) of
interest:

ykðoÞ ¼
Xn

i ¼ 1

ykiðoÞ ¼
Xn

i ¼ 1

HkiðoÞFiðoÞ ð20Þ

3.1.2. Multi-band model

Instead of the SDOF model, one can also apply the multi-band formulation of Eq. (10), which does not assume SDOF
behavior of the mounts. In this case, the frequency range is split into a number of adjacent or partly overlapping bands and a
system of equations is formulated and solved for each band. The indicator responses within a certain frequency band, with
oz,max and oz,min as upper and lower frequency limits, respectively, can now be expressed as follows:

uqðoÞ ¼
Xn

i ¼ 1

HqiðoÞFiðoÞ ¼
Xn

i ¼ 1

HqiðoÞki

ðaaiðoÞ�apiðoÞÞ
�o2

¼
Xn

i ¼ 1

kiGqiðoÞ ð21Þ

where

GqiðoÞ ¼HqiðoÞ
ðaaiðoÞ�apiðoÞÞ

�o2
ð22Þ

Formulating this equation for all orders and RPM points in a given frequency band results in the same linear system of
equation as Eq. (17), where the Aq and Bq matrices only contain information between the upper and the lower limits of the
band: oz,minroxyroz,max.

In case of a mount exhibiting non-linear behavior, e.g. in function of the load, the mount could be linearized for a number of
load regions. Then, this model type could be used to separately estimate the parameters for these different load regions,
which could be separated based on the RPM since the torque of an internal combustion engine is linked to its RPM.

For all indicators together an overdetermined set of equations is obtained again, just as Eq. (18), which can be solved in a LS
manner. In this case the solution vector contains the complex mount stiffness estimates for the considered frequency band.

The above equations Eqs. (21) and (22) can be formulated and solved for all predefined frequency bands. By doing so, we
obtain the dynamic mount stiffness profiles for the complete frequency range of the OPAX analysis under study. Finally, by
combining them with the operational mount accelerations and the according transfer path FRFs, we obtain the path
contributions for the targets of interest.

The principle of the multi-band mount stiffness estimation is schematically represented in Fig. 4. One can easily
understand that the wider the frequency bands are and the more the orders and indicator points are included, the more
overdetermined the system of equations becomes resulting in more robust estimation of the mount stiffness values. This is an
important consideration that will be further discussed in Section 4.

It is important to mention that for rigid connections, typically only the passive side accelerations are considered, since the
differential response across these connections is very small. The multi-band formulation in Eqs. (21) and (22) still holds here,
but the parameters ki (i=1,y,n) in the solution vector are to be interpreted as local body stiffnesses at the mount connection
points. In such cases, relatively small frequency bands need to be used to estimate the local body stiffnesses, but by choosing
narrower frequency bands, more parameters need to be estimated, therefore more data is required to avoid ill-conditioning
problems. In the extreme case, when using (i) frequency bands of a only one spectral line and (ii) only one single order, the
OPAX formulation is equivalent to TPA matrix inversion,

3.2. Simultaneous identification of structural and acoustic path contributions

The structural and acoustic path contributions can also be estimated simultaneously from the target(s) only, without
using extra indicator points. In this case only one reciprocal FRF measurement is required per target location, reducing the
measurement time. This fast OPAX scenario is very useful for a quick identification of the critical paths.
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If we take, for example, the multi-band formulation of Eqs. (10) and (12) and divide the frequency range in a number of
bands, then the target responses in each of the bands can be expressed as follows:

ykðoÞ ¼
Xn

i ¼ 1

HkiðoÞFiðoÞþ
Xp

j ¼ 1

HkjðoÞQjðoÞ ¼
Xn

i ¼ 1

HkiðoÞki

ðaaiðoÞ�apiðoÞÞ
�o2

þ
Xp

j ¼ 1

HkjðoÞyjpjðoÞ

¼
Xn

i ¼ 1

kiGkiðoÞþ
Xp

j ¼ 1

yjGkjðoÞ ð23Þ

where

GkiðoÞ ¼HkiðoÞ
ðaaiðoÞ�apiðoÞÞ

�o2

GjkðoÞ ¼HkjðoÞpjðoÞ ð24Þ

In matrix form and for all orders and RPMs, this again gives an overdetermined set of equations:

½Ak�½X� ¼ ½Bk� ð25Þ

where
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Fig. 4. Principle of multi-band mount stiffness estimation.
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and

oz,minroxyroz,max

The first n columns in matrix [Ak] represent the structural paths, while the last p columns are the acoustic paths. Writing
down this system of equations for all targets yk, (k=1,y,u), we again obtain a system of equations as in Eq. (18). Solution of
this system of equations yields the mount stiffness estimates ki (i=1,y,n) and acoustic point mobilities yj ( j=1,y,p).

However, in this OPAX scenario, the structural and acoustic columns of matrix [A] are typically a few orders of magnitude
different, which can lead to incorrect estimation of the parameters. In order to avoid this, a structural-acoustic balancing is
applied, rescaling the structural and acoustic blocks of columns in matrix [A] to the same RMS level.

3.3. Overdetermination using multiple indicators/targets

In both user scenarios presented in Sections 3.1 and 3.2, multiple indicators and/or targets can be used to improve the
estimation of the model. Even though there are no theoretical obstacles to such an approach, in practice it could be expected
that different combinations of indicators/targets yield differing model estimations. For this reason it is worth to discuss this
aspect of the OPAX method in more depth.

In an ideal case, with a noiseless and error free linear time invariant system, even one well-chosen target could be
sufficient for the proper identification of the models. The deviation of the estimated models in an actual measurement has
two sources: measurement errors and the observability of the structure. The former is actually the reason why different
indicators/targets are combined in OPAX, e.g. by stacking the indicator data in [B] as, e.g. in Eq. (17), since this allows finding
the best model estimate in a statistical sense. With respect to the latter, even in an ideal, noiseless measurement, badly chosen
sensor locations would have low observability, that is, only a few modes would affect the sensor. Combining data from such
sensors helps to ensure that all relevant modes are observable by the sensor, improving the conditioning of the system matrix.
This actually leads us to the problem selection of sensor locations, which is addressed below, in Section 4.2.

4. OPAX considerations

OPAX essentially comes down to solving a model identification problem. Three important aspects have to be taken into
account: (1) the structure of the model, (2) the number of model parameters to be estimated and (3) the amount of
information available to identify the model. The first one must be chosen in a way such that it adequately describes the
operational loads. Secondly, the number of these parameters depends on the number of transfer paths and the complexity of
the model itself. And thirdly, the amount of information in the measurement data depends on the number of targets, the
number of additional indicators, the number of order components, the RPM range and the system’s modal behavior. All of
these co-dependently influence the quality of the OPAX analysis. In the light of this, the effect of these aspects, namely (i) the
number of response points, (ii) the use of single or multiple orders, (iii) the type of model and (iv) the use of a priori
information are considered in the following sections.

4.1. Number of response points

The choice of the amount of response points, the number of targets and extra indicators – considering a fixed set of the
other three aspects – is a trade-off between measurement speed and accuracy. In many cases, simple parametric load models
and resulting path contributions can be identified sufficiently well even from one target only without the need for extra
indicators or targets. This would require only one reciprocal FRF measurement, thus making OPAX fast and suitable for a quick
NVH troubleshooting. Of course such a measurement identifies the most critical problems but does not provide detailed
insight into the behavior of the system. To achieve the latter, more targets and indicators need to be added increasing the
information content of the measurements. In this case more refined models can be used and more robust and detailed results
will be achieved. It is worth mentioning that even then the FRF measurement efforts remain limited compared to the TPA
matrix inversion method.

4.2. Selection of response point locations

The question of finding the best locations for the overdetermination point locations is not unique to the OPAX method, but
a general problem in structural dynamics. Articles on this topic have been published, e.g. in the context of model updating
[26,27], structural control [28,29], but also with respect to inverse force identification [13,30,31]. The proper selection of
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sensor locations is fundamentally linked to the observability of the system: on one hand, the selected indicator locations
should cover the global contributing modes, and on the other hand, they should be well distributed over the structure to
capture local phenomena. The controllability of the system also plays a role in the analysis, since the improvement that can be
achieved by modifying a certain path depends on the amount of control the given path input exerts over the target. The
drawback of existing methods is that they require a priori knowledge about the structure, which is often not available in TPA
measurements. In general, the following simple guidelines should be followed for the placement of OPAX indicators: (i) the
indicator sensors should not be located in the close vicinity of the path input sensors or of each other, since in these cases they
would provide redundant information and (ii) experience indicates that at least one indicator for each of the measurement
coordinate axes (e.g. x,y,z) should be included in the analysis.

4.3. Single or multiple orders

As discussed before, multiple orders can be included in the OPAX system of equations. By doing so, the conditioning of the
system can be improved, reducing the error on the parameter estimates. This is recommended in case of a quick OPAX
measurement having only a limited number of response points. In such instances order balancing is typically applied, to avoid
the LS estimation becoming dominated by the strongest orders. Mathematically, this is achieved by multiplying the order
blocks in the matrix [A] and response vector [B] with a scaling factor in such a way that all response orders are set to the same
RMS value. This balancing makes sure that all orders add information to the system of equations, improving the condition
number. However, one must be careful with including weak orders and rescaling them to the same level as the stronger ones.
These weak orders typically contain large errors as they are hard to track, hence rescaling them will amplify these errors and
deteriorate the LS estimation.

Of course, just as in traditional TPA matrix inversion, the OPAX model parameters and operating loads can also be
estimated order by order. In this way, load dependent mount stiffness profiles are estimated, which is closer to reality. The
drawback is that the number of equations is much lower than in the multi-order case, which has to be compensated by
measuring additional indicators in order to have a proper conditioning at the cost of increased FRF measurement efforts.

4.4. Type of model: SDOF or multi-band

The type of model is also an important factor. Two types of OPAX models were introduced earlier in this paper: (i) the SDOF
model and (ii) the multi-band model. Both models have their advantages and disadvantages:

� SDOF model:
J The SDOF model is a suitable model for soft mounts, as many of them show an SDOF-like behavior.
J It is a physical model with physically meaningful mass (mi), damping (ci) and stiffness (ki) parameters.
J This type of model is not appropriate for hydraulic mounts that have a more complex behavior, for rigid connections or

acoustic loads.
� Multi-band model:

J The multi-band model is applicable to any type of soft mount, rigid connection and acoustic load. It does not assume
SDOF behavior.

J It is more of a black box model; the parameters have limited physical meaning.
J The dynamic stiffness of the soft mounts and the driving point relations for the rigid connections and acoustic loads are

assumed to be bandwise constant in pre-defined frequency bands. Hence, approximation errors are made which
become larger when taking wider frequency bands.

J For soft mounts in general, relatively wide frequency bands can be chosen up to a 100 Hz bandwidth or even more
without making a significant approximation errors. Of course, this error can always be reduced by taking smaller bands,
but more indicators will then be required to have a well-conditioned system of equations. In case of a quick OPAX
measurement without extra indicators on a system with a large number of paths, it is likely that wider bands than
optimal have to be used to avoid ill-conditioning, and this brings along reduced path accuracy.

J For rigid connections and acoustic loads, smaller frequency bands are recommended in order to properly characterize
the driving point behavior. The smaller the frequency bands, the better the model description, but more indicators are
then required for a proper estimation of the parameters. The extreme case is the use of a single frequency line per
bandwidth, transforming the OPAX formulation into a classical TPA matrix inversion, thus requiring twice as many
indicators as paths.

J In Section 6 further guidelines are provided for choosing the parameters, supported by simulation examples.

4.5. Use of a priori information

A priori information on the mounts can be included in the OPAX set of equations.
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First of all, known parameter values can simply be substituted. For example, using the SDOF model formulation of Eq. (17)
and knowing the dynamic mass (mi) and static stiffness (ki) of the mounts, the mi- and ki-related terms can be substituted in
the right side of Eq. (17), giving a reduced system of equations with only the damping coefficients (ci) as unknown parameters.

Another possibility is that certain relations between the mounts or between the three directions within a mount are
known. For example, applying a multi-band model as in Eqs. (21) and (22) and knowing that the mount stiffnesses in the
radial directions x and y are equal and twice as soft as in the axial direction z, then the x-, y- and z-terms of each mount can be
linearly combined again yielding a reduced number of unknowns. Solving this reduced system, an estimate for the stiffnesses
in the axial direction is obtained from which the stiffnesses in the radial directions can then be derived. Also, linear relations
between different mounts can be accounted for, e.g. when two mounts are known to have the same stiffness characteristics.

If a priori information is available and reliable, its use is recommended. It reduces the system of equations, allowing a
better estimation of the remaining unknown parameters.

5. OPAX scalability and quality indicators

5.1. The scalability of OPAX

Based on the aspects discussed above it is easy to see an advantage of this new TPA approach, namely that the use of
parametric load models makes the OPAX method scalable, enabling the engineer to use a simple model based on a small
amount of measurement data for a quick troubleshooting and to increase accuracy using a more complex model together
with additional measurements. This scalability is schematically represented in Fig. 5, indicating the number of parameters to
be estimated for different types of models.

On one side we have the mount stiffness TPA method where all mount stiffness characteristics are known and no parameters
need to be estimated. This can be considered as a limiting case of OPAX where a complete set of a priori information is available.

On the other side, using a multi-band model with frequency bands of one spectral line and only one order for identifying
the model parameters, the OPAX approach will converge to the matrix inversion TPA method. A large set of parameters need
to be estimated in this case requiring a large number of indicators that should exceed the number of paths with a factor of 2 as
a rule of thumb.
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Fig. 5. OPAX scalability.
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OPAX covers the complete range between these two extremes, with the low-parameterized models on the left side (e.g.
multi-band models with wide frequency bands, SDOF models with a priori known parameter values, models with known
parameter relations, etc.) and the more complex models on the right side (e.g. multi-band models with small frequency
bands, etc.).

This scalability is the main strength of OPAX, giving it great flexibility. It is no longer necessary to know all mount stiffness
characteristics or measure the full matrix of FRFs to run a mount stiffness or a matrix inversion TPA analysis. OPAX
allows running a transfer path analysis in any case such as a quick troubleshooting measurement to identify a low-parameterized
model based on a small amount of measurement data (e.g. only targets and no additional indicators) or a more refined and
accurate analysis using a more complex model together with additional measurements (targets and extra indicators).

5.2. Quality indicators

However, this strength can become a weakness if the engineer has no clue on which amount of measurement data (e.g.
number of response points, single or multiple orders, etc.) and what model complexity (e.g. width of frequency bands, impose
parameter relations, etc.) to use. In this respect the aforementioned OPAX considerations are an essential part of the method.
Furthermore, the use of quality indicators guiding the engineer through an OPAX exercise has the same importance.

Like in every LS parameter estimation problem, the (i) condition number and the (ii) model fit or synthesis of the output
data are good candidates for quality indicators. An OPAX analysis can be considered reliable if the condition number is low
and the model synthesis is good.

In case the condition number is high, the OPAX model complexity is probably too high for the dynamics present in the
measurement data and will lead to unreliable parameter estimates with large standard deviations. In such case, one has two
options. The first one is to simplify the model, reducing the number of parameters. This can be done, for example, using a
priori information of the mounts when available, or taking a multi-band model with larger frequency bands (one single band
encompassing the complete frequency range under study) and accept reduced model accuracy. The second option is to use
more orders and/or to include extra indicators at the cost of increased FRF measurement efforts.

Looking at the quality of the synthesis, it can be concluded that a poor fit of the response data means a low model quality.
This can be due to errors in the measurement data (e.g. noisy data, shifted frequency peaks in the FRF data, etc.) but also
because of using an overly simplified model. To improve the results the measurement data needs to be checked for
consistency and more complex models, adequately describing the system behavior, need to be used.

It should be noted that the opposite is not necessarily true, a good synthesis does not always correspond to good model
quality. In particular, in case the target response is already used for the model parameter estimation, the same data are used to
derive the model and to validate the response synthesis. Also, in this case the method can fail to indicate neglected paths as
their effect is implicitly taken up in the considered paths. For these reasons it is a good practice to use the indicators in the
model estimation and the targets in the synthesis step, or at least do the synthesis validation with targets that were not
included in the modeling step. This way the backward–forward use of the same data is avoided.

6. Example

A simulation study was carried out to investigate and validate the OPAX method. The basis of the simulations was an engine
TPA dataset of a 4-cylinder car in run-up condition (1000–6000 RPM) from which a subset of 18 structural paths was selected (4
engine mounts and 2 subframe mounts in 3 directions), as depicted in Fig. 6. This subset contained 1 pressure target and 21
acceleration indicators. Acoustic contributions were not considered in this study. The following measured data was available: (i)
18 operational active and passive side mount accelerations, all described in terms of orders from 0.5 up to 10; (ii) 18 transfer path
FRFs to the pressure target; and (iii) a 21�18 body FRF matrix between all forces and indicator points. The dataset was extended to
be suitable for an OPAX analysis by adding 18 mount stiffness profiles, each having SDOF characteristics. The simulated
operational forces were calculated from the active and passive side accelerations and the mount stiffness profiles, and finally, the
target and indicator responses were simulated using these forces and the available FRFs.

Due to this bottom-up approach of building the simulation dataset, the results of the OPAX analysis agreed perfectly with
the simulation. To test the method in a more real-life scenario, the operational mount accelerations and FRFs were
contaminated with noise, then the target and indicator responses were resynthesized using this noisy dataset.

First, an OPAX analysis was carried out using an SDOF model. The SDOF model was identified based on a limited subset of
only 3 indicators and using all 20 order components. As an example, Fig. 7 shows the obtained order 2 path contributions in
comparison with those of the true reference TPA model. Fig. 8 compares the estimated dynamic mount stiffness
characteristics with the true SDOF profiles for one of the mounts in the axial z-direction. The critical paths are clearly
well captured and the mount stiffness estimates are very good as well.

In a second analysis, a multi-band model was used. A large number of scenarios were tested using various combinations of
(i) frequency bandwidth (5,10,y,120 Hz), (ii) number of indicators (1,2,y,21 indicators) and (iii) number of orders (1,2,y,20
orders). The dynamic mount stiffness profiles and path contributions were identified for all these contributions. The
condition number was calculated as quality indicator and the error of the mount stiffness estimations was quantified by the
normalized least squares (NLS, in %) error.
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Some of the results are presented in Figs. 9 and 10, showing the condition number (graph a) and NLS error of the mount
stiffness estimations (graph b) in function of the used number of orders (x-axis) and indicators (y-axis) for two different cases
with a small (5 Hz) and a larger (55 Hz) bandwidth. The following observations can be made:

� First of all, there is clearly a good agreement between the condition number and the mount stiffness estimation error. The
parametric estimations improve with decreasing condition number. This clearly confirms the condition number as a good
quality indicator as proposed in the previous section.
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Fig. 6. OPAX example with 18 structural paths (6 mounts in 3 directions), 1 pressure target and 21 extra acceleration indicators.
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� Next to this, it is interesting to see the differences between the 5 and 55 Hz analysis cases:
J When applying frequency bands of 55 Hz, most of the investigated scenarios give good results as shown in Fig. 9(a) and

(b). There is a large blue area on the contour plots with a low condition number (less than 30) and small mount stiffness
estimation errors (NLS less than 20%). If multiple orders are used, good results can already be obtained when measuring
only one response point. Fig. 9(c) and (d) illustrates this, for example, for point A (1 indicator, 20 orders). The mount
stiffness estimations and the total OPAX synthesis match the original data well. This example is a good illustration that
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Fig. 8. Comparison of estimated mount stiffness characteristics with the true SDOF profile for one of the mounts (mount 2 in axial z-direction).
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in such case there is no need to measure more than one response point. This is an incredible gain compared to matrix
inversion TPA where about 36 response points should be measured in order to identify the loads.

J When using small bands of 5 Hz, only a few investigated scenarios gave good results as shown in Fig. 10(a) and (b). The
blue area in the contour plots with low condition number (less than 30) and small mount stiffness estimation error
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(NLS error less than 20%) is much smaller than in the first case with 55 Hz bands. Good results are only obtained when
using a high number of orders and indicators. Fig. 10(c) and (d) illustrates this, for example, for point B in the contour
plots (10 indicators, 20 orders). The OPAX results become worse when taking less indicators and orders. This is shown
in Fig. 10(e) and (f) for point C (1 indicator, 10 orders). The reason for this is that a high number of model parameters
need to be estimated from insufficient measurement data. This inevitably leads to spiky, unreliable mount stiffness
estimates and finally also to incorrect path contributions. The total OPAX synthesis on the other hand is excellent,
showing almost no difference compared to the measurement data. This can be explained by the fact that the OPAX
model is far over-parameterized, which results in an excellent fit but poor parameter estimation. So, in this example
with limited measurement data, taking larger bands (e.g. 55 Hz as in case 1) is the only way to obtain reliable results
with good parameter estimations.

Looking at the contour plots for all investigated frequency bandwidths (5, 10,y,120 Hz), the following rule of thumb can
be formulated for OPAX, combining the different requirements to obtain a well-conditioned system of equations:

v ceilðm=2Þ ceilðbw=10ÞZ2 n ð26Þ

where v is the number of indicators, m is the number of orders, bw is the width of the frequency bands in Hz and n is the number of
paths. This rule of thumb states that the number of indicators times half the number of orders times the frequency bandwidth in
tens of Hz must be equal or exceed twice the number of paths. This condition is fulfilled for points A (v=1 indicator, m=20 order
components, bw=55 Hz, n=18 paths, left term=60, right term=36) and B (v=10 indicators, m=20 order components, bw=5 Hz,
n=18 paths, left term=100, right term=36) explaining the good results in Figs. 9(c) and (d) and 10(c) and (d). It is not fulfilled for
point C (v=1 indicator, m=10 order components, bw=5 Hz, n=18 paths, left term=5, right term=36), where the amount of
measurement data per frequency band is far too low to properly estimate the mount stiffness parameters.

This OPAX rule of thumb also holds for classical TPA matrix inversion, which is actually a very specific case of OPAX (m=1
order, bw=1 Hz) as mentioned before. There, we need at least twice as many indicators as paths (vZ2n), confirming the
classical TPA rule of thumb [25,12].

7. Conclusions

A new TPA method was developed, combining the speed of the operational path method (OPA) and the effectiveness of the
traditional TPA methods. The new method is referred to as operational path analysis with eXogeneous inputs (OPAX). The key
feature is the use of parametric load models characterizing the operational forces and acoustic loads in function of measured
path inputs such as mount accelerations and pressures. The parametric load models are estimated from (i) in-situ measured
operational data (path inputs, target(s) and optionally additional indicators) and (ii) FRF measurement data. The OPAX
method has several advantages:

� The strength of OPAX lies in the use of low-parameterized models, requiring the estimation of only a limited number of
model parameters. Next to this, multiple frequencies (complete frequency band in case of SDOF model and all frequencies
per band in the multi-band model) and order components (up to the user to include one, multiple or all orders) can be
included simultaneously in the system of equations, drastically reducing the number of response points needed to
properly identify the model. This overcomes the need to measure a large matrix of FRFs due to a high number of indicator
points and thus strongly reduces measurement time and effort.
� OPAX is a scalable method, enabling the engineer to use a simple model based on a small amount of measurement data for

quick troubleshooting or increase accuracy using a more complex model together with additional measurements.
� The measurement efforts are small compared to the traditional matrix inversion TPA method. Next to the operational

measurements of path inputs and target(s), OPAX requires in many cases only one reciprocal FRF measurement per
target point, making it fast and suitable for a quick NVH troubleshooting. Of course, one can always include additional
indicator points in the system of equations to increase accuracy and robustness, but still then the FRF measurement
efforts remain limited compared to the traditional TPA matrix inversion method, where the loads are identified on a
frequency-by-frequency and order-by-order basis and the system of equations only contains one equation per
indicator point.
� OPAX does not require mount stiffness data. Such data is often not available and not always accurate, which is a major

bottleneck for the traditional mount stiffness TPA method.
� The estimated model parameters allow determining additional interesting information of the system. For example, the

ability of estimating the dynamic mount stiffness characteristics from OPAX measurement data is an interesting
additional feature of the method.
� The estimation of the parametric load models is numerically stable. Ill-conditioning problems resulting from pseudo-

inversion of rank-deficient datasets like those in operational path analysis (OTPA) hardly occur.
� The bandwise estimation in OPAX is less sensitive to systematic FRF errors (e.g. shifts of frequency peaks) than the classical

frequency-by-frequency matrix inversion technique.
� OPAX allows a simultaneous identification of structural and acoustic loads and paths.
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