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Abstract Despite considerable research effort, the use of

physics-based modelling to predict frictional behaviour is

still a debatable question in modern tribological research.

This article presents a dry-friction model, based on physical

phenomena such as adhesion, elastic–plastic contact and

deformation. This contribution offers a means to simulate all

kinds of frictional behaviour that is observed in experimental

research. The contact of two bodies through their surfaces is

transformed into the contact of a body that is provided with

asperities and containing material and geometrical infor-

mation of both of the mating surfaces, and a counter profile,

holding solely geometrical information. The local adhesion

between the asperity tips and the counter profile, together

with the elastic–plastic behaviour of the asperities them-

selves, form the basis for this model. The simulation results

show qualitatively good agreement with experimental study.

Friction and contact phenomena such as normal creep,

increasing static coefficient of friction with increasing dwell

time, pre-sliding hysteresis with nonlocal memory, Stribeck

and viscous effect, frictional lag, stick–slip and dynamical

oscillations are revealed by this model. Furthermore, future

improvement and refinement of the model is possible (and

ongoing) so as to incorporate lubrication and asperity wear.

Keywords Friction mechanisms � Dynamic modelling

List of Symbols

dj Spring deformation of the j-th element

dn Normal interference depth

Dj Maximum spring deformation of the j-th

Maxwell-Slip element

f Main damping ratio

fTi Tangential damping ratio of the i-th asperity

fNi Normal damping ratio of the i-th asperity

k Mean counter profile wavelength

l Coefficient of friction

ls Static coefficient of friction

rNi, rTi Yielding force

s Non-dimensional time

xN Main eigenfrequency of the system

xnTi Tangential eigenfrequency of the i-th asperity

xnNi Normal eigenfrequency of the i-th asperity

xnPi Eigenfrequency of counter profile of the i-th

asperity

A Amplitude of the applied excitation

cT,i, cN,i Dimensional tangential and normal damping of

the i-th asperity

CT Dimensional main tangential damping

C Damping matrix

dxT,i Horizontal asperity distribution

ft Frequency of the applied excitation

Ffric Non-dimensional global friction force

Fnorm Non-dimensional global normal contact force

Fn Local normal contact force

Fadh,i Adhesion force of the i-th asperity

F Force vector

kel Elastic spring stiffness

kpl Plastic spring stiffness

kp,i Profile stiffness of the i-th asperity

kT,i, kN,i Dimensional tangential and normal stiffness of

the i-th asperity

KT Dimensional main tangential stiffness

K Stiffness matrix

li Dimensional asperity length
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Li Non-dimensional asperity length

mi Dimensional mass of the i-th asperity

M Dimensional main mass

M Mass matrix

N Number of asperities

q State vector

t Dimensional time

x, y Dimensional position

xi, yi Dimensional asperity mass position of the i-th

asperity

xm, ym Dimensional position of the free end of the main

spring

xt, yt Dimensional main mass position

X, Y Non-dimensional position

. Dimensional time derivation
0 Non-dimensional time derivation

1 Introduction

The innovative study of Leonardo da Vinci [1], Guillaume

Amontons [2], Leonard Euler [3] and Charles Augustin de

Coulomb [4], concentrated on investigating the complex

mechanics of the relative motion between contacting

bodies. However, over the last 500 years, the main research

effort was focused on the mechanisms giving rise to the

frictional resistance, in particular adhesion and deformation

[5], while friction as a dynamical process evolving in the

contact was often overlooked. The profound understanding

of this dynamical behaviour is of crucial importance in

diverse applications, ranging from high precision machine

elements over biomedical and automotive applications to

earthquake engineering. The exigency for a model capable

of simulating the dynamical behaviour is evident for

studying stick–slip motion, where the unstable motion

originates from the interaction of the frictional dynamics

and the rest of the mechanical system. In order to study this

phenomenon on a theoretical basis, a realistic model is

needed for the frictional behaviour in the contact of the

mating surfaces.

Despite numerous attempts, the modelling of dry fric-

tion between solids remains a pertinent issue in modern

tribological research. The reason may be found in the

complexity of the processes taking place in any tribological

contact, on different space and time scales, including

elastic and plastic deformation of bodies, material proper-

ties, lubrication, thermal effects, humidity, fracture and

wear, reintegration of particles into the surface, chemical

reactions and mechanical interactions [6, 7, 8].

Another difficult issue which Popov and Psakhie [6]

mention, is the multi-scale nature of friction. Microscopic

scales affect the friction properties, such as a thin layer of

impurities on a metal surface drastically change the friction

properties [9]. Conversely, the time and space scales of

contact mechanics can differ by many orders of magnitude

[10].

The asperity-based modelling has a long history. One of

the earliest studies on the modelling of systems at the

asperity level, is probably the study of Abbott and Fire-

stone [11], where the contact was simulated with a network

of spheres, which are truncated by the indentation with a

rigid flat surface. More than three decades later, Kragelsky

[12], considers a rough surface as a composition of elastic

rods with different lengths, fixed from one end to a rigid

surface. Based on a statistical approach, the global coeffi-

cient of friction is function of the deformation of the

material, the geometrical properties and the local friction

force, of which the latter is considered to be pressure

dependent. This model shows an increasing coefficient of

friction with decreasing surface roughness, in accord with

experimental results.

Greenwood and Williamson [13] also base their study

on multi-asperity behaviour, considering the asperity tips

as hemispheres with a constant radius of curvature. The

contact between two rough surfaces is transformed into the

contact of an equivalent rough surface and a rigid flat

surface. Whitehouse and Archard [14] extend the model of

Greenwood and Williamson by studying a random varia-

tion of radius of curvature of the asperity tips. Ogilvy [15]

develops a numerical strategy to simulate the frictional

behaviour of rough surfaces, using Hertzian contact anal-

ysis [16] and simple plasticity theory. The coefficient of

friction is calculated on both the micro scale and the macro

scale. On the micro scale, the adhesive forces required to

break all junctions are summed up, while in the macro-

scopic approach, the friction force is related to the total

area of true contact. Agreement of the numerical results

with experimental study is found in the contact of sub-

strates with a MoS2 coating.

Ford [17] bases his multi-asperity model on a combi-

nation of the models of Tabor [18] and Greenwood and

Williamson [13], to study the contact angle and its distri-

bution for pure elastic and pure plastic indentation. The

numerical code utilised, therefore, is based on the Ogilvy

model [15], where the asperities are no longer considered

as hemispheres of equal radius.

The CEB model of Chang, Etsion and Bogy [19]

incorporates the elastic–plastic behaviour of the contacting

asperities.

Tworzydlo et al. [21] present a constitutive model of

frictional interfaces, with the aim of providing the link

between micro scale effects at the asperity contacts and

macroscopic phenomena of the contacting materials. They

make use of a special finite element method, combined
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with empirical findings for the local friction force and a

statistical homogenisation technique.

Karpenko and Akay [22] describe a computational

method for the simulation of the friction force in steady

sliding of three-dimensional rough surfaces. They assume

the friction force to originate from the elastic asperity

deformation and the shearing due to the adhesion occurring

the junctions. Based on the local friction dependency on

the normal pressure and the arbitrary orientation and con-

tact of asperities, they develop an iterative procedure uti-

lising a successive grid refinement.

Several research groups use a FEM-based approach to

model the contact between a rigid flat surface and a rough

surface, where the asperities are modelled as hemispheres.

Jackson and Green [23] develop empirical formulas for the

elastic–plastic contact in this manner. Quicksall et al. [24]

extend this study for a set of materials and compare the

results obtained with the Jackson and Green model.

None of the previously presented modelling strategies

are, however, capable of simulating dynamic frictional

phenomena such as the Stribeck effect, viscous sliding and

friction lag. In order to manage this, a completely different

modelling approach is necessary.

During the last two decades, another category of friction

models were being developed, namely heuristic models for

friction force dynamics, intended to be used for control

purposes [25]. Such models are not concerned with actual

contact mechanics, but are parametric mathematical for-

mulations that can be used for fitting experimentally

obtained friction behaviour. A special case of these is the

Generic model proposed in [26], which uses phenomeno-

logical mechanisms to formulate the dynamics of asperity

interaction.

The objective of this study is to formulate a model that

combines the approaches and features of both categories of

models reviewed above, so as to result in a most general

and physically realistic representation of the contact and

friction phenomenon.

This article presents a generic, wear-less dry friction

model, which incorporates both static (deformation, adhe-

sion) aspects and dynamic behaviour. With this model, one

is able to simulate the dynamics of the interaction of a body

comprising a mass and a set of asperities under normal

loading and tangential excitation. Despite relatively simple

assumptions, the model is able to simulate all experimen-

tally observed frictional behaviours. The article is struc-

tured as follows. In Sect. 2, the ingredients of the model

are discussed, leading to the renewed formulation of the

generic model. This is followed in Sect. 3 by an enuncia-

tion of the numerical strategy and the utilised normalisa-

tion. Section 4 overviews the obtained results to show the

relevance of this contribution. Finally, some appropriate

conclusions are drawn.

2 Model Description

Geike and Popov [27] show that three-dimensional contacts

have the same force—displacement law as a reduced one-

dimensional model. This grants one to reduce a three-

dimensional asperity based rough surface into a more

manageable and computable system, in which each asperity

is converted to a mass, connected via a normal and tan-

gential spring, to the main mass. This reduction allows us

to describe the dynamical frictional behaviour of rubbing

surfaces, which is mandatory for an accurate modelling of

the frictional behaviour of these contacts.

2.1 The Contact Scenario

The contact of two surfaces sliding over each other, can be

represented by a mass with a flexible surface, containing all

asperities, and a counter profile, determined by a certain

geometrical form and a certain stiffness, which is much

higher than the stiffness properties of the asperities.

The two first bodies are consequently transformed to an

upper body, containing all geometric and material infor-

mation, and a counter profile, containing only geometrical

information.

The top surface is represented by asperities, each of

which has a certain mass, stiffness, damping and length

which, combined with the shape of the counter surface,

forms the transformation of the original local asperity

contact. For the sake of simplicity, the asperity mass is

considered as a point mass, i.e. without geometrical

dimensions. This is illustrated in Fig. 1, where the varying

radius of the asperity is a measure for the stochastic dis-

tribution of the asperity masses.

The main mass of the sliding body M can be excited in

different ways. One can either control its motion by a direct

application of an external force or displacement, or realise

the same through a parallel connection of a spring KT and a

damper CT to the mass, while controlling the position of

the other (free) end of the spring/damper combination.

An asperity is represented by its mass mi, the normal and

tangential stiffness kNi, kTi and damping cNi, cTi, where i

stands for the i-th asperity of a set of size N. In that way,

normal and tangential behaviour of the asperity are

decoupled. The undeformed length of the asperity is

characterised by its relaxation length li. This is presented in

Fig. 1, where the rest length of asperity 1 is indicated by l1.

In contact modelling, two contacting rough surfaces are

often reduced to the contact of one surface, having the

equivalent roughness of both original surfaces, and a per-

fectly flat surface (e.g. [13, 28]). This reduction is plausible

for stationary contact simulation, but fails when consider-

ing frictional dynamics in sliding contacts, since it misses

the ability of asperity interlocking and an incorrect
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representation is given of the continuously changing rela-

tive topology [26]. Therefore, the asperity population,

representing the top surface, is given a certain length dis-

tribution, reflecting the equivalent roughness of the original

surfaces. On the other hand, the lower surface is proposed

as a profile with constant amplitude, representing a mea-

sure for the overlap between asperities during contact,

while the wavelength is chosen arbitrarily, from a given

distribution. Various distributions for the asperity length

are applicable, such as exponential and Gaussian distribu-

tions for the asperity heights, as Greenwood and Wil-

liamson [13] propose. Persson et al. [10] indicate the

Gaussian nature of the height distribution of natural sur-

faces, such as surfaces prepared by fracture or sputtering,

while polished rough surfaces show a non-symmetric

height distribution. Andrews and Sehitoglu [29] propose a

log-normal distribution for the asperity height, tip radius

and horizontal position. However, Lampaert [25] shows

that the type of distribution has only a minor influence on

the hysteresis friction behaviour.

In conformity with the Greenwood–Williamson assump-

tion [13], no interaction forces between asperities are

modelled. Contact between upper surface and lower surface

occurs when an asperity of the top surface penetrates (i.e.

interferes with) the lower surface. A proper choice of the

counter surface accelerates the calculation of the interfer-

ence depth d. An extra stiffness kpi, the profile stiffness,

affects the motion of the asperity mass mi in the normal

direction of the counter profile with a force Fn = kpi dn,

where dn is the normal interference. Besides the contact

interaction of the asperity and the counter profile, an addi-

tional adhesion mechanism is modelled. The tangential

adhesion law used by Al-Bender et al. [26] must be under-

stood as a tangential surface force, resisting tangential

motion. This adhesion law is depicted in the left panel of

Fig. 2. The case of the more classical adhesion laws [20, 30,

31, 32], where the asperity is subjected to an attractive–

repulsive force in the normal direction towards the contact-

ing surface, is depicted in the right panel of Fig. 2. In order to

describe the force–separation relationship, the Dugdale

approximation [33] is used, where the integral of the force–

separation curve is a measure for the work of adhesion.

Further below, the results yielded by these two approaches

are compared and discussed.

Fig. 1 The contact scenario

Fig. 2 Left panel the adhesion

law in the tangential direction,

opposite to the velocity of the

asperity, right panel the normal

adhesion law, an attractive force

is exerted to the asperity when

the adhesion zone is entered
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2.2 Elastic–Plastic Asperity Behaviour

Since the pioneering study of Greenwood and Williamson

[13], numerous attempts to model the contact of rough

surfaces were carried out. Several static models include the

elastic–plastic behaviour of the contacting asperities [19,

34, 24, 23]. On the other hand, viscoelastic materials can be

modelled by combining basic mechanical models, such as

the Voigt and Maxwell models. These elements consist of a

spring and a dashpot in parallel and in series respectively to

simulate the deformation behaviour of viscoelastic mate-

rials [35, 36]. In order to include the hysteretic elastic

plastic spring behaviour in our model, a Maxwell-Slip

element [37, 38] is used, which allows fast and accurate

simulation of hysteretic behaviour of a weakening spring.

The basic scheme of the Maxwell-Slip model is depicted in

Fig. 3. The model consists of a parallel connection of

elements, characterised by their stiffness kj and the maxi-

mum deformation of the spring Dj (with j = 1…M). This

latter parameter relates the statics of the element to its own

frictional behaviour, as the maximal force, which the ele-

ment can resist, is given by Fmax = Dj � kj. As state vari-

able, the spring deformation dj is chosen. When the

element sticks, its position is fixed and the spring defor-

mation dj increases, until its maximum value Dj is reached,

as a result of which the element slips. Following Rizos and

Fassois [39], the state equation for each element can be

written in a dense way for both regimes as in Eq. 1:

djðtÞ ¼ sgnfxðtÞ � xðt � 1Þ þ djðt � 1Þg
�minfjxðtÞ � xðt � 1Þ þ djðt � 1Þj;Djg; ð1Þ

while the output is the sum of all spring forces:

FðtÞ ¼
XN

j¼1

kj � djðtÞ ð2Þ

This model structure is used to simulate the elastic–plastic

behaviour of both the normal and tangential asperity

deformation, one Maxwell-Slip model for each degree of

freedom. The deformation of the spring is imposed by the

motion of the asperity mass on the one hand, and the main

mass position on the other hand. Every Maxwell-Slip

model consists of two elements, of which one element is

purely elastic (which can be considered as a Maxwell-Slip

element with infinite maximum deformation), while the

second is able to yield and thus to dissipate energy. This is

depicted in Fig. 4, where the normal stiffness of an asperity

is represented as the parallel connection of a purely elastic

spring kel and a Maxwell-Slip element with stiffness kpl.

When applying a periodic deformation to the asperity in the

normal direction, a force–deformation plot reveals the

hysteresis behaviour, where the area enclosed by the hys-

teresis loop is a measure for the dissipated energy during

the motion. Consequently, the asperity behaviour is

dependent on the loading trajectory followed. Although the

hysteresis model only comprises two elements, when

considering a large amount of asperities with stochasti-

cally distributed parameters, no significant difference is

observed when using more elements to model an asperity.

Let us note, however, that during simulation, the motion of

the asperity is not necessarily periodic, but depends on

several model parameters, such as the asperity mass and

stiffness, the motion of the main mass, and the shape of the

counter profile. However, the mechanism of energy dissi-

pation and hysteretic behaviour remains unaltered.

3 Numerical Strategy and Calculation Method

3.1 Contact Detection

The shape of the counter profile has to fulfil some condi-

tions to yield a computationally efficient algorithm, with-

out mortgaging the numerical stability more than

necessary. The shape of the profile is of fixed pattern, with

randomly varying wavelength, and constant amplitude. The

F1

1

x

1

F,x

F2

F1

F3

FN

kN

k3

k2

k1

1

x1

Fig. 3 The model structure of

the Maxwell-Slip model

Tribol Lett (2010) 40:113–130 117

123



choice for a counter profile with constant amplitude is

beneficial, since the search algorithm—to find on which

element of the counter profile penetration is possible—is

abolished whenever the asperity is situated above the

counter profile amplitude. Different possible shapes are

depicted in Fig. 5. For the calculation of the reaction force

of the profile on the asperity, the following procedure is

used. When the asperity point mass interferes with the

counter profile, the normal distance d between the asperity

mass position (xi,yi) and the closest point (x,y) on the

counter profile is calculated. This is depicted in Fig. 6 for

an arbitrary profile. The reaction force acts outwards along

the line formed by (xi,yi) and (x,y). Obviously, the trian-

gular (a) and trapezoidal profile (b) suffer from disconti-

nuities at the edges, while for these same profiles, the

interference depth is most readily computable as a point-

line distance. The circular profile (d) also suffers from

certain discontinuities, e.g. at the lower edge of the half

circles, but these boundaries are less stringent. This is

shown in Fig. 7. For the circular profile, the determination

of the interference depth is computationally cheap as

point—circle distance calculation. The sinusoidal profile

(c) is optimal with regard to discontinuities, but computa-

tionally expensive, since the determination of the distance

between a point and a sine curve requires a numerical root

finding strategy, such as Newton–Raphson or bisection

method.

3.2 Model Equations

Before setting out on the mathematical representation of

the system, we refer to Fig. 1, where a global overview is

given of the parameters included in the model. The equa-

tions of motion of this MDOF m - c - k system are as

follows (we refer to the nomenclature for an overview of

the used symbols). For the main mass M, we have

M€xt ¼ KTðxm � xtÞ þ CTð _xm � _xtÞ þ
XN

i¼1

kT;iðxi � xt � dxT;iÞ

þ . . .
XN

i¼1

cT;ið _xi � _xtÞ

M€yt ¼
XN

i¼1

kN;iðyi � yt þ liÞþ
XN

i¼1

cN;ið _yi � _ytÞ � F

ð3Þ

where F is the external normal force applied onto the main

mass. Depending on the excitation, the terms involving KT

and CT in Eq. 3 are applicable or not.

Fig. 4 The representation of an elastic–plastic asperity

(a)

(b)

(c)

(d)

Fig. 5 Appropriate counter profiles. a Triangular, b trapezoidal, c
sinusoidal and d circular

Fig. 6 Calculation of the interference depth d. The restoring force

acts outwards via the normal vector on the profile

Fig. 7 Comparison of the circular and the triangular profile. The

discontinuities are indicated by the dashed line. The circular profile

has less discontinuities than the triangular
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For the asperity masses, we have

mi€xi ¼ kT;iðxt � xi þ dxT;iÞ þ cT;ið _xt � _xiÞ
þ ckp;iðx� xiÞ þ Fadh;i;x

mi€yi ¼ kN;iðyt � yi � liÞ þ cN;ið _yt � _yiÞ
þ ckp;iðy� yiÞ þ Fadh;i;y

ð4Þ

where c equals 1 if the asperity is in contact, and 0

otherwise. Fadh,i,x and Fadh,i,y are the x and y component,

respectively, of the adhesion force affecting the i-th

asperity, based on the normal or tangential adhesion law

stated in Sect. 2.1.

In matrix representation, we can distinguish the fol-

lowing matrices:

M ¼

M 0

m1
. .

.
. . .

. .
. . .

.
0

0 M . .
.

. . . . .
.

m1

0 . .
.

2
66666666664

3
77777777775

ð5Þ

K ¼

K þ
P

kT;i �kT;1 ::: 0 � � � 0

�kT;1 kT;1 þ ckp;1 0 ..
. . .

. ..
.

..

.
0 . .

.
0 � � � 0

0 � � � 0
P

kN;i �kN;1
..
.

..

. . .
. ..

.
�kN;1 kN;1 þ ckp;1 0

0 � � � 0 ::: 0 . .
.

2

666666666664

3

777777777775

ð6Þ

C ¼

C þ
P

cT;i �cT;1 ::: 0 � � � 0

�cT;1 cT;1 0 ..
. . .

. ..
.

..

.
0 . .

.
0 � � � 0

0 � � � 0
P

cN;i �cN;1
..
.

..

. . .
. ..

.
�cN;1 cN;1 0

0 � � � 0 ::: 0 . .
.

2
666666666664

3
777777777775

ð7Þ

F ¼

Kxm þ C _xm �
P

kT;idxT;i

Fadh;1;x þ kT;1dxT;1 þ ckp;1xp;1

..

.

P
kN;ili � F

Fadh;1;y � kN;1l1 þ ckp;1yp;1

..

.

2
666666664

3
777777775

ð8Þ

This results in

_q ¼ 0 I
M�1K M�1C

� �
� qþM�1 0

F

� �
ð9Þ

or

_q ¼ Aqþ B ð10Þ

with

q ¼ xt; x1; :::; yt; y1; :::; _xt; _x1; :::; _yt; _y1; :::½ �T

_q ¼ _xt; _x1; :::; _yt; _y1; :::; €xt; €x1; :::; €yt; €y1; :::½ �T
ð11Þ

In Fig. 8, the sparsity pattern of the matrix A is depicted,

which is beneficial when applying dedicated sparse-matrix

techniques during the calculations. In general, at least 2000

asperities are used in the simulations to obtain reasonable

frictional behaviour.

3.3 A Dimensionless Approach

We consider it useful first to normalise the problem with

respect to its parameters. The problem contains a large

number of parameters, thus a reduction of the number of

system variables permits an easier analysis of the results,

and gives better insight into the behaviour. This parameter

reduction is attained by the application of the Vaschy–

Buckingham-P theorem [40].

We define the reference angular frequency xN to nor-

malise the time:

s ¼ xNt xN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RkT þ RkNð Þ=M

p

ds ¼ xNdt

ds
dt
¼ xN

€x! x00

ð12Þ

with accents denoting derivatives with respect to s.

Further, we normalise the displacements by the mean

counter profile wavelength k:

Fig. 8 Sparsity pattern of the matrix A. The size of the matrix is

(4N ? 4) by (4N ? 4), with N the number of asperities in the model
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X ¼ x

k

Y ¼ y

k

Li ¼
li

k

ð13Þ

Substituting Eqs. 12 and 13 in Eqs. 5 and 4 and

rearranging, we obtain

X00t ¼
KTðXm � XtÞ

Mx2
N

þ CTxNðX0m � X0tÞ
Mx2

N

þ
PN

i¼1 kT;iðXi � Xt � dXT;iÞ

Mx2
N

þ
PN

i¼1 xNcT;iðX0i � X0tÞ
Mx2

N

Y 00t ¼
PN

i¼1 kN;iðYi � Yt þ LiÞ
Mx2

N

þ
PN

i¼1 xNcN;iðY 0i � Y 0t Þ
Mx2

N

� F

Mx2
Nk

ð14Þ

and

X00i ¼
kT;iðXt � Xi þ dXT;iÞ

mix2
N

þ xNcT;iðX0t � X0iÞ
mix2

N

þ ckp;iðX � XiÞ
mix2

N

þ Fadh;i;x

mix2
Nk

Y 00i ¼
kN;iðYt � Yi � LiÞ

mix2
N

þ xNcN;iðY 0t � Y 0i Þ
mix2

N

þ ckp;iðY � YiÞ
mix2

N

þ Fadh;i;y

mix2
Nk

ð15Þ

With

KT ¼ x2
nTM

CT ¼ 2fMxnT

kT;i ¼ x2
nTimi

kN;i ¼ x2
nNimi

kp;i ¼ x2
nPimi

cT;i ¼ 2fT;imixnTi

cN;i ¼ 2fN;imixnNi

ð16Þ

Simplifying further, we obtain the final form:

X00t ¼
x2

nT

x2
N

ðXm � XtÞ þ 2f
xnT

xN

ðX0m � X0tÞ

þ � � �
PN

i¼1 mix2
nTiðXi � Xt � dXT;iÞ

Mx2
N

þ
PN

i¼1 2fT;imixnTiðX0i � X0tÞ
MxN

Y 00t ¼
PN

i¼1 mix2
nNiðYi � Yt þ LiÞ
Mx2

N

þ
PN

i¼1 2fN;imixnNiðY 0i � Y 0t Þ
MxN

� F

Mx2
Nk

ð17Þ

and

X00i ¼
x2

nTi

x2
N

ðXt � Xi þ dXT;iÞ þ 2fT;i

xnTi

xN

ðX0t � X0iÞ

þ c
x2

nPi

x2
N

ðX � XiÞ þ
Fadh;i;x

mix2
Nk

Y 00i ¼
x2

nNi

x2
N

ðYt � Yi � LiÞ þ 2fN;i

xnNi

xN

ðY 0t � Y 0i Þ

þ c
x2

nPi

x2
N

ðY � YiÞ þ
Fadh;i;y

mix2
Nk

ð18Þ

The nonlinear constraints of the problem, such as the adhe-

sion, the contact formation and loss, and the hysteretic spring

behaviour of the asperities, hamper the solving of the system

of ODEs. Therefore, an Adams-Bashford–Adams-Moulton

predictor–corrector method is used. (Other numerical solv-

ers may also be appropriate to deal with the nonlinear

behaviour of the system [41]). Structural dynamics solvers,

such as Newmark alpha–beta, suffer from the fact that matrix

inversion is necessary for these implicit methods. Since the

stiffness matrix changes owing to the elastic–plastic asperity

behaviour, this inversion needs to be carried out at almost

every time step, which is computationally intensive for

large, though sparse, systems. In Fig. 9, a flowchart shows

the different steps of the solution strategy.

4 Numerical Results

This section presents the basic friction characteristics, as

simulated by the model described above, and compares

them to experimentally observed characteristics (where

known). This comparison is per se qualitative since the

model contains a large number of unknown parameters,

Fig. 9 Flowchart of the solution strategy
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which have to be determined when a quantitative com-

parison is sought (see Sect. 4.11, for a discussion of this

point). The simulations also serve to check the performance

and validity of the model. We refer to the Appendix for an

overview of the numerical values of the used model

parameters, unless otherwise stated in this section. These

model parameters can generally be obtained from an

identification procedure, based on experimental data,

combined with foreknowledge of the nature of the surfaces

in contact regarding material and geometrical properties.

Worthy of note is that the correspondence between

physical and geometrical properties of the rubbing mate-

rials on the one hand, and the model parameters, on the

other, is not a straightforward one (see Sect. 4.11). In order

to transform physical and geometrical parameters into

model parameters, other assumptions have to be made,

which are outside the scope of this article. Our purpose

here consists mainly in demonstrating how a model for-

mulation such as ours can yield all the known frictional

characteristics using arbitrary parameters.

4.1 Friction Force in Function of the Sliding Velocity:

the Stribeck Curve

This is the most well-known friction characteristic, mani-

festing itself in both dry and lubricated contacts. With

increasing sliding velocity, the friction coefficient, gener-

ally, first decreases (velocity weakening) and then increa-

ses (velocity strengthening, or viscous effect). Since

adhesion forces play a major role in this phenomenon, we

have exploited the simulation also to make a comparison

between the two adhesion laws postulated in our model

(namely, tangential versus normal adhesion law).

In Fig. 10, the results of a simulation of the static Stri-

beck curve is shown for the model with normal adhesion

law and tangential adhesion law. Although the normal

adhesion law can be considered as a more classical and

correct approach, both the normal and tangential adhesion

laws yield qualitatively similar results. Therefore, one can

conclude that the behaviour using either approaches is

qualitatively of the same kind, which is also confirmed by

other simulations. The presented results hereafter are based

on the model with the tangential adhesion law, which is

numerically less demanding.

4.2 Normal Creep

When putting two surface in contact, the actual contact

regions are extremely small compared to the apparent

contact area. It is, therefore, reasonable to assume that

certain asperities in contact will deform plastically. Con-

sequently, the contacting bodies will creep under external

load [42, 43]. The hardness tests of Mulhearn and Tabor

[44] show similar behaviour. Bowden and Tabor [45]

describe the phenomenon of indentation hardness decrease

as similar to the viscous creep process in tensile tests. Gitis

and Volpe [46] study the static friction mechanism at short

and long term dwell. The stiction models they reviewed,

cover processes such as material deformation, meniscus

formation and viscous lubricant flow. They also give an

overview of the various formulas for the time-dependency

of the static friction force. Berthoud and Baumberger [47]

investigate the time-strengthening and velocity weakening

friction of polymer glass and study the role of asperity

creep under normal load. Persson [9, 10] states that the

increase in contact area with time of stationary contact is

responsible for an increasing static friction force with

contact time.

The presented generic model can be tested for this

phenomenon by the following simulation experiment. The

upper mass (having the asperities) is brought into station-

ary contact with the counter profile. A certain constant

normal force is applied externally to the main mass. The

normal position Yt of the main mass is plotted as function

of the contact time in Fig. 11. One can observe the

decreasing vertical height of the main mass as function of
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Fig. 10 A comparison of the

Stribeck curve simulated with

the normal adhesion law (left
panel) and the tangential

adhesion law (right panel). The

ordinate is the normalised

friction force, while the abscissa

is the normalised sliding

velocity. Weakening and
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the contact time; initially very fast (high slope), but with

decreasing slope as time elapses. This compares favour-

ably with experimental results from literature [48].

4.3 Static Coefficient of Friction as Function of Stick

Time

The preceding study of the normal creep with contact time

points out the fact that the loaded asperities never reach a

strict equilibrium in finite time. This time-dependency

reveals itself in an increasing static coefficient of friction as

function of stick or dwell time. Coulomb [4, 49] was

probably the first to discover this dependency. Gitis and

Volpe [46] list some important equations from literature.

The static friction coefficient ls is found experimen-

tally, to increase in a quasi-logarithmic way with the stick

time s, for a wide range of material combinations,

according to Eq. 19 [43, 48, 50, 51]. This can be explained

by the relationship between the strengthening with aging of

the contact junctions, and the plastic relaxation of the

loaded contacts, which results in an increase of the real

contact area and consequently to an increase of the static

coefficient of friction [52].

lsðsÞ ¼ l0 þ b ln s ð19Þ

For the simulations with the presented model, the system is

preloaded with a force and subsequently kept stationary for

a certain sticktime s. Afterwards, a constant velocity is

applied and the maximum pre-sliding friction force is

captured and used to calculated the static coefficient of

friction ls. The results are plotted in Fig. 12.

4.4 Contact Simulation Indentation Simulation

The normal indentation simulation is carried out by

applying a (position controlled) forced indentation to the

system while investigating the normal contact force. In

Fig. 13a and b, the normal displacement Yt and the normal

force Fnorm are depicted as function of time, while Fig. 13c

presents the evolution of the normal force as function of the

normal indentation. The arrows in Fig. 13c indicate how

the loop is passed through. The slope of the curve increases

first with raising indentation, due to the increasing number

of asperities in contact. Subsequently, plastic yielding

causes a diminution of that increase. At the reversal point

of indentation, a steep return is noticed in the force–

indentation curve. One can also notice the oscillatory

behaviour of the normal force at the end of the simulation

(t [ 12[-]), due to the low damping in the system. The

linear damping terms fN,i and fT,i are set to zero in these

experiments, and thus the only damping in the system

originates from the elastic–plastic spring behaviour, which

reduces with decreasing interference depth Yt (Fig. 12).

4.5 Pre-Sliding Hysteresis

Prior to gross sliding, the tangential contact force is a

(hysteresis) function of the tangential displacement. In

Fig. 14, the pre-sliding hysteresis Ffric ¼ FðXtÞ is depicted

for different excitation frequencies ft. One can notice the

somewhat little dependence of the hysteresis curve on the

frequency of excitation, which was also observed experi-

mentally by Lampaert et al. [53]. The evolution of the

hysteresis curve with increasing excitation amplitude Xt, is

depicted in Fig. 15, where the transition from pre-sliding to

sliding hysteresis is visualised. In Fig. 16, experimental

evidence is shown of a hysteresis measurement for differ-

ent tangential strokes [62], presenting similar behaviour,

however only in the pre-sliding region.

In Fig. 17, a hysteresis simulation is presented in which

the wiping out effect [54] is demonstrated. When the
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motion is reversed before the hysteresis loop is closed, a

new internal loop is formed. When reversing the motion

sense once more, the internal loop is closed when arriving

at the previous reversal point. After closing the internal

loop, the path of the original hysteresis curve is followed

and the effect of the two past reversal points has no longer

effect [55]. The left panel 17 shows the continuous exci-

tation signal Xt which is applied to the system, while the

right panel 17 shows the external hysteresis loop with the

internal loop. From this, one can conclude that this type of

hysteresis is ‘‘hysteresis with nonlocal memory’’, following

the ‘‘Masing Rules’’ [56, 57, 58, 55].

4.6 Gross Sliding and Transition Behaviour

In this section, the model results are described for the

transition from presiding to sliding regime and vice versa.

In order to perform these experiments, a sinusoidal position

excitation is applied to the main mass. In Fig. 18, this

transition behaviour is depicted. The friction force is shown

as function of the velocity. This behaviour is not only

dependent on the chosen model parameters, but also on the

excitation signal and its evolution with time (represented in

our simulation by loops with increasing frequency). Con-

sequently, a large diversity is observed in this type of

behaviour. In order to confirm these results, experimental
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Fig. 13 Normal loading. A

vertical motion Yt, depicted in a,

is imposed to the main mass.

The resulting normal contact

force is depicted in b, while the

force–displacements curve is

presented in c. The area of the

loop determines the

unrecoverable dissipated energy
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evidence is shown in Fig. 19 for the contact of steel on

PET plastic. Similar results were obtained in the experi-

mental studies by Kappagantu and Feeny [59] and Yanada

and Sekikawa [60].

4.7 Effect of the Normal Load on the Coefficient

of Sliding Friction

In this simulation, the effect of the normal load on the

coefficient of friction l is investigated. In Fig. 20a, the

evolution of l as function of normal load is depicted in the

pre-sliding regime. One can notice the trend of decreasing

coefficient of friction with increasing normal load. A sim-

ilar tendency was obtained in another simulation study [61].

For higher loads, the static friction coefficient approaches a

constant value. Experimental studies on a linear test setup

[62] show results of the same kind. In Fig. 20b, similar

simulation results are depicted up to sliding of the main

mass, where also a decreasing trend of the coefficient of

friction is noticed with increasing normal load.

4.8 Sliding Friction Force Dynamics

In this section, the model results are presented regarding

the static Stribeck curve and the dynamic friction lag

simulations. Figure 21 shows the friction force as function

of the velocity. The solid line represents the Stribeck curve,
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obtained by applying constant velocities to the main mass.

The curve shows the combination of velocity weakening

effect (decreasing friction force as function of increasing

steady state velocity, Stribeck effect) and the velocity

strengthening effect (increasing friction force as function

of increasing steady state velocity, ‘viscous’ effect).

Frictional lag, also called frictional memory or hys-

teresis in the velocity, is also shown in Fig. 21. In order

to obtain the friction-lag loops shown in Fig. 21, a sinu-

soidal excitation superposed on a constant offset velocity,

is applied as position input to the main mass. From the

results, one can see how the dynamic force exceeds

the steady state curve when the mass accelerates, while

the dynamic force is lower than the steady state curve

during deceleration. One can also notice how the loop

widens in the vertical direction (higher variation in fric-

tion force) when the frequency of excitation is increased.

The behaviour is observed experimentally by Baumberger

[48, 50] and is similar to that obtained in lubricated

friction [63, 64].

4.9 Dynamic Behaviour in the Normal Direction

Recently, experimental evidence was shown that there is a

regular normal displacement associated with the tangen-

tial motion, describing rate-independent hysteresis but-

terfly curves in dry friction, similar in nature to the

piezoelectric and magnetic hysteresis [65]. These ideas

date back to Amontons [2], who set up the hypothesis that

the friction originates from the climbing of asperities one

upon the other, and Coulomb [4], who explained the

difference between the static and kinetic friction forces by

his brush analogy. He proposed that, when the contacting

surfaces are left to rest under a normal load, the con-

tacting asperities will sink like brushes, increasing the

engagement of the contacting surfaces. Tolstoi [66]

explained the relative normal displacement by the oscil-

latory behaviour of the asperities, due to their nonlinear

stiffness characteristics. In this model, both approaches

are reconciled, as shown in the model description. In

Fig. 22, three hysteresis plots are depicted, together with

the imposed motion on the main mass. The well known

hysteresis of tangential force as function of tangential

displacement is shown in Fig. 22b. Figure 22c and d

shows the butterfly hysteresis of the normal displacement

as function of the tangential displacement and the tan-

gential force respectively. By way of comparison with

experimental observation, Fig. 23 shows similar behav-

iour measured for paper on steel [65].
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Fig. 23 a With the imposed

periodic motion of a dry slider

are associated periodic

tangential (friction) force and

normal (lift-up) displacement. b
Depicts the tangential force

against the tangential

displacement, yielding the now

well-known pre-sliding

hysteresis curve (arrows
indicate the direction of

motion). c Shows the lift-up

against the tangential force

yielding the friction-lift

butterfly, and d the

displacement butterfly. Plots b,

c and d are independent of the

motion frequency in the test

range 0.02–2.0 Hz
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4.10 Stick–Slip Oscillatory Behaviour

The generic model has the additional possibility of simu-

lating stick–slip behaviour. Instead of imposing a dis-

placement Xt to the main mass, a (complex) spring is

connected to the mass, where the displacement of the other

end of the spring, Xm, is imposed. The stick and slip phases

are clearly distinguishable in Fig. 24, depicting the position

Xm, which is the desired position of the main mass, and the

effective position Xt of the main mass. This effect is also

visible in the forces in the system in Fig. 25, where the

spring force and the friction force in the contact are

depicted. From these figures, one can follow the behaviour

of the system. First, the main mass sticks to the counter

profile, until the friction force equals the break away force.

The mass starts to slide and the increasing velocity results

in a decreasing friction force. Simultaneously, the spring

force decreases because _Xm is smaller than _Xt: The main

mass accelerates until the force equilibrium is reached,

resulting in a deceleration of the mass. Consequently, the

friction force increases until the mass sticks again. The

stick period starts with a damped oscillation, determined by

the mass of the slider, the contact stiffness and the main

stiffness, while the damping originates from the energy loss

in the contact and the damping in the main spring. Fig-

ure 25 shows an inset with a detail of this oscillatory

behaviour of the friction force and the spring force at the

onset of sticking. Afterwards, the cycle restarts again.

Similar behaviour was noticed by another modelling

approach [25, 67], as well as, in another experimental study

[53].

4.11 On the Model Nature and Parameter Selection

From the foregoing results, it is amply clear that model is

able to qualitatively simulate known contact and friction

dynamics using an arbitrary set of process parameters.

However, a word about quantitative correspondence of the

model, and the selection of realistic parameters to achieve

this end, is in order here.

The model, as it stands now, is a heuristic synthesis of

possible physical mechanisms, with their constituent

parameters, involved in the friction phenomenon, which (i)

are not exhaustive, and (ii) may not correspond in a direct,

recognisable way to actual surface and material properties.

Those two points have to be addressed, if we wish to make

the model predictive rather than heuristic. Two ways may

be pursued.

The first way is to continue treating the model as a

generic one, with unknown parameters to be experimen-

tally identified. In order to achieve this, we need to (i) carry

out a sufficient number of friction experiments, covering

the ranges of speeds and loads of interest for a given

contact; (ii) (pre)select reasonable stochastic-distribution

0 100 200 300 400 500
−5

0

5

10

15

20

25

30

τ [−]

X
t [−

], 
X

m
 [−

]

X
t

X
m

Fig. 24 Stick–slip behaviour. The desired position (dashed line) and

the real position (solid line) as function of time

0 50 100 150 200 250 300 350 400 450 500
−5

−4

−3

−2

−1

0

1

2

3

4

5

6

τ [−]

F
fr

ic
 [−

], 
F

sp
rin

g [−
]

F
fric

F
spring

260 280 300 320

−4

−2

0

2

4

6

τ [−]

F
fr

ic
 [−

], 
F

sp
rin

g [−
]

Fig. 25 The applied spring

force (dashed line) to the mass

and the friction force (solid line)

as function of time. The inset
shows a detail of the oscillatory

behaviour of the friction force

and the spring force at the onset

of sticking

Tribol Lett (2010) 40:113–130 127

123



functions of the unknown parameters, and (iii) perform

parameter identification by (optimally) fitting the experi-

mental data to the model. In this case, we need not concern

ourselves even with meaning or the orders-of-magnitude of

the identified parameters, as long as we obtain a good fit.

(For a discussion of the influence of some of parameters on

the resulting friction behaviour, the reader is referred to

[26]). Neither can we, in this case, indeed expect a corre-

spondence of identified parameters with the actual prop-

erties of the surface (assuming that we are able to quantify

those and convert them to model parameters), although this

last possibility cannot be ruled out. This method has been

applied with success in [67].

The second way is to make the model predictive. In this

case, we must be able to translate the actual contact prop-

erties into model parameters. This is not a straightforward

task, but the hurdles are not insurmountable, we believe.

What we basically need to do is to convert the geometrical

and material properties of the contacting surfaces into model

parameters. The greatest hurdle here is interpreting the

geometry of a surface, since the physical (mass, elasticity,

etc.) properties will follow relatively easily once the form is

known, e.g. by using structural-dynamics techniques.

Regarding the geometry, or surface topography, much will

depend on our model or conception of the surface. Firstly, if

the surface is assumed to have a stochastic roughness dis-

tribution, we will need to include all the wavelengths pres-

ent. This multi-scale aspect can lead to computationally

intensive formulation requiring supercomputers. Secondly,

if the surface topography is assumed to be fractal in nature,

we need to construct a hierarchal surface model, of smaller

asperities on top of larger ones in different levels, and then

solving the problem to find the behaviour at each asperity

level. By appropriately assembling the results, the global

behaviour may be obtained.

5 Discussion and Conclusions

In this article, a newly developed generic model is pre-

sented and used to study the frictional behaviour of sliding

contacts. In this model, the contact between two rubbing

surfaces is reduced to the contact of a set of reduced

asperities (each being represented by a mass connected to a

normal and a tangential spring with nonlinear behaviour)

and an elastic non-dissipative counter profile. The elastic–

plastic behaviour of each asperity is based on a two-ele-

ment Maxwell-Slip model. Besides the contact force

between the asperities and the counter profile, an adhesion

law is imposed on the asperity mass when the asperity is in

contact with the counter profile.

Despite its simplifications of a rough sliding contact,

this model can simulate qualitatively the generally

well-established friction force statics and dynamics

observed in macroscopic experiments by many researchers.

Furthermore, this model makes it possible to study the

influence and relevance of the numerous parameters

involved in the model and to relate these parameters to

macroscopically observable and measurable quantities.

As future study, the relation between realistic surface

and material parameters will be sought, which can yield a

better understanding of the phenomena occurring in the

contact. We believe that a dedicated modelling strategy,

such one that is based on fractal analysis, can result in the

accurate characterisation of real surfaces.

As a second future objective, we envisage the extension

of the model with evolutionary surface properties, origi-

nating from wear processes taking place at the micro scale.

Such an approach can help to improve the design of sur-

faces w.r.t. the life span optimisation of sliding contacts.
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Appendix

See Table 1.

Table 1 Overview of the used model parameters

Parameter Distribution Distribution parameters Value

Asperties

xnTi,elastic/xN Uniform Min–max 25–75

xnTi,plastic/xN Uniform Min–max 50–150

rTi Uniform Min–max 0–20

xnNi,elastic/xN Uniform Min–max 10–30

xnNi,plastic/xN Uniform Min–max 20–60

rNi Uniform Min–max 0–30

mi/M Uniform Min–max 0–2e-6

dXT,i Uniform Min–max -0.25–0.25

Li Gaussiana Standard deviation 0.11

|Fadh,i| Uniform Min–max 0–200

Profile

A Constant value – 4e-3

R Uniform Min–max 0.02–0.1

xnPi/xN Uniform Min–max 0–1000

Stick–slip

xnT/xN Constant value – 0.75

f Constant value – 0.05

a The mean value of the dimensionless asperity length Li is an

arbitrary value, since only the relative displacement of the main mass

w.r.t. its initial value is of interest
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