
J. Plasma Physics (2009), vol. 00, part 0, pp. 1–000. c© 2009 Cambridge University Press

DOI: 10.1017/S0000000000000000 Printed in the United Kingdom

1

Parameter regimes for slow, intermediate
and fast MHD shocks

P. DELMONT1,2† and R. KEPPENS1,2,3,4

1 Centre for Plasma Astrophysics, K.U.Leuven, Belgium
2 Leuven Mathematical Modeling and Computational Science Centre, K.U.Leuven,

Belgium
3 Astronomical Institute, Utrecht University, The Netherlands

4 FOM institute for Plasma Physics Rijnhuizen, Nieuwegein, The Netherlands

(Received today)

Abstract. We investigate under which parameter regimes the MHD Rankine-
Hugoniot conditions, which describe discontinuous solutions to the MHD equations,
allow for slow, intermediate and fast shocks. We derive limiting values for the up-
stream and downstream shock parameters for which shocks of a given shock type
can occur. We revisit this classical topic in nonlinear MHD dynamics, augmenting
the recent time reversal duality finding by Goedbloed (2008) in the usual shock
frame parametrization.

1. Introduction

1.1. Intermediate shocks in MHD

The dynamic behaviour of plasmas is described by the magnetohydrodynamic
(MHD) equations, where a central role is played by the Alfvén speed. Discon-

tinuous solutions only satisfy the integral form of the MHD equations, i.e. the
Rankine-Hugoniot conditions (RH). These RH conditions have been studied exten-
sively in established as well as more recent literature (see e.g. Germain (1960), An-
derson (1963), Jeffrey & Taniuti (1964), Liberman & Velikhovich (1986), Sturtevant
(1987), Gombosi (1998), Goedbloed (2008)) and just express the basic nonlinear
conservation laws across a discontinuity. Many authors have since paid attention to
MHD shock stability as well (amongst others Akhiezer et al. (1959)). The interac-
tion of small perturbations with MHD (switch-on and switch-off) shocks was studied
both analytically by Todd (1965) and numerically by Chu & Taussig (1967). Later
on, the evolutionarity of intermediate shocks, which cross the Alfvén speed, has
been adressed. A discontinuity is said to be evolutionary when small perturbations
imposed on it lead to an evolution that remains close to the initial discontinuity.
According to classical stability analysis, intermediate shocks are not evolutionary so
one should not obtain such shocks in physically realizable situations. On the other
hand, Wu (1987), De Sterck et al. (1998) and others found intermediate shocks in
one and two dimensional numerical simulations respectively. De Sterck & Poedts
(2000) were the first to find intermediate shocks in three dimensional numerical
simulations. The evolutionary condition became controversial and Myong & Roe
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(1997(a,b)), amongst others, argue that the evolutionary condition is not relevant
in dissipative MHD. Wu (1988, 1990) also argued that intermediate shocks are
admissible. Shock observations in the heliosphere can be found in favor of their
existence as well: Chao et al. (1993) reported a 2 → 4 intermediate shock observed
by Voyager 1 in 1980 and Feng & Wang (2008) recognised a 2 → 3 intermediate
shock, which was observed by Voyager 2 in 1979.

One can also encounter compound waves in ideal MHD. These compound waves
can consist of a slow shock which travels with its maximal propagation speed and a
rarefaction fan directly attached to it. Brio & Wu (1988) detected those compound
waves in numerical simulations which have become classical test problems for nu-
merical codes. Another type of compound signal consists of a slow shock layer,
immediately followed by a rotational discontinuity (Whang et al. (1998)). The im-
portance of compound waves is that they can be an alternative to intermediate
shocks to cross the Alfvén speed. Barmin et al. (1996) argue that if the full set
of MHD equations is used to solve planar MHD, a small tangential perturbation
on the magnetic field vector splits the rotational jump from the non-evolutionary
compound wave. This transforms the latter one into a slow shock, such that the
compound wave is non-evolutionary. They investigate the reconstruction process
of the non-evolutionary compound wave into evolutionary shocks. Falle & Komis-
sarov (1997, 2001) also reject intermediate shocks on evolutionary grounds, and
suggest a shock capturing scheme based on Glimm’s method (Glimm (1965)) for
numerically obtaining purely evolutionary solutions in MHD. Our goal in this paper
is to determine in which regions of parameter space one might encounter interme-
diate shocks, which play such a prominent role in all evolutionarity argumentations.

Recently, Goedbloed (2008) classified the MHD shocks by rewriting the RH equa-
tions in the de Hoffmann-Teller frame (de Hoffmann & Teller (1950)) introduc-
ing the existence of a distinct time reversal duality between entropy-allowed and
entropy-forbidden solutions. This work encouraged us to revisit the classical RH
conditions and augment these results in terms of the commonly exploited shock pa-
rameters in the shock frame. Therefore, another goal in this paper is to determine
in which regions of parameter space slow, intermediate and fast shocks can appear
and how this relates to Goedbloed’s analysis, in particular regarding the duality
between solutions.

1.2. The Rankine-Hugoniot jump conditions

The ideal MHD equations are a system of partial differential equations. When
allowing for large amplitude waves, which in the limit case become discontinuous,
these equations are replaced by their (weak) discontinuous form: the RH relations.
These RH relations express jump conditions across the discontinuity. In any frame
where the shock is stationary, the MHD RH conditions become
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where [[G]] expresses the jump G2−G1 across the shock. In this paper, index 2 refers
to the downstream state, and index 1 refers to the upstream state, while index n

refers to the direction of the shock normal, and index t refers to the tangential vector
components in the plane spanned up by B1 and B2. Further, ρ is the mass density, v
is the velocity, p the thermal pressure and B the magnetic field. The ratio of specific
heats, γ, is considered a constant parameter, as we will assume an ideal gas equation
of state. For a derivation of these well-known expressions, we refer to de Hoffmann &
Teller (1950), Jeffrey & Taniuti (1964), Liberman & Velikhovich (1986), Goedbloed
& Poedts (2004). The eight governing MHD equations have been reduced to six
jump conditions in equation (1.1). Three equations have been dropped from the
fact that tangential magnetic field components are forced to lie in the same plane
perpendicular to the shock front itself: the conservation of momentum reduced to
two equations and Faraday’s law reduces to a single equation. On the other hand,
in the stationary case, the ∇ · B = 0 constraint becomes a full equation and is
added to equation (1.1).

These six jump conditions can be further restricted by noting that Bn is invariant
across the shock. Since the RH conditions are translation invariant, the exact values
of vt,1 and vt,2 can be eliminated for [[vt]], which is completely determined by [[Bt]].
Therefore only four quantities really matter. Hence we now suppose that one state,
uk = (ρ, vn, p, Bt)k is known, where from now on we consistently drop the subscript
k from known state quantities. We want to express the other unknown state, uu,
in function of this known state. In order to do so, we introduce three dimensionless
parameters connected to the known state. First, the plasma-β, which expresses the
ratio of thermal and magnetic pressure. Then, the tangent θ of the angle between the
shock normal and the magnetic field in the known state. Finally the Alfvén Mach
number M , which is the ratio of the normal velocity component in the known state
and the normal Alfvén speed in that region, thus

β ≡ 2p

B2
n +B2

t

, (1.2)

θ ≡ Bt

Bn
, (1.3)

M ≡ |vn|
an

. (1.4)

We introduced the normal Alfvén speed an ≡
√

B2
n

ρ . Analogously, we define the

tangential Alfvén speed at ≡
√

B2

t

ρ and the total Alfvén speed a ≡
√

a2
n + a2

t .

The full set of characteristic speeds of the full set of MHD equations is given by
{vn ± vf , vn ± an, vn ± vs, vn}, where the fast speed vf and the slow speed vs are
defined as

v2
f ≡ 1

2
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, (1.6)

and where we introduced the sound speed c ≡
√

γp
ρ . On the other hand, the re-

stricted set of planar MHD equations, describing MHD dynamics with all vector
quantities restricted to lie in the same plane, has only five characteristic speeds
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{vn ± vf , vn ± vs, vn}. Ignoring cold MHD, where the thermal pressure p vanishes,
and assuming that the normal component of the magnetic field Bn (which can be
seen as an equation parameter now) does not vanish, we conclude that the planar
system is strictly hyperbolic, since vf = vs would imply that both a and c would
vanish. Obviously c cannot vanish, and for the same reason also vs 6= 0.

1.3. MHD shock types: classical 1 − 2 − 3 − 4 classification

Since the RH conditions do not necessarily lead to a unique solution, it is common
to introduce another discrete characterisation: the shock type i→ j. It is well-known
(Liberman & Velikhovich (1986)) that once the shock type and one state is given,
if a solution exists, it must be unique. Since 0 6 vs 6 an 6 vf , the full set of MHD
equations is hyperbolic, but non-strictly hyperbolic. Those characteristic speeds
categorize the up- and downstream states into four types (and three transition
types plus a stationary type for completeness), which in order of increasing entropy
S ≡ p

ργ are

• (1) superfast: vf < |vn|,
• (1=2) fast: |vn| = vf ,
• (2) subfast: an < |vn| < vf ,
• (2=3) Alfvén: an = |vn|,
• (3) superslow: vs < |vn| < an,
• (3=4) slow: |vn| = vs,
• (4) subslow: |vn| < vs,
• (∞) static: vn = 0.

We call a shock admissible if it satisfies the second law of thermodynamics: [[S]] > 0
and admissible versus inadmissible shocks can be related through the time duality
principle from Goedbloed (2008). When the upstream state is of type i and the
downstream state is of type j, then the shock type is i → j. Furthermore, in
terms of these shock types, the admissibility condition translates as i < j. The RH
conditions (1.1) together with the admissibility condition (i < j) now allow for the
following types of shocks:
• 1 → 2-shocks are called fast shocks. They satisfy θ2 > θ1 > 0 or θ2 < θ1 < 0,

i.e. the magnetic field gets refracted away from the shock normal.
• 3 → 4-shocks are called slow shocks. They satisfy θ1 > θ2 > 0 or θ1 < θ2 < 0,

i.e. the magnetic field gets refracted towards the shock normal.
• 1 → 2 = 3-shocks are called switch-on shocks, since they satisfy θ1 = 0, i.e.

the upstream magnetic field is aligned with the shock normal.
• 2 = 3 → 4-shocks are called switch-off shocks, since they satisfy θ2 = 0, i.e.

the downstream magnetic field is aligned with the shock normal.
• 1 → 3, 1 → 4, 2 → 3 and 2 → 4-shocks are called intermediate shocks. They

satisfy θ2 > 0 > θ1 or θ2 < 0 < θ1, such that the tangential field flips across the
shock normal.
• 2 = 3 → 2 = 3-discontinuities are called Alfvén discontinuities. They satisfy

θ1 + θ2 = 0, such that the upstream and the downstream state are equal, except
for a sign change of Bt.
• ∞ → ∞-discontinuities are called contact discontinuities, when only ρ jumps

across them. When Bn ≡ Bn,1 = Bn,2 vanishes, θ1 and θ2 are not well-defined, and
we call these discontinuities tangential discontinuities.
The latter two cases are called linear discontinuities, since [[vn]] vanishes. The other
cases are called MHD shocks. All these different shock types are shown in figure 1.
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vn > vf vf > vn > an

(a)

an > vn > vs vs > vn

(b)

vn > an an > vn

(c)

vf < an vn = an

(d)

vn = an vs > an

(e)

vn = an vn = an

(f)

vn = 0 vn = 0

(g)

vn = 0 vn = 0

(h)

Figure 1: The classical 1 − 2 − 3 − 4 classification of MHD discontinuities: a) fast
shock; b) slow shock; c) intermediate shock; d) switch-on shock; e) switch-off shock;
f)Alfvén discontinuity; g) contact discontinuity; h) tangential discontinuity.
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The classification given above is well-known and features in many classical text-
books, such as Liberman & Velikhovich (1986). Recently, a contribution to this
classical theory was described by Goedbloed (2008), where the RH conditions for
MHD shocks were rewritten in an insightful, symmetric form by changing to the
de Hoffmann-Teller frame, where [[vt]] = [[Bt]] (see de Hoffmann & Teller (1950)).
In that work, the central role played by intermediate shocks was emphasized, and
time reversal duality arguments were introduced, linking admissible and inadmissi-
ble shocks. Here we augment this recent study by paying attention to how the MHD
shocks appear in the shock reference frame, and analyzing under which conditions
intermediate shocks occur.

2. Solution to the Rankine-Hugoniot conditions

We scale densities to the known density ρ and magnetic fields to Bn (Bn is con-
stant and equal for known and unknown state, as seen in equation (1.1)). Since
no distances or times are involved, the problem is now uniquely scaled. Note that
velocities are scaled to the known normal Alfvén speed an. The known state is now
given by

uk ≡ (ρ, vn, p, Bt) =

(

1, σM,
β(1 + θ2)

2
, θ

)

, (2.1)

where σ ≡ −1 when the known state is upstream and σ ≡ 1 when the known
state is downstream, and σ just gives the proper sign to the known normal velocity
component.

Under the assumption that M 6= 1 and θ 6= 0, solving the RH equations leads to
the unknown state quantities

ρu =
M2ψ

θ(M2 − 1) + ψ
, (2.2)

vn,u = σ
θ(M2 − 1) + ψ

Mψ
, (2.3)

pu =

(

2

γ + 1
+
ψ2 + θψ + 2

M2 − 1

)

M2 − γ − 1

γ + 1

β(1 + θ2) + (ψ − θ)2

2
, (2.4)

Bt,u = ψ, (2.5)

where ψ satisfies the cubic equation

C(ψ) ≡ ψ3 + τ2ψ
2 + τ1ψ + τ0 = 0, (2.6)

and its coefficients are given by

τ2 = −θ
(

(γ − 1)(M2 − 1) −M2
)

, (2.7)

τ1 = (M2 − 1)
(

(γ − 1)(M2 − 1) + γ(β(θ2 + 1) + θ2) − 2
)

, (2.8)

τ0 = −(γ + 1)θ(M2 − 1)2. (2.9)

The tangential velocity is then found from

[[vt]] =
θ − ψ

M
. (2.10)

We can now define the dimensionless parameters refering to the unknown state
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in function of those in the known state. In our first view, we will keep ψ in the
expressions, noting that the cubic equation (2.6) can be seen as a continuously
partially differentiable function of the known dimensionless parameters and ψ, thus
C(M, θ, β, ψ), such that the implicit function theorem ensures that locally ψ can
be seen as a ψ(M, θ, β). Moreover ψ(M, θ, β) is continuously partially differentiable
whenever ∂C

∂ψ (M, θ, β, ψ(M, θ, β)) does not vanish. This latter restriction means
that ψ cannot be a double root of the cubic. As we will show later, this condition is
equivalent to the condition that none of the characteristic speeds in the unknown
region vanishes.

After straightforward algebra, the expressions for (Mu, θu, βu) now become

Mu =

√

(M2 − 1)θ + ψ

ψ
, (2.11)

θu = ψ, (2.12)

βu =

(

(γ − 1)((θ − ψ)2 + (1 + θ2)β) − 4M2
)

(M2 − 1) + 2M2(ψ(θ + ψ))

(M2 − 1) (γ + 1) (1 + ψ2)
.(2.13)

In terms of the dimensionless parameters, these equations lead to the following
well-known (see e.g. Goedbloed (2008)) invariants across a shock:

[[(M2 − 1)θ]] = 0, (2.14)
[[

2M2 + β(1 + θ2) + θ2
]]

= 0, (2.15)
[[

(
γ

γ − 1
β +M2)(1 + θ2)M2

]]

= 0. (2.16)

When we define the new quantity Ω, computed from the coefficients of the governing
cubic equation (2.6), as

Ω ≡ 27τ2
0 + 4τ3

1 + 4τ2
2 τ0 − τ2

2 τ
2
1 − 18τ2τ1τ0, (2.17)

it is well-known that the cubic C(ψ) has three real solutions when

Ω < 0. (2.18)

Mathematically speaking, the RH conditions are thus governed by the existence
and multiplicity of the real roots of a cubic, hence Ω = 0 will play a crucial role,
as will be explained in section 3. It should be noted, however, that most analytical
expressions in this choice of frame and parametrization are complicated expressions,
e.g. one can note that Ω is a polynomial of degree 6 in M2, where (M2−1) appears
as a double factor. The same governing equations, as expressed in the de Hoffmann-
Teller frame exploited by Goedbloed (2008) give a much more compact algebraic
form along with an easier classification.

3. Physical meaning of Ω

Note that Ω = 0 is exactly the condition for having a real solution with multiplicity
two to C(ψ) = 0. Therefore, whenever Ω 6= 0, (Mu, θu, βu) is a smooth function of
(M, θ, β). A related observation is that equation (2.18) is the analytical condition
for the existence of an intermediate shock, since when only one solution exists to
the RH jump conditions it must be a fast or a slow shock (see e.g. Liberman &
Velikhovich (1986)).
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Figure 2: Left: The (θ,M) state plane for β = 1
10 and γ = 5

3 . Shown are the curves
fast: vn = vf , Alfvén: vn = an and slow: vn = vs. These curves separate the (θ,M)
plane in the classical 1 − 2 − 3 − 4 state regions. Right: Shown is the curve Ω = 0.
Note that states with M = 1 appear as a double zero of Ω. Where Ω > 0, only one
real solution to the RH conditions exist. On the other hand, where Ω < 0, there
exist three real solutions to the RH conditons. On Ω = 0, the RH solutions allow
for 2 distinct real solutions.

We will argue that all the states, which can be connected to a state which is
exactly fast, slow or Alfvénic, satisfy Ω = 0. In other words: the surface ω ≡
{(M, θ, β) |Ω(M, θ, β) = 0} in our 3D parameter space will be shown to correspond
to all states which can be connected by the RH conditions to known states satisfying
(vn − an)(v

2
n − v2

f )(v
2
n − v2

s) = 0. One can visualize these concepts by drawing the
corresponding curves in the (θ,M)-plane, for fixed β and γ. This is done in figure
(2), where the plot at left concentrates on the 1 − 2 − 3 − 4 state regions, and the
panel at right shows Ω = 0 curves.

First, we make some general observations. 1-states can be connected to a 2-state,
a 3-state and a 4-state. Therefore, they can only appear as an upstream state. There
are at most three different real solutions with a 1-state as an known upstream state.
When there is only one solution, this solution is a fast 1 → 2 shock. In the transition
case where two different real solutions exist, these solutions include one fast (1 → 2)
shock, and two coinciding intermediate 1 → 3 = 4 shocks. Finally, when there are
three different real solutions, one of these is a fast (1 → 2) shock and the 2 other
solutions are respectively an intermediate 1 → 3 and an intermediate 1 → 4 shock.

Similarly, 2-states can be connected to a 1-state, a 3-state and a 4-state. There-
fore, the admissibility condition which demands that i < j for an i → j shock,
ensures that a 2-state can, at most, occur in one downstream state solution and
two upstream state solutions to the RH conditions. Again, when only one real solu-
tion exists, it is a fast (1 → 2) shock. In the transition case where two different real
solutions exist, these solutions include one fast shock and two coinciding interme-
diate 2 → 3 = 4 shocks. Finally, when there are three different real solutions, one
of these is a fast shock, and the 2 other solutions are respectively an intermediate
2 → 3 and an intermediate 2 → 4 shock.

The same reasoning states that generally speaking, 3-states can be connected to
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a 1-state, a 2-state and a 4-state. The admissibility condition ensures that they
can, at most, occur in two downstream state solutions and one upstream state
solution to the RH conditions. Now, when only one real solution exists, it is a slow
(3 → 4) shock. In the transition case where two different real solutions exist, these
solutions include one slow (3 → 4) shock and two coinciding intermediate 1 = 2 → 3
shocks. Finally, when there are three different real solutions, one of these is a slow
shock, and the 2 other solutions are respectively an intermediate 1 → 3 and an
intermediate 2 → 3 shock.

Generally speaking, 4-states can be connected to a 1-state, a 2-state and a 3-
state. Therefore, the admissibility condition ensures that they can, at most, occur
in three downstream state solutions to the RH conditions. Again, when only one
real solution exists, it is a slow (3 → 4) shock. In the transition case where two
different real solutions exist, these solutions include one slow (3 → 4) shock and two
coinciding intermediate 1 = 2 → 4 shocks. Finally, when there are three different
real solutions, one of these is a slow (3 → 4) shock and the 2 other solutions are
respectively an intermediate 1 → 4 and an intermediate 2 → 4 shock.

These general observations now allow us to consider the transition cases. A 1 = 2-
state, where vn = vf or a 3 = 4-state, where vn = vs, will always have the trivial
solution. Therefore they can only appear in none or two real non-trivial intermediate
solutions, depending on the sign of Ω. Both these solutions, labeled as unknown
state a and b, have uk as a double solution, thereby satisfying Ωu,a = Ωu,b = 0, and
as we will show in section 4.2 mutually satisfy the RH conditions. This is argued
in what follows.

Consider an upstream state which satisfies vn = vf . Straightforward algebra
shows that C(θ) = 0, so one of the solutions to the RH jump conditions is the

trivial one. By solving C(ψ)
ψ−θ = 0, one finds 2 solutions. Those solutions are real only

when Ω 6 0. In this case they lead to a 1 = 2 → 3 and a 1 = 2 → 4 solution,
which we respectively call uu,a and uu,b. These uu,a and uu,b mutually satisfy the
RH conditions and can therefore be seperated by a slow 3 → 4 shock. Both these
solutions have our specific known upstream state uk, where vn = vf , as a double
solution, and therefore satisfy Ωu,a = Ωu,b = 0.

Completely analogously, consider now a downstream state with vn = vs. Straight-
forward algebra shows that C(θ) = 0, so one of the solutions to the RH jump condi-

tions is the trivial one. By solving C(ψ)
ψ−θ = 0, one finds 2 solutions. Those solutions

are real only when Ω 6 0. In this case they lead to a 1 → 3 = 4 and a 2 → 3 = 4
solution, which we respectively call uu,a and uu,b. We again find that uu,a and uu,b
mutually satisfy the RH conditions and can therefore be separated by a fast shock.
Both these solutions have our specific known downstream state uk, where vn = vs,
as a double solution, and therefore satisfy Ωu,a = Ωu,b = 0.

Finally, consider a state where vn = an. Now C(ψ) simplifies as ψ3 + θiψ
2 = 0,

where i = 1, 2 selects respectively the up- or the downstream solution. The solutions
to the RH conditions are now a switch-on shock, a switch-off shock and a rotational
wave. The switch-on and the switch-off solution also mutually satisfy the RH jump
condition. This can be easily checked by straightforward algebra. Note that in this
case Ωu = 0 automatically.
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4. Results

Since the governing expressions in the shock frame are complicated, all calculations
reported here are performed by a symbolic computational software package, namely
MAPLE 11.0. We search for critical values for the parameters in both up- and
downstream states, for which different shock types can occur. These critical values
are found by simple geometrical arguments using the knowledge obtained so far:
namely that in the (θ,M)-plane, 2 families of curves as shown in figure (2) split
up the state plane in various regions. Unless explicitly stated otherwise, we assume
from now on that γ = 5

3 .

4.1. (θ,M)-diagrams at fixed β

For varying β, we plot both the curves where the known upstream normal velocity
component vn is exactly fast, Alfvénic or slow (i.e. vn = vf , vn = an, vn = vs)
and the curves ω : Ω = 0 in a (θ,M)-diagram in figure (3). Those curves divide the
(θ,M)-parameter space in regions, where certain types of shocks are mathematically
possible. An important transition occurs at β = 2

γ . Here the sound speed equals the

Alfvén speed and the thermal pressure equals the magnetic pressure. When β < 2
γ ,

we call the plasma magnetically dominated. In this case, the curves vn = vf and
vn = an have a common point at (θ,M) = (0, 1). When the plasma is thermally

dominated, β > 2
γ , the curves vn = vs and vn = an have a common point at

(θ,M) = (0, 1).
Every region is then coded with a latin number code for (θ,M), indicative of an

upstream state, i.e. (θ1,M1). This means:
• (I) One fast shock and two intermediate shocks of type 1 → 3 and 1 → 4 are

possible;
• (II) Only a fast shock is possible;
• (III) Two intermediate shocks of type 2 → 3 and 2 → 4 are possible;
• (IV) No shocks are possible;
• (V) Only a slow shock is possible.

We can interpret the graphs in terms of the downstream state in a similar manner,
where (θ,M) = (θ2,M2). Every region is also coded with a letter code, meaning
the following:
• (A) One slow shock and two intermediate shocks of type 2 → 4 and 3 → 4 are

possible;
• (B) Only a slow shock is possible;
• (C) Two intermediate shocks of type 1 → 4 and 2 → 4 are possible;
• (D) No shocks are possible;
• (E) Only a fast shock is possible.

These regions are shown in figure (3), where the axes labels must be interpreted as
(θ2,M2) instead of (θ1,M1) from above.

The 1− 2− 3− 4 classification divides the (β,M, θ)-space into four regions. The
surface ω : Ω = 0 divides each of those regions into two: one region where Ω > 0
and one where Ω < 0, such that the (β,M, θ) space is divided into eight regions by
these curves.

The time reversal duality principle from Goedbloed (2008) is hereby made visible
in the fact that every region corresponds to 1 or 3 mathematical solutions, but the
coding tells whether the state can appear as an upstream or as a downstream region.
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(a) (b)

(c) (d)

(e) (f)

Figure 3: Parameter space divided into various regions. Panels differ in their β-

value: a) β = 0.1, b) β = 1.0, c) β = 1.2 = 2
γ , d) β = 1.3, e) β = 1.3637, f)

β = 1.5. The latin cypher-letter code is explained in the text, and related to the
time reversal duality argument put forth by Goedbloed (2008).
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4.2. Equivalence classes introduced by the RH conditions

The RH conditions are equivalent to equations (2.14-2.16), which express the exis-
tence of three shock invariants. Therefore two states can be connected through the
stationary RH conditions if and only if they have the same value for the expression
ζ1 ≡ (M2 − 1)θ, ζ2 ≡ 2M2 + β(1 + θ2) + θ2 and ζ3 ≡ ( γ

γ−1β + M2)(1 + θ2)M2.
Denoting the relation ”state A can be connected to state B through the stationary
RH conditions” as A 7→RH B, this relation 7→RH is an equivalence. Indeed:

• 7→RH is reflexive: A 7→RH A. Every state can be connected to itself through the
stationary RH conditions.
• 7→RH is symmetric: A 7→RH B ⇒ B 7→RH A. If state A can be connected to

state B through the stationary RH conditions, then also state B can be connected
to state A by these conditions. Of course only one of these connections satisfies the
entropy condition.
• 7→RH is transitive: A 7→RH B ∧ B 7→RH C ⇒ A 7→RH C. Indeed: if A 7→RH B,

then ζi(A) = ζi(B), and if B 7→RH C, then ζi(B) = ζi(C). Hence A 7→RH B∧B 7→RH
C implies ζi(A) = ζi(B) = ζi(C), which means that A 7→RH C.

We conclude that (ζ1, ζ2, ζ3) defines equivalence classes on the parameter space.
All these equivalence classes contain one, two, three or four states.

A state A is in an equivalence class with one element in the following cases:

• If M = 1 and θ = 0. In this degenerate case the switch-on solution, the switch
off-solution and the rotational solution all coincide.
• If Ω > 0, and (v2

n − v2
s)(v

2
n− v2

f ) = 0. In this case, the only real solution to the
RH conditions is A itself.

A state A is in an equivalence class with two elements, in the following cases.

• If Ω > 0 and (v2
n− v2

s)(v
2
n− v2

f ) 6= 0. In this case the equivalence class contains
A itself, and the state introduced by the unique (non-trivial) real solution to the
cubic equation (2.6).
• If Ω = 0 and (v2

n − v2
s)(v

2
n − v2

f ) = 0. Since Ω = 0, the solutions to the RH
conditions crossing the Alfvén speed are coinciding. Since vn is exactly fast or
exactly slow, it appears itself as a solution to the cubic.

A state A is in an equivalence class with three elements in the following cases.

• if Ω = 0, but (v2
n − v2

s)(v
2
n − v2

f ) 6= 0. As explained earlier, in this case the
RH conditions have an exactly slow or fast state as a double solution, and a single
solution which also satisfies Ω = 0.
• if Ω < 0 and vn = vf or vn = vs. As explained earlier, in this case the RH

conditions have 2 different solutions with Ω = 0, and the considered state itself as
a third solution.

A state is in an equivalence class with four elements in the following case:

• if Ω < 0 and vn 6= vf and vn 6= vs. As explained above, in this case the RH
conditions have three different (non-trivial) solutions. Also, the considered state
itself is in the equivalence class.
• if vn = an. The RH conditions now have a switch-on shock, a switch-off shock

and a rotational wave as a solution. The considered state itself completes the equiv-
alence class.

Hence, when A is a superfast state, with Ω > 0, it is in an equivalence class with
exactly one other state. This state should be subfast, since we know that if only
one solution exists, it does not cross the Alfvén speed. Also, the solution state has
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only one solution, therefore it also satisfies Ω > 0. Interpreting this result on figure
(3), we conclude that the II−C-region can only be connected to the IV −E-region
and the other way around.

Completely analoguously we find that a subslow state with Ω > 0 can only be
connected with a superslow state, also satisfying Ω > 0. Interpreting this again on
figure (3), we conclude that the IV −B-region can only be connected to the V −D-
region, and vice versa. Further, we conclude that for any state in the regions I−D,
III−E, V −C and IV −A, there exist states in the regions I−D, III−E, V −C
and IV − A respectively, which can be mutually connected through the RH jump
condition. The initial eight regions of parameter space have thus been divided into
two groups of two mutually connectable regions and one group of four mutually
connectable regions.

If we do not take into account that βu should be positive, these connections are
mappings. We know the entropy condition in an i → j shock reduces to j > i.
Thus, when we consider one equivalence class we have four or two states, such that
the entropy increases with state type. Therefore, we know that when one of the
mathematical solutions has negative pressure, it must be the 1-states. When two of
those states have negative pressure, it must be the 1-state and the 2-state, and so
on. In the next section, we will additionally consider the physical restriction that
all pressures should be positive.

4.3. Positive pressure requirement

Until now we have only used the nonlinear relations expressed by RH, as well
as the admissibility condition, to count the number of solutions in the (θ,M, β)
state space. The admissibility restriction is that [[S]] > 0, which is satisfied for
an i → j-shock if and only if j > i. Further restrictions are that the solution
should have positive thermal pressure, pu > 0 and density ρu > 0. The latter
restriction is trivially satisfied. In fact, we can only encounter problems when the
known state is a downstream state, because when the upstream pressure is positive
the upstream entropy is also positive. Hence, the downstream entropy is positive
and the downstream pressure too. Therefore, we can expect that for a given 1-
state, the positive pressure requirement is trivially satisfied. When the known state
is a 2-state, we expect to encounter one critical surface dividing the 2-state regions
into subregions where the fast (1 → 2) shock solution has positive versus negative
thermal pressure. When the given state is a 3-state, we expect to encounter two of
such critical surfaces. And when the given state is a 4-state we expect to encounter
three of such critical surfaces. Therefore, the parameter space is now divided in 16
regions, as summarized in table 1.

Figure (4) shows the regions in which pu > 0 for β = 0.1 and β = 2. The figure
now plots: (i) the three curves defining vn = vs, vn = an and vn = vf ; (ii) the
curves where Ω = 0; and (iii) the lines defining pu = 0. Finding these regions is
straightforward: pick the correct root of the cubic, fill it out in the expression for
pu and make it vanish. The governing expressions can even be found analytically.
As mentioned above, the addition of these pu = 0 curves now divides the parameter
space into 16 regions, namely:
• (i) This state can occur as the upstream state of a fast shock;
• (ii) This state can occur as the downstream state of a fast shock;
• (iii) This state cannot occur, since the only solution has negative pressure;
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Figure 4: The 16 regions in parameter space where pu > 0, respectively for β = 0.1
and β = 2.
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Ω < 0 Ω > 0
1-state 1 1
2-state 2 2
3-state 3 1
4-state 4 2

1: The positive pressure requirement divides the eight regions in parameter space
in even more regions. The number of subregions in which the original regions are
divided are shown above. Since the region is only important when the given state
is downstream, it is not surprising that the total number of regions is doubled from
8 to 16.

• (iv) This state can occur as the upstream state of a fast shock, and as the
upstream state of an intermediate 1 → 3 and 1 → 4 shock;
• (v) This state can occur as the upstream state of an intermediate 2 → 3 and

2 → 4 shock, and as the downstream state of a fast shock;
• (vi) This state can occur as the upstream state of an intermediate 2 → 3 and

2 → 4 shock, but not as the downstream state of a fast shock, since the solution
would have a negative thermal pressure;
• (vii) This state can occur as the upstream state of a slow shock, or as the

downstream state of an intermediate 1 → 3 and 2 → 3 shock;
• (viii) In this region, one of the three solutions has negative pressure. This will

always be the 1 → 3-solution. Therefore this region can occur as the upstream state
of a slow shock, or as a downstream state of an intermediate 2 → 3 shock;
• (ix) This region can occur as the upstream state of a slow shock;
• (x) This state has two solutions with negative pressure: namely both interme-

diate solutions. Therefore it can only occur as the upstream state of a slow shock;
• (xi) This state can occur as the downstream region of a slow shock;
• (xii) This state has two solutions with negative pressure: namely both inter-

mediate solutions. Therefore it can only occur as the downstream state of a slow
shock;
• (xiii) This state cannot occur, since the single real solution has negative pres-

sure.
• (xiv) This state cannot occur, since all 3 solutions have negative pressure.
• (xv) This state can occur as the downstream state of a slow shock, and as the

downstream state of an intermediate 2 → 4 shock, but not as the downstream state
of an intermediate 1 → 4 shock, since the solution would have a negative thermal
pressure;
• (xvi) This state can occur as the downstream state of a slow shock, and as the

downstream state of an intermediate 1 → 4 and 2 → 4 shock;
The combination of graphing the surface defined by Ω = 0, together with the

surfaces defined by vn = vs, vn = an, vn = vf and the positive pressure require-
ment hence provides a complete, but admittedly non-trivial, graphical means to
the many possibilities for the MHD shock transitions. We now continue to exploit
this knowledge to delimit possible parameter ranges for certain shock types. As a
matter of fact, in what follows, we will use figure (4) and how this figure varies
with β, to find limiting values of the parameters at which different shock types can
occur. By doing so, we will actually find the equations of the curves traced out in
(θ,M, β) parameter space that are labeled with P, Q, R, S, T, U and V as indicated
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in these plots. These points identify the intersections of the various regions, and
thus act to delimit realizable parameter ranges for shocks.

4.4. Switch-on shocks and switch-off shocks

Switch-on shocks are possible where θ = 0. An extra condition for switch-on shocks
to be possible is Ω < 0, since otherwise only fast shocks are possible. Note that
switch-on shocks are only possible when β < 2

γ . In this case the plasma is said
to be magnetically dominated. Therefore the maximum value at which we can find
switch-on shocks, is found by filling θ = 0 out in the expression for Ω. This works
out to be

1 < Ms-on <

√

γ(1 − β) + 1

γ − 1
. (4.1)

For the same reason, switch-off shocks can be found in a completely similar
manner, yielding

√

γ(1 − β) + 1

γ − 1
< Ms-off < 1, (4.2)

whenever γ(1−β)+1
γ−1 > 0, i.e. when β < γ+1

γ . This agrees with the well-known ex-

pressions for these degenerate shock cases (e.g. Kennel et al. (1989)).
When solving the RH conditions for θ = 0, when β < γ+1

γ , two switch-on or

switch-off solutions exist. For γ = 5
3 , these solutions are given by

βu =
1 − 2M2 − β

(γ − 1)M4 + (γ(β − 2))M2 + γ(1 − β)
− 1 (4.3)

Mu = 1 (4.4)

θu = ±
√

((γβ − 2) − (γ − 1)(M2 − 1))(M2 − 1). (4.5)

Finally, there is also another solution, which is a hydrodynamical shock. This solu-
tion is given by

(βu,Mu, θu) = (
6M2 − β

4
,

√

2M2 + 5β

8
, 0), (4.6)

which only has positive pressure for β < 6M2.
Figure (5) shows the plane given by θ = 0 in parameter space. The graphs

plotted are (i) the curves given by Ω = 0; (ii) the curve vn = an; (iii) the curve
given by pHD ≡ 6M2 − β = 0, which is the limiting curve for the existence of a
hydrodynamical shock solution; and (iv) the curve given by ps-off ≡ −4M2 −
2 β+2+5M2β+2M4 = 0, which is a limiting curve for the existence of a switch-off
solution. The entropy condition ensures that there is no equivalent limiting curve
for switch-on solutions. Note that the known state of a switch-on shock, where
θ = 0 is always magnetically dominated, whereas the known state of a switch-off
shock, where θ = 0 is always thermally dominated. Also shown are the curves where
the hydrodynamical shock solutions and the switch-on and switch-off solution have
pu = 0. Again, the intersection point, demarkating different regions, are labeled
with A,B,C and D and used in what follows.

We conclude that the maximum Mach number at which switch-on solutions exist,
is reached in point A, for which (θ,M, β) = (0, 2, 0), as indicated in figure (5),
while the maximum plasma-β for switch-on shocks is reached in point B, where
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Figure 5: The regions where switch-on or switch-off shocks can occur are colored in
greyscale. By finding the coordinates of points A, B and C, we know the limiting
values for which these shocks can occur. More details are given in the text.

(θ,M, β) = (0, 1, 2
γ = 1.2). Therefore the Mach number for the existence of a switch

on-shock is bounded by 1 < M < 2 and the plasma-β at which these shocks can
occur must satisfy 0 < β < 2

γ = 1.2. For switch-off shocks, the minimum plasma-β

is reached in point B and is therefore β = 6
5 = 1.2. The minimum value of the

Mach number M is reached in point C whose coordinates are found by solving

{

pu = 0,
√

γ(1−β)+1
γ−1 = M.

(4.7)

Therefore C satisfies (θ,M, β) = (0,
√

γ−1
γ+1 ,

4
γ+1) = (0, 0.5, 1.5), and switch-off

shocks satisfy

1

2
=

√

γ − 1

γ + 1
6 Ms-off < 1. (4.8)

In fact, it is straightforward to show that in C, both the curves pHD = 0 and
ps-off = 0 touch, while ω : Ω = 0 also contains C.

Regarding HD shocks, the maximum plasma-β at which they can exist is reached
in D, where (θ,M, β) = (0, 1, 4

γ−1) = (0, 1, 6), such that all HD shocks satisfy β < 6.

Finally note that ps-off = 0 has M =
√

γ−1
γ = 0.6325 as a horizontal asymp-

totic, such that for θ = 0, the RH conditions always lead to at least one solution
whenever M > 0.6325.
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Figure 6: Left: The critical upstream Alfvén Mach number for the existence of inter-
mediate 1 → 3 shocks in function of the upstream β. Right: The critical upstream θ

number for the existence of intermediate 1 → 3 shocks in function of the upstream
β.

4.5. Parameter ranges for 1 → 3 shocks.

The upstream state.

We now search for critical values for the upstream parameters, for which the RH
conditions allow for 1 → 3 shocks. First, note that no 1 → 3 shocks are possible for
β > 2

γ , since region (iv), as shown in figure (4) then no longer exists.
When, at fixed β, implicitly taking derivatives of M to θ on the boundary Ω = 0,

it can be shown that ∂M
∂θ < 0, for θ > 0 and M > 1, and the other way around:

∂M
∂θ < 0, for θ < 0 and M > 1. Therefore the maximum value of M on Ω = 0 is

reached when θ = 0 (which in figure 4 coincides with point P). Hence the maximum
value of the upstream Mach number at which intermediate 1 → 3 shocks can be
found is reached at θ = 0. For varying β, the left panel of figure (6) shows the
maximum value of M1,1-3. Therefore 1 < M1,1-3 < 2.

The maximum value of θ1 for which intermediate 1 → 3 shocks can be found,
is reached on the curve traced out by point Q for varying β in figure 4, and thus
requires solving the system

{

vn = vf ,

Ω = 0.
(4.9)

The analytical expression of the solution is again complicated, but the right panel
of figure (6) plots the solution in function of β. Since this critical value is decreasing
for increasing β, and the limit value for β = 0, equals 0.65633, we conclude that
−0.65633 < θ1,1→3 < 0.65633.

The downstream state.

We now search for critical values for the downstream parameters, for which the
RH conditions allow for 1 → 3 shocks.

The downstream region in which 1 → 3 shocks can occur, is region (vii) (as also
shown in figure 4). Hence, we find the maximum downstream θ for 1 → 3 shocks
to be reached on the curve traced out by point S for varying β (as also shown in
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Figure 7: The critical downstream θ for which 1 → 3 shocks can occur, in function
of the downstream β.

figure 4. Therefore this value can be found by solving
{

M = 1,
pu = 0.

(4.10)

We find this critical θ to be located at

θ =

√

(γ − 1)β2 + (γ − 3)β − 2
√

β(γβ + γ − 1)

(γ − 1)(β + 1)2
,

for β ∈]0, 4
γ−1 ]. Note that the maximum value 1

√

γ−1
is reached for β = γ−1. There-

fore no 1 → 3 shocks are possible for θ > (γ − 1)−1/2 = 0.77460.
As a bonus, we derived that for β > 4

γ−1 = 0, no 1 → 3 shocks can occur. Figure
7 plots this critical value of θ in function of β.

We find the maximum downstream M for 1 → 3 shocks to be reached on the
curve related to the intersections labeled as T or U (as also shown in figure 4),
depending on the value of β. At β = 0.1 this maximum downstream value is found
to be located at M = 0.94943, as seen in the top panel of figure (4)..

4.6. Parameter ranges for 2 → 3 shocks.

The upstream state.

The maximum value of M at which the RH conditions allow for 2 → 3 shocks,
is reached on the curve related to point Q, as shown in figure (4), and can thus
be found by solving equations (4.9). The left panel of figure (8) also shows a plot
of the Alfvén Mach number on Q for varying β. Since this value is decreasing
for increasing β, and the limit value for β = 0, equals 1.19615, we find that 1 <
M1,2→3 < 1.19615.

The maximum upstream value of θ at which 2 → 3 shocks can occur is reached
on the curve related to point R, as shown in figure (4). Hence, we need to solve the
following system:

{

pu = 0,
Ω = 0.

(4.11)
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Figure 8: Left: The critical upstream Alfvén Mach number for the existence of
intermediate 2 → 3 shocks in function of the upstream β. Right: The critical value
of θ, for the upstream state of an intermediate 2 → 3 shock for varying β.

A straighforward iteration on β shows that the maximum value is reached at
β = 0.44, and equals θ2 = 1.34283, hence −1.34283 < θ2,2→3 < 1.34283. The
variation with β is shown in the right panel of figure (8).

The downstream state.

Since the downstream state of a 2 → 3 shock is located in region (vii) or (viii),
as also shown in figure (4), and the lower branch of the pu = 0 surface, starting
at T does not cross M = 1, it follows that there are no limiting values for the
downstream θ of an intermediate 2 → 3 shock.

We find the maximum downstream M for 2 → 3 shocks to be reached on the
curve T or V (as also shown in figure (4)), depending on the value of β. Therefore,
at β = 0.1 this critical value is found to be located at M = 0.94943 again.

4.7. Parameter ranges for 1 → 4 shocks

The upstream state.

The exact same reasoning we made for the upstream state of an intermediate
1 → 3 shock can be repeated, thus the limiting values for the upstream state of a
1 → 4 shock are exactly the same.

The downstream state.

We search for critical values for the downstream parameters, for which the Rankine-
Hugoniot conditions allow for 1 → 4 shocks. The downstream state of a 1 → 4 shock,
must be located in region (xvi).

We first find the minimal value of the Mach number M at which 1 → 4 can
occur. A first important observation is that for all β > 1.2, the (θ,M)-parameter
space contains a region (xiv), since it can be shown that for all β, the pu = 0 curve
crosses the vn = vs.

At β = 3
2 , the pu = 0 curve crosses the Ω = 0 curve in θ = 0. Therefore, when

β > 1.5, the minimum value of M in region (xiv) is reached at θ = 0. When
1.2 < β < 1.5, this minimum value can be located at point T , as labeled in the
bottom panel of figure 4).
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When β > 1.5, this value is reached on curve T, hence we need to solve
{

pu = 0;
θ = 0,

(4.12)

in order to find the minimum Mach number for 1 → 4 intermediate shocks. For

fixed β, this minimum value is found to be M =

√

4−5β+
√

25β2
−24β

4 . This function
reaches its minimum at β = 1.5, and the minimal value is 0.5. It can be shown that
for β < 1.5, this minimum value of M is bigger. Therefore 0.5 < M2,1→4 < 1.

For fixed β2, we can also find the maximum value for θ2. Therefore we solve the
system

{

pu = 0;
vn = vs.

(4.13)

For β = 2, we find this critical value to be θ = 0.75604, as seen in figure (4).

4.8. Parameter ranges for 2 → 4 shocks

The upstream state.

The upstream state for an intermediate 2 → 4 shock should be located in region
(v). The limiting upstream values for 2 → 3 shocks are exactly the same as the
limiting upstream values for 2 → 3 shocks.

The downstream state.

The downstream state of a 2 → 4 shock, must be located in region (xv) or (xvi).
Since on pu = 0, it can be shown that, for fixed β, ∂M

∂θ > 0. Therefore M2,2,→4
will reach its minimum value in region (xvi), and it equals the minimum value for
M2,1→4.

The maximum value of θ2,2→4 is reached on the curve corresponding to point V
in figure (4), and for β = 2, θ2,2→4 = 1.65654, as also shown in figure (4).

5. Conclusion

Magnetohydrodynamical shocks are governed by the Rankine-Hugoniot jump con-
ditions. These equations can be solved analytically, and doing so essentially reduces
to solving a cubic equation. This solution can have one or three real solutions. When
there is only one real solution, it corresponds to a fast or a slow magnetoacoustic
shock, but when there are three real solutions, also intermediate shock solutions,
which cross the Alfvén speed, can be found. Inspired by the time reversal princi-
ple from Goedbloed (2008), we revisited the RH shock relations in the frequently
employed shock frame, and made the duality visible in the (θ,M, β) state space.
Using the thus obtained graphical classification of the state space, augmented with
a positive pressure requirement, we derived limiting values for parameters in the
shock rest frame at which intermediate shocks can be found.
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