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ABSTRACT 

 

 

 

The novel Incremental Sheet Forming (ISF) process allows producing complex three-

dimensional shapes from Computer Aided Design (CAD) models without specially designed 

forming tools. This process thus meets a demand for small batch production and rapid prototyping 

of industrial shell-like structures. The formability of a metal sheet subjected to this process is 

generally found to be much higher compared to traditional forming processes such as stamping and 

deep drawing. This thesis formulates an explanation for the remarkable formability on the basis of 

through-thickness shearing that occurs during ISF. 

 

While in the study of many conventional sheet forming processes through-thickness shear 

(TTS) can be neglected, several numerical and experimental investigations presented in this work 

have shown that this assumption does not hold for ISF. The finite element method, a numerical tool 

for solving non-linear field problems, is adopted for the simulation of ISF processes. Models of 

different spatial refinement, determined by the mesh density, have been investigated, using various 

models for the material constitutive behavior. A non-negligible TTS is indeed predicted by models 

with a sufficiently large mesh density. Such fine meshes also allow proper modelling of the small 

contact zone in ISF, as well as an accurate prediction of the forming force. On the experimental 

side, a direct measurement method of the overall TTS is proposed, and statistically non-zero 

through-thickness shear angles are observed for a low carbon steel sheet. The accuracy of these 

measurements is however limited, and the method itself is questionable as a defect needs to be 

introduced. Another experimental verification of TTS is performed from christallographic texture 

measurements by X-ray diffraction. The deformation texture contains evidence of TTS during the 

ISF process, although only in a qualitative sense. 
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The Marciniak-Kuczynski (MK) model framework, which assumes an imperfection (groove) in 

an otherwise perfectly homogeneous sheet (matrix), is a commonly used analytical tool to predict 

the limit of sheet formability due to the onset of localized necking. An original extension to the MK 

model framework is presented in this thesis in order to explicitly account for TTS, which is usually 

disregarded in MK analyses. This is achieved by the introduction of additional force equilibrium 

and geometric compatibility equations that govern the connection between matrix and groove in the 

MK model framework. Furthermore, in order to integrate plastic anisotropy in the extended model 

featuring TTS, a material reference frame available in recent literature is incorporated, as well as a 

particular model for anisotropic yielding that relies on virtual testing of anisotropy (Facet plastic 

potential), since out-of-plane anisotropy related to TTS cannot be measured experimentally. 

 

The extended MK model shows that TTS delays the onset of localized necking in case the TTS 

is applied to the sheet in the same direction as the incipient necking direction. The underlying 

mechanism is a stress mode change within the groove towards the plane strain yield point, which 

brings about additional hardening that stabilizes necking. From the comparison of formability 

predictions between an aluminum and a low carbon steel sheet, it is also clearly seen that anisotropy 

influences the amount of delay in necking that is due to TTS. The occurrence of TTS in the ISF 

process postpones the onset of localized necking and thus contributes to the high formability that is 

observed. 
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Chapter 1 

General introduction 

 

1.1 Incremental Sheet Forming 

Incremental Sheet Forming (ISF) has a very long history as a manual process [1]. In 

conventional spinning, a skilled operator gradually works a rotating sheet blank, mounted on 

a lathe, over a wooden mandrel through sweeping strokes with a forming tool, resulting in an 

axisymmetric work piece. An early mechanical automation of this process, called shear 

forming [2], involves a roller tool operating on a rotating sheet clamped around its edge. The 

tool is programmed to follow the profile of an axisymmetric mandrel.  

Developments in the fields of computer numerical control (CNC) and computer aided 

design (CAD) have enabled the automation of many branches of manufacturing, including 

ISF. As discussed in the overview articles [1, 3], research on modern, largely automated ISF 

processes has led from the early 1990’s onwards to a number of process variants that are no 

longer confined to axisymmetric shapes. Also, no dedicated tooling as dies or mandrels are 

required in some process variants, which brings about huge process flexibility. It raises the 

question what is the optimal way to employ ISF in order to obtain a desired shape having the 

desired properties. A fundamental understanding of the deformation mechanism of ISF, 

including the formability window, is therefore necessary. 

A number of ISF process variants are depicted in Figure 1.1. The most simple variant (at 

least concerning the set-up), is called Single Point Incremental Forming (SPIF), shown in 

Figure 1.1(a). It requires only one forming tool (usually hemispherical), which is CNC-

controlled, and a clamping fixture. Usually a backing plate (faceplate) with appropriate 
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opening is also added to the set-up. A counter tool may be added to the sheet reverse side as 

in Figure 1.1(b), which adds even more flexibility to the process. In another process variant, 

the sheet reverse side is locally irradiated by a laser beam, causing thermal softening of the 

plastic zone directly under the forming tool (Laser Assisted SPIF, proposed in [4]). The 

variant in which a partial or full die is used on the reverse side (Figure 1.1(c-d)), is called 

Two Point Incremental Forming (TPIF). These last variants are older than SPIF, and were 

developed from the shear forming process by replacing blank rotation with in-plane tool 

motion. 

ISF processes may also be classified according to the tool path strategy. Different types 

of strategies have been proposed, e.g. radial strategies [5, 6], contour-based (subdivided into 

uni- or bidirectional), and spiral strategies. The two latter are most widely used. To increase 

the process window, also multi-step strategies with intermediate shapes have been proposed 

recently [7].  

The advantages of ISF over conventional sheet forming processes, such as stamping and 

deep drawing, include low cost in tooling, short set-up time and high flexibility. ISF is 

therefore well suited for rapid prototyping and small batch productions. Figure 1.2(a) shows 

as an example some prototype automotive parts manufactured by ISF. A medical application 

that is very suited for ISF is found in titanium implants made specifically for a particular 

patient (Figure 1.2(b)). 

The processing time of ISF (typically in the order of hours, depending on product size) is 

long compared to conventional processes such as pressing (typically in the order of seconds), 

which makes ISF economically unfeasible for large-scale production. A second important 

disadvantage of ISF is the limited geometric accuracy, which is typically in the order of 

magnitude of a millimeter [8, 9]. The accuracy can however be increased by compensation of 

the expected deviations through modifications of the imposed toolpath (Feature-assisted SPIF 

[10]). The proposed strategy leads to a reduction of geometric deviations by a factor of 3. 
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(a)     (b) 

 
(c)     (d) 

 

Figure 1.1 ISF process variants. (a) Single Point Incremental Forming (SPIF), (b) ISF 
with counter tool, (c-d) Two Point Incremental Forming (TPIF) with (c) a partial and 
(d) a full counter die. The final sheet shape in (a-d) is a truncated pyramid, with the 
pyramid top downwards in (a-b), and upwards in (c-d). One quarter of the sheet and 
faceplate is made invisible for clarity. [3] 

 

 (a) 

       

(b) 

   

Figure 1.2 (a) Rapid prototypes in automotive industry: headlight (left) and engine 
heat/noise shield (right), from [3]. (b) titanium cranial implant. [7] 
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1.2 The remarkable formability of ISF 

As numerous experimental studies have shown, the formability of ISF processes lies well 

beyond the formability of conventional forming processes such as stamping. Figure 1.3 gives 

a typical result in terms of the Forming Limit Diagram (FLD). Similar results can be found in 

[11-13]. The points on the Forming limit curve (FLC) in SPIF processes are obtained from 

various tool paths, resulting in a typical negative slope in the right-hand side of the FLD.  

 

 

Figure 1.3 Experimental FLCs of AA1050 obtained from Nakazima tests (conventional 
FLC), and from SPIF tests (Incremental FLC), from [14]. 

 

Due to a lack of thorough understanding of the deformation mechanisms in ISF, the 

formability window is often assessed by trial-and-error. Alternatively, one can rely on the 

numerous experimental studies that describe dependences of formability on various material 

and process parameters [15-17]. It is found that formability is affected by tool size and 

velocity (translational and rotational), various tool path parameters, as well as lubrication 

conditions. Variations in the local wall angle also affect the occurrence of failure [18]. 

Thicker sheets are found to have higher formability [17]. In [19], formability is seen to 

increase with the strain hardening and ductility of the sheet material, while in [20], the 

percent reduction in area under tensile testing is found as the only determining mechanical 

material parameter for formability in SPIF. 
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Different reasons have been proposed to explain the high formability in ISF. A well-

structured overview of them can be found in the review article [21], in which it is stated: 

“It is known that the (conventional) FLC is only valid under certain 
restrictions. These are 

(1) the strain path should be straight (proportional loading) 

(2) the deformation is dominantly caused by membrane 
forces (absence of bending) 

(3) through-thickness shear is negligible, and 

(4) a situation of plane stress exists. 

These conditions look severe, but many practical forming operations 
operate closely enough to these conditions to justify practical use of 
the (conventional) FLC. In ISF, however, all four conditions are vio-
lated.” 

Argumentation of these statements can be found (beside the discussion and references 

given in [21]) in Chapter 2 (literature review). Furthermore, point (3) forms the main topic of 

this thesis. 

1.3 Scope of this thesis 

The remarkable formability in Incremental Sheet Forming (ISF) processes, introduced in 

the preceding paragraph, has not stayed unnoticed in the forming industry. Moreover, it has 

puzzled the minds of many scientists active in sheet metal forming processes. This thesis 

aims to explain the high formability in SPIF through understanding of the particular process 

mechanics. The answer that is provided in the original work of this thesis, is however only 

partial, in three senses: 

(i) the term sheet formability is very general, and actually different physical phe-

nomena (plastic instabilities) may limit it (an overview of which is given in 

paragraph 2.3.1). The most common instability (at least for conventional proc-

esses such as pressing), is localized necking. The original work presented in this 

thesis is limited to this particular plastic instability; 

(ii)  concerning the four different stabilizing deformation mechanisms in ISF as re-

viewed in [21], only the aspect of Through-Thickness Shear (i.e. point (3) of the 

quote in the preceding paragraph) is considered in this work; 
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(iii)  also, the term Incremental Sheet Forming covers a wide range of process vari-

ants. Original work in this thesis is limited to SPIF, in which a contour-based 

unidirectional tool path strategy is adopted (for a detailed explanation, it is re-

ferred to paragraph 3.2.1). Furthermore, only simple geometries are considered 

(i.e. truncated cones and truncated pyramids). Nevertheless, the forming limit 

model developed in this work can in principle be extended to other ISF variants 

and even other sheet forming processes. 

1.4 Outline of this thesis 

The literature review (Chapter 2) covers a range of topics relevant to the formability in 

ISF processes. The original work presented in this thesis is contained in the subsequent three 

chapters 3 to 5. 

Firstly, the presence of Through-Thickness Shear (TTS) in SPIF is proven in Chapter 3 

with three distinct methods, i.e. (i) the simulation of the process using the Finite Element 

Method, (ii) a direct, quantitative measurement of TTS in fully formed parts, and (iii) an 

indirect (and qualitative) experimental method, namely the crystallographic texture of fully 

formed parts.  

Then, Chapter 4 presents an original formability model. It is based on the Marciniak-

Kuczynski model framework (cf. literature review). This model allows the prediction of the 

onset of localized necking for anisotropic sheets that are deformed under stretching in combi-

nation with TTS.  

Finally, some results of this new formability model are presented in Chapter 5. The first 

results are presented for an isotropic sheet, for which the physical mechanism of the effect of 

TTS on formability is analyzed in detail. Then, formability of two anisotropic materials is 

considered, i.e. an aluminum alloy and a low carbon steel. The last result which is presented 

establishes a link to Chapter 3 with formability predictions specific to the SPIF process. 

The Chapter 6 formulates the general conclusions of this thesis, including prospects for 

future research. 
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2. Literature review 

 

 

 

 

 

 

 

Chapter 2 

Literature review 

 

2.1 Introduction 

The first part of the literature review (paragraph 2.2) deals with the Single Point Incre-

mental Forming Process. This overview considers only two shapes among the many that can 

be manufactured by SPIF, i.e. a truncated cone and a truncated pyramid. These geometries 

have received the most attention in ISF literature and are therefor called ‘fundamental 

shapes’. A state-of-the-art on the total deformation achieved in SPIF, especially in relation to 

the existence of Through-Thickness Shear (TTS), is given in paragraph 2.2.1, while para-

graph 2.2.2 gives an overview of the various FE studies that have been used to study the 

straining history in SPIF. 

Next, paragraph 2.3 discusses the limits of sheet forming operations from the experimen-

tal point of view, while the third and last part of the literature review (paragraph 2.4) presents 

an overview of forming limit models. The discussion is limited to analytical models and also 

some empirical models, although also much research has been done on the investigation of 

formability using the Finite Element method. 
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2.2 The Single Point Incremental Forming Process 

2.2.1 The final strain state in SPIF 

The fundamental shapes (cone and pyramid) are both characterized by the wall angle α. 

It is defined as the angle from the undeformed sheet plane to the pyramid side wall plane or 

to the cone generatrix. 

In the SPIF fundamental shapes, a homogeneous wall thickness is often observed, except 

under the condition of a high wall angle α [22]. At moderate or low values of α, the wall 

thickness approximately follows the so-called sine law. This historic name comes from the 

spinning sheet forming process, in which the complementary angle is used [23]. Using the 

conventions of SPIF , the sine law is written as 

 ( ) ( )0 0sin 90 cosfϑ ϑ α ϑ α= ° − =  (2.1) 

in which 0ϑ  and fϑ  are the initial and final sheet thickness, respectively, see Figure 2.1(a).  

 

 

Figure 2.1 Three assumptions of the final strain state in SPIF. The three thick black 
lines in the final state represent material lines that were along the sheet normal direc-
tion in the undeformed state. 

 

It is tempting to conclude from the empirical sine law, that a pure shear mechanism, as 

depicted in Figure 2.1(a), is occurring in SPIF. The corresponding shear angle, denoted γ13 in 

the present work, is then equal in magnitude to the wall angle α. By convention, γ13 is in this 

case taken to be positive, since α is conventionally a positive angle, which leads to the simple 

statement γ13 = α. The assumption of pure shear has also been justified on the basis of an 

apparent similarity to the shear spinning process [24]. This shear spinning process, which is 
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limited to axisymmetric shapes, can be considered the technological predecessor of CNC-

based incremental sheet forming processes including SPIF. In shear spinning, a positive shear 

angle γ13 ≈ α has indeed been experimentally found with the use of a brazed grid in a cross-

section of copper sheet [2]. For SPIF however, such direct experimental evidence is not 

provided in [24]. 

References [25, 26] present an analytical model of the stress field in the SPIF process, 

based on membrane analysis with additional contact frictional stresses. Through-Thickness 

Shear stresses in the sheet are neglected, and the deformation mode is assumed to be plane 

strain stretching, as sketched in Figure 2.1(b). The membrane analysis also does not account 

for any bending effects that occur in SPIF. Insights obtained from such analytical modelling 

are without a doubt valuable, however these (and other) assumptions may limit the quantita-

tive predictive capability for a complex process such as incremental forming. Also shell FE 

models of SPIF that are based on Kirchhoff shell theory inherently neglect Through-

Thickness Shear (TTS), see e.g. [27]. 

The FE analysis and experimental method that are presented in this thesis (cf. paragraph 

3.2-3.3) result in TTS as depicted in Figure 2.1(c). It is confirmed by an independent experi-

mental study [28]. In this last work, the deformation field over the thickness of the sheet is 

analysed for a 30° cone fabricated by SPIF using a brazed grid in a cross-section of a copper 

sheet with a thickness around 3.2mm (also 30° cones subjected to Two Point Incremental 

Forming (TPIF) as well as pressing are analyzed). The results for SPIF show, in the conven-

tion adopted here, a negative through-thickness shear angle γ13. With this method, a gradient 

over the sheet thickness can also be seen (more TTS at the tool contact side of the sheet), as 

well as an in-plane gradient (more TTS in the part of the cone wall that is formed later in the 

process). 

Both independent works (i.e. presented in this thesis and in [28]) also show TTS in the 

plane containing the local tool direction, in such a way that the inner cone surface is dis-

placed relative to the outer cone surface in the direction of tool movement. It is noteworthy 

that in both studies, a unidirectional tool path was used, i.e. the sense of the tool movement 

direction is the same for all successive contours. 

 

 



Chapter 2 

 10 

2.2.2 FE modelling of SPIF 

Due to the changing contact conditions inherent to SPIF, a large computation time is re-

quired to model this process with implicit or explicit Finite Element Models (FEM). In order 

to use FEM in strategies to optimize tool paths, dedicated strategies for incremental sheet 

forming are currently under development. For example, in [29] the FE contact formulation is 

optimized for the tool-sheet contact, and in [30] a substructuring FE method dedicated to 

SPIF is presented. When generic FE codes are being used, a common practice has been to 

consider only a part of the unclamped blank in the FE model in order to save on computation 

time. Examples of these so-called partial FE models are found in [31, 32] for the modelling of 

pyramid shapes and in [33-35] for conical shapes. In [33-35], the use of partial models is 

compared to the full FE model, showing only significant deviations in the undeformed zone 

of the sheet, while the formed wall is reproduced well with partial models, due to the local-

ized nature of the deformation. In partial FE models, non-physical boundary conditions are 

often considered, but their exact formulation is of minor consequence on the predicted total 

deformation [36]. In this thesis, the latter strategy of partial FE models will be followed for 

the brick FE modelling of a conical shape. Moreover, a strategy has been developed to allow 

very fine (sub-millimetre) meshing of the small plastic zone whilst avoiding excessive 

computation time. This strategy, which is as far as known an original method for ISF, has 

already been published in [37, 38]. It is discussed further in paragraph 3.3.2. 

Regarding the use of material models in ISF simulations, it has been shown in [35, 36] 

that the use of an anisotropic yield criterion does not affect the final shape of a cone wall. 

Also, the sheet material orientation does not affect the straining history predicted with an 

anisotropic FE simulation significantly [32]. In this thesis, the effect of anisotropy in the FE 

model constitutive law onto the complete strain history is neglected. The aluminium alloy 

used in the FE modelling (paragraph 3.2 of this thesis) shows the Bauschinger effect [35], 

therefore also the effect of kinematic hardening is taken into account. The determination of 

the hardening material parameters relies on an inverse approach that is designed specifically 

for FE simulations of ISF [39, 40] (cf. paragraph 3.2.4). 
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2.3 The limits of sheet formability 

During the forming of flat sheet metal into a more complex shape, a number of plastic 

instabilities may subsequently occur. A ‘plastic instability’ occurs when the zone of plastic 

deformation is suddenly confined to a smaller zone. The first plastic instability which usually 

occurs in forming processes is the onset of diffuse necking, in which plastic deformation is 

confined to a smaller zone with typical dimensions in the sheet plane that are at least an order 

of magnitude larger than the sheet thickness. In common industrial practice, the presence of a 

diffuse neck in a formed part is usually considered to be acceptable [41]. The ‘formability’ or 

‘forming limit’ is thus determined by the onset of another type of plastic instability. For most 

materials and forming processes, this plastic instability is localized necking and so the terms 

‘formability’ and ‘forming limit’ have been associated with localized necking in the litera-

ture. 

In ‘conventional’ forming processes as stretching and deep-drawing, three distinct se-

quences of plastic instabilities were found in the literature. They are listed in the next 

paragraph 2.3.1, giving an overview of the possible stages in the failure process. In each case, 

the final step for ductile metal sheets is the onset of ductile failure, i.e. the coalescence of 

voids (resulting from the processes of void initiation and growth). A state-of-the-art on the 

limiting mechanism of formability in Incremental Sheet Forming is given in paragraph 2.3.2. 

An overview of some experimental techniques designed for the determination of the whole or 

a partial forming limit diagram (FLD) is given next in paragraph 2.3.3. The FLD presents the 

forming limits for a sheet loaded under different strain modes (i.e. the ratio of minor over 

major principal in-plane strain rates), plotted in a diagram showing major and minor strains. 

The curve representing formability in the FLD is also called forming limit curve (FLC). It is 

shown here that the forming conditions in the more conventional tests such as the Nakazima, 

Marciniak and stretch-bending tests, are quite different to those of the Incremental Sheet 

Forming process (and so are the resulting FLCs). The last paragraph 2.3.4 discusses the 

influence of sheet curvature on formability, a hot topic in the field of sheet forming technol-

ogy. As discussed in the general introduction (Chapter 1), this is also related to the question 

of formability in ISF, since the use of a small forming tool may induce quite large sheet 

curvatures. The complementary issue of the influence of sheet thickness on formability is also 

discussed here. 
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2.3.1 Stages of plastic instability in conventional forming processes 

(Diffuse necking) – localized necking – ductile fracture 

As often observed in uniaxial tensile tests of sheet metal, diffuse necking is followed by 

localized necking, as depicted in Figure 2.2(a)-(c). While the size of a diffuse neck is of the 

order of magnitude of the sample width, the width of the localized neck is only of the order of 

the sheet thickness (its length being of the order of magnitude of the sample width). After the 

onset of localized necking, strain is concentrated within the neck while the surrounding 

material returns to the elastic state. Consequently, the thickness within the neck drops drasti-

cally compared to the elastic surrounding. Localized necking is therefore also known as 

thinning instability. In the developed localized neck, a plane strain state exists with zero 

extension along the neck length [42]. After the onset of localized necking, the failure process 

can continue with ductile fracture through void coalescence within the neck, resulting in a 

cup-and-cone type of fracture in the terminology of fractography (cf. Figure 2.2(d)). 

 
Figure 2.2 In a uniaxial tensile test, (a) a homogeneous deformation is followed by (b) 
diffuse necking, and subsequently by (c) localized necking. [43]. (d) Metallographic 
section of a localized neck (Region B) after plane strain deformation. [44] 

 

(Diffuse necking) – localized necking – shear instability – ductile fracture  

As shown in [45] and [46], the appearance of a macroscopic shear localization (over 

multiple grains) within the developed neck is possible. In [45], it is observed that shear 

localization initiates at the free surface within the neck, and that multiple shear bands can be 

found within a single localized neck. 

Cup-and-cone 
fracture 

 (a)            (b)            (c)                                          (d) 
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(Diffuse necking) – shear instability – ductile fracture 

Various authors have reported sheet metal failure without localized necking. Examples 

that were found in the literature mainly deal with aluminum alloy sheets. In [47], the metal-

lographic cross-section of one aluminum alloy shows a well-developed localized neck after 

tensile testing, while another alloy shows no necking but instead failure has occurred along a 

plane oriented at about 45° to the sheet normal. A very similar observation is presented in 

[44], but on two other aluminum alloys. Failure along the plane at 45° to the sheet normal is 

assumed to be the result of shear localization along this direction. 

Also in [48] these two types of failure are seen, but in this case for the same alloy either 

after direct chill casting (DC) or strip casting (CC). The distribution of second phase particles 

is different under these casting conditions: for DC, particle distribution is more homogeneous 

and localized necking is pronounced in a tensile test, while for CC, more stringers of particles 

are present and a shear-type of failure is seen. In [49], two different failure types are pre-

sented, for an extruded and subsequently cold rolled AlZnMg alloy. In the fully annealed 

condition, uniaxial tensile test specimens showed shear bands within a developed localized 

neck, while after partial annealing, parallel and intersecting shear bands over the sheet 

thickness and oblique to the sheet normal direction were observed. The authors attribute this 

difference to the strong anisotropy of the sheet in the partially annealed condition, resulting 

from the retained β-fibre deformation texture, while fully annealed, the sheet has a texture 

close to random. 

The fracture profile of a number of aluminum alloys under plane strain stretching at vari-

ous temperatures is presented in [50]. The observed fracture evolves from a shear-type 

fracture with no or small necking at low temperatures to a highly pronounced localized neck 

with cup-and-cone fracture at higher temperatures. The fracture morphology at room tem-

perature depends on the alloy. 

In pure bending of sheet metal, a similar failure mechanism is found, although shear 

bands do not extent throughout the whole sheet thickness. No references in the literature were 

found that report the appearance of localized necking in sheet under pure bending. For 

instance, in [51] subjected various steel grades are subjected to pure bending tests until 

failure. It is reported that after a certain homogeneous deformation of the outer fibers, shear 

bands appear near the outer surface, in which cracks are subsequently formed by void coales-

cence. 
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2.3.2 Stages of plastic instability in SPIF 

Only limited literature on this topic appears to exist. In [52], void formation by particle 

cracking in three automotive aluminum alloys is shown to occur during the SPIF process. An 

increase of porosity with increasing deformation is measured from density measurements of 

samples from the walls of various pyramids with different wall angles. However, this study 

does not explicitly show that void coalescence is the mechanism that limits the formability of 

ISF, i.e. that no plastic instability has taken place before. Also in the study of a SPIF cone of 

AA3103 aluminum alloy formed under the failure angle [53], large voids (mainly at the 

interface with second-phase particles) are seen throughout the sheet thickness, see Figure 2.3. 

 

   

Figure 2.3 Cross-section of a cone of AA3103 formed in SPIF with a wall angle equal to 
the failure angle (74°). The location of the image is indicated by the arrow in the scheme 
on the right. Back-Scatter Electron microscopic image. [53] 

 

It is agreed in the literature on localized necking that strain hardening delays the onset of 

necking. Since voids weaken the hardening of the sheet (compared to the void-free material), 

it could be expected that void growth promotes the onset of localized necking. The observed 

delay in the onset of localized necking (cf. Figure 1.3) thus happens in spite of the possible 

void formation and growth, and so one or more other mechanisms must be invoked to explain 

the high formability in SPIF. 
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2.3.3 Conventional formability tests 

In the Marciniak forming limit test, first described in [54], a punch with flat bottom de-

forms the sheet until failure in the flat part of the sheet occurs, cf. Figure 2.4(b). Failure at the 

punch edge is avoided through use of an auxiliary sheet with a hole with appropriate dimen-

sions in between the punch and test sheet. The flat region of the test sheet deforms 

homogeneously until the onset of strain localization. In the original paper, the test and 

auxiliary sheets are fully clamped around the punch, and the strain mode is determined by the 

punch geometry (having a circular, elliptical or rectangular bottom face).  

 

The Nakazima forming limit test is the most widely-spread method for experimental de-

termination of the FLD. It uses a hemispherical punch with large diameter (in the order of 

100mm) to deform a clamped specimen until failure, cf. Figure 2.4(a). Due to the punch 

curvature, a strain gradient exists in the sheet thickness direction. Due to friction, there is also 

a strain gradient in the plane of the sheet. Under biaxial stretching, the site of highest strain is 

not necessarily found at the punch apex [55]. The strain mode is determined by choosing the 

specimen width and/or lubrication conditions [56]. It was early recognised that the experi-

mental determination of a FLC through the Nakazima test is prone to various test conditions 

such as punch geometry, lubrication conditions and limit strain measurement method. Conse-

quently, several laboratory procedures were proposed for comparison purposes of different 

materials, such as the CRM-method [57]. Limit strains are in this method determined by a 

parabolic fit of the non-homogeneous strain field after the onset of necking.  

The use of Digital Image Correlation (DIC) for use of in-process strain measurement on 

a surface of the sheet results in a more automated and thus less user-dependent measurement 

of the necking strains, as discussed in [58]. DIC also allows a precise measurement of the 

complete strain path at the sheet surface. Strain paths appear to be approximately monotonic 

for both tests [59], as can be seen in Figure 2.4(c-d). A a relative small non-linearity of the 

strain path is however found in the Nakazima test [59]. Due to the hemispherical punch, a 

small initial equibiaxial strain is found on the convex sheet surface (i.e. the outer surface 

having the largest strain) for all sheet geometries, which can also be seen in Figure 2.4(c). As 

a result, the minimum of the FLC (FLC0) determined from the Nakazima test is slightly 

shifted to the right in the FLD. 
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(a)     (b) 

 

(c)     (d) 

  

Figure 2.4 (a-b) Scheme of (a) The Nakazima and (b) the Marciniak tests. [60] (c-d) 
Strain paths of AA6106 aluminum alloy in (c) the Nakazima and (b) Marciniak test. [59] 

 

A standardized procedure for determination of the FLC based on Nakazima and Mar-

ciniak tests, using a 100mm diameter cylindrical or hemispherical punch respectively, is 

found in the ISO standard [60]. Various (in-plane) deformation modes are achieved by 

different sheet sample geometries. Additional information on the this standard can be found 

in [61]. In [62], the use of a rubber disc in the tribological system in the Nakazima test is 

analyzed through FE simulations. Although not described in the ISO standard [60], it is quite 

common to use such a disc in order to achieve the highest strains (and thus also the neck) at 

the apex of the Nakazima punch, a condition which is required in this standard. 

 

In the stretch-bending test, a rectangular blank is clamped at two opposite edges and de-

formed under a cylindrical punch which has its axis along the direction of the clamped sheet 

edges. The punch diameter can vary from the order of the sheet thickness until much larger. 

The distribution and evolution of the strain field in stretch-bending can be quite complex. In 



Literature review 

     17 

[63], experimental results for HSLA steel under stretch-bending are presented in which the 

inside surface thickness strain changes from compressive to tensile during testing. The 

observed deformation mode is near plane strain (small negative minor strains).  

The variability of sheet formability, and the variability of sheet formability testing, is ex-

plored in [64] for a standardized stretch-bend test (Ohio State University Formability Test  - 

OSUFT). Sensitivity of numerous parameters (the hold-down force, sheet thickness, sample 

width, deformation speed, lubrication conditions and seasoning of the tooling) to the punch 

stroke at failure are investigated. The variability of this test between different test laboratories 

was shown to be much less compared to Nakazima tests using plane-strain samples, making it 

a preferable testing method for comparison purposes of formability between different materi-

als. 

 

For the sake of completeness, it should be noted that other tests have been proposed to 

measure the (partial) FLC, of which the hydraulic bulge test and uniaxial tensile test are 

shortly discussed here. In hydraulic bulging, a fully clamped sheet is deformed through a die 

with circular or elliptical aperture through fluid pressure, usually oil. The deformation 

mechanism in hydraulic bulge testing with circular die aperture has been experimentally 

studied in [65]. It is shown that at the bulge apex, sheet thinning is maximal, so it is the 

preferential site for plastic instability and failure. Forming limit tests in tensile test machines 

have been proposed for deformation modes of the left-hand side of the FLD. In [50] and later 

in [46], a plane strain state in a tensile test machine is obtained through the use of a clamping 

device with knife edges to prevent deformation in the width direction. Later, a methodology 

to obtain the full left-hand side of the FLD from tensile test specimens with different geome-

tries has been proposed in [66]. 

 

2.3.4 Influence of sheet curvature and/or sheet thickness 

An early comparative study between the Nakazima and Marciniak tests for aluminum-

killed steel, brass and cold rolled aluminum [67], shows a somewhat higher formability as 

determined from the Nakazima test. It is however preliminary to conclude from this study 

alone that sheet curvature during forming is the only reason for this since it was chosen to 

reduce the sheet thickness in the Nakazima test instead of using an auxiliary sheet. In [68], an 

empirical law is presented for a number of steel grades to assess the increase in formability in 

sheet material after it has been subjected to bending followed by unbending, as in draw bead 
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flow and at corner radii of press tooling. As a rule of thumb, it is concluded that for material 

which has been subjected to this kind of stretch-bending, the FLD can be shifted upwards by 

an amount equal to 60% of the thinning strain that was achieved in the draw bead or under 

small tool corners. Recently, the beneficial effect on formability of simultaneous bending and 

unbending during plane strain stretching is shown [69], by subjecting a tensile test specimen 

to additional bending strains under the action of three moving rollers. In this paper, the 

similarity of this test to the ISF process is pointed out.  In [70], a dependence of local neck 

morfology on curvature is reported. It is seen from micrographic cross-sections of sheet 

deformed under stretch-bending with varying punch radii until failure, that the double-sided 

neck observed at large radii changes into a single-sided neck at the convex sheet side for 

smaller radii. Also, punch penetration in the sheet can be seen in case the punch radius is of 

the order of the sheet thickness. 

The consideration of sheet curvature automatically implies consideration of sheet thick-

ness as well, as the bending strain that results from the curvature of the sheet, is related to the 

sheet thickness. The formability under plane strain was already in the 1970s found to be 

dependent on the sheet thickness for a number of hot and cold rolled steels [55], resulting in 

higher limit strains for thicker sheets. Possible influencing factors which result in a general 

higher forming limit of thicker sheets are discussed in [71]. The factors that depend on sheet 

thickness include through-thickness gradients of strain, stress and strain triaxiality, friction 

forces, tool contact pressure, and sheet metal inhomogeneity. In [64], a standardized stretch-

bend test (OSUFT) is used to show that thicker sheets failed at higher punch strokes, even 

though less draw-in under the draw beads occurs for thicker sheets.  

In [56] and [72], it is shown that in the Nakazima test, the limit strain is increased by in-

creasing the sheet thickness, or by decreasing the punch radius. It is also observed that the 

strain distribution is less homogeneous for smaller punch radii. For the same non-dimensional 

bending curvature Rϑ  (the ratio of sheet thickness to punch radius), it appears that the limit 

strain increase of a thicker sheet and a larger punch radius is higher compared to a thinner 

sheet stretched under a smaller punch radius [56]. Based on an experimental campaign of 

punch-stretching of steel alloys with various punch radii and sheet thicknesses,  Tharrett and 

Stoughton [73] propose that the strain on the concave side be used for comparison with FLC0 

(concave-side rule), rather than the mid-plane strain which is a more conservative criterion. 

However, for two FCC materials (70/30 Brass and AA6010), this method resulted in an 

overestimate of the forming limit [74]. 
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2.4 Forming Limit Models 

Swift presented a well-known model for the onset of diffuse necking [75], corresponding 

to maximal loading in a sheet forming process. For uniaxial loading, it reduces to the Con-

sidère criterion for maximal loading in a tensile test. Both are also reviewed in [76]. 

A model for shear instability in sheet bending processes was already developed in the 

late 70’s by [77] by introducing an isotropic damage function in the hardening law. Shear 

instability is triggered by the assumption of a band of higher initial damage with an oblique 

orientation with respect to the sheet normal. The onset of shear instability is found through 

geometric compatibility and force equilibrium between this band and the surrounding mate-

rial. More recently, this kind of model for failure through shear instability is incorporated 

within a MK-type model in [44] and applied to stretching processes. The model is justified by 

the authors from fractographic observations of two aluminium alloys, one of which shows a 

cup-cone type of fracture within a well-developed neck, while the other alloy fails through 

shear instability within a shallow neck. 

 

The vast majority of analytical formability models have been developed for localized 

necking, discussed next. They can be divided into three groups, namely bifurcation models, 

perturbation models, and Marciniak-Kuczynski (MK) models, and are discussed in paragraph 

2.4.1. 

In view of the MK model extension presented in this thesis, the next paragraph 2.4.2 

makes a detailed revisit of the original model onto which this extension has been built. 

Up to this point, only monotonic loading is considered. However, in order to predict the 

onset of localized necking in a complex forming process such as SPIF, more process-related 

parameters need to be taken into account. This is the subject of paragraph 2.4.3, where 

models are discussed that go beyond the classical concept of the FLC as a property of the 

sheet material only. The literature overview is divided in the following topics that are relevant 

to the general question of formability in the ISF process: a change in the strain path during 

forming (paragraph 2.4.3.1), the effect of sheet curvature and sheet thickness (paragraph 

2.4.3.2), the statistical aspect of formability (paragraph 2.4.3.3), the influence of a non-zero 

thickness stress (paragraph 2.4.3.4), and finally, through-thickness shear (paragraph 2.4.3.5). 
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2.4.1 A classification of analytical models for localized necking under monotonic 
loading 

2.4.1.1 Bifurcation model framework 

Bifurcation models seek the conditions under which localized plastic plane-strain defor-

mation is possible in a narrow band of a homogeneous sheet, without loss of stress 

equilibrium. The first bifurcation model, that of [78], was limited to the left-hand side of the 

forming limit curve since for deformation modes in the right-hand side, there exists no plane-

strain direction for materials with smooth yield loci and normal plastic flow. By adopting the 

deformation theory of plasticity and allowing for vertex-formation on the yield locus, the 

extension to the right-hand side of the FLD was made by [79]. More recently, this bifurcation 

model has nevertheless been successfully used with the flow theory of plasticity, more 

commonly accepted in sheet metal forming. Flow theories in which non-normal plastic flow 

is allowed, are used in [80] and [81], while [82] added the damage model of Chaboche into 

plastic flow theory. 

2.4.1.2 Perturbation model framework 

Another approach which considers the sheet to have homogeneous properties, is the lin-

ear perturbation technique for sheet necking analysis ([83]-[84]). In this approach, a 

perturbation to the strain state at equilibrium is introduced, from which the limit strain is 

found as the conditions under which the perturbation increases in time. 

2.4.1.3 Marciniak-Kuczynski (MK) model framework 

All the so-called MK models obtain their name from the highly cited paper [42]. Here, 

the existence of an initial groove with diminished thickness, of infinite length and oriented 

along the minor strain direction, was assumed in order to predict the forming limit of mono-

tonic strain paths in the right-hand side of the FLD. Sheet inhomogeneity is thus 

characterized by the initial thickness ratio of groove over surrounding matrix, also known as 

the imperfection parameter. The onset of localized necking instability is calculated by impos-

ing geometric compatibility and force equilibrium between the groove in the model and the 

surrounding material (see also paragraph 2.4.2). Later on, e.g. in [85], it was extended to 

cover the whole range of the FLD by considering all possible initial orientations of the 

groove and retaining the lowest value of the  major strain at the onset of localized necking as 

the limit strain. A simple way to introduce ductile damage in the MK model, presented by the 

original authors in [54], is by means of the fracture strain, i.e. the thickness strain in the 
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fractured neck (which can be measured relatively easy). In this paper, the fracture strain is 

found to be fairly insensitive to the strain mode, but more dependent on the direction of the 

fracture. By using the fracture strain as the forming limit criterion for the groove thickness 

strain in the MK model, it is shown that for materials with relatively low values of fracture 

strain, ductile failure can occur before the onset of localized necking instability for near-

equibiaxial strain modes.  

The accuracy in the right-hand side of the FLD improved over the years by improve-

ments of the constitutive behaviour. It was recognised, e.g. in [86], that taking strain-rate 

sensitivity into account shifts the FLC to higher major strain levels and in better accordance 

with experiments. This effect is even significant for materials with a low strain-rate sensitiv-

ity, such as steels [87].  

The use of more realistic yield loci results in an improved shape of the predicted FLC in 

the right-hand (stretching) side of the FLD. In [88], different isotropic yield loci were used in 

an MK model: i.e. the polycrystalline Taylor-Bisshop-Hill yield loci for random crystallo-

graphic texture, using fcc or bcc slip systems. They produce FLCs that are quite realistic 

compared to the Tresca and von Mises yield loci which result in gross under- or overestima-

tion, respectively. The significance of the yield surface shape for the right-hand side of the 

FLD is further explored in [89], where it is shown that the FLC shape is strongly related to 

the yield surface shape between plane strain deformation and equibiaxial stretching. The 

stress increase during the strain path change towards plane strain of the groove in the MK 

model results in a delay in the onset of necking in the right-hand side of the FLD. The authors 

propose the ‘yield surface shape hardening diagram’, which is derived from the yield locus, 

to assess the delay of necking in this region of the FLD. 

In [90] and [91], the phenomenological non-quadratic yield criterion of Karafillis and 

Boyce is used in a MK analysis. Translation as well as shape change of this yield locus as a 

function of plastic deformation is considered in the analysis through 2 parameters, one of 

which is the yield locus exponent. A very good agreement with experimental FLCs (mono-

tonic as well as 2-stage) can be obtained by inverse modelling of the yield locus parameters 

to selected strain paths of the monotonic FLC. These articles illustrate the dependence of 

formability predictions on the yield locus initial shape as well as yield locus evolution. 

Recently, physical plasticity models have been used in the MK model to further improve 

the accuracy of FLC predictions. For instance, in [92], a rate-independent polycrystal plastic-

ity model with Taylor homogenization scheme is used, and in [93] a rate-sensitive elasto-

plastic polycrystal plasticity model with texture evolution is adopted. In this last paper, the 
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effect of texture evolution on formability is found here to be negligible, while in [94], the 

study of the formability of three aluminium textures shows the tendency to equalize the 

forming limits of the different textures and lower them (in most strain paths of the right-hand 

side of the FLD) when texture development is considered. This last study uses the rate 

insensitive Taylor approach of polycrystal plasticity. The effect of the cube texture compo-

nent in aluminium is studied with a rate-dependent plasticity model in [95]. It is found that 

the spread around the ideal texture component determines the yield locus surface near equibi-

axial stretching deformation, and thus affects the formability under this deformation mode. In 

[96], it is demonstrated using a viscoplastic self-consistent (VPSC) polycrystal material 

model within the MK framework, that the different textural evolutions associated with a 

difference in initial texture, can shift the right-hand side of the predicted FLC up- or down-

wards to a significant extent. It is also seen that a higher grain aspect ratio in the VPSC model 

reduces limit strains in the right-hand side of the FLD. A last example is [97], in which 

dislocation-based plasticity as well as mechanical twinning of a Mg alloy at different elevated 

temperatures is considered within the framework of a viscoplastic self-consistent material 

model. It is found that twinning can promote the resistance to localized necking. 

2.4.2 A conventional MK model revisited 

The MK model presented in [98] is revisited next in more detail, since the extension for 

Through-Thickness Shear (TTS) proposed in this thesis (cf. Chapter 4), is based on the 

formalism of this model. The study [98] focuses on non-proportional loading, which is 

discussed further in paragraph 2.4.3.1. In the subsequent review, the notation is converted to 

the conventions that are followed throughout this thesis. This model is named further on as 

the ‘conventional MK model’. 

The existence of a groove b with diminished thickness in a matrix a is postulated, as 

shown in Figure 2.5. 



Literature review 

     23 

 

Figure 2.5 Scheme of the matrix a and groove b in (a) the undeformed and (b) a de-
formed state (with the undeformed state in dotted line). The x1- and x2-axes are the 
major and minor in-plane strain directions of the matrix, respectively. The x3-axis (not 
shown) is the sheet normal and completes the x1-x2-x3 right-hand sided Cartesian 
reference frame. The groove reference frame G with axes n, t and x3 is fixed to the 
groove and is determined by the angle Ф (in the range [-90°;90°]) from x1 to n (denoted 
Ф0 in the undeformed state). By convention, Ф is positive as drawn here. 

 

The initial imperfection 0f  is defined as 

 0
0

0

b

a
f

ϑ

ϑ
=  (2.2) 

in which 0
xϑ  is the initial thickness; the superscript x refers to either the matrix a or groove b. 

Both regions of the model undergo a homogeneous deformation, described for each by a 

velocity gradient tensor, which is defined as: 

 
∂=
∂
v

L
x

 (2.3) 

in which ( ),x X t  is the position vector at time t of the material point with position vector X  

at time t=0, and ( ) ( ),
, ≡

x X
v X

d t
t

dt
 is the velocity field at time t. The decomposition of a 

velocity gradient L  into its symmetric and antisymmetric parts gives the strain rate tensor D  

and rate of rigid body rotation W , respectively: 

 ( )1

2
= +D L LT  (2.4) 

 ( )1

2
= −W L L T  (2.5) 

The superscript ‘T’ denotes the tensor tranpose. 
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The expression of the velocity gradient of the matrix a in the x1-x2-x3 reference system of 

Figure 2.5, is denoted [ ]aL . It has the following form for an incompressible material sub-

jected to a monotonic deformation without TTS: 

 

( )
22 11

22

1 0 0

[ ] 0 0

0 0 1

a aDρ
ρ

 
 =  
 − + 

L  (2.6) 

with 22ρ  being defined as the ratio of the minor over the major strain rate: 

 22
22

11

a

a

D

D
ρ =  (2.7) 

Several notes can be made on the equations (2.6)-(2.7): 

• The velocity gradient of the matrix is symmetric. It follows that the strain rate tensor 

of the matrix aD  equals aL , while the rigid body rotation rate of the matrix aW  

equals 0 . Consequently, the x1-x2-x3 reference frame, shown in Figure 2.5, can be 

considered to be attached to the matrix material.  

• The 11-component 11 11
a aL D=  is put outside of the matrix representation of the tensor. 

By doing so, this scalar is considered as the measure of the rate of deformation, while 

the remaining matrix represents the strain mode as a tensorial quantity. 

• The scalar variable 22ρ  is in literature (as in [98]) often denoted strain mode and 

simply noted as ρ . In this thesis however, it is given the subscript ‘22’ and called the 

in-plane strain rate ratio, to make a clear distinction with other variables to be de-

fined in the extension proposed in Chapter 3.  

• Incompressibility of the matrix is implicitly assumed, as 11 22 33 0a a aL L L+ + = . 

• To construct the monotonic FLC, 22ρ  is usually taken to be a constant in the range -

1/2≤ 22ρ ≤1. It is noted that in the original work of [98], also non-monotonic (two-

stage) strain paths are considered, with special attention to anisotropic hardening at 

strain-path changes (see also the discussion in paragraph 2.4.3.1). 

In the MK analysis, the velocity gradient of the groove bL  is calculated. This tensor 

generally evolves during deformation (even under monotonic loading of the matrix). Never-

theless, during a small time increment, it is assumed to be constant. Moreover, when bL  is 
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expressed in the groove reference frame G, which is denoted by [ ]b GL , it is assumed to be of 

the form: 

 

33

0

[ ] 0

0 0

b b
nn nt

b G b b
tn tt

b

L L

L L

L

 
 
 =
 
 
 

L  (2.8) 

The four components equal to 0 in this matrix representation express that TTS of the groove 

is not allowed. Besides this restriction, the groove deformation can take any form. Equation 

(2.8) can be rewritten in terms of the components of [ ]b GD  and [ ]b GW  using (2.4)-(2.5): 

 

33

[ ] [ ] [ ]
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0 0 0

0 0 00 0

b G b G b G

b b b
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b b b
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b

D D W

D D W

D

= +

   
   
   = + −
   
   
   

L D W

 (2.9) 

Note that the symmetry property of bD  and antisymmetry property of bW  is explicitely 

used, so that there are 5 variable tensor components in the right-hand side of equation (2.9), 

which is as many as in equation (2.8). The in-plane rigid body rotation rate of the groove 

material is given by b
ntW . 

Imposing incompressibility on the groove material, the groove thickness strain rate 33
bD  

has to equal: 

 33 11 22
b b b b b

nn ttD D D D D= − − = − −  (2.10) 

The measure adopted to characterize the strain [ ]xε  (in either matrix or groove) is de-

fined as the time integral of the respective strain rate tensor, expressed in the x1-x2-x3 

reference system:  

 
0

[ ] [ ]
T

x x dt= ∫ε D  (2.11) 

in which T  is the total time. In component form, this is written as: 

 ( )
0

, {1,2,3}
T

x x
ij ijD dt i jε = ∈∫  (2.12) 
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The deformation of the matrix is imposed incrementally, i.e. using time increments T∆ . 

For a monotonic deformation (a a=L D  constant in time), the corresponding incremental 

strain tensor [ ]a∆ε  is given by: 

 [ ] [ ]a aT∆ = ∆ε D  (2.13) 

For a strain-rate insensitive material model, the scalar 11
aD  in equation (2.6) may be cho-

sen freely. 

The current thickness (of matrix or groove) xϑ  is defined as: 

 ( )33 0expx x xϑ ε ϑ=  (2.14) 

The four unknowns b
nnD , bDtt , b

ntD  and b
ntW  of equations (2.9)-(2.10) are computed for 

each imposed matrix strain increment from the subsequent equations, expressing force 

equilibrium and geometrical compatibility. 

Firstly, the force equilibrium over the interface between matrix and groove is written as: 

 b b a a
nn nnϑ σ ϑ σ=  (2.15) 

 b b a a
tn tnϑ σ ϑ σ=  (2.16) 

in which x
nnσ  and x

tnσ  are components of [ ]x Gσ , i.e. the representation of the true (Cauchy) 

stress tensor of matrix a or groove b in the groove reference frame G. 

Secondly, geometrical compatibility between matrix and groove is expressed as: 

 b a
tt ttL L=  (2.17) 

 b a
nt ntL L=  (2.18) 

in which x
ttL  and x

ntL  are components of [ ]x GL , i.e. the representation of the velocity 

gradient of matrix a or groove b in the groove frame G. The other non-zero components of 

[ ]x GL , i.e. b
nnL , b

tnL  and 33
bL , are ‘free’ with respect to the corresponding velocity gradient 

components of the matrix. These freedoms and the geometrical compatibility conditions 

(2.17)-(2.18) are schematically illustrated in Figure 2.6. 
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Figure 2.6: A schematic illustration of the geometric compatibility conditions (top) and 
freedoms (bottom) of the groove velocity gradient in the MK model presented in [98]. 

 

The groove orientation in a deformed state, determined by the angle Φ , may vary from 

the initial groove orientation 0Φ  due to the matrix deformation (see also Figure 2.5): 

 ( ) ( ) ( )011 22tan exp tana aΦ ε ε Φ= −  (2.19) 

This also implies that the groove reference system G may rotate during the deformation. 

Once a constant in-plane strain rate ratio 22ρ  and initial groove angle 0Φ  are chosen, 

the strain response of the groove for each matrix strain increment follows from these four 

equations (2.15)-(2.18), with unknowns bnnD , bDtt , b
ntD  and b

ntW . In practice, this set of four 

unknowns is firstly reduced to two by rewriting the linear equations (2.17)-(2.18) as: 

 b a
tt ttD D=  (2.20) 

 b a b
nt nt ntW L D= −  (2.21) 

Secondly, the two remaining unknowns bnnD  and b
ntD  are determined from the nonlinear 

equations (2.15)-(2.16) through minimization of the following function F : 

 ( ) ( ) ( )2 2
,b b b b a a b b a a

nn nt nn nn tn tnF D D ϑ σ ϑ σ ϑ σ ϑ σ= − + −  (2.22) 
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This function depends on bnnD  and b
ntD  since the groove stress tensor components b

nnσ  and 

b
tnσ  are functions of bD  (via the adopted constitutive law), and bD  depends on b

nnD  and 

b
ntD  only, after substitution of equations (2.10) and (2.20) into [ ]bD , as given in equation 

(2.9). Also, bϑ  is a function of b
nnD  through equations (2.14), (2.12), (2.10) and (2.20). The 

Fletcher-Reeves-Polak-Ribiere minimization algorithm [99] is used to minimize F . 

Necking of the groove is said to occur when the necking criterion: 

 111000≥b a
MaxD D  (2.23) 

is satisfied. Here, b
MaxD  is the maximum principle strain rate in the groove. The major 

principal strain of the matrix at necking is recorded for various values of initial groove 

orientation 0Φ  in the range [0°;90°], the smallest of which is the obtained limit strain for the 

particular strain mode. Consideration of various strain modes in the range -1/2≤ 22ρ ≤1 

results in the classical FLC for monotonic in-plane deformations. 

2.4.3 Localized necking models beyond the classical FLC concept 

The classical FLC concept discussed previously is determined solely from the materials’ 

mechanical properties; no necking is supposed to occur when straining does not exceed the 

FLC. This concept, although readily used in press shop practice, has a number of serious 

limitations.  

An important limitation discussed first in paragraph 2.4.3.1, is the path-dependence of 

the FLC: the onset of localized necking does not only depend on the final strain, but on the 

full strain history occurring during the forming operation. The next paragraph 2.4.3.2 deals 

with models that include the effect of sheet curvature during forming operations on the 

formability, and the influence of sheet thickness. The statistical aspect of the onset of necking 

from a modelling perspective is addressed in paragraph 2.4.3.3. Models that incorporate a 

non-zero thickness stress (often neglected in sheet mechanics) are discussed next in para-

graph 2.4.3.4. The final paragraph 2.4.3.5 gives the basic model assumptions of a recently 

proposed MK-type model that includes Through-Thickness Shear (TTS). The differences 

with the MK extension proposed in this thesis (Chapter 4) will be addressed later on in 

paragraph 4.13. 
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2.4.3.1 Strain-path dependency 

The effect of a non-monotonic strain path has been extensively studied in [100]. Here an 

MK-model is used to study the formability of a 2-stage strain path. After a certain monotonic 

pre-strain, the strain mode is suddenly changed and deformation continues until the onset of 

necking. The different FLC’s of different types of 2-stage strain paths are very different 

compared to the monotonic FLC. It is found by the MK model that under equibiaxial stretch-

ing followed by uniaxial tension, formability is dramatically lower compared to the 

monotonic FLD, while much higher limit strains (compared to the monotonic FLC) are 

obtained under uniaxial tension followed by equibiaxial stretching. As reported in the paper, 

these trends are also found from experimental investigations. In [98], the effect of anisotropic 

hardening at strain path changes due to dislocation substructure development is assessed. The 

FLC for monotonic and 2-stage strain paths are calculated with a MK model which incorpo-

rates an anisotropic hardening model at strain path changes, i.e. the hardening model of 

Teodosiu-Hu. Anisotropic hardening after a strain path change, including transient hardening, 

is found to have a significant effect on subsequent formability. 

Since the classical FLD concept turns out to be completely useless for non-monotonic 

deformations such as 2-stage strain paths, some other, more strain-path independent represen-

tations of formability have been proposed, of which the Forming Limit Stress Diagram 

(FLSD) is the best known.  

The FLSD gives the major and minor in-plane stress components at the onset of necking. 

In [101] and later in [102], the FLSD for a number of material types is calculated from 

experimental points of the monotonic FLD and 2-stage FLD composed of 2 subsequent 

monotonic deformation paths. In both papers, this calculation is based on the assumption of 

isotropic hardening and different types of quadratic and non-quadratic phenomenological 

yield loci. In [101], different yield loci with different parameters were considered for each 

material. It was found that in some of these cases the calculated stress states at necking (from 

single and multistage strain path experiments) form indeed a single curve in the FLSD with 

reasonable accuracy. In [102], most but not all 2-stage strain paths transform to a single curve 

in the FLSD. Recently, such method was applied to a 11% Cr steel in [103] and [104] to 

successfully produce a path-independent FLSD. The article of [105] provides a theoretical 

background for the path-independence of the FLSD. Here, it is shown that the stress condi-

tions that lead to bifurcation (with reference to the bifurcation model of [79]), is path-

independent for isotropic hardening materials. The path-independence of the FLSD of 
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anisotropic materials does however not imply isotropy of the forming limit stresses, i.e. the 

FLSD is dependent on the direction of straining with respect to the sheet material reference 

axis. This issue is addressed in [106], where a rescaling of stresses (depending on the occur-

ring direction of straining) is proposed, so that forming severity can be assessed with respect 

to a single FLSD. 

An alternative representation of formability which is also claimed to be quasi independ-

ent on the strain-path, can be found in [107]. The forming limit curve is here presented in a 

plot of the equivalent plastic strain as a function of the current strain mode. The equivalence 

of this latter representation and the FLSD-concept can be found in [108]. In this paper, the 

MK model was used to assess the FLSD concept under the assumption of isotropic harden-

ing. The simulation results show only very small differences in forming limit stresses for 2-

stage strain paths if elastic unloading occurred during the plastic strain-path change. How-

ever, without elastic unloading between monotonic strain paths, the forming limit stresses 

showed to be path-dependent. 

In the recent study [109], the connection between strain hardening behaviour at strain 

path changes and the path dependency of the FLSD was shown by investigation of the 

forming limit stress under 2-step strain paths obtained with a MK forming limit model. The 

phenomenological hardening model of Teodosiu and Hu was used to model anisotropic 

hardening behaviour (such as Bauschinger and cross-hardening effects) at strain path 

changes. The path independency of the FLSD only holds in the case that the sheet material 

shows isotropic hardening after a strain path change; when it shows anisotropic hardening 

however, the FLSD gives an over- or underestimate of the predicted forming limit, depending 

on whether there is a decline or increase of hardening after the strain path change, respec-

tively. The same conclusions are drawn in [110], but based on stress measurements on tubular 

sheets subjected to a combination of axial loading and internal fluid pressure. 

2.4.3.2 Sheet curvature and sheet thickness 

Only one model was found in the literature that introduces the effect of sheet curvature in 

a MK-type analysis [111]. It is accomplished by the introduction of a strain gradient term in 

the constitutive isotropic hardening law (in addition, thermal softening due to energy dissipa-

tion associated with plastic deformation is also accounted for in the hardening law). 

Comparison with various experimental studies on the influence of punch curvature in the 

Nakazima test and the Marciniak test is reasonably good, at least after selection of the best 
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value of the initial imperfection parameter in the MK model to fit the experimental points in 

the FLD. 

 

Most theoretical work on this subject does however not make no use of the MK model 

framework, as discussed next. 

An analytical solution for the punch force in plane-strain deep drawing with applied pre-

tension force is given in [112]. In this paper, the combination of stretching and bending is 

considered. The failure of Advanced High Strength Steels (AHSS) is assumed to occur 

through ductile fracture of the most stretched fibre, obeying a Mohr-Coulomb fracture 

criterion. 

In [113], an axisymmetric FE shell analysis is used to construct a bifurcation model, later 

extended in [114] to include in-plane plastic anisotropy. Here, the onset of strain localization 

is sought as the bifurcation point, i.e. the condition under which non-homogeneous deforma-

tion is permissible without loss of instantaneous force equilibrium. The shell analysis yields 

higher-order terms in the differential equations that express force equilibrium, from which the 

influence of the ratio of sheet thickness to punch radius on formability can be assessed. An 

increase in forming limit of a few percent under equibiaxial stretching is found for a ratio of 

sheet thickness to punch radius of 0.1.  

A forming limit criterion of maximal stretching force in plane strain stretch-bending 

processes has been proposed by [115]. Their model results in an increased outer surface limit 

strain for higher ratio of sheet thickness to punch radius.  

The paper [116] considers two failure criteria in stretch-bending processes, i.e. the onset 

of necking, which occurs when the material fibre on the concave (inner) surface reaches 

FLD0, and secondly a fracture-controlled failure of the material fibre on the convex (outer) 

surface. Employing diagrams of applied bending moment versus axial force (M-N diagram), 

it is found that in plane strain stretch-bending, the forming limit is determined by the onset of 

necking when sheet curvature is relatively low, while at higher sheet curvature, the forming 

limit is determined by fracture at the outer material fibre. 

A few works are dedicated to the effect of sheet thickness on formability without taking 

sheet curvature into account. The theoretical work of [117] gives an exact solution of the 

growth rate of the imperfection in a sheet with sinusoidal thickness variations, deformed 

under plane strain. This solution does not invoke the commonly used assumption of plane 

stress, but takes a distribution of the sheet normal stress in the thickness direction explicitly 

into account. Localization of strain then proves to be smaller than under plane stress condi-
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tions, hinting that a non-zero thickness stress, more pronounced in thicker sheets, plays a role 

in the delay of the onset of necking. 

The purely empirical forming limit model of [55] relates the strain-hardening coefficient 

and initial sheet thickness to FLC0 for some steel grades. To extend the applicability to more 

steel grades, the semi-empirical model of [118] also takes strain rate sensitivity into account 

for FLC0 prediction, next to the strain hardening coefficient and thickness. The latter model is 

based on bifurcation theory coupled with a damage approach. In both models, formability 

increases with sheet thickness for thin sheets, while for thick sheets, it becomes insensitive to 

the sheet thickness, as also experimentally observed. 

2.4.3.3 Statistics of formability 

Experimentally obtained points in the classical FLD always show a certain degree of 

scatter. Therefore, some experimental papers present forming limits in the FLD as a band 

rather than a single curve, emphasising a statistical aspect to the process of localized necking. 

In [85], it is noted that the dependence of the limit strain on the imperfection parameter used 

in the MK model is analogous to some of the most imperfection-sensitive structures in elastic 

or elasto-plastic buckling. 

In [119], a statistical aspect is introduced in the MK-model by treating the initial imper-

fection parameter of this model as a statistical variable. All sources of inhomogeneities, e.g. 

the distribution of second phase particles, inclusions, voids and surface defects, as well as 

grain boundary effects, sheet thickness variations and local variations in plastic properties, 

are modelled by the assumption of an equivalent population of voids that have a statistical 

distribution. The initial imperfection parameter is linked to the largest of these equivalent 

voids in a particular sheet element. It follows from this statistical theory that the expected 

value of the forming limit decreases with the area of sheet which is subjected to uniform 

straining. Also, the expected forming limit for a sheet with a strain gradient in the sheet plane 

(as found in the Nakazima test) is higher than a sheet of the same area under uniform strain-

ing (as found in the Marciniak test).  

Some efforts have been made to relate the initial imperfection parameter of the MK 

model to the probabilistic distribution of physical voids in the initial sheet, as can be found in 

[88] and [120]. A formability prediction of a dual phase steel was made with the MK model, 

using an initial imperfection parameter that was calculated from the measured average initial 

void size and initial void volume fraction. This calculation was based on a statistical distribu-

tion of voids in the sheet metal that yields a macro-planar surface (a surface which appears 
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planar at sufficiently large scale) with a relative higher void volume fraction than average. In 

[120], also elongated voids are considered, for which an analogous statistical analysis leads to 

a initial groove thickness in the MK model closer to unity for a groove oriented perpendicular 

to the long axis of the voids. According to this theory, the initial imperfection parameter is 

thus a function of groove orientation for a material containing non-spherical voids. 

2.4.3.4 Non-zero thickness stress 

In sheet forming processes that imply a non-zero sheet curvature, e.g. in punch stretching 

and hydraulic bulging, the thickness stress varies from a minimum (i.e. compressive stress) at 

the concave side of the sheet to zero at the (stress-free) convex side. This stress component is 

much smaller than in-plane stresses (at least for not too high sheet curvatures) and are there-

fore usually neglected in sheet forming limit models. Under certain conditions however, the 

average thickness compressive stress can be very high and non-negligeable, e.g. in double-

sided hydroforming, during which pressure is applied to both sides of the sheet with a certain 

pressure difference, and in pinching regions (double-side tool contact)in pressing operations. 

A number of models have been developed that take a non-negligible average thickness stress 

explicitly into account, as elaborated on next. The trend in formability that all these models 

show is that a more negative thickness stress (i.e. more compression) delays the onset of the 

localized necking instability, which is the same trend as found in experimental investigations. 

In [121] and later in [122], forming limit equations are derived for a sheet deformation 

under a constant and non-zero ratio of sheet thickness stress over major in-plane stress. These 

models are based on the assumption of a strain-path independent FLSD, which is extended in 

the sense that the forming limit stress is also assumed to be independent of the sheet thickness 

stress. In [121], the ratio of minor to major in-plane stresses is assumed to be constant during 

deformation, while in [122], it is the ratio of minor to major in-plane strains which is fixed.  

Recently, the effect of the hydrostatic pressure on formability has been investigated by 

[123], using the MK model framework. Higher forming limits in hydrostatic pressure-

supported processes are predicted, which has also been observed experimentally.  
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2.4.3.5 Through-Thickness Shear 

Recently, an extension of the MK model has been proposed [124] that accounts for (i) a 

non-negligible sheet normal stress (see also the previous paragraph 2.4.3.4), and/or (ii) non-

negligible through-thickness shear stress. The aim of this MK extension is thus largely the 

same as the proposed extension that is the subject of Chapter 4. Therefore, the basics of this 

model (called ‘Allwood extension’ further on) are shortly given next, using the notation 

conventions adopted throughout this thesis. 

The basic MK geometry of a groove within a matrix is assumed, with the groove imper-

fection defined by equation (2.2). In-plane rotation of the groove is accounted for in a way 

similar to equation (2.19). The isotropic Von Mises yield locus is adopted, and isotropic 

hardening is assumed. Only monotonic strain paths are considered. The current deformation 

of the matrix is expressed by the incremental strain tensor of the matrix adε  rather than using 

the velocity gradient as in the conventional MK model of paragraph 2.4.2. It means that rigid 

body rotation is not considered in the analysis.  

The incremental strain tensor of the groove bdε , having 6 independent components, is 

calculated for each increment from 6 equations, which can be divided into three types as 

follows: 

(i) Both force equilibrium equations of the conventional MK model (2.15)-(2.16) related 

to the in-plane force components in both regions, are adopted. 

(ii)  It is proposed that the traction stress onto the sheet surface is the same in the groove 

and matrix, as it can be considered to be an external boundary condition. This leads to 

three additional equilibrium equations of stress components: 

 3 3
b a
n nσ σ=  (2.24) 

 3 3
b a
t tσ σ=  (2.25) 

 33 33
b aσ σ=  (2.26) 

(iii)  Geometric compatibility between matrix and groove is expressed with one equation: 

 b a
tt ttd dε ε=  (2.27) 

Note that this compatibility condition corresponds to equation (2.17) of the conven-

tional MK model (which can also be written like equation (2.20)). The second 

compatibility condition of the conventional MK model (2.18) is thus not adopted in 

the Allwood extension. 
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2.5 Conclusion 

The literature study on the final strain state in the Single Point Incremental Forming 

(SPIF) process shows that it has been a topic of discussion in the scientific community. 

Recent experimental work however shows that Through-Thickness Shear (TTS) of the sheet 

appears to play a prominent role. 

Localized necking is found to be the most common plastic instability that defines the 

forming limit of sheet forming processes. However, other plastic instabilities may also mark 

the forming limit (e.g. macroscopic shear instability, void coalescence), depending on the 

deformation mode, alloy, temperature, etc. For the SPIF process, the forming limit mecha-

nism is an unresolved issue, though it is clear that the onset of localized necking in this 

process is at least delayed (cf. Chapter 1). The classical tests for the determination of the 

FLD, which appears not to hold for SPIF, is put in perspective, and a state-of-the-art of the 

experimental work concerning the effect of sheet curvature on formability is presented. 

Three types of analytical model frameworks are found in the literature, of which the 

Marciniak-Kuczyski (MK) model type is the most widely used. More accurate material 

models are incorporated in MK models and other types to further increase the accuracy of 

formability predictions. A conventional MK model for the prediction of the FLC is discussed 

in detail. The classical FLC concept, often used in the press shop to assess practical forming 

problems, has however important limitations since it treats formability as a material property 

and not a property of material and process. The more recent research on metal formability 

modelling is therefore focussing on generalization of currently existing models to predict 

formability under a broader window of process conditions. The following issues that are 

relevant to SPIF are discussed: the change in strain path during forming, sheet curvature and 

sheet thickness, the statistics of formability, non-negligible thickness stress and finally, non-

negligible through-thickness shear. 
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3. Through-thickness shear in single point incremental forming 

 

 

 

 

 

 

 

Chapter 3 

Through-thickness shear in  

single point incremental forming 

 

3.1 Introduction 

In the current chapter the presence of Through-Thickness Shear (TTS) in the SPIF proc-

ess is demonstrated by three distinct methods. In paragraph 3.2, the Finite Element (FE) 

method is used. By modeling the sheet with continuum (brick) elements (instead of the more 

commonly used shell elements), TTS can in principle be predicted, provided the FE model is 

sufficiently validated. After a description of the process set-up (paragraph 3.2.1) and the FE 

model strategy (paragraph 3.2.2), the paragraph 3.2.3 discusses the minimal mesh density 

which is required for a mesh-independent TTS prediction. For a SPIF cone with large wall 

angle, a validation of the material model is presented next in terms of the SPIF forming force 

in paragraph  3.2.4, followed by a validation of the FE contact model (paragraph 3.2.5). 

Finally, paragraph 3.2.6 discusses the prediction of TTS under the forming conditions that 

have been validated. 

The second method, presented in paragraph 3.3, is a direct experimental method for the 

measurement of the overall TTS in the SPIF process. It is based on the deformation of small 

holes that are drilled into the sheet prior to forming. The method is unfortunately not very 

accurate. Besides, it might be argued that the occurance of the observed TTS is solely due to 

the introduction of a hole. 

The third method presents another experimental validation, described in paragraph 3.4. It 

is based on the crystallographic deformation texture. Since no defect of any type needs to be 
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introduced, it can prove the existence of TTS in SPIF. However, a quantification of TTS 

based on texture is far from obvious and will not be attempted. Instead, a global overview of 

the deformation texture is given (qualitative as well as quantitative) for an aluminum alloy, 

with a focus on the underlying deformation mechanisms, including TTS. 

3.2 Finite element analysis 

3.2.1 Process description 

The Finite Element (FE) study focuses on the SPIF process based on a unidirectional tool 

path strategy of contours and stepdowns to obtain truncated cones. Different process parame-

ters are considered. A general scheme of the process is presented in Figure 3.1. 

The sheet with initial thickness 0ϑ  is fully clamped to a backing plate with a circumfer-

ential orifice of radius rb. The forming tool is made of tungsten carbide with TiN coating and 

has a hemispherical shape with a radius r t (diameter dt). It is mounted on a converted three-

axis ACIERA milling machine, following a programmed tool path that is most conveniently 

described for a cone geometry by the (fixed) cylindrical reference frame R-Θ-Z shown in 

Figure 3.1. The tool path consists of circular contours with diminishing radii, in a constant Z-

plane, alternated by a step-down of magnitude ∆z in the Z-direction, for a total number of N 

contours. During each contour, the tool traverses over 360° in the Θ-direction. As the Z=0 

plane is aligned with the bottom sheet surface at the start of the process (cf. Figure 3.1(a)), 

the R- and Z-coordinates of the centre of the hemispherical tool during the nth contour, 

denoted rn and zn respectively, are given by: 

 ( )1 1nr r n r= − − ∆  (3.1) 

 0n tz n z rϑ= ∆ − −  (3.2) 

in which r1 is the radial tool distance during the 1st contour, which is chosen such that a cone 

with inner diameter rc is obtained. The step-down ∆z and decrement of successive contour 

radii ∆r are related to the designed cone wall angle α by: 

 ( )tanz r α∆ = ∆  (3.3) 

In the experimental set-up, oil lubrication is applied to the sheet-tool contact throughout 

the process. Besides an imposed speed vt of the tool centre, a spindle speed ωt (around the Z-

axis) may also be imposed onto the tool. It is a common practice in SPIF forming [3] to 

impose a spindle speed that establishes a rolling contact at an intermediate point in the cone  
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Figure 3.1 Scheme of the experimental process set-up of the SPIF process for truncated 
cones, using a unidirectional contour-based toolpath strategy: (a) the undeformed 
configuration (side view), and (b-c) the fully formed configuration in (b) side view and 
(c) top view.  

 

wall contact zone, i.e. at halfway the theoretical contact height (in the Z-direction). The aim 

is to further reduce overall friction. In [3], the following spindle speed is proposed: 

 ( )sin
t

t
t

v

r
ω

π α
=  (3.4) 

The spindle speed in equation (3.4) is given in revolutions per time unit. 
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Through-Thickness Shear (TTS) is (mainly) investigated at a distance rp from the cone 

centre. For each cone, rp is chosen according to the evolution of the forming force for the 

successive contours (see e.g. Figure 3.10-Figure 3.11 further on). After an initial transitional 

stage in the first contours, a steady-state is reached in the forming force, and rp≈rn is then 

chosen for a contour n in the steady-state regime. 

A local sheet reference frame (1-, 2- and 3-axes) is also shown in Figure 3.1. As it is at-

tached to the outer surface of the cone, it rotates during forming. Its 1- and 2-axes lie within 

the sheet plane, while the 3-direction corresponds to the sheet normal. The 1-axis is aligned 

along the local cone generatrix direction and the 2-axis along the local tool movement 

direction. This frame will be useful in the through-thickness shear calculations. 

Table 3.1 presents the parameters of four SPIF processes that will be investigated in the 

next paragraphs. They are named ‘cXdY’, in which X stands for the cone wall angle (°) and Y 

for the forming tool diameter (mm). The scallop height ∆h and scallop width ∆w in Table 3.1 

are given for reference only; they are defined and discussed in paragraph 3.3.1 (direct meas-

urements of TTS). The sheet used is an Fe-Mn-alloyed aluminum (AA3003) in the annealed 

state. Its mechanical properties are discussed further on in the paragraphs 3.2.3-3.2.4. 

 

Table 3.1 Experimental parameters of the four simulated SPIF processes on AA3003-O 

  c50d10 c20d10 c20d25 c60d10 

Wall angle α (°) 50 20 20 60 

Tool diameter dt (mm) 10.0 10.0 25.0 10.0 

Initial sheet thickness θ0 (mm) 1.2 1.2 1.2 1.2 

Vertical stepdown ∆z (mm) 0.500 0.265 0.419 0.744 

Scallop height ∆h (µm) 10.6 15.0 15.0 18.5 

Scallop width ∆w (mm) 0.653 0.775 1.225 0.859 

Decrement of contour radius ∆r (mm) 0.420 0.727 1.151 0.430 

Tool centre speed vt (mm/min) 2000 2000 2000 2000 

Tool spindle speed ωt (rev/s) 2.77 6.20 2.48 2.45 

Backing plate orifice radius rb (mm) 91.0 91.0 91.0 91.0 

Cone inner radius rc (mm) 90.0 75.0 75.0 75.0 

Contour radius of the 1st contour r1 (mm) 87.821 73.391 71.645 71.684 

Radius of point of interest rp (mm) 77.6 55.0 55.0 65.0 

Number of contours (in FEM) N 40 45 30 50 
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3.2.2 FE modeling strategy 

As discussed in the literature study (paragraph 2.2.2), the Finite Element (FE) simula-

tions of the Single Point Incremental Forming (SPIF) process have shown to be very 

computationally intensive. This is, amongst other reasons, due to the constantly changing 

contact between the tool and the metal sheet. Next, a technique is presented that enables a 

high mesh density in the small plastic zone under the SPIF forming tool at a reasonable 

computational cost. To achieve this, several FE models need to be run serially in time. The 

commercial implicit FE software ABAQUS/STANDARD© (v.6.6-1) is used. In each FE 

model the sheet is elasto-plastically deformed through contact with a hemispherical forming 

tool. The tool is modelled as a rigid surface and it is displaced (and possibly rotated) as 

described in detail in paragraph 3.2.1. The size of the time incrementation is in these non-

linear FE models automatically chosen by the software (based on the convergence rate of 

preceding increments) and results typically in several hundreds of increments per single tool 

contour. 

The first FE model is referred to as the ‘global model’ GL. It consists of three layers of 

continuum brick elements in the sheet thickness direction. By modeling only a sheet section 

of 40° in the Θ-direction and using a relative coarse mesh as shown in Figure 3.2(a), its 

simulation time is kept reasonably low (order of 2 days of calculation time on a 2.4GHz 

CPU). Nodes on the periphery are fully constrained to model the sheet clamping. At the two 

artificially created edges of the global model (Θ=0°- and 40°-sections), non-physical symme-

try boundary conditions are imposed as crude approximations. As a result, the sheet behaves 

differently near these artificial edges than in the central region (around the 20°-section). This 

is illustrated in Figure 3.3 for the thickness strain. At edge (1), where the tool enters the mesh 

(the Θ=0°-section is the step-down section), the final sheet is thinner than in the central 

region, while close to edge (2), it is thicker. In the central region, where these artifacts are not 

seen, the area marked with a dotted line in Figure 3.3 indicates the location of the so-called 

‘large submodel’ S1, the centre of which lies at a distance rp from the cone centre. 

Only a small piece of the unclamped sheet is considered in the large submodel, which allows 

a much finer mesh while retaining reasonable calculation times. Also three layers of brick 

elements are used. The ABAQUS© submodelling technique allows the boundary conditions 

(BC’s) on the edges of this model to be more physically meaningful. Referring to Figure 3.2, 

the BC’s on the ‘driven nodes’ of the large submodel are obtained by a linear interpolation of 

the displacements of the nodes in the corresponding region in the global  
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Figure 3.2 FE mesh of (a) the global model GL and (b) the large submodel S1, in the 
undeformed (top) and fully formed (bottom) state. 
 

 

Figure 3.3 Contourplot (on the undeformed shape) of the true thickness strain in the 
global model GL of c50d10. 

(a)                                                   (b) 

Global model GL                    Large Submodel S1 

Drive-nodes Driven nodes 

Forming tool 
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model (‘drive-nodes’). Interpolation of displacements of the drive-nodes (in space and time) 

is done in an automated way, after the solution of the global model is available. 

The procedure may be repeated to model the process at an even smaller scale (cf. Figure 

3.4), i.e. the ‘small submodel’ S2, in which 5 layers of elements are used. It is located in the 

centre of the large submodel S1. Table 3.2 shows the model and element dimensions at these 

three different scales. 

 

Figure 3.4 The three serial FE models with different mesh densities. The ABAQUS© 
submodeling technique is schematically shown with grey arrows. 

 

All models use 1st order, reduced-integration brick elements (C3D8R) for the sheet, 

while the forming tool is modeled as an analytical sphere that is rigid (i.e. it does not deform). 

The contact model is of the type ‘hard node-to-surface contact’, i.e. the surface nodes of the 

sheet are not allowed to penetrate the tool surface. Coulomb friction between tool and sheet is 

further assumed, i.e. the friction stress is proportional to the normal contact stress, with a 

proportionality (friction coefficient) denoted by f. The direction of the friction shear stress is 

determined by the (local) relative velocity between sheet and tool. 

The calculation time of any of these models is in the order of 2 days on a 16GB-RAM 

2.4GHz CPU. 

 

                      40° Pie model 

               = Global model 

                          GL 

 

 

 

Large submodel 

                  S1 

 

 

 

     Small submodel 

                            S2 
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Table 3.2 Model parameters of the three FE models, in which θ0 is the initial sheet 
thickness 

GL 91.0mm * 40.0° * θ0 
S1 21.0mm * 10.5° * θ0 Model dimensions 
S2 7.0mm * 3.3° * θ0 
GL 1.2 * 1.4 * θ0/3 
S1 0.3 * 0.4 * θ0/3 

Approx. element 
dimensions (mm³) 

S2 0.10 * 0.14 * θ0/5 
GL 4300 
S1 5100 

Approx. number of 
elements 

S2 8600 
 

3.2.3 Mesh dependency 

In this paragraph, a friction coefficient f=0.05 is assumed, as suggested in [125]. Also, no 

tool rotation is imposed (ωt=0.0rev/s). The constitutive behavior of the sheet is elasto-plastic. 

Isotropic elasticity is assumed (Young’s modulus E=70GPa; Poisson coefficient ν=0.33). For 

the plastic behavior, the isotropic von Mises yield criterion is adopted, described by: 

 ( )vM yσ σ=σ  (3.5) 

in which the equivalent yield stress yσ  represents the size of the yield locus. The scalar 

( )vMσ σ  is the von Mises equivalent stress of the (total) Cauchy stress tensor σ , defined by: 

 ( ) 3
:

2vMσ =σ s s (3.6) 

Here, s is the deviatoric part of σ . 

The Swift law is adopted to describe the isotropic hardening: 

 ( )0
Sn

y S eqKσ ε ε= +  (3.7) 

in which eqε  is the von Mises equivalent strain. The Swift parameters SK , 0ε  and Sn  are 

obtained by fitting the law to the hardening curve obtained from a tensile test in rolling 

direction RD, as shown in Figure 3.5. The Swift hardening parameters are given in Table 3.3. 

The curve ‘Voce-Ziegler’, also shown in Figure 3.5, will be discussed in the next paragraph. 



Through-thickness shear in single point incremental forming 

     45 

0,0

50,0

100,0

150,0

0,00 0,05 0,10 0,15 0,20 0,25 0,30 0,35

von Mises eq. plastic strain

tensile test along RD

Swift

Voce-Ziegler

 

Figure 3.5 Experimental true stress-strain curve and hardening approximations 

 

Table 3.3 Swift hardening parameters. 

 AA3103 

KS (MPa) 180.0  

ε0 0.00068 

nS 0.218 

 

In order to obtain Through-Thickness Shear (TTS) from the FE simulations, the nodal 

positions need to be considered in the local 1-2-3-frame attached to the sheet (cf. Figure 3.1). 

The following procedure defines in the fully formed state the orientation of this Cartesian 

frame, the origin of which is located in a node on the outer sheet surface. Firstly, the unit 

vector along the local 3-axis û3 is found from the positions of the four nearest neighbouring 

nodes in the outer sheet surface (if the node lies on an edge, the node itself is taken instead). 

The direction of û3 is defined by the vector product of the two vectors that connect the 

opposite pairs of these 4 surface nodes. Its sense is from the outer towards the inner cone 

surface. Secondly, the unit vector along the 1-axis û1 is defined as the normalized vector 

normal to û3 and co-planar with the fixed Z-axis. Its sense is such that it points radially 

outwards. The third unit vector of the Cartesian frame, i.e. the one along the 2-axis û2, has the 

same direction as the cross product û1×û3. Its sense is defined according to the local tool 

movement direction. 

yσ (MPa) 

εeq 
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The (accumulated) TTS can then be calculated. As an example, Figure 3.6 gives the ini-

tial and final positions of a line of nodes, originally located along the sheet normal, at a 

distance rp from the centre of the cone c50d10. It can be seen that the TTS from the global 

model G is limited. For the large submodel S1, it is more pronounced, especially in the local 

tool movement direction (2-direction). The TTS appears approximately to be homogeneous 

over the thickness. 

 

Figure 3.6 The original positions of a line of FE nodes (white circles) and their final 
positions in the local sheet frame for c50d10, obtained from GL (grey circles) and S1 
(black circles) (cf. Table 3.1 and Figure 3.4 for FE model abbreviations). Units: mm. 

 

Figure 3.6 gives only a very local impression of TTS. By connecting the inner surface 

node to the outer surface node with a straight line, the through-thickness shear angles γ13 and 

γ23 can be defined as the angles from the 3-axis towards this line in the 13- and 23-projections 

of Figure 3.6, respectively. A distribution of TTS over the mesh of the different FE models 

can be assessed from contour plots of both these angles (for this, a small MatLab program has 

been developed as a FE post-processing tool). Figure 3.7 gives an example, i.e. for γ23 in 

c50d10.  

In the global model GL, an inhomogeneous distribution of γ23 is seen in the cone wall re-

gion. On the Θ=0°- and 40°-sections, it is exactly equal to 0 (the symmetry BC’s require so). 

The BC’s appear to influence the TTS locally, but not in the central region, where the large 

submodel is located. Comparing with Figure 3.3, the smaller thinning in the region (2) can be 

explained by the transport of material originating from the non-homogeneous TTS of γ23 in 

GL in Figure 3.7.  
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Figure 3.7 Contourplot (on the undeformed shape) of the through-thickness shear angle 
γ23 (unit: degrees) over the meshes of the FE models GL, S1 and S2 of c50d10 (cf. Table 
3.1 and Figure 3.4 for FE model abbreviations). Locations of submodel position are 
drawn in blue dotted lines. The sense of tool movement is in this view anti-clockwise. 
Unit of the horizontal scales: m. 

 

It can also be seen in the large submodel S1 in Figure 3.7 that TTS is much higher in the 

centre of the mesh compared to its edges. Note that a TTS angle on the edge of a submodel 

needs not exactly equal the same angle obtained at the same location in its global model, 

since the local frames between these model may vary slightly, according to the calculation 

method. Still, they are seen to be nearly equal. The small submodel S2 on the other hand, 

shows only a slightly higher angle compared to S1. 
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Table 3.4 summarizes the results on TTS for three FE models with different wall angles 

in the vicinity of the centre of the respective submodels (typically a variation in a TTS angle 

of no more than 2° is found). For the low wall angle (c20d10), TTS is nearly absent, while 

the higher wall angles show a non-negligible amount of TTS. The angle γ13 is generally 

negative, meaning that the inner cone surface is more displaced away from the clamping 

compared to the outer cone surface, as in Figure 2.1(c) or Figure 3.6. 

An important conclusion from Table 3.4 is that the TTS prediction by the large and small 

submodels are quite close to each other, and much higher compared to the global model. The 

reason for the difference between the global and submodels lies in the contact force and the 

contact area, which is investigated next. 

 

Table 3.4 Through-Thickness Shear angles γ13 and γ23 (average in centre of mesh) in 
three SPIF cones (cf. Table 3.1 and Figure 3.4 for FE model abbreviations) 

  γ13   γ23  

 c20d10 c50d10 c60d10 c20d10 c50d10 c60d10 

GL 0° -6° -14° 1° 5° 5° 

S1 0° -14° -27° 3° 19° 16° 

S2 0° -13° -28° 4° 21° 22° 

 

The contact force prediction may be decomposed into its components of the cylindrical 

reference frame with R-, Θ- and Z-axes, denoted Fr, Ft and Fz, respectively. Figure 3.8 shows 

the evolution of these components as a function of the Θ-position of the tool centre during a 

single contour, for the global model and large submodel. Large oscillations are seen for the 

global model, due to the node-based contact model in combination with the relative coarse 

mesh of this model. Especially the Ft-component appears to be sensitive to these oscillations, 

varying from nearly 0N to about 150N. Apart from these mesh-dependent oscillations and the 

artifacts seen at the boundaries (Θ=0° and 40°), constant force components are expected in 

view of the isotropic sheet properties. The large submodel appears to be a significant model 

improvement, at least in the centre (around 20°), i.e. away from the submodel’s boundaries. 
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Figure 3.8 The forming force components of c50d10 during the 26th tool contour as a 
function of the tool angular position Θ(°), for the global model GL (thin line) and the 
large submodel S1 (thick line) (cf. Table 3.1 and Figure 3.4 for FE model abbreviations). 

 

The prediction of the contact area between the tool and the sheet oscillates during a con-

tour for the same reason as the force components. Table 3.5 presents for three cones the 

average contact area A and the variation in contact area ∆A (i.e. the maximal minus minimal 

value of contact area) for an nth contour (in each case, n is such that rn≈rp). The behavior at 

the mesh boundaries is not taken into account in Table 3.5, by considering only the central 

third part of the range of the tool position (in the Θ-direction) for which it contacts the mesh 

of the respective model. 

 

Table 3.5 Average contact area A and variation in contact area ∆A (unit: mm²) (cf. 
Table 3.1 and Figure 3.4 for FE model abbreviations) 

  Cont. A ∆A 

 GL 2,4 1,7 

c20d10 S1 0,7 0,3 

 

29 

S2 1,1 0,3 

 GL 6,2 3,5 

c20d25 S1 1,4 0,3 

 

18 

S2 1,4 0,3 

 GL 15,3 8,2 

c60d10 S1 2,1 0,8 

 

24 

S2 2,1 0,6 

 

Fz (N)     Fr (N)     Ft (N) 
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It can be seen in Table 3.5 that for both submodels practically identical results are found, 

while the global model GL yields much higher values of A and ∆A. The coarse mesh (in the 

sheet plane) of GL appears to overpredict the contact area. The large submodel S1 on the 

other hand is seen to capture the small contact zone with sufficient accuracy, since an in-

crease in mesh density (i.e. by using the small submodel S2), leads to very similar results. For 

the three process conditions of Table 3.5, Figure 3.9 presents the distribution of the contact 

pressure under the forming tool as obtained from the small submodel S2. The contact pres-

sure is derived from the contact forces on the individual surface nodes. It can be seen that for 

this mesh density, the contact is spread over a large number of finite elements. The mesh of 

the global model GL is on the other hand too coarse to capture the contact adequately, leading 

to a significant overprediction of the contact area (cf. Table 3.5). 

 

 

Figure 3.9 The distribution of contact pressure under the forming tool in the small 
submodel S2 for three SPIF process conditions (cf. Table 3.1 and Figure 3.4 for FE 
model abbreviations). 

 

It is concluded from this paragraph that the in-plane mesh density of the large submodel 

S1 is sufficiently fine to model the tool-sheet contact zone accurately. The differences in TTS 

prediction between the large and small submodels (cf. Table 3.4) are thus attributed to the 

mesh density in the sheet thickness direction (5 elements for S2, while only 3 for S1). 

To obtain realistic values of TTS, validation of the FE material and contact models is ne-

cessary, which is discussed in the next paragraphs. Here, the large submodel S1 will be used, 

in a compromise between accuracy and calculation effort. 
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3.2.4 Validation of the material model 

As SPIF is a displacement-driven process, a logical choice to validate the FE model 

(comprising constitutive model and contact model) is the forming force, which can be ex-

perimentally measured (cf. the measurement method described in [126]). However, a good 

choice of material model (with a suitable parameter identification method) to obtain accurate 

forces in SPIF has shown to be very difficult [39, 40, 127]. In these papers, an inverse 

method is used to obtain the parameters of several isotropic and kinematic hardening models 

with either a von Mises or a Hill yield locus. Identification is done on the same aluminum 

alloy (1.5 mm thickness) with classical tests, i.e. a uniaxial tensile test, a simple shear test (in 

the sheet plane) and two Bauschinger tests, by opposite shearing in a shear tester with two 

different prestrains. In many cases, also an indent test (penetration of a SPIF forming tool 

into a clamped sheet, proposed in [39]), is considered in the inverse method. While the 

identification for the classical tests can be done analytically (thanks to a homogeneous 

straining zone), the indent test requires an FE model for its identification. The advantage of 

including this test lies in the similarity to the SPIF process, and it appears to be required for 

accurate force prediction of SPIF [127]. A disadvantage is that a similar type of finite element 

is required in the SPIF prediction as used in the indent test identification procedure. Parame-

ter sets for both shell FE models (Lagamine software) and brick models (i.e. GL and S1 

models) are presented. 

It is concluded in [39, 40, 127] that an anisotropic Hill yield locus makes no significant 

improvement compared to von Mises. Also, all material sets used in shell FE models and the 

global brick model GL, result in severe force overprediction for a large wall angle cone of 

60°. The best result for a 60° cone obtained in [127], is for the large submodel S1 with a von 

Mises yield criterion in combination with a mixed isotropic-kinematic hardening law, which 

is presented next. 

Because of kinematic hardening, equation (3.5) is replaced with 

 ( )vM yσ σ− =σ X  (3.8) 

in which X  is called the back-stress. It describes the kinematic hardening, following the 

linear Ziegler evolution equation: 

 A eq
y

C D
σ
−= σ X

X
�

 (3.9) 



Chapter 3 

 52 

in which X
�

 is the Jaumann objective derivative of the back-stress, eqD  is the equivalent 

plastic strain rate, and AC  is a material parameter to be determined by the inverse method. 

The evolution of the size of the equivalent yield stress yσ  (i.e. the isotropic part of the 

hardening) is for this material law described by the saturating Voce law: 

 ( )( )0 1 expy V V eqK nσ σ ε= + − −  (3.10) 

with material parameters0σ , VK  and Vn . 

The hardening parameters obtained by the inverse method from the classical and indent 

tests are for this model given in Table 3.6. The behavior under uniaxial tension is also shown 

in Figure 3.5. It can be seen that an exact fit is not obtained, because this model (with a 

limited number of parameters) is also fitted to other tests in the identification procedure. As a 

result, it is seen in [127] that also the forming force of a low wall angle cone c20d10 is 

underpredicted with this material law in the large submodel. 

 
Table 3.6 Mixed isotropic-kinematic hardening parameters for SPIF, determined by 
inverse method, from [127] 

 σ0 (MPa) Kv (MPa) nv CA (MPa) 

AA3103 (1.5mm) 20 89 22.5 83 

 
Here, only a cone with high wall angle, i.e. c60d10, is discussed further. The Fz- and Fr- 

components of the forming force predictions of the large submodel S1 with this Mises-Voce-

Ziegler law (MVZ) are shown in Figure 3.10 (The Ft-component will be discussed in the next 

paragraph). Two friction coefficients are shown, f=0 (frictionless) and the very high value of 

f=0.35. No tool rotations is imposed in these simulations (spindle speed ωt=0.0rev/s). It is 

seen that friction hardly affects the simulation result. The experimentally measured force 

components are also given for the case the tool spindle speed ωt=0.0rev/s, and a good agree-

ment is obtained for both components. It should be noted that the strains reached in this cone 

are several times higher than those of the identification tests from which the material parame-

ters have been determined. Also the experimental result with an imposed rotation according 

to equation (3.4) (see also Table 3.1) is shown, which is nearly identical. The whole Figure 

3.10 thus validates the material model until large strains, while the FE contact model is of 

minor importance for these force components, as are the exact friction conditions in the 

experiment. 
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Figure 3.10 Predicted forming force components Fz (top) and Fr (bottom) for the large 
submodel S1 of c60d10 with mixed isotropic-kinematic hardening (Voce-Ziegler), and 
comparison to the experimentally measured components (with and without imposed tool 
rotation). 

 

3.2.5 Validation of the FE contact model 

Unlike the radial force Fr and vertical force Fz, a large relative difference is seen in the 

tangential component Ft (i.e. in the instantaneous tool movement direction) whether tool 

rotation is imposed or not, shown in Figure 3.11. Also the FE simulation depends highly on 

the friction coefficient used in the Coulomb friction law (top graph of Figure 3.11; no im-

posed tool rotation). A nearly linear relationship is seen between the friction coefficient and 

the magnitude of Ft. The best Coulomb friction coefficient is obtained from this top graph as 

0.09, which yields the result shown in the bottom graph. As a final validation, tool rotation is 



Chapter 3 

 54 

also imposed in the large submodel S1 with this friction coefficient. It is seen that indeed this 

lowers Ft as it does experimentally, but not enough to exactly match the experiment. It is thus 

concluded that there is still some room for improvement of the FE contact model, which 

currently adopts the relatively simple Coulomb friction law. 

 

exp (ToolRot) exp (NO_ToolRot)
S1 (ToolRot); MVZ S1 (NO_ToolRot); MVZ
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Figure 3.11 Predicted forming force component Ft for the large submodel S1 of c60d10 
with mixed isotropic-kinematic hardening (Voce-Ziegler), and comparison to the ex-
perimentally measured Ft component (simulations and experiment with and without 
imposed tool rotation) 
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3.2.6 Prediction of through-thickness shear 

The mesh density of the large submodel S1 has been validated in the preceding para-

graph. 3.2.3. For the cone c60d10, the Mises-Voce-Ziegler material model and the friction 

coefficient of the Coulomb friction law are validated in paragraphs 3.2.4 and 3.2.5, respec-

tively. For this model and the validated friction coefficient of f=0.09, Table 3.7 presents the 

overall Through-Thickness Shear (TTS) prediction of this SPIF process, in which the tool 

does not rotate, or with an imposed rotation ωt=2.45 rev/s (i.e. according to equation (3.4)). It 

is seen that tool rotation has an effect on the total TTS. Besides this observation, it is seen 

that the adopted value of the friction coefficient affects mainly the angle γ23, i.e. the TTS 

along the local tool movement direct. Comparing Table 3.7 to Table 3.4 for c60d10, a final 

observation is that the adopted material law also influences TTS, which is less pronounced 

for the validated Mises-Voce-Ziegler law compared to Mises-Swift. 

 

Table 3.7 Prediction of through-thickness shear angles γ13 and γ23 (average in centre of 
mesh) in c60d10 with FE model S1 adopting the Mises-Voce-Ziegler hardening law 

ωt (rev/s) f γ13 γ23 

0.00 0.00 -7° 6° 

0.00 0.05 -7° 9° 

0.00 0.09 -7° 11° 

0.00 0.35 -5° 22° 

2.45 0.09 -4° 7° 
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3.3 Direct measurement of through-thickness shear 

3.3.1 Experimental set-up 

In this experiment, the SPIF process is applied to low carbon steel sheets (DC01) of ini-

tial thickness θ0=1.15mm to form truncated cone geometries. The sheet is fully clamped to a 

backing plate with a circumferential orifice of radius rb=91mm. The CNC-controlled tool, 

hemispherically ended with radius r t=5mm, is moved with a speed of vt=2000 mm/min along 

the tool path that consists of a succession of circles with diminishing radius, alternated by a 

vertical step-down, as shown in Figure 3.1. A unidirectional tool path strategy is used. 

The tool spindle speed ωt is set so that a rolling contact is established at half the theoreti-

cal contact height along the cone wall, according to equation (3.4). Oil lubrication is applied 

to the sheet-tool contact throughout the process. All cones have a maximum inner cone radius 

rc=87mm, but a large range of wall angles α is tested, from 40° to 67°. Under the present 

process conditions, the limiting wall angle is found to be 70°, due to fracture during the tool 

step-down movement in-between contours. 

So-called scallop lines are formed on the cone inside surface, an exaggerated cross sec-

tion of which can be seen in Figure 3.12. For all the cones, the (theoretical) scallop height ∆h 

is set to 11 µm. As can be seen from the right-angled triangle in Figure 3.12, the scallop 

width ∆w, i.e. the theoretical distance between scallop lines on the inner cone surface, 

depends only on ∆h and r t: 

 ( )22 2 2 2∆ = ∆ − ∆ ≈ ∆t tw r h h r h  (3.11) 

Under the present conditions, the scallop width ∆w thus equals 0.663mm. The number of tool 

passes per unit length along the cone wall (1-direction in Figure 3.12) is equal to the recipro-

cal value 1/∆w=1.5/mm. So, looking at the formed product, the tool has passed about 15 

times per cm length along the cone wall direction, for all the tested cones of various wall 

angles. 

The vertical stepdown of the tool ∆z is found from: 

 ( )sinz wα∆ = ∆  (3.12) 

and so ∆z is different for all the tested cones. The reason for fixing ∆h in these experiments 

instead of ∆z (which is a more common practice in SPIF literature), is twofold. Firstly, a 

fixed ∆h implies that the number of tool passes on the formed product is also fixed, as 

explained above. So the shear angle measurements are more easily interpreted, under the 
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assumption that each tool pass induces an incremental Through-Thickness Shear (TTS) in the 

plastic zone. And secondly, from a technological point of view, ∆h can be considered to be 

more fundamental than ∆z [126]. As ∆h is closely related to the induced roughness on the 

inner surface, it is a parameter connected to the finished SPIF product, while ∆z is a parame-

ter of the tool path geometry. 

 

 

Figure 3.12 Definition of scallop height ∆h  and scallop width ∆w . 

 

3.3.2 Through-thickness shear measurement 

Prior to the forming of the cones, 6 small holes (0.4mm diameter) are drilled at a radial 

distance of rp=70mm from the sheet centre (cf. Figure 3.1(a)), and remote from any step-

down. After forming, samples containing the holes are placed onto a manually controlled 

goniometer and visually inspected through a stereomicroscope, as schematically shown in 

Figure 3.13(a). The intersections of the deformed hole and both sheet surfaces are approxi-

mately ellipses. Experience shows that the ellipse on the inner surface is generally somewhat 

smaller, so both can be seen simultaneously when looking from the cone outside. The appear-

ance of the ellipse on the opposite surface (i.e. cone inner surface) can be made clearer with a 

red LED that is attached between the goniometer table and the sample. An example of a 

deformed hole is shown in Figure 3.13(b)-(c). By tilting the goniometer until both ellipses are 

centered (best judgment of the operator), the two through-thickness shear angles γ13 and γ23 

can be assessed from the goniometer display. 

 



Chapter 3 

 58 

 

 

Figure 3.13 (a) Scheme of through-thickness shear angle measurement. (b)-(c) Example 
of a measurement. In (b), the sheet surface is normal to the viewing direction, in (c) the 
sample is tilted over the angles 13γ  and 13γ  so that the centerline of the conical hole is 
approximately along the stereomicroscope viewing direction. 

 

 

(a) 

 

 

 

 

  
 

(b) 

 
 

 

 

(c) 
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3.3.3 Results and discussion 

Although this measurement procedure gives a direct measurement of Through-Thickness 

Shear (TTS), the accuracy and repeatability of the method might be questionable for two 

reasons. Firstly, the measurements are based on the best judgment of the goniometer operator 

and are thus not completely objective. Secondly, the introduction of a hole leads to a stress 

concentration in its neighborhood during forming, so the deformation in terms of TTS that 

the hole exhibits may be different from the TTS of the sheet without a hole (the latter being 

the aim of the measurement). Regarding this point, it should be noted that the appearance of 

the deformed ellipses is close to plane strain with the major in-plane strain direction (the 

major axis of the ellipse) along the cone wall direction, and with only a very limited ‘strain’ 

of the hole along its minor axis (like in the example of Figure 3.13). In this respect, the edge 

of the hole appears to deform as if the hole would not be present. Also, the holes show no 

apparent tearing that could be the result of the stress concentration around them. Therefore, it 

is assumed that the TTS of the hole is approximately the TTS of the cone wall without holes. 

In view of the above remarks, the accuracy is increased by considering the mean value µ 

of all 6 holes of each cone, while the repeatability of the measurement can be assessed from 

the sample standard deviation σ from the 6 holes per cone. Figure 3.14 presents the range 

[ ]2 , 2µ σ µ σ− +  of both shear angles (γ13 and γ23) as a function of the wall angle α, and as 

measured by two operators. The results show some trends which appear to be fairly repeat-

able and operator-independent.  

The angle γ13 is generally negative. In an independent study [28], the same kind of TTS 

(i.e. negative) has also been observed in SPIF cones of 30° wall angle of 3mm copper plates, 

measured from a brazed grid applied to a section through the thickness of the sheet. These 

observations disprove a deformation mechanism of ‘pure shear’ in SPIF, i.e. resulting from 

material displacement along the z-direction only, as sketched in Figure 2.1(a). It can also be 

seen that γ13 becomes more significant with increasing wall angle, reaching -28° (on average) 

in the 65° wall angle cone. This large dependency on the wall angle α can be explained by the 

in-plane stretching that occurs along the cone wall direction and which also depends on α. 

Indeed, once TTS along this direction has been induced at some point in time during the 

process, any subsequent in-plane stretching along the cone wall angle increases the magni-

tude of the shear angle (even in the absence of the corresponding TTS strain). 
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Figure 3.14 Measured through-thickness shear angles γ13 and γ23 in low carbon steel 
(DC01) cones with wall angle α, formed by SPIF. 

 

The TTS angle γ23 on the other hand is generally positive. As sketched in Figure 3.14, 

the positive sign of γ23 means that the inner cone surface is displaced in the same sense as the 

tool direction with respect to the outer cone surface. Furthermore, this angle appears to be 

quasi independent of the cone wall angle (within the tested range of α), having an overall 

mean value of 14°. It is reminded that the width of the scallop lines (induced by the subse-

quent tool passes) ∆w has the same value for all cones with different wall angles α. 

Therefore, it is reasonable to assume that in each tool pass, an (incremental) TTS along this 
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direction is induced in the sheet. Under the condition of a constant ∆w, the total TTS angle is 

thus independent of the wall angle α, also because there is negligible in-plane stretching 

along the tool movement direction, in contrast to the shear angle γ13 along the cone wall 

direction. 

Finally, Table 3.8 presents a comparison between this experimental method (from [128]; 

measured by one operator), and the FE predictions discussed in paragraph 3.2.6. FE predic-

tions are within the measurement uncertainty. The agreement is however difficult to asses 

since the experimental measurements show for this aluminum alloy a large variation, much 

larger than in the low carbon steel (cf. Figure 3.14). The mean of the γ13–measurements is 

positive rather than negative, though also negative values have been measured in view of the 

large standard deviation. 

 

Table 3.8 Comparison of TTS measured by the experimental method to the FE results 
of paragraph 3.2.6, for the aluminum alloy cone c60d10 (ωt=2.45rev/s). 

  γ13 γ23 
FE method S1; MVZ; f=0.09 -4° 7° 
exp. method  (µ ± 2σ) (5° ± 13°) (12° ± 5°) 
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3.4 Texture analysis 

The experimental set-up of the SPIF process used for texture analysis is shortly described 

in paragraph 3.4.1. Following a qualitative and quantitative texture analysis (paragraphs 3.4.2 

and 3.4.3, respectively), the paragraph 3.4.4 discusses the trends in texture in terms of the 

deformation mechanism of the process, including through-thickness shear. 

3.4.1 Experimental set-up 

In order to measure the deformation texture in the SPIF process, a series of (truncated) 

pyramid geometries is produced from 1.2mm thick annealed Mn-Fe alloyed aluminum sheet 

(AA3103-O), which is commonly used in incremental forming. Their side walls are (ap-

proximately) flat, which allows for a texture measurement by X-ray diffraction. As sketched 

in Figure 3.15(a)-(b), a pyramid shape is obtained by a succession of square contours with 

diminishing side lengths. For clarity, only 4 contours are drawn; in the experimental set-up 

however about 50 contours or more are required to produce sufficiently large side walls, as 

the vertical stepdown of the tool ∆z is 0.5 mm. The tool paths are unidirectional (nomencla-

ture of [3]), i.e. the sense of the tool path is always the same, as indicated in Figure 3.15(a) 

with arrows. Five levels of deformation are considered, determined by the wall angle α (cf. 

Figure 3.15(b)). Values of α of 20°, 30°, 40°, 50° and 65° are chosen. The naming convention 

for the side walls with respect to the rolling direction RD is found in Figure 3.15(c). The local 

1-axis (along pyramid wall) and 2-axis (along tool movement direction), shown here, are also 

the reference directions for the texture measurements in the plane of the sheet.  

The total deformation of such pyramidal walls is close to plane strain, since the elonga-

tion along the local tool movement direction is negligible. In this sense, it can be seen that the 

cold rolling process (Figure 3.15(d)) resembles the deformation induced in the wall side B (a 

texture sample in this wall side is also sketched in Figure 3.15(a)-(b)). For this reason, the 

texture of cold-rolled samples with various thickness reductions of the same material will be 

compared in the quantitative analysis of paragraph 3.4.3. 
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Figure 3.15 Scheme of (a) the top view and (b) cross-sectional view (A-A’) of the tool 
path contours (dotted line) for the SPIF experimental set-up. The texture sample shown 
here is taken from the wall side B (cf. (c)). (c) A pyramid has two distinct types of walls 
in terms of texture, (named sides A and B), depending on their orientation with respect 
to the rolling direction RD, and the 1- and 2-axes of their texture sample reference 
frames. (d) The macroscopic shape change of cold rolling, i.e. plane strain deformation. 
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3.4.2 Qualitative texture analysis 

A qualitative assessment of the deformation texture in SPIF from X-ray diffraction is 

made with recalculated pole figures, which are calculated using the MTM-FHM software 

[129]. A pole figure gives the distribution of a particular crystallographic direction (usually 

expressed in Miller indices). The (100) and (110) pole figures are discussed here. Since the 

aim is to obtain information about the process mechanics, a triclinic sample symmetry (which 

does not assume the existence of any symmetry plane) is imposed in the recalculation of pole 

figures. 

Figure 3.16 shows the recalculated pole figures from samples of the initial sheet and the 

pyramid sides B of various wall angles. It can thus be assessed how the texture evolves with 

increasing amount of deformation. However, it should be kept in mind that each wall angle 

represents a distinct deformation history imposed on the initial sheet, unlike e.g. the cold 

rolling process, in which case texture evolution can be obtained continuously by subsequent 

rolling passes. The initial sheet shows to a good approximation orthorombic sample symme-

try [130], leading to what is known in the mechanics community as orthotropic symmetry of 

the mechanical properties. This symmetry, which is recognized in the pole figure by the 

presence of two mirror symmetry axes (the horizontal and vertical axes, respectively). While 

for lower wall angles, this symmetry appears to hold still, it is clearly lost in the 65° degree 

sample. In this case, the vertical axis (i.e. the 1-direction) is not an axis of symmetry of the 

pole figure, while the horizontal axis (i.e. the 2-direction) still is. Physically, it means that this 

sample shows monoclinic sample symmetry [130]. 

It might be argued that a careless sample preparation, resulting in a measurement surface 

that is not perpendicular to the sheet normal, could introduce such a ‘loss of sample symme-

try’ as an artifact. To exclude this possibility, additional (separate) samples from the wall side 

B of the 65° pyramid were prepared and measured. As can be seen in Figure 3.17, the loss of 

the initial orthorhombic sample symmetry is very well repeatable. 
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Initial sheet 20° Wall angle 30° Wall angle 

 

(not measured) 

 

40° Wall angle 50° Wall angle 65° Wall angle 

  
Initial sheet 20° Wall angle 30° Wall angle 

 

(not measured) 

 

40° Wall angle 50° Wall angle 65° Wall angle 

  
    

Figure 3.16 (100)- [top] and (110)- [bottom] recalculated pole figures in the middle layer 
of the undeformed sheet and SPIF pyramid walls (side B; middle layer) with various 
wall angles. 

1 
2 
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Sample 1 Sample 2 Sample 3 

 

Sample 1 Sample 2 Sample 3 

 

Figure 3.17 (100)- [top] and (110)- [bottom] recalculated pole figures from three sam-
ples at the middle layer of a SPIF pyramid wall (side B; middle layer) with wall angle 
α=65°. 

 

Let us consider next the texture evolution during SPIF in the wall side A, which is pre-

sented in Figure 3.18. It should be noted that the recalculated pole figures of the initial sheet 

are rotated over 90° in Figure 3.18 compared to the ones of Figure 3.16, since the local 

directions along the pyramid wall and along the tool movement directions are interchanged 

(cf. Figure 3.15(c)). It is seen that the higher the wall angle, the more the corresponding 

recalculated pole figures of both sides A and B resemble each other, i.e. the ‘different’ initial 

texture in sides A and B is slowly replaced by a deformation texture that is to a high degree 

independent of the initial texture. At the largest wall angle of 65°, the resemblance between 

textures of wall sides A and B is very evident considering the local maxima in the pole 

figures, and also a similar loss of orthorhombic symmetry is seen. Differences in the details  

1 
2 



Through-thickness shear in single point incremental forming 

     67 

 

 

 
Initial sheet 20° Wall angle 30° Wall angle 

   
40° Wall angle 50° Wall angle 65° Wall angle 

   
Initial sheet 20° Wall angle 30° Wall angle 

   
40° Wall angle 50° Wall angle 65° Wall angle 

   
Figure 3.18 (100)- [top] and (110)- [bottom] recalculated pole figures in the middle layer 
of the undeformed sheet and SPIF pyramid walls (side A; middle layer) with various 
wall angles. 

1 
2 
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of corresponding recalculated pole figures may be attributed to the different initial tex-

tures with respect to the reference frame. For instance, it may be noted that in the 50° cone, 

the loss of orthorhomic texture symmetry is also seen in the wall side A, while this is not 

really evident in the wall side B. 

Finally, Figure 3.19 shows the texture gradient that is present in the pyramid of 65° (wall 

side B). Textures from the inner (i.e. tool contact sheet side) and external surfaces are meas-

ured on cut-out samples that are only slightly polished until a flat surface is obtained. It can 

be seen that the texture in the middle surface differs significantly from the textures in the 

inner and outer surfaces, while the textures from the two surfaces are remarkably comparable. 

Also, no clear loss of the orthorhombic texture symmetry is seen in the external surfaces. 

 

 

Inner surface Middle layer Outer surface 

Inner surface Middle layer Outer surface 

Figure 3.19 (100)- [top] and (110)- [bottom] recalculated pole figures of the inner sur-
face, middle layer and outer surface of a SPIF pyramid wall (side B) with wall angle 
α=65°. 

 

1 
2 
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3.4.3 Quantitative texture analysis 

To summarize the texture evolution during SPIF, the volume fraction of the main texture 

components of FCC metals is calculated by the MTM-FHM software [129], using a 16.5° 

Gaussian spread around the ideal components. Though at the largest wall angles under 

consideration the orthorhombic sample symmetry is lost, the texture has artificially been 

made orthorhombic in this analysis for reasons of simplicity and in order to make a compari-

son to cold rolling texture components possible. 

Figure 3.20 presents the result for the inner, middle and outer layer of the wall side B as 

a function of the longitudinal strain in the wall direction (i.e. in the rolling direction RD)11ε , 

according to the sine law approximation (equation (2.1)) of the sheet thinning: 

 ( )( )11 33
0

ln ln cos
θε ε α
θ
 

= − = − = − 
 

 (3.13) 

As can be seen in the first equality of equation (3.13), the longitudinal strain along the local 

tool movement direction 22ε  is neglected, and conservation of volume is used. The texture 

evolution of the wall side B is compared in Figure 3.20 to cold rolling deformation texture of 

the same material (measurements at the middle surface), since the total deformation of both 

processes approximately have zero elongation along the transverse direction TD. 

The Cube recrystallization component decreases with the amount of deformation in SPIF 

in a way similar to cold rolling. It is replaced by some texture components in the α- and β-

fibers associated with cold deformation [131]. In the middle sheet surface, the deformation 

texture components show a rather similar behavior for both processes: the Goss and P-

components (α-fiber) remain stable whereas in the β-fiber, the Brass and Cu-components 

increase. The evolution is different in the outer and inner surface for SPIF, which can espe-

cially be seen in the large increase in the Goss and a moderate increase in the S-component. 

The fraction of the Cu-component is, at large deformations, not really changed for both 

external surfaces in SPIF, while an increase can be seen for the middle layer of SPIF, similar 

to the cold rolling process. 
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Figure 3.20 Volume fraction of texture components (16.5° Gaussian spread) after SPIF 
(wall side B), and cold rolling, as a function of the strain in the rolling direction ε11. 

 

11ε  
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3.4.4 Deformation texture and deformation mechanism 

The preceding two paragraphs clearly show a remarkable texture gradient, in which the 

texture in both external sheet surfaces is quite similar, but different from the texture in the 

sheet middle surface. This texture gradient can be attributed to the different straining history 

over the sheet thickness that is the result of repetitive bending which occurs each time the 

tool passes over the local piece of sheet, as sketched in Figure 3.21(a). Under the assumption 

of an overall zero elongation along the local tool movement direction, this repetitive bending 

influences the external surfaces, but not the middle surface. Indeed, the middle layer texture 

is seen in Figure 3.20 to be quite similar to the cold rolling texture (apart from the loss of 

orthorhombic symmetry due to TTS, which is not taken into account in Figure 3.20). The 

inner and outer sheet layer are on the other hand strongly influenced by this repetitive bend-

ing in a similar manner, leading to deformation textures that are different to the one in the 

middle layer, but very similar among each other. 

 

 

Figure 3.21 (a) A mechanism of pure bending in one sense, followed by pure bending in 
the opposite sense and straightening, during a single tool pass. (b) A mechanism that 
introduces an amount of through-thickness shear after each pass. 

 

The reduction of the initial orthorhombic sample symmetry into monoclinic sample 

symmetry of the middle layer texture can only be explained by a type of deformation that 

does not feature such symmetry itself [132], i.e. Through-Thickness Shear (TTS) along the 

local tool movement direction. As sketched in Figure 3.21(b), such an overall shear may be 

imposed on the sheet after each tool pass. If the number of tool passes in the process is 

sufficiently large (i.e. for large wall angles in the present experiment in which the vertical 

stepdown is fixed), the overall TTS along the tool direction may be so large that the accom-

panying grain rotations around the local 1-direction are noticeable in a pole figure. The 
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texture symmetry thus provides indirect experimental evidence of the presence of TTS in 

SPIF along the tool movement direction, although only in a qualitative way. On the other 

hand, TTS in the perpendicular direction (along the local pyramid wall direction) is not 

disproved by this texture analysis because the corresponding symmetry is judged to stay 

intact in the recalculated pole figures. In this case, the grain rotations may be insufficient to 

be noted in a pole figure. 

The texture analysis thus shows a mixed mechanism of repetitive bending and Through-

Thickness Shear in the SPIF process, i.e. a combination of Figure 3.21(a) and (b). 

3.5 Conclusions 

The aim of this Chapter was to show the presence of Through-Thickness Shear (TTS) in the 

Single Point Incremental Forming (SPIF) process, from three different methods. Firstly, the 

FE method has been used, which is a very powerful numerical method, but which also 

requires a significant effort to obtain meaningful results. A compromise has been found 

between mesh density and computation time, based on the submodelling technique of the 

commercial FE code ABAQUS©. For a large wall angle cone, a mixed isotropic-kinematic 

material model is presented that results in quite good prediction of the forming force compo-

nents. The model parameter identification procedure is based on an inverse method dedicated 

to SPIF forming simulations [127]. Also the friction coefficient of the FE contact model has 

been validated. The prediction of TTS is seen to depend on the imposed spindle speed of the 

forming tool. 

Secondly, a direct experimental method for the measurement of the overall TTS in the 

SPIF process has been proposed. Although some clear trends of TTS as a function of the wall 

angle have been obtained and explained, the validity of this method is somewhat questionable 

as defects (i.e. small holes) need to be introduced into the sheet. 

Finally, an indirect experimental method to detect TTS is given by means of texture 

analysis, as out-of-plane rotation of the grain orientation distribution may result in a loss of 

the initial orthorhombic texture symmetry properties. It is the more credible method to show 

TTS in SPIF since no defects need to be introduced. The deformation texture is qualitatively 

explained by a mixed deformation mechanism of plane strain stretching, repeated bending 

and through-thickness shearing. 
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4. Generalization of the Marciniak-Kuczynski model 

 

 

 

 

 

 

 

Chapter 4 

Generalization of the Marciniak-Kuczynski model 

 

4.1 Introduction 

The preceding chapter has shown that metal sheet subjected to the Incremental Sheet 

Forming (ISF) process undergoes a complex deformation history that combines in-plane 

deformation with bending and Through-Thickness Shearing (TTS). The literature review has 

on the other hand shown that formability in the Single Point Incremental Forming (SPIF) 

process is much higher than conventional forming operations such as pressing and deep 

drawing. In operations such as pressing and deep drawing, metal sheet is considered to be 

subjected to in-plane deformation and/or bending, but not to Through-Thickness Shear 

(TTS). This so-called Kirchhoff hypothesis forms the basis of many shell finite element 

formulations that are commonly used to model these sheet forming processes. 

The question thus may arise if, and how, formability may be affected by TTS. In order to 

answer it, the widely used forming limit model of Marciniak and Kuczynski (MK) is ex-

tended to strain paths that also contain TTS besides in-plane stretching. The development of 

this extended MK model is described in detail in the present chapter. In its present form, the 

model description assumes a monotonic deformation path of the sheet. A future extension to 

non-monotonic paths however would not require any additional fundamental modifications. 

At the heart of any MK model lays the ‘connection’ between the two zones, i.e. the geo-

metric compatibility on the one hand, and force equilibrium on the other hand. The 

incorporation of TTS requires some new fundamental equations of both types. These addi-

tional equations have been conceived on a physical ground, cf. their detailed description in 
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the paragraphs 4.6-4.7. Besides these fundamental changes of the MK model framework, care 

must also be taken regarding the description of the mechanical behavior. As it is aimed to 

predict formability of an anisotropic material under strain paths that contain shear (in casu 

through-thickness shear), two additional fundamental questions regarding material behavior 

arise that usually are not encountered in an MK analysis. They are shortly discussed next. 

 

(i) How to express the anisotropy for materials under shearing? 

A body-fixed Cartesian reference frame (i.e. with axes along material fibers) loses its or-

thogonality under the influence of shearing, thus becoming non-Cartesian. However, yield 

criteria are typically formulated in a Cartesian reference frame. This is actually a classical 

problem for large-strain finite element modeling, where it is usually solved by introducing a 

so-called local (or co-rotational) reference frame, which is supposed to follow the rotation of 

the material while remaining Cartesian. The continuum-mechanical solutions of Jaumann and 

Green-Naghdi are probably the best known examples of local frame definitions (both are 

reviewed in [133]). Another class of local frames dedicated to metal forming, is based on a 

definition of the Mandel spin, i.e. the average lattice spin of a polycrystal aggregate, as in 

[134, 135]. 

A second common feature of the present MK model with large-strain FE formulations, is 

the discrete solution procedure in time of a continuous problem of field equations. This 

involves assumptions on the deformation during an increment. Also many different time 

integration schemes have been proposed in the literature, like the Hughes-Winget scheme 

[136] that is implemented in the commercial FE software ABAQUS© . 

The proposed MK model adopts the method that is proposed in [133] for updated La-

grangian FE formulations. This method actually combines a local frame definition with a 

time integration scheme. It is called the CSLVG-method by the original authors, which stands 

for ‘Constant Symmetric Local Velocity Gradient’. Indeed, a local frame is defined in such a 

way that the local velocity gradient, i.e. the one defined from coordinates in the local frame, 

is constant as well as symmetric during the increment. Because of the symmetry property, the 

local velocity gradient is identical to the local strain rate tensor, and time integration of the 

constitutive law takes a very simple form. In [135], it is seen that the capability of the 

CSLVG-scheme to predict the rotation of the axes of orthorhombic sample symmetry after a 

simple shear test, is comparable to schemes adopting the Mandel spin.  
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It may be noted that without TTS, in-plane shear may occur in the sheet. Its effect on the 

possible in-plane rotation of anisotropic properties is however usually not considered in a 

MK analysis.  

The definition of the adopted local frame is elaborated in paragraph 4.11.1. In the present 

work, this frame also acts as the material reference frame, i.e. the frame in which anisotropy 

is expressed. 

 

(ii)  How to describe sheet anisotropy in a realistic way?  

Many anisotropic yield criteria have been proposed that rely on a series of mechanical 

tests, the most commonly used being the uniaxial tensile, shear and equibiaxial test. How-

ever, none of these tests provides information on the anisotropic properties under the 

combined loading of in-plane deformation and TTS, so the reliability of the obtained yield 

locus in this region of the stress space is highly questionable. The currently proposed solution 

is based on the hierarchical modeling scheme, i.e. through a series of ‘virtual tests’ using 

some kind of multilevel model, covering the whole stress space, and onto which an analytical 

expression with a high number of parameters is fitted. In the present work, one of the sim-

plest multilevel models, i.e. the Full Constraint Taylor model, is used to fit the parameters of 

a plastic potential in the form of the so-called Facet expression [137]. The fitting procedure is 

performed separately (before the actual MK analysis). In future, more advanced multilevel 

models can easily be adopted to increase the accuracy of the representation of anisotropic 

properties. Although not investigated presently, the Facet method is generic enough to 

include strain-rate sensitivity and the stress-differential effect. This method is further de-

scribed in the paragraph 4.11.2.  

 

In this chapter, the Einstein summation convention is generally not adopted, except for 

the index ‘p’ in paragraph 4.11.2. 

4.2 Model zones and reference frames 

The generalized Marciniak-Kuczynski model is composed of two zones, i.e. the modeled 

sheet consists of a matrix a that contains an imperfection in the form of a groove b, as 

sketched in Figure 4.1. 
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Figure 4.1 Scheme of the extended MK model, showing the matrix a and the groove b 
(in a lighter shade) in (a) the undeformed state, and (b) a deformed state that includes 
Through-Thickness Shear (TTS). The global reference frame has the 1- and 2-axes (in 
the sheet plane) and the 3-axis (along the sheet normal). The groove reference frame G 
has the n-, t- and 3- axes. The local frame of the matrix a has the 1A-, 2A - and 3A -axes. 
The local frame of the groove b has the 1B-, 2B- and 3B-axes. By convention, the angles 

0Φ , Φ  and RDα  have a positive sign as drawn here. 

 

The matrix a represents the defect-free sheet, which is subjected to a homogeneous de-

formation. The description of the matrix total deformation gradient aL  in the global reference 

frame is described in the next paragraph 4.3. This global reference frame is defined to be 

attached to the sheet throughout the deformation. Its 3-axis stays aligned with the sheet 

normal, even if the matrix undergoes Through-Thickness Shear (TTS). Also the 1- and 2-

axis, lying in the sheet plane, are defined in a particular way. Consider a grid of etched circles 

on the surface of the matrix. After some amount of deformation, this grid is deformed into 

ellipses, as shown in Figure 4.1(b). The global 1-direction is now defined to lie along the 

longer axis of the ellipse. It is called the major in-plane strain direction. The global 2-

direction then lies along the shorter axis of the ellipse, and is called the minor in-plane strain 

direction. Note that these two directions do not correspond to principal strain directions in 

case the matrix is subjected to TTS. 
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The groove b is the (simplified) model representation of the inhomogeneous nature of 

real sheets. The inhomogeneity can arise from many different sources, among which can be 

mentioned the variation of sheet thickness, the spatial distribution of grains and second phase 

particles (which give rise to an inhomogeneous strength), and inhomogeneities within each 

grain, such as the spatial distribution of dislocations and solute atoms. Rather than taking this 

all explicitly into account, a single scalar measure of all types of inhomogeneity is intro-

duced, similar as in the original MK analysis [42]. This initial imperfection 0f  is defined as: 

 0
0

0

b

a
f

ϑ

ϑ
=  (4.1) 

in which 0
xϑ  is the initial thickness; the superscript x refers to either the matrix a or groove b. 

The value of 0f  is the scalar measure of the inhomogeneity of the sheet; a value of 0 1f =  

would represent a perfectly homogeneous sheet. In literature, common values of 0f  are in the 

range [0.98;0.9999]. The higher its value, the higher are the resulting formability predictions. 

Its value is either postulated, or determined by an inverse method, i.e. by comparing predic-

tions using different 0f  to an experimental point on the FLC. Often, the plane strain intercept 

(FLC0) is chosen, as in [76]. 

The groove is infinitely long along one direction in the sheet plane, which is called the 

groove direction t. Its perpendicular direction in the sheet plane is denoted the groove normal 

direction n. Along n, the groove is conceived to have a finite length. This width of the groove 

is however not considered in the model. Such particular choice of the shape of the inhomoge-

neity b is thus similar to the actual appearance of localized necks. 

A second reference frame used in the model is attached to the groove itself (not to the 

groove material). This groove reference frame G has the n-, t- and 3- directions as its axes. In 

the undeformed state (Figure 4.1(a)), its orientation with respect to the global reference frame 

is given by the angle 0Φ , going from the 1-axis to the n-axis. For now, the value of 0Φ  may 

be considered to be known; in paragraph 4.10 this issue is discussed further. 

As shown in Figure 4.1(b), the groove frame G may rotate around the 3-axis (sheet nor-

mal) as a consequence of the imposed matrix deformation. Similarly as in the conventional 

MK model of paragraph 2.4.2 (cf. equation (2.19)), the groove orientation in a deformed 

state, determined by the angle Φ , is given by: 

 ( ) ( ) ( )011 22tan exp tana aΦ ε ε Φ= −  (4.2) 
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The matrix normal strain components along the 1- and 2-direction, denoted 11
aε  and 22

aε  

respectively, are defined in the paragraph 4.5. 

Two more reference frames are defined in the proposed model, i.e. the local reference 

frames of the material within the matrix a (with 1A-, 2A- and 3A -axes), and within the 

groove b (with 1B -, 2B - and 3B -axes). In the undeformed state (cf. Figure 4.1(a)), they 

coincide and are aligned along the usual sample reference frame of rolled sheet: the 1x -axis 

corresponds to the rolling direction RD of the sheet, the 2x -axis to the transverse TD direc-

tion, and the 3x -axis to the sheet normal direction ND (x = a or b). In the undeformed state, 

the alignment of both local reference frames with respect to the global reference frame is 

given by the angle RDα , defined from the major in-plane strain direction (1-axis) towards the 

sheet rolling direction (1X -axis). As deformation proceeds, these local reference frames may 

rotate due to the respective velocity gradients of the matrix ( aL ) or the groove (bL ). Note 

that the 3x -axis will deviate from the sheet normal direction under the action of TTS, as 

sketched in Figure 4.1(b). 

4.3 Description of the rate of deformation in the matrix 

In its most general form, a velocity gradient L  has 9 independent components. However, 

the expression of the matrix velocity in the global reference frame [ ]aL  takes a more simpli-

fied form: 

 

11 13

22 23
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L  (4.3) 

The fact that the components 31
aL  and 32

aL equal 0, follows directly from the choice of the 

global 3-axis to stay normal to the sheet plane throughout the deformation. Writing the 

definition of these components, it can be seen that: 

 3
3 0 ( 1,2)
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∂
≡ = =

∂
 (4.4) 

in which va is the velocity field of the matrix. 
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The fact that the components 12
aL  and 21

aL  equal 0, follows directly from the choice of the 

global 1- and 2-axis within the sheet plane (cf. the deformation of the circular grid in Figure 

4.1). Expressed in the global reference frame, the matrix thus does not undergo any in-plane 

shear strain nor in-plane rigid body rotation, which means that: 

 12 21 0a aL L= =  (4.5) 

The symmetric and anti-symmetric parts of [ ]aL  give the strain rate tensor of the matrix 

[ ]aD and the tensor of rigid body rotation rate of the matrix [ ]aW , respectively. They are 

both expressed in the global reference frame. From equation (4.3), they can be written in the 

following way: 
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and they contain three so-called strain rate ratios: 

 13 2322
22 13 23

11 11 11

, ,
a aa

a a a

D DD

D D D
ρ ρ ρ≡ ≡ ≡  (4.8) 

Some additional notes can be made on the equation (4.6) together with (4.8): 

• Material incompressibility has been additionally assumed in equation (4.6), as 

( ) 0atrace =D . 

• The component 11
aD  is explicitly written outside of the matrix representation of the 

tensor. By doing so, this scalar is considered as the measure of the rate of deforma-

tion. Only strain-rate insensitive material models are currently considered, so its value 

may actually be chosen freely. For convenience, 11
aD  is chosen so that: 

 1a =D  (4.9) 

where ||X|| denotes the norm of X. 
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• The remaining matrix representation (normalized by 11
aD ) gives the strain rate mode 

as a tensorial quantity. The strain rate mode is thus defined by three independent 

quantities: the three strain rate ratios of equation (4.8). The ratio 22ρ  is in literature 

(as in [98]) often denoted strain mode and noted as ρ . In this thesis however, it is 

given the subscript ‘22’ and called the in-plane strain rate ratio, to make a clear dis-

tinction with the two strain rate ratios that describe Through-Thickness Shear (TTS). 

 

In equation (4.6), TTS is characterized by the two ratios 13ρ  and 23ρ , the former corre-

sponding to shear in the 13-plane, the latter to shear the 23-plane. But what about the shear 

acting in some other plane that contains the sheet normal? This question is answered next by 

an analysis of the tensorial strain rate. It will actually lead to an alternative (more physical) 

representation of the imposed TTS onto the matrix. 

Considered a new reference frame with 1'-, 2 '- and 3-axes, resulting after rotation of 

the global reference frame around the 3-axis over an angle α  from the 1-axis to the 1'-axis. 

From equation (4.6), the shear in the 1'3- and 2 '3-planes is easily found from the usual 

formula for a 2nd order symmetric tensor transformation, which yields: 

 ( ) ( )1'3
13 23

11

cos sin
a

a

D

D
α ρ α ρ= +  (4.10) 

 ( ) ( )2'3
13 23

11

sin cos
a

a

D

D
α ρ α ρ= − +  (4.11) 

By replacing α  by α +180° in either one of these equations, it can be observed that the 

through-thickness shear strain rate in the same sheet direction but in the other sense, is of the 

same magnitude but of different sign. 

In the trivial case of 13 23 0ρ ρ= = , these equations indicate that no shear is acting for 

any value of α , i.e. on any plane containing the sheet normal direction. In all other cases 

however (i.e. with some kind of imposed TTS), the equations (4.10)-(4.11) show that there 

exists exactly one direction in the sheet plane onto which no through-thickness shear acts. 

Indeed, by imposing 2'3 0aD =  in the equation (4.11) for a particular choice of the angle α , 

which is in this case called TTSα , it is found that: 

 ( ) 23

13
tan TTS

ρα
ρ

=  (4.12) 
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This equation has always solutions if at least one of 13ρ  and 23ρ  is non-zero, and they are of 

the form 180TTS nα ± ° ( n  being an integer), so all solutions actually correspond to a single 

direction in the sheet plane. Mind that TTSα  actually refers to the perpendicular direction in 

the sheet plane, as it is an angle defined from the 1-axis to the 1’-axis, while 2'3
aD , i.e. the 

strain rate in the direction at an angle of 90TTSα + °  from the 1-axis, was set to 0 in equation 

(4.11).  

For this angle TTSα , the left-hand side of equation (4.10) is defined as TTSρ . It is the 

normalized through-thickness shear strain rate along the direction at the angle TTSα  from the 

major in-plane strain direction: 

 ( ) ( )1'3
13 23

11

cos sin

TTS

a

TTS TTS TTSa

D

D
α α

ρ α ρ α ρ
=

≡ = +  (4.13) 

After some elaboration, in which equation (4.12) is used, one finds:  

 2 2 2
13 23TTSρ ρ ρ= +  (4.14) 

The characterization of TTS with the ratios 13ρ  and 23ρ  can thus be converted to TTSρ  and 

TTSα  using the equations (4.12) and (4.14). The inverse relationship is given by: 

 ( )13 cos TTS TTSρ α ρ=  (4.15) 

  ( )23 sin TTS TTSρ α ρ=  (4.16) 

Now suppose that one would subject a sheet to TTS ( 0TTSρ > ) in a certain sheet direc-

tion (and thus without TTS in the perpendicular sheet direction). Equation (4.15) can be used 

to calculate the TTS in some other sheet direction (in casu the 1-direction), lying at an angle 

TTSα−  from the original direction. Because of the form of the equation (4.15), it can be seen 

that through-thickness shear is maximal in the direction perpendicular to the direction in 

which TTS is equals zero. The quantity TTSρ  is therefore called the magnitude of TTS. It is 

imposed along the so-called direction of TTS, which is described by TTSα . These two 

quantities can be more easily interpreted compared to a description of TTS using the ratios 

13ρ  and 23ρ . For instance, one can imagine the angle TTSα  being determined by local 

friction with one or more forming tools. 
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A visualization of the TTS along all sheet directions can be made with a polar plot, of 

which Figure 4.2 gives an example. Any conceivable type of TTS looks like this one, except 

for possibly a rotation (different TTSα ) and/or resizing (different TTSρ ). 

 

Figure 4.2 Polar plot of normalized Through-Thickness Shear (TTS) in all sheet direc-
tions. The 1- and 2 -axis correspond to the major and minor in-plane strain directions, 
respectively. TTS of magnitude 0TTSρ >  is imposed in the direction defined by TTSα . 

In the perpendicular direction, at 90TTSα ± ° , there acts no TTS. The complete polar 
plot shows two circular lobes of opposite sign. 

 

The imposed strain rate of the matrix, given in equation (4.6) can be rewritten using the 

equations (4.15)-(4.16): 

 

( )
( )

( )
22 11

22

1 0 cos

[ ] sin

( .) 1

TTS TTS
a a

TTS TTS D

sym

α ρ
ρ α ρ

ρ

 
 =  
 − + 

D  (4.17) 

in which the magnitude of the strain rate is defined by 11
aD , while the strain mode is deter-

mined by three independent variables: 

1. the in-plane strain rate mode 22ρ , in the range 220.5 1ρ− ≤ ≤ . (A lower limit of -0.5 

is considered in the present work since it corresponds to the uniaxial tension mode of 

an isotropic sheet. For anisotropic sheet, smaller values may however be reached un-

der uniaxial loading, depending on the anisotropy.) 

2. the direction of imposed TTS, characterized by TTSα , in the range 

180 180TTSα− ° ≤ ≤ ° . 

3. the magnitude of imposed TTS TTSρ , in the range 0TTSρ ≥ . 
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4.4 Description of the rate of deformation in the groove 

In contrast to the velocity gradient of the matrix aL , the groove velocity gradient bL  is a 

priori  unknown. It is calculated through geometrical compatibility and force equilibrium with 

the surrounding matrix material, which is discussed in the paragraphs 4.6-4.7, respectively. 

Because of this, it is preferred to express bL  in the groove reference frame G. It is then 

denoted [ ]b GL : 

 

3

3

3 3 33

[ ]

b b b
nn nt n

b G b b b
tn tt t
b b b
n t

L L L

L L L

L L L

 
 
 =  
 
  

L  (4.18) 

It contains 9 unknown components. As an alternative representation, [ ]b GL  can be decom-

posed into its symmetric and anti-symmetric parts. It is then expressed as follows by 6 

independent components of the groove strain rate tensor [ ]b GD  and 3 independent compo-

nents of the rigid body rotation rate tensor [ ]b GW : 

 
3 3

3 3

3 3 33 3 3

[ ] [ ] [ ]

0

0

0

b G b G b G

b b b b b
nn nt ntn n
b b b b b
nt tt ntt t
b b b b b
n t n t

D D D W W

D D D W W

D D D W W

= +

   
   
   = + −   
   − −      

L D W

 (4.19) 

Imposing material incompressibility, the 9 unknown components are reduced to 8, as: 

 33
b b b

nn ttD D D= − −  (4.20) 

4.5 The strain definition in matrix and groove 

The adopted measure to characterize the strain x
ε  (in either matrix or groove) is found in 

the global frame from the time integral of the respective strain rate tensor:  

 
0

[ ] [ ]
T

x x dt= ∫ε D  (4.21) 

in which T  is the total time. In component form, this is written as: 

 
0

T
x x
ij ijD dtε = ∫  (4.22) 
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The equivalent strain xeqε is a scalar measure of the straining progress, meaning it cannot 

decrease in time. It is the time integral of the equivalent strain rate eqD , defined by: 

 
0 0

2 3 :
T T

x x x x
eq eqD dt dtε = =∫ ∫ D D  (4.23) 

The current thickness xϑ  (of matrix or groove) is found from the normal strain in the 

thickness direction, as: 

 ( )33 0expx x xϑ ε ϑ=  (4.24) 

The model solution progresses in small time increments of size T∆ . During such small 

time increment, the expression of the velocity gradients of matrix and groove are assumed to 

be constant. For an increment, the corresponding incremental strain tensor [ ]x∆ε  is then 

given by: 

 [ ] [ ]x xT∆ = ∆ε D  (4.25) 

4.6 Geometric compatibility 

In order to ensure geometric compatibility between the groove and surrounding matrix, 

the following five components of the expression of the groove velocity gradient in the groove 

reference frame [ ]b GL  are forced to equal the respective values of the matrix velocity 

gradient [ ]a GL : 

 b a
tt ttL L=  (4.26) 

 b a
nt ntL L=  (4.27) 

 3 3
b a
t tL L=  (4.28) 

 3 3
b a
t tL L=  (4.29) 

 3 3
b a
n nL L=  (4.30) 

The other components of the groove velocity gradient are ‘free’, i.e. their value can differ 

from the corresponding matrix value. To motivate the particular choice that is made, all the 

compatibility conditions and freedoms of the groove are sketched in Figure 4.3. 
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Figure 4.3 Visualization of (a) the five geometrical compatibility conditions of the 
groove velocity gradient and (b) the remaining free components. 

 

Compared to the conventional model of paragraph 2.4.2, it is seen that the compatibility 

conditions (4.28)-(4.30), all reflecting some kind of Through-Thickness Shear (TTS), have 

been added, while the conditions (4.26)-(4.27) are the same as in the conventional MK 

model. 
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Regarding the compatibility condition (4.29), it can be noted that actually 

 3 0a
tL =  (4.31) 

which follows from the restriction (4.4) on the form of the velocity gradient of the matrix La. 

In other words, the apparent detachment of the groove reference frame from the sheet in the 

sketch of 3
x
tL  in the Figure 4.3(a), does not occur. 

4.7 Force equilibrium 

Consider two parallel and closely spaced planes perpendicular to the groove normal di-

rection n , one of which lies in the matrix a, the other one in the groove b, as shown in Figure 

4.4. In the stressed sheet, all material not confined between these planes is replaced with 

forces per unit groove length along the t -direction. They are noted in vector representation as 

x
nf , where the subscript n  refers to the plane onto which they act. 

 

Figure 4.4 Force equilibrium between matrix a and groove b, viewed along (a) the sheet 
normal direction 3 and (b) along the groove direction t . 

 

Force equilibrium between matrix and groove is imposed at the end of each small incre-

ment. It is expressed as: 

 0b a
n n+ =f f  (4.32) 
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Considering the homogeneous stress state within the matrix and within the groove, as 

well as their different thicknesses xϑ , this can be rewritten in terms of traction stresses x
nt
�

 

as: 

 0b b a a
n nϑ ϑ− =t t
� �

 (4.33) 

which can be decomposed along the three directions of the groove reference frame: 

 0b b a a
nn nn nnf ϑ σ ϑ σ∆ ≡ − =  (4.34) 

 0b b a a
tn tn tnf ϑ σ ϑ σ∆ ≡ − =  (4.35) 

 3 3 3 0b b a a
n n nf ϑ σ ϑ σ∆ ≡ − =  (4.36) 

These functions (4.34)-(4.36) expressing force unbalance are denoted inf∆  (i∈{ n,t,3}).They 

contain components of the Cauchy stress tensor x
σ  (superscript x referring to matrix a or 

groove b), represented in the groove reference frame G. 

Comparing these force equilibrium equations (4.34)-(4.36) to the conventional MK 

model of paragraph 2.4.2 (cf. equations (2.15)-(2.16)), it is seen that one new equation is 

added, namely equation (4.36). Indeed, a non-zero shear stress 3nσ  is possible in the present 

model due to Through-Thickness Shear (TTS). In the conventional MK model, equation 

(4.36) is implicitly satisfied, as 033 == b
n

a
n σσ . 

 

As elaborated further in the paragraph 4.11, the time integration of the constitutive law 

results in the deviatoric stress at the end of the increment xs  (cf. equation (4.61)), which is 

denoted [ ]x Gs  when expressed in the groove frame. To check the force equilibrium in the 

equations (4.34)-(4.36), the total stress in the groove frame [ ]x Gσ  is required. It is obtained 

from: 

 [ ] [ ] [ ]x G x G x
mσ= +σ s I  (4.37) 

where [ ]I  is the 3*3 unit matrix. The (scalar) hydrostatic stress x
mσ  is however unknown up 

to this point because of the assumption of material incompressibility (the elastic part is 

neglected), so every hydrostatic stress is allowed.  
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In the present work, it is assumed that the sheet normal stress 33
xσ  is negligible com-

pared to the in-plane normal stress components, for both the matrix and groove. This is 

mathematically written as: 

 33 33 0a bσ σ= =  (4.38) 

This relationship defines the hydrostatic stress in both regions: 

 33
x x
m sσ = −  (4.39) 

4.8 Solution procedure of an increment 

Once a matrix strain path ( )a tD  (cf. equation (4.6)) is chosen together with an initial 

groove angle 0Φ , the set of 3 equilibrium equations (4.34)-(4.36) together with the set of 5 

compatibility conditions (4.26)-(4.30) determine for each matrix strain increment the 8 

unknown components 3 3 3, , , , , ,b b b b b b b
nn tt nt ntn t nD D D D D W W  and 3

b
tW  of the groove velocity 

gradient bL  as expressed in the equations (2.9)-(4.20). In practice, this set of 8 unknowns is 

firstly reduced to 3 by rewriting the 5 compatibility conditions (4.26)-(4.30) (which are linear 

equations) into: 

 b a
tt ttD D=  (4.40) 

 b a b
nt nt ntW L D= −  (4.41) 

 3 3 2b a
t tD L=  (4.42) 

 3 3 2b a
t tW L=  (4.43) 

 3 3 3
b a b
n n nW L D= −  (4.44) 

Note that for equations (4.42)-(4.43), the property (4.31) has also been used. 

Secondly, the 3 remaining unknowns ,b b
nn ntD D  and 3

b
nD  are determined from the 3 

nonlinear force equilibrium equations (4.34)-(4.36) through minimization of the following 

function F : 

 ( ) ( ) ( ) ( )2 2 2
33, ,b b b

nn nt nn tn nnF D D D f f f= ∆ + ∆ + ∆  (4.45) 

which is imposed at the end of each matrix strain increment. The function F  depends on 

,b b
nn ntD D  and 3

b
nD  in two ways. Firstly, the groove stress tensor components ,b b

nn tnσ σ  and 



Generalization of the Marciniak-Kuczynski model 

     89 

3
b
nσ  are functions of bD  (via the adopted constitutive law), and bD  depends on ,b b

nn ntD D  

and 3
b
nD  only, after substitution of equations (4.20), (4.40) and (4.42) into [ ]b GD  (cf. 

equation (2.9)). Secondly, bϑ  is a function of b
nnD  through equations (2.14), (2.12), (4.20) 

and (4.40).  

Equation (4.45) is solved with the Fletcher-Reeves-Polak-Ribiere minimization algo-

rithm [99]. After minimization, the value of F  is expected to be close to 0, but not exactly 

equal to 0 because of the numerical minimization procedure used. 

4.9 Necking Criteria 

Due to the initially slightly smaller thickness of the groove compared to the matrix, the 

strain will become more and more concentrated within the groove. Two criteria are adopted 

that define the onset of necking of the groove, for a certain assumed initial groove orientation 

0Φ . If either one of them is satisfied, the corresponding strain tensor in the matrix is called 

the necking strain, which is denoted by ( )0* Φε . Note that it generally depends on the choice 

of the initial groove orientation. 

The first necking criterion reads: 

 33 3310b aD D>  (4.46) 

The factor of 10 is rather arbitrary and any other relatively large positive number can be used. 

The effect of this number on the matrix strain at necking is minimal, since the absolute value 

of the groove thickness strain rate 33
bD  increases very rapidly towards infinity at incipient 

necking. 

The second adopted criterion states that necking of the groove occurs if there is no longer 

a solution of the groove deformation that satisfies the force equilibrium (4.32). In practice, 

this is the case when after the minimization of the function F  in equation (4.45), it is found 

that: 

 F δ>  (4.47) 

in which δ  is a small positive value related to the numeric precision of the minimization 

algorithm. 

The second necking criterion occurs more frequently for relative large matrix strain in-

crements, e.g. 210a −∆ =ε , while the first is more frequent for smaller strain increments, 
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e.g. 410a −∆ =ε . Nevertheless very similar necking strains are found for different sizes of 

the chosen matrix strain increment. 

4.10 Forming limit strain 

Up to this point, the MK model has considered one particular initial groove orientation 

0Φ . However, in view of the assumed inhomogeneity of all sheet (Figure 4.5(a)), all in-plane 

directions are potentially necking directions. Therefore, for each imposed strain path, the MK 

analysis is repeated for a large number of initial groove orientations 0Φ  in the full range 

from -90° to 90° (Figure 4.5(b)).  

 

 

Figure 4.5 (a) The inhomogeneous nature of metal sheet. (b) The inhomogeneity is 
captured in the MK model framework by considering a large number of local necking 
directions. For each of these directions, a groove is introduced, and the onset of localiza-
tion of deformation within the groove is determined. The forming limit (for localized 
necking) is the strain in the surrounding matrix for the most critical groove direction. 

 

In the actual sheet, the first neck that develops (of all possible necking directions) marks 

the onset of sheet instability, i.e. the forming limit. Consequently, the major-in-plane forming 

limit strain *
11ε  is found as the smallest of all major-in-plane necking strains ( )*

11 0ε Φ : 

 ( )( )
0

* *
11 11 0Min

Φ
ε ε Φ=  (4.48) 
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The major-in-plane forming limit strain *11ε  is thus independent of 0Φ . The minor in-plane 

limit strain is for monotonic strain paths given by * *
22 22 11ε ρ ε=  (cf. equation (4.8)). 

The corresponding groove orientation is the critical one with respect to the onset of lo-

calized necking. In the undeformed state, it is denoted as 0
crΦ , which changes to *Φ  at 

incipient necking as a result of the matrix straining (cf. (4.2)). 

Obviously, in practice a finite number of initial groove directions has to be chosen. An 

interval of 1° or 2° has been found to be sufficient to accurately determine the minimum in 

equation (4.48). 

It should be noted that, although 0 [ 90 ;90]Φ ∈ − °  is considered in the current model, only 

half this range, i.e. 0 [0 ;90]Φ ∈ °  is taken into consideration in the conventional MK model 

presented in paragraph 2.4.2. The reason is that when Through-Thickness Shear (TTS) is not 

considered, it is found that ( ) ( )0 0* *Φ Φ− ≈ε ε  (small differences are possible due to in-

plane anisotropy). In this generalized MK model however, such (approximate) ‘symmetry 

property’ no longer holds, as the global reference frame need not coincide with the principal 

straining directions.  

4.11 Constitutive laws 

So far, the only assumptions for the material behavior have been (i) material incom-

pressibility, cf. equations (4.6) and (4.20), and (ii) strain-rate insensitivity, cf. equation (4.9). 

In this paragraph, the full description of the adopted material model is presented. It is a purely 

plastic material model featuring isotropic hardening and a plastic potential to describe anisot-

ropic yielding. 

As discussed in the introduction (paragraph 3.1), the current MK analysis requires a local 

reference frame in which the constitutive law is expressed. In fact, the two zones of the model 

both have their own reference frame, as indicated in Figure 4.1. The definition of the local 

frame using the CSLVG-method is given in the next paragraph 4.11.1.  

The next step is to obtain the deviatoric stress mode from the local strain rate through the 

plastic potential (paragraph 4.11.2). Combined with the hardening law, presented in para-

graph 4.11.3, this yields the deviatoric stress, which is in first instance expressed in the local 

frame. 

Finally, the paragraph 4.11.4 discusses the simplifications that can be made under the as-

sumption of an isotropic material (in casu the von Mises yield criterion). This will prove to be 
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useful in the discussion on the in-depth analysis of formability of some selected deformation 

modes (paragraph 5.2.3). This analysis assumes the isotropic material behavior in order to 

gain insight in the mechanism by which Through-Thickness Shear (TTS) may affect the onset 

of necking. 

The constitutive equations are obviously valid for both matrix and groove zone. The su-

perscript ‘x ’, referring to either the matrix a or groove b, is dropped in the equations in the 

next paragraphs 4.11.1 - 4.11.4 to improve readability. 

4.11.1 The definition of the local frame 

The CSLVG-method makes use of the concept of a rotation tensor, which is denoted in 

the present work as R  (in [133], the symbol ρ  is used). It is in fact an (orthonormal) defor-

mation gradient tensor that physically rotates material vectors along a local axis onto the 

respective global axis. The rotation tensor of the undeformed sheet, denoted 0R , is known 

from the angle RDα  (cf. Figure 4.1(a)): 

 

( ) ( )
( ) ( )0

cos sin 0

[ ] sin cos 0

0 0 1

RD RD

RD RD

α α
α α

 
 = − 
  

R  (4.49) 

0R is the same for matrix and groove. After some amount of deformation however R  is 

usually different for both zones (at least in the case that the strain history of matrix and 

groove differs). 

The rotation tensor at the start and end of a certain increment is written as iniR  and 

endR , respectively. iniR  is known from the previous increment, while endR  is calculated 

by the CSLVG-method. 

In the context of updated Lagrangian FE formulations for which the CSLVG-method has 

been developed, the incremental deformation gradient at an integration point ∆F  is assumed 

to be known. It is the deformation gradient at the end of the increment with as a reference 

state the start of the increment. In the context of the current MK model framework, deforma-

tion is in first instance described by the velocity gradient L , which may evolve over time, 

though during an increment it is constant. To apply the CSLVG-method in this context, first 

∆F  is calculated by the following continuum-mechanical relationship (expressed in the 

global frame): 

 ( )[ ] exp [ ]T∆ = ∆F L  (4.50) 
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in which L  is the constant velocity gradient of the increment, with corresponding increment 

in time T∆ . Note that this calculation requires the calculation of an exponent of a (generally) 

non-symmetric matrix, cf. equations (4.3) and (4.18), which is not obvious as pointed out in 

[133]. The ‘method 3’ (Taylor series expansion method with scaling and squaring) of [138] 

has been adopted here. 

As described in [133], the calculation of endR  is as follows: 

 [ *] [ ][ ]ini∆ = ∆F F R  (4.51) 

 ( )1 2
[ ] [ *] [ *]T′∆ = ∆ ∆F F F  (4.52) 

 1[ ] [ *][ ]end
−′= ∆ ∆R F F  (4.53) 

in which [ *]∆F is an intermediate tensorial quantity and [ ]′∆F  is actually the local incre-

mental deformation gradient, i.e. defined from coordinates in the local frame that rotates 

during the increment. Note that in equation (4.52), the square root of a symmetric matrix is 

required. The resulting matrix [ ]′∆F  is then also symmetric. The square root is computed in a 

very efficient way through the eigenvalue decomposition of symmetric matrices. 

The local velocity gradient ′L , i.e. the velocity gradient defined from coordinates in the 

local frame, is (i) constant during the increment and (ii) symmetric. This last property can be 

seen by the way it is calculated [133]: 

 ( )1
[ ] ln [ *] [ *]

2
T

T
′ = ∆ ∆

∆
L F F  (4.54) 

Note that here the natural logarithm of a symmetric matrix is required; the resulting matrix 

[ ]′L  is then also symmetric. The natural logarithm is computed in a very efficient way 

through the eigenvalue decomposition of symmetric matrices. 

′L  being effectively symmetric, means that it equals the local strain rate, which is de-

noted D  in the next paragraph 4.11.2. 

4.11.2 Facet method to describe anisotropy 

As proposed in [137], a plastic potential in strain-rate space ( )ψ D  is defined in order to 

calculate a deviatoric stress tensor S from an imposed (plastic) strain rate tensor D . For rate-

insensitive materials, the plastic potential takes the form: 

 
( )

p
p

S
D

ψ∂
=

∂
D

 (4.55) 
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The obtained stress tensor S is proportional to the deviatoric stress tensor s, so both are 

represented in stress space by vectors in the same direction, but usually of different length. 

The proportionality, which is determined by the adopted hardening law, is given further on in 

equation (4.61). Also note the single index p  in pS  and pD  in equation (4.55): these devia-

toric second-order tensors are represented by a 5-dimensional vector, as described in 

Appendix 1 of [137]. 

For rate-insensitive materials, the plastic potential should be a homogeneous expression 

of rank 1 [137], i.e.: 

 ( ) ( ) ( )0ψ η ηψ η= >D D  (4.56) 

from which it follows that ( ) ( )p pS Sη =D D  using the equation (4.55). Indeed, it means that 

the stress is independent of the magnitude of the strain rate tensor. 

The Facet method of [137] for rate-insensitive materials is adopted, i.e. the plastic poten-

tial takes the form: 

 ( ) ( )1/n
nGψ =D  (4.57) 

 ( )
1

K n
n p pG s Dκ κ

κ
λ

=
= ∑  (4.58) 

It should be noted that the Einstein summation convention is followed for the index ‘p’ in 

equation (4.58). The integer 2n ≥  is called the order of the Facet expression. The parameters 

that describe the anisotropy are (i) the scalars 0κλ ≥  and (ii) the stress tensors κs  (5-

dimensional vector representation). The integer K  is the number of terms in the Facet 

expression. For a low carbon steel and aluminum alloy, the paragraph 5.3.3 describes a fitting 

procedure based on the Taylor-Bishop-Hill multilevel model. Note that this expression of the 

plastic potential (4.57)-(4.58) complies with the condition (4.56). 

One of the advantages of the Facet method over the earlier proposed Quantic method by 

the same authors [139], lies in the fact that the associated yield locus is automatically convex 

(proof in [137]), while the Quantic method requires an additional procedure to assure convex-

ity. 
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4.11.3 Strain hardening 

In the present work, a kinematic shift of the yield locus, which is usually associated with 

the development of a dislocation substructure, as in [11, 12], is not considered. The purely 

isotropic hardening law of Swift is adopted. The equivalent yield stress yσ  is thus obtained 

from the equivalent plastic strain eqε  (defined in equation (4.23)) as follows:  

 ( )0
nS

y S eqKσ ε ε= +  (4.59) 

in which KS, ε0 and nS are the Swift hardening parameters, namely the strength coefficient, 

initial yield coefficient and hardening coefficient, respectively. 

The equivalent yield stress yσ  is work-equivalent to the equivalent strain rate eqD (de-

fined in equation (4.23)), which means that their product equals the plastic work rate per unit 

volume: 

 :y eqDσ = s D (4.60) 

From this equation (4.60), the proportionality between S and the deviatoric stress tensor 

s is found as: 

 
:

y eqDσ
=s S

S D
 (4.61) 

 

The deviatoric stress tensor s is required to impose force equilibrium (cf. paragraph 4.7). 

However, in order to check the force equilibrium equations (4.34)-(4.36), first a tensor 

transformation from the local frame to the groove frame G is required. This is most conven-

iently performed in two steps: 

(i) Transformation from the respective local frame to the global one, using the re-

spective rotation tensor endR , defined in equation (4.53). The subscript ‘end’ 

in this notation refers to the end of the increment. 

(ii)  Transformation from the global frame to the groove frame G, using a trans-

formation matrix that is built from the groove angle Φ  at the end of the 

increment, cf. equation (4.2). 

The result is the deviatoric stress of matrix and groove expressed in the groove frame [ ]x Gs , 

from which the total stress is calculated according to equation (4.37). 
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4.11.4 Simplifications for an isotropic von Mises material 

The constitutive law may be simplified drastically in case the isotropic von Mises yield 

locus is adopted in combination with the isotropic hardening law (3.7). For the discussion on 

the way Through-Thickness Shear (TTS) may influence formability of an isotropic material 

(cf. paragraph 5.2), the following simplifications are made: 

(i) The local reference frames of matrix and groove are not considered and the 

CSLVG-method (paragraph 4.11.1) is abandoned. Instead, the groove refer-

ence frame G is used for the constitutive time integration. It is the most logical 

choice since stress components in this reference frame are required to impose 

force equilibrium. 

(ii)  Stress quantities are obtained from the strain rate expressed in the groove 

frame [ ]x GD . For the groove material, the strain rate is directly given by the 

symmetric part in equation (2.9). For the matrix material, it is given by the 

tensor transformation of equation (4.6) to the groove reference frame at the 

start of the increment. 

(iii)  The obtained stress tensors are assumed to be the ones expressed in the groove 

frame at the end of the increment. 

 

The Facet method is in principle able to describe the isotropic yield locus of von Mises.  

Equation (4.55) then reduces to the von Mises associated flow law (normality rule): 

 ( , { , ,3})ij ijs D i j n tλ= ∈  (4.62) 

in which λ is a scaling factor such that the hardening law (3.7) is satisfied. 
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4.12 Implementation 

The extended MK model described in the preceding paragraphs 4.2-4.11 is implemented 

in Fortran 95 Standard code. It is compiled with Compaq Visual Fortran© v.6 into a stand-

alone application (executable). An algorithmic chart of the solution procedure of one 

(monotonic) deformation path is presented in Figure 4.6, and the subalgorithm of the consti-

tutive law in Figure 4.7.  

Running on an Intel PC with two 3.0GHz processors (Core™ Q6850), the calculation 

time for a single monotonic deformation path with an increment size of 210a −∆ =ε  is in the 

order of 30 minutes for an 8th order Facet potential, and 8 minutes for a Von Mises yield 

locus. In these calculations, a total of 90 initial groove orientations 0Φ  are tested (in the 

range [-90°,90°] with steps of 2°) to obtain the forming limit as the minimum of all necking 

strains (cf. equation (4.48)). It should be noted that calculation times can potentially be 

reduced several times using a more advanced algorithm to obtain this minimum. 
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Figure 4.6 Algorithmic chart of the extended MK model. The ‘Constitutive law algo-
rithm’ is detailed in Figure 4.7. 
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Figure 4.7 Algorithmic chart of the constitutive law. The superscript ‘X’ in [s]X refers to 
the expression of this stress tensor in the local frame at the end of the increment. 

 

4.13 Comparison to a different MK model with TTS 

As discussed in paragraph 2.4.3.5 of the literature review, an alternative extension to the 

MK model has recently been proposed that accounts for TTS, i.e. the extension of Allwood 

[124]. A discussion on two fundamental differences between the extension proposed pres-

ently and the one of Allwood, is given next. 

Firstly, it is argued in the Allwood-MK model [124] that the traction stress on the sheet 

plane should be the same for both zones of the models. Three ‘stress equilibrium equations’ 

are thus introduced, one of which relates to the sheet normal stress, the other two to through-

thickness shear stress. It implies that 3 3
b a
n nσ σ= , so force equilibrium between both zones is 

not completely fulfilled (compare to the force equilibrium equation (4.36) of the present 

extension). On the other hand, in the present extension only stress equilibrium of the sheet 

normal component is assumed (equation (4.38)). It is however not really considered to be a 

fundamental equation, but rather a necessity to obtain a unique solution for the mechanical 

response of the groove under the adopted material model (which assumes incompressibility 

and is therefore independent of hydrostatic stress). In fact, considering the deformation of a 
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real sheet before the onset of strain localization (cf. Figure 4.5(a)), one can imagine that the 

macroscopic stress tensor is almost the same in different locations, but not exactly due to the 

intrinsic inhomogeneity. In terms of the MK model framework, a ‘weak form’ of stress 

equilibrium of the whole stress tensor should thus exist, at least before localization has taken 

place: 

 a b≈σ σ  (4.63) 

This weak stress equilibrium is already satisfied implicitly through the assumption of the 

initial imperfection 0f  that is close to, but smaller than 1 (‘1’ meaning a perfectly homoge-

neous sheet). It is why in the present extension, an additional requirement for an exact 

equilibrium of some of the stress components is considered to be unnecessary (the exception 

is equation (4.38) for the reason explained above). 

Secondly, the geometric compatibility between both zones is in the Allwood extension 

only partially imposed. Only one of the five compatibility equations (4.26)-(4.30) of the 

present extension is adopted, i.e. the one related to the normal strain along the groove direc-

tion (it corresponds to the equation (4.26)). It should be noted that in the present extension, 

the groove in the MK model is considered to be a physical part of the sheet: it is the material 

of the localized neck before the onset of necking. Geometric compatibility should thus be 

enforced ‘as much as possible’, but still allowing for the localization of strain within the 

neck. On this basis, the conditions (4.26)-(4.30) have been selected. Note that the use of the 

velocity gradient allows the most complete description of the instantaneous change in defor-

mation, since it also comprises the rigid body spin besides the strain rate. 
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4.14 Conclusion 

This chapter has presented an original extension to the Marciniak-Kuczynski (MK) 

model framework, which aims to predict the onset of localized necking during forming of 

sheet metal. This extension allows taking Through-Thickness Shear (TTS) during in-plane 

deformation explicitly into account. In essence, it is achieved through the addition of new 

geometric compatibility conditions (paragraph 4.6) and force equilibrium equations (para-

graph 4.7), which together describe the mechanical coupling between both zones in the MK 

framework. As discussed in paragraph 4.13, this extension is clearly different from the 

extension proposed by Allwood in [124]. 

From a tensorial analysis (paragraph 4.3), it is seen that the imposed TTS may be defined 

to have a magnitude as well as a unique direction in the sheet plane. In the plane containing 

this direction (and the sheet normal direction), TTS is maximal, while it equals zero in the 

perpendicular sheet direction. 

Special attention to material anisotropy is considered in two ways (paragraph 4.11). A 

local frame into which anisotropy is expressed is defined according to the CSLVG-method 

proposed in [133]. Secondly, to describe anisotropic yielding for strain modes that have non-

zero TTS components, it is proposed to use the Facet method to construct the plastic potential 

[137]. It considers strain modes that cannot be tested experimentally, by the ‘virtual testing’ 

which is performed in an underlying multilevel model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Chapter 4 

 102 

 

 

 

 

 



Formability predictions 

     103 

5. Formability predictions 

 

 

 

 

 

 

 

Chapter 5 

Formability predictions 

 

5.1 Introduction 

This Chapter presents and discusses a number of formability predictions that are ob-

tained from the extended MK model described in Chapter 4. 

Firstly, paragraph 5.2 focuses on the physical mechanism that is responsible for a change 

in formability in the presence of Through-Thickness Shear (TTS). In this analysis, the 

isotropic von Mises yield locus is adopted. After a discussion on the FLC for strain paths that 

include TTS (paragraph 5.2.1) and the critical groove orientation (paragraph 5.2.2), formabil-

ity in some selected deformation modes is analyzed in detail (paragraph 5.2.3). 

Next, paragraph 5.3 focuses on the effect of sheet anisotropy. For one aluminum alloy 

and one steel alloy, the crystallographic texture (presented in paragraph 5.3.2) is used in the 

Taylor-Bishop-Hill multilevel model in order to fit the coefficients of the Facet plastic 

potential in paragraph 5.3.3. Then, paragraph 5.3.4 shows and discusses the effect of the 

anisotropy of both commercial sheets on forming limit predictions. 

The final paragraph 5.4 is dedicated to forming limit predictions in Single Point Incre-

mental Forming (SPIF). It uses results of Chapter 3 to assess the hypothesis that TTS 

contributes to the increased formability in this process. 

A fully quantitative formability prediction would require a fitting of the most suitable 

initial imperfection parameter0f  (defined in equation (4.1)) for each particular material 

sheet. In all forming limit calculations presented in this chapter, an initial imperfection 

0 0.998f =  is however postulated, which is a realistic value for many materials. The choice 
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of a fixed value of 0f  is further justified by the fact that the main focus is the effect of TTS 

on forming limit predictions. 

5.2 Monotonic FLCs of the isotropic von Mises material 

5.2.1 Forming Limit Curves 

The Swift hardening parameters used for the calculated FLCs of a von Mises isotropic 

material are given in Figure 5.1. They are derived from a uniaxial tensile test in the rolling 

direction of the aluminum alloy sheet AA3003. This Fe-Mn alloyed aluminum sheet is cold 

rolled to a thickness of 1.2 mm and subsequently annealed. 

In Figure 5.1, it can be seen that the FLC obtained from the traditional MK model of 

[98], presented in a thick line, coincides with the FLC from the generalized MK model for the 

strain paths without Through-Thickness Shear (TTS), i.e. 0TTSρ = . In this case, equation 

(4.17), defining the imposed matrix strain path of the generalized MK model, reduces to the 

corresponding equation of the conventional MK model, equation (2.6). This observation is a 

validation of the proposed MK model as a possible extension of the conventional MK model 

without TTS. 

By comparing the FLDs in Figure Figure 5.1, it is evident that formability is affected in a 

very different way depending on the direction in which TTS is imposed, defined by the angle 

TTSα . If 90TTSα = ° (i.e. TTS is imposed along the minor in-plane strain direction), cf. 

Figure 5.1(a), formability increases for all the in-plane strain modes 22ρ  except for equibiax-

ial stretching (ρ22 = 1), in which case there is a small decrease. If 0TTSα = °  (i.e. TTS is 

imposed along the major in-plane strain direction, cf. Figure 5.1(b)), the forming limits are 

increased for ρ22 < 0, unchanged for ρ22 = 0 and (slightly) decreased for ρ22 > 0. If TTS is 

acting at 45° to the major in-plane strain direction ( 45TTSα = ° ), formability is also increased  

 

Table 5.1 Swift hardening parameters for calculation of the isotropic FLCs. 

 AA3003 

KS (Mpa) 184.0  

ε0 0.00196 

nS 0.224 
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Figure 5.1 Forming Limit Curves for the isotropic material of Table 5.1, calculated 
using the traditional MK model of [98] (thick line) and the generalized MK model (thin 
lines). In (a), ρ13 = 0, while ρ23 has values ranging from 0.0 to 0.4. In (b), ρ13 has values 
ranging from 0.0 to 0.4, while ρ23 = 0. In (c), ρ13 = ρ23 has values ranging from 0.0 to 0.4. 
The strain rate ratios ρ22, ρ13 and ρ23 are defined in equation (4.8). 

 

for all the in-plane strain modes ρ22, except for a small decrease in formability under equibi-

axial stretching (ρ22 = 1). In conventional MK models, the minimum of the FLC curve (called 

FLC0), corresponds to the plane strain deformation (ρ22 = 0), found on the vertical axis. It can 

however be noted in Figure 5.1 that the FLC0 of curves with TTS are only on the vertical axis 
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if the TTS is imposed along the major in-plane strain direction (Figure 5.1(b)) . In Figure 

5.1(a), they are on the right-hand side of the FLD, while in Figure 5.1(c), they are on the left-

hand side. This shift in FLC0 is apparently the result of different amounts of increase of the 

limit strain for different directions of TTS and different in-plane strain ratios 22ρ .  

5.2.2 Critical groove orientations under monotonic loading 

All initial values Φ0 in the range [-90°;90°] with an interval of 1° are considered to con-

struct the FLCs shown in Figure 5.1. The limit strain corresponds to the smallest value of the 

matrix strain at necking for all these initial groove orientations. The corresponding initial 

value of the groove angle Φ0
cr is the critical one with respect to the onset of localized neck-

ing. The groove angle evolves during deformation until it reaches a certain value at necking, 

denoted by Φ*. Figure 5.2(a) and (b) present respectively Φ0
cr and Φ* for various directions 

of Through-Thickness Shear (TTS) and all in-plane strain rate ratio’s ρ22 ≤ 0.9. For strain 

modes with ρ22 ≤ 0, Figure 5.2(b) also includes the angle that gives the direction of zero 

extension in the bifurcation analysis of Hill [78], denoted here as ΦHill . It is calculated as (see 

also [105]): 

 ( ) 22tan HillΦ ρ= ± −  (5.1) 

For ρ22 = 1, Figure 5.2(c) shows the major in-plane necking strain *
11ε  for these types of 

TTS, as a function of all initial groove angles Φ0. From equation (4.2), it follows that there is 

no groove rotation for this case (Φ0 = Φ), since 11 22
a aε ε=  for equibiaxial stretching. The 

abcis of the minimal values of the respective curves gives Φ0
cr = Φ*, while the ordinate 

corresponds to the forming limit strain.  

For the left-handed side of the FLD (-0.5 ≤ ρ22 < 0), two symmetric branches can be seen 

in Figure 5.2(a)-(b) if TTS is absent (marked with ‘x’), or if  TTS acts on the plane perpen-

dicular to either one of the two principal in-plane strain direction, i.e. if 0TTSα = °  (curve 

marked with ‘o’) or 90TTSα = °  (curve marked with ‘∆’). In these cases the resulting major 

in-plane necking strains are found to be symmetric around Φ = 0°, i.e. ( ) ( )ΦΦ *
11

*
11 εε =− . 

However, if TTS is at 45° to the two in-plane principal strain directions (curve marked with 

‘□’), this symmetry does not hold, resulting in a single branch. It can also be seen in Figure 

5.2(b) that the Hill angle gives a reasonable approximation of Φ* for all considered cases of 

TTS. 
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Figure 5.2 (a) The critical initial groove angle Φ0
cr and (b) the critical groove angle at 

necking Φ* as a function of the in-plane strain rate ratio ρ22 (in the range -

0.5 ≤ ρ22 ≤ 0.9). (c) For ρ22 = 1, the major in-plane necking strain *
11ε  as a function of all 

initial groove angles Φ0. The different curves refer to the four combinations of ρ13 and 
ρ23 shown in the legend. 
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Excluding equibiaxial stretching, it was found for 0 90TTS orα = ° ° , that all non-

negative in-plane strain rate ratio’s (0 ≤ ρ22 < 1) have Φ0
cr = Φ*  = 0°. It means that the 

critical groove is perpendicular to the major in-plane strain direction and that there is no 

groove rotation during deformation (this follows directly from equation (4.2)). This observa-

tion agrees with the assumption of the groove orientation used in the original paper of 

Marciniak and Kuczynski [42]. In case 45TTSα = °  however, the critical groove direction is 

not perpendicular but oblique to the major in-plane strain direction. 

 

In the case of equibiaxial stretching (ρ22 = 1), each in-plane direction is a principal in-

plane strain direction. The global reference frame is thus defined somewhat arbitrary (this no 

longer applies for an anisotropic material). As a result of this, the curves marked with ‘o’ and 

‘∆’ in Figure 5.2(c) are the same, apart from a horizontal shift of Φ = 90°. Indeed, the magni-

tude of the imposed TTS is the same ( 0.3TTSρ = ), only the direction of TTS with respect to 

the global frame is different ( 0 90TTS orα = ° ° ). The difference in TTSα  between both cases 

being 90° results in the horizontal shift of 90° between their respective curves. 

The curve marked with ‘□’ has a higher amount of imposed TTS, i.e. 

0.3 2 0.42TTSρ = ≈  (The ‘ 2 ’ originates from equation (4.14) in which ρ13 = ρ23). This 

curve appears to be somewhat stretched in the vertical direction compared to the previous 

curves (it has a higher maximum and a lower minimum). The forming limit *
11ε , correspond-

ing with the minimum, is thus lower. In this case, the imposed TTS is at 45° ( 45TTSα = ° ), 

which results in a horizontal shift of the curve of 45° compared to one of previous cases. 

The equibiaxial stretching with imposed TTS (Figure 5.2(c)) can be summarized as fol-

lows: 

(i) The maxima in the curves correspond to a groove aligned along the direc-

tion of imposed TTS, i.e. for 90TTSΦ α= ± ° . This maximum increases 

for an increasing magnitude of TTS, so TTS along the groove direction de-

lays the onset of necking for this particular groove orientation.  

(ii)  The forming limit *
11ε  is however found at the minima of the curve. It is 

seen to decrease with increasing magnitude of TTS. The critical groove di-

rection Φ* is apparently perpendicular to the imposed direction of TTS, 

i.e. *
TTSΦ α= . 
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5.2.3 Detailed analysis of selected deformation modes 

In each of the 5 following subparagraphs, a selected deformation mode is studied in more 

detail. Three of them correspond to ‘plane strain’ (by which it is meant in this context that 

22
aD  = 0 and so ρ22 = 0). These cases are: plane strain without Through-Thickness Shear 

(TTS), with TTS along the minor, and with TTS along the major in-plane strain direction, in 

paragraphs 5.2.3.1, 5.2.3.3 and 5.2.3.4 respectively. In these cases, the groove is considered 

to lay along the minor in-plane strain direction (Φ0 = 0°) since it was found to be the critical 

initial groove orientation, cf. Figure 5.2(a)-(b). In these deformation modes the groove does 

not rotate, so Φ = Φ0
cr = Φ*  = 0°. In other words, the global 1-direction is aligned with the 

groove n-direction, and the global 2-direction is aligned with the groove t-direction through-

out the deformation. 

In these 3 subparagraphs, the following equations (5.2)-(5.3) will show to be useful. 

From the plane strain condition 22 0aD =  and the von Mises flow law (4.62), it follows that 

the 22-component of the deviatoric stress tensor equals 0, i.e 22 0as = . On the other hand, we 

have 11 11
a a a

msσ σ= +  and 22 22
a a a

msσ σ= +  (cf. equation (4.37)). Filling these last three 

equations and equation (4.39) into 11 22 33 0a a as s s+ + =  (the trace of a deviatoric stress tensor 

equals 0), it leads to: 

 11 222 0a aσ σ− =  (5.2) 

In view of the compatibility condition (4.40), in which the subscript ‘t’ may be replaced 

by ‘2’, a similar derivation can be made for the groove, leading to: 

 11 222 0b bσ σ− =  (5.3) 

 

Equibiaxial stretching without TTS is considered in the subparagraph 5.2.3.2. For this 

particular deformation mode, the necking strain does not depend on Φ0, considering the 

isotropic constitutive law which is adopted. Also in this case, there is no groove rotation. For 

sake of simplicity, also Φ = Φ0
cr = Φ*  = 0° is taken in this analysis.  

Paragraph 5.2.3.5 treats the left-hand side of the FLD, i.e. ρ22 < 0. In this case both refer-

ence frames do not coincide for the critical groove orientation.  
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5.2.3.1 Plane strain deformation without TTS (ρ22 = 0 and ρTTS = 0) 

For the plane strain deformation defined by ρ22 = ρTTS = 0 with Φ = Φ0 = 0°, it can be 

shown that the only non-zero stress components (of the matrix as well as the groove), are σnn 

(= σ11) and σtt (= σ22). The stress mode of matrix and groove can thus be represented in the 

σnn-σtt-section of the von Mises yield locus in normalized stress space, as shown in Figure 

5.3. 

 

Figure 5.3 The normalized σnn-σtt-section of the von Mises yield locus, indicating the 
stress modes ux and the projections of the strain rate tensor in this section Dx. The 
superscript ‘x’ refers to the matrix a (printed in black) or groove b (printed in grey). 

 

Because of equations (5.2)-(5.3), the matrix and groove stress modes (ua and ub, respec-

tively) coincide. The matrix strain rate Da, given by equation (4.6), has a non-zero 33-

component, so it cannot be represented as a vector in the particular section of Figure 5.3. 

Instead, the projection of Da into this plane, denoted Da, is shown. The position, direction and 

length of Da (and also Da) do not evolve during the monotonic loading. 

At the start of the deformation, it is required by equation (4.34) and the initial imperfec-

tion that the groove has a higher stress level than the matrix. This results in a higher 

equivalent strain in the groove, according to the hardening law (4.59). Consequently, the 

groove imperfection b af ϑ ϑ=  decreases, following equations (4.22)-(4.24), which in turn 

affects equation (4.34) as the deformation proceeds. So during deformation, the groove strain 

rate accelerates. At the same time, the instantaneous hardening modulus ∂σeq/∂εeq decreases in 

view of the adopted hardening law (4.59). This also contributes to the acceleration of the 
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groove strain rate. The forming limit is reached when one of the two necking criteria (4.46)-

(4.47) is satisfied. As derived in [140] for the hardening law given in equation (4.59) with ε0 

≡ 0, the limit strain *
11ε  is given by: 

 ( )*
11 22 0TTS Snε ρ ρ= = =  (5.4) 

Also in the conventional FLC in Figure 5.1 (thick line), it can be seen that for this particular 

deformation mode *11ε  ≈ nS. 

It can be concluded that for this deformation mode, the only mechanism to delay the on-

set of groove necking is a continuing acceleration of the groove strain rate, for an unchanged 

groove strain mode. 

5.2.3.2 Equibiaxial stretching without TTS (ρ22 = 1 and ρTTS = 0) 

Under equibiaxial stretching defined by ρ22 = 1 and ρTTS = 0 with Φ = Φ0 = 0°, the stress 

mode of matrix and groove lay in the σnn (= σ11) - σtt (= σ22) section, shown in Figure 5.4. 

 

Figure 5.4 The normalized σnn-σtt-section of the von Mises yield locus, indicating the 
stress modes ux and the projections of the strain rate tensor in this section Dx. The 
superscript ‘x’ refers to the matrix a (printed in black) or groove b (printed in grey). 

 

The matrix stress mode ua corresponding to equibiaxial stretching is deduced from the 

flow law (4.62) under the condition a
nn

a
tt DD = , resulting in a

nn
a
tt σσ = . In contrast to the 

previous case, a
ttD is now non-zero and the geometrical compatibility condition (4.40) does 
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not imply that the stress mode of the groove ub coincides with ua. This is illustrated in Figure 

5.4. From the start of deformation, the groove strain rate ||Db|| is larger than ||Da|| because the 

groove stress mode ub is situated more towards the plane strain point on the yield surface 

(marked with a cross in Figure 5.4). 

To comply with equation (4.34) as deformation proceeds, it is required that the ratio 

a
nn

b
nn σσ  increases, corresponding to the increased thinning of the groove. This can be 

achieved by (i) excess strain hardening in the groove, giving an increase in equivalent stress 

of the groove compared to the matrix without a stress mode change (the case of the previous 

paragraph), or by (ii) a change of the groove stress mode towards the plane strain mode 

without an increase in the equivalent stress. Both occur simultaneously, in such a way that the 

geometrical compatibility condition (4.40) is exactly satisfied. 

For this deformation mode the conclusion is that two (simultaneous) mechanisms delay 

the onset of groove necking: an increase in groove strain rate, and a change in groove strain 

mode towards plane strain. This explains in a qualitative way why the forming limit under 

this deformation mode may be significantly higher compared to the plane strain deformation, 

in which case the groove strain mode cannot change. From this, it follows that the yield locus 

shape, i.e. the anisotropy which is present in al real metals, is an important parameter with 

respect to formability under biaxial stretching. A similar analysis and conclusion of this 

deformation mode can be found in [89]. 

5.2.3.3 Plane strain with TTS along the minor in-plane strain direction (ρ22 = 0, ρTTS > 0 
and αTTS = 90°) 

For the plane strain deformation defined by ρ22 = 0, ρTTS > 0 and αTTS = 90° with 

Φ = Φ0 = 0°, it can be shown that the only non-zero stress components (of the matrix as well 

as the groove), are σnn (= σ11), σtt (= σ22) and σt3 (= σ23). The stress mode of matrix and 

groove can thus be represented in the normalized σnn-σtt-σt3-section of the von Mises yield 

locus in stress space, as shown in Figure 5.5.  

The equations (5.2)-(5.3), also valid in this case, imply that the possible stress modes of 

matrix and groove are contained within the plane 2nn ttσ σ= , shown in Figure 5.5. In this 

plane, 0== b
tt

a
tt DD , so the compatibility condition (4.40) is satisfied. By combining the 

geometric compatibility conditions (4.28)-(4.29), the following non-trivial condition for the 

current case can be derived: 

 3 3
b a
t tD D=  (5.5) 
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Figure 5.5 The normalized σnn-σtt-σn3 section of the von Mises yield locus, indicating the 
stress modes ux. The superscript ‘x’ refers to the matrix a (printed in black) or groove b 
(printed in grey). 

 

This equation plays a similar role as equation (4.40) in equibiaxial stretching without TTS 

(for clarity however, it is not illustrated in Figure 5.5 as is done in Figure 5.4). As deforma-

tion proceeds, the matrix strain mode ua remains fixed while the groove strain mode ub 

changes (shown with a grey arrow in Figure 5.5) towards the plane strain point (marked with 

a cross in Figure 5.5). Meanwhile, the groove strain rate increases in such a way that the 

derived compatibility condition (5.5) and the force equilibrium condition (4.34) are exactly 

satisfied.  

As under equibiaxial loading without Through-Thickness Shear (TTS), the onset of 

necking is delayed due to a groove strain mode change towards the plane strain point. For 

anisotropic materials, an accurate representation of this part of the yield locus is thus essential 

for an accurate description of formability under this deformation mode, a fact which is well 

recognized in literature for monotonic biaxial stretching (the right-hand side of the FLD), see 

for example [88]. 
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5.2.3.4 Plane strain with TTS along the major in-plane strain direction (ρ22 = 0, ρTTS > 0 
and αTTS = 0°) 

For the plane strain deformation defined by ρ22 = 0, ρTTS > 0 and αTTS = 0° with 

Φ = Φ0 = 0°, it can be shown that the only non-zero stress components (of the matrix as well 

as the groove), are σnn (= σ11), σtt (= σ22) and σn3 (= σ13). The stress mode of matrix and 

groove can thus be represented in the normalized σnn-σtt-σn3-section of the von Mises yield 

locus in stress space, as shown in Figure 5.6. 

From equations (5.2)-(5.3), it follows that the matrix and groove stress modes are re-

stricted to the plane 2nn ttσ σ= . 

By combining the force equilibrium equations (4.34) and (4.36), the following relation-

ship is obtained: 

 3 3
a b
n n
a b
nn nn

σ σ

σ σ
=  (5.6) 

Both stress ratios in equation (5.6) remain constant throughout the deformation since the 

matrix stress mode does not change. By applying the flow law (4.26) and using equations 

(4.37), (5.2) and 22 0s = , it can be derived that this constant is ρ13/2 = ρTTS/2. Consequently, 

the matrix and groove stress mode are constrained to the plane 13 32nn nρ σ σ=  shown in 

Figure 5.6.  

It is thus apparent that the matrix and groove stress mode have to be the same throughout 

deformation, i.e. at the intersection point of these two planes on the normalized yield locus. 

This is similar to the plane strain deformation without TTS (paragraph 5.2.3.1). Additional 

formability from the groove stress mode change towards the plane strain point is not possi-

ble, as this would violate force equilibrium. As a result, ρTTS has no effect on formability for 

αTTS  = 0° with ρ22  = 0. This can also be seen in the FLCs in Figure 5.1(b). 
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Figure 5.6 The normalized σnn-σtt-σn3 section of the von Mises yield locus, indicating the 
stress modes ux. The superscript ‘x’ refers to the matrix a (printed in black) or groove b 
(printed in grey). 

 

5.2.3.5 The left-hand side of the FLD with TTS (ρ22 < 0 and ρTTS ≥ 0) 

A simple analysis similar to those given in the preceding paragraphs is difficult for the 

left-hand side of the FLD. The critical initial groove orientation Φ0
cr is in general different 

from 0° (see also Figure 5.2(a)), which means that the groove reference frame G does not 

coincide with the global reference frame. Also, the groove rotates towards the major in-plane 

strain direction during deformation according to equation (4.2). As a result, the imposed 

matrix velocity gradient evolves when expressed in the groove reference frame G, even 

though it is constant for the monotonic straining when expressed in the (fixed) global refer-

ence frame. The geometric compatibility and force equilibrium, expressed in the groove 

reference frame G, are thus of a more complex nature and more difficult to analyze. 

On the one hand, the beneficial effect of the three considered directions of TTS (i.e. αTTS  

= 0°, 90° or 45°) on the forming limits is evident in the left-hand side of the FLDs in the 

Figure 5.1(a), (b) and (c), respectively. It can be noted that, for ρ22 < 0, TTS along the minor 

in-plane strain direction (Figure 5.1(a)) is more beneficial on formability than TTS along the 

major in-plane strain direction (Figure 5.1(b)). On the other hand, it can be assessed from 

Figure 5.2(a)-(b) that the average value of the critical groove orientation throughout deforma-
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tion, is closer to 0° (i.e. a groove perpendicular to the major in-plane strain direction) than to 

90° or -90°. From this, and also the observations under equibiaxial stretching in the paragraph 

5.2.1 and the preceding two subparagraphs 5.2.3.3 and 5.2.3.4, it seems reasonable to assume 

that the onset of necking along the incipient necking direction is postponed due to through-

thickness shear along this direction. This will be discussed next in more detail. 

 

Let us consider the instantaneous groove direction Φ  for the critical case, i.e. evolving 

from 0
crΦ  to *Φ  during deformation. Analogous to the definition of the strain rate ratios in 

equations (4.8) and (4.13), the TTS in the plane containing the sheet normal direction and the 

instantaneous groove direction t can be characterized by: 

 3
3

11

a
t

t a

D

D
ρ ≡  (5.7) 

More in particular, the amount of this kind of TTS, i.e. the absolute value 3tρ , is rele-

vant. From a tensor transformation of the strain rate tensor of the matrix [Da], more in 

particular a reference frame rotation over α Φ=  around the 3-axis, it is found from equation 

(4.11) that: 

 ( ) ( )3 13 23sin costρ Φ ρ Φ ρ= − +  (5.8) 

In case there is groove rotation, it is clear from this equation that 3tρ  is not constant during 

deformation, not even for monotonic loading.  

Substitution of equations (4.15)-(4.16) into equation (5.8) leads to: 

 ( )3 sint TTS TTSρ α Φ ρ= −  (5.9) 

The equations (5.8)-(5.9) both express the amount of TTS along a particular groove direction 

(defined by Φ ) as a function of the externally applied TTS. From equation (5.9), it can also 

be noted that the equation ( ) ( )3 3t tρ Φ ρ Φ− =  holds in the cases (i) 0TTSρ =  (ii) 

0TTSρ ≠  and 0TTSα = °  or (iii) 0TTSρ ≠  and 90TTSα = ± °  (i.e. no TTS or TTS along one 

of both in-plane strain directions). This is the reason why symmetric branches around Φ=0° 

of the curves marked with ‘x’, ‘ o’ and ‘∆’ are found in the Figure 5.2. On the other hand, in 

case 0TTSρ ≠  and 0 90TTS orα ≠ ° ± ° , it follows that ( ) ( )3 3t tρ Φ ρ Φ− ≠  (for Ф ≠ 0°). It 
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results in a single branch of the curve with 45TTSα = °  (marked with ‘□’) in the Figure 

5.2(a)-(b). 

As an approximation, it can be stated that the delay of the onset of necking of the most 

critical groove is controlled by the amount of TTS along the critical groove direction at the 

onset of necking (denoted by t*). The corresponding strain rate ratio is given by: 

 ( )*3
*3

11

sin *
a
t

t TTS TTSa

D

D
ρ α Φ ρ≡ = −  (5.10) 

The advantage of introducing 3*tρ  lies in the fact that its value does not evolve during 

monotonic loading. It thus allows visualizing the effect of the (approximate) TTS along the 

critical groove direction on the resulting forming limit strain. Figure 5.7 gives an example for 

uniaxial tension deformation (ρ22 = -0.5) with various magnitudes and directions of imposed 

TTS. 

 

Figure 5.7 The major in-plane limit strain *
11ε  for a number of monotonic, uniaxial 

tension loadings (i.e. ρ22 = -0.5), with different amounts of TTS, determined by ρ13 and 
ρ23, as a function of 3*tρ  (defined in equation (5.10)). 
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It can be seen that for relatively small values of 3*tρ , the three curves corresponding to 

three different directions of applied TTS are overlapping. This indicates that it is indeed the 

TTS which acts along the critical groove direction that controls the delay of necking. For 

higher values of 3*tρ , the limit strains are high and so the total groove rotation during 

deformation is large. Consequently, the approximation of equation (5.10) to represent the 

TTS along the instantaneous groove direction t is less accurate. The accuracy depends in fact 

on the direction of applied TTS (cf. Figure 4.2). This results in diverging curves in Figure 5.7 

for higher values of 3*tρ . 

5.3 Monotonic FLCs of anisotropic materials 

5.3.1 Material selection 

Two commerically available materials that are used in Incremental Sheet Forming re-

search have been selected. The first one is the aluminum alloy sheet AA3103 of 1.5mm 

thickness in the fully annealed state. Its main alloying elements Mn and Fe (see Table 5.2) 

form second phase intermetallic particles. The second sheet is the low carbon steel named 

DC01, with a thickness of 1.0mm. It contains about 0.05% C. 

 

Table 5.2 Chemical composition (wt %).  

 AA3103   DC01 
Mn 1.1  Mn 0.21 
Fe 0.5  C 0.049 
Si 0.19  Al 0.029 

Cu 0.07  Ni 0.024 
Ti 0.02  Cu 0.017 
Zn 0.01  Cr 0.016 

Mg 0.01  P 0.008 
Cr 0.01  S 0.008 
Al  Bal.  N 0.003 

   Si 0.002 
   Ti 0.001 
   B 2e-4 
   Fe Bal. 
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Figure 5.8 presents the hardening behaviour of both materials observed in a representa-

tive tensile test along the rolling direction RD untill the onset of diffuse necking 

(corresponding to the maximum in an engineering stress-strain curve). For the AA3103, it is 

at 21% of plastic strain, and for the DC01, it is around 18%. It is seen in Figure 5.8 that for 

smaller strains, the hardening can be approximated well with the Swift hardening law. The 

parameters of the Swift approximation in Figure 5.8 can be found in Table 5.3.  
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Figure 5.8 Hardening curves of tensile tests along the rolling direction RD, and the Swift 
hardening law (cf. equation (4.59)) with the parameters of Table 5.3. 

 

Table 5.3 Swift hardening parameters. 

 AA3103 DC01 

K [MPa] 180.0  547.0  

ε0 0.00068 0.00544 

n 0.218 0.184 

 

5.3.2 Texture 

To determine the initial texture of both materials, texture measurements by X-ray diffrac-

tion were performed at half the sheet thickness. For each sheet, four incomplete pole figures 

were measured, i.e. (111)-, (200)-, (220)- and (311)-pole figures for AA3103 and (110)-, 

(200)-, (211)- and (311)-pole figures for DC01. The orientation distribution function (ODF) 

was calculated from the measured incomplete pole figures using the MTM-FHM software 

[129]. The Bunge convention for Euler angles is adopted [130]. The chosen maximal order of 

the series expansion Lmax is 22. Orthorhombic sample symmetry was imposed in the ODF 

calculation, since this symmetry could be seen in the measured pole figures of these rolled 

sheets. 
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Selected ODF sections that contain the most relevant texture components are given in 

Figure 5.9 and Figure 5.10, for the AA3103 and DC01 sheets, respectively. Common names 

for fcc and bcc texture components have been adopted from the literature. A texture compo-

nent is a set of grains that have the same orientation, so they can be represented by a single 

crystal. The crystal orientation of a component is defined by the notation (hlk)[pqr]. In this, 

(hkl) means that the crystallographic plane with Miller indices hkl is parallel to the sheet 

plane, whereas the crystallographic direction with Miller indices pqr is parallel to the rolling 

direction RD [141]. 

A very strong cube component (100)[001] can be seen in Figure 5.9. It is a typical re-

crystallisation texture component in fcc metals like this aluminium alloy. Besides Cube, also 

a strong orientation in between Brass (011)[21-1] and P (011)[12-2] (closer to P) is present, 

as well as a minor Goss (011)[100] component. The so-called β-fibre, going from Brass over 

S (123)[41-2] to Cu (112)[11-1], contains the stable end orientations of the preceding cold 

rolling (i.e. plane strain deformation). They have been mostly removed in favour of Cube 

during recrystallization, leaving only a very weak S- and Brass-component. A very similar 

annealed texture of a direct chill-cast alloy with similar composition is presented in [131]. 

In ferritic steels, the main texture components are usually found in the φ2=45° section, cf. 

Figure 5.10, which contains the α- as well as the γ-fibre. The α-fibre contains all orientations 

having a <110> direction parallel to the rolling direction RD, such as the H (001)[110], J 

(114)[1-10], I (112)[1-10] and E (111)[1-10] components. The γ-fibre consists of all orienta-

tions with a <111> direction parallel to the normal direction ND, such as E (or E’) and F (or 

F’). The components E (111)[1-10] and E’ (111)[0-11] are actually crystallographically 

equivalent, as are F (111)[1-21] and F’ (111)[-1-12], so they represent the same physical 

orientation. The additional sections in Figure 5.10 (φ1=0° and φ1=90°) allow to have a more 

complete idea of the spread around these ideal fibre orientations.  

This particular low carbon steel DC01 consists of a full γ-fibre and a partial α-fibre. In 

the α-fibre, the H component is clearly missing but J, I and E are present. In the full γ-fibre, 

the component E is relatively higher than F. In thermo-mechanical processing of ferritic steel 

sheets, a homogeneous γ-fibre has the most advantageous forming properties, as the crystal 

orientations on the γ-fibre result in a high average R-value and thus high deep-drawability 

[142]. Besides this, the inhomogeneity of the γ-fibre and also the presence of the α-fibre 

contribute to in-plane anisotropy, which is generally undesirable. From the texture analysis of 

the particular sheet, a high average R-value is expected and a moderate in-plane anisotropy. 
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Figure 5.9 The φ2=45°, φ2=65° and φ2=90°sections of the ODF of AA3103-O (1.5 mm 
thickness) with the location of the most important texture components of aluminum 
alloys. Maximum value of ODF: 10.85. 

 

 

 

Figure 5.10 The φ1=0°, φ2=45° and φ1=90°sections of the ODF of DC01 (1.0 mm thick-
ness) with the location of the most important texture components of ferritic steels. 
Maximum value of ODF: 13.26. 
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5.3.3 Facet description based on the Taylor model 

As a first application of the extended MK model with the Facet method to describe mate-

rial anisotropy [137], the full-constraints Taylor multilevel model [143] is chosen. It is a 

fairly simple multilevel model, as all grain interactions are neglected. It assumes that the 

strain of each grain equals the one imposed onto the whole polycrystal. More advanced 

multilevel models, like self-consistent models, GIA model and advanced LAMEL model (all 

discussed in [144]), do take grain interaction into account and may therefore in future re-

search produce a more accurate description of anisotropy. 

The fitting procedure of both textures is performed in strain rate space as follows: 

(i) The order 8n =  is chosen for the Facet expression, as well as  2482K =  

strain modes, which cover the whole 5-dimensional stress space with an angu-

lar resolution of about 17°. For 8n = , this value of K  is recommended in 

[145].  

(ii)   For each of these strain modes κD (1 Kκ≤ ≤ ), the corresponding stress mode 

κs and average Taylor factor Mκ  are calculated by applying the conventional 

Taylor-Bishop-Hill model on a discrete set of 5000 orientations that describe 

the complete ODF of the respective texture. For the aluminum alloy, the 12 

slip systems {111}<110> are considered in the multilevel model. For the fer-

ritic steel, the 24 slip systems {110}+{112}<111> are chosen. In both cases, 

the critical resolved shear stress cτ  is taken to be equal on all slip systems. 

(iii)  The remaining parameters κλ  of equation (4.58) are iteratively calculated ac-

cording to the procedure proposed in [137], until a converged approximation 

of the average Taylor factors in stress-space is obtained. 

 

A verification of the quality of the Facet method is made using the MTM-FHM software 

[129]. A first verification, cf. Figure 5.11, is given in terms of the q-values, i.e. the ratio of 

width contraction to longitudinal elongation under uniaxial tension [146]. The uniaxial 

tension direction may be varied within the sheet plane, which is characterized by the angle 

towards the rolling direction RD. The trends in q-values are seen to be well reproduced for 

both materials. Note that most of the Taylor results in this figure have actually not been used 

in the identification procedure. 



Formability predictions 

     123 

 

Figure 5.11 q-value as a function of the angle from the tensile direction to the rolling 
direction RD. 

 

A second verification is made in terms of the yield locus derived from the Facet poten-

tial. Figure 5.12 shows the 11σ - 22σ -section, in which the 1- and 2-directions correspond to 

the rolling direction RD and transverse direction TD, respectively. It is compared to the so-

called geometric method [147]. This method gives the outer envelope of a large number of 

hypersurfaces in stress space that are tangent to the yield locus. They are calculated directly 

by the Taylor model from a large number of strain modes covering the whole strain rate 

space. The intersection of this envelope with the particular section in stress space gives a 

series of lines that thus are outside the yield locus, and possibly touching it at some point in 

the section. In Figure 5.11, it is seen that the Facet method reproduces the yield locus very 

well for both materials. The AA3103 yield locus section is clearly less rounded than the low 

carbon steel DCO1. This is typical for aluminum alloys, and is related to the number of slip 

planes, which is only 12 for fcc materials like aluminum alloys, while it is 24 for bcc materi-

als like ferritic steels. 

Since the stress modes encountered in the extended MK model are not limited to this sec-

tion (see for instance Figure 5.5 and Figure 5.6 for an isotropic material), additional sections 

are presented in the Figure 5.13. While the horizontal axis corresponds to the normal stress in 

the rolling direction 11σ , the vertical axis is one of the three shear stress components 23σ  

(through-thickness shear stress along the transverse direction TD), 13σ  (through-thickness 

shear stress along the rolling direction RD), or 12σ  (in-plane shear stress). The three sections 

are superimposed to show the anisotropy in terms of shear stresses. The trends of the Taylor 
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model yield locus (geometric method) are captured by the Facet method. For AA3103, 23σ  

is clearly different from both other shear stresses. Whereas for DC01 the differences between 

the three yield loci sections is quite small for relative small shear strain, the curve with the in-

plane shear stress 12σ  clearly diverges from both other curves towards the yield point under 

pure shear (on the vertical axis). 

 

 

Figure 5.12 11 22σ σ−  yield loci section, normalized by cτ . 1//RD, 2//TD. 
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Figure 5.13 11 ijσ σ−  yield loci sections, normalized by cτ . 1//RD, 2//TD, 3//ND. 
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5.3.4 Formability predictions of anisotropic sheet 

Figure 5.14 shows the FLCs for both materials without TTS ( 0TTSρ = ) for the anisot-

ropic yield locus derived from the Facet plastic potential, as well as the isotropic von Mises 

locus. For the former, 3 different directions of the rolling direction RD with respect to the 

major in-plane strain direction are considered, as shown in the legend. It is apparent that for 

both materials, the Facet yield locus give very different formability predictions in the right-

hand side of the FLD. Referring to Figure 5.12, the difference between both materials can be 

related to the difference in their yield loci in the region between the equibiaxial and plane 

strain yield point. More in particular, the AA3103 has the smallest formability because the 

ratio of plane strain yield stress over equibiaxial yield stress is the smallest, and consequently 

the delay in the onset of necking due to the strain mode change of the groove towards plane 

strain, is very limited (cf. the discussion in paragraph 5.2.3.2). On the other hand, the ‘more 

rounded’ yield locus of the DC01 has a higher formability that is comparable to von Mises, 

while their respective yield loci are also similar. 

The left-hand side of the FLD is seen to be practically independent of the adopted yield 

locus. It is interesting to make the comparison with the bifurcation analysis of Hill [78], 

which gives a limit strain of: 

 ( )*
11 22

22
0 0

1 TTS
n

forε ρ ρ
ρ

= ≤ =
+

 (5.11) 

This equation is derived for a material that has Swift hardening as in equation (4.59), but 

with 0 0ε = , and that has a normal anisotropy (meaning it is isotropic in the sheet plane). The 

forming limit derived from it is however independent of the normal anisotropy parameter. In 

the FLD, it corresponds to a line with a slope of -45° that intersects with the vertical axis 

( 22 0ρ = ) at *
11 nε = . Although the approaches of MK and Hill are very different, the form-

ability predictions are seen to compare very well in this region of the FLD. They correspond 

to the following formability criterion in terms of the thickness strain: 

 ( )*
33 22 0 0TTSn forε ρ ρ= − ≤ =  (5.12) 

In [140], this is also discussed as well as experimentally validated. 
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Figure 5.14 Forming Limit Curves for the AA3103 and DC01 without TTS ( 0TTSρ = ), 
with three different angles between the major in-plane strain direction and the rolling 
direction. 

 

A last observation from Figure 5.14 is that the sheet orientation with respect to the prin-

cipal in-plane straining directions has for both materials only a small effect on the forming 

limit. The near-symmetry around a line at 45° in the Facet yield locus sections in Figure 5.12 

is directly reflected in the nearly identical FLCs between the curves with 0RDα = °  and 

90RDα = °  in Figure 5.14. 
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The effect of Through-Thickness Shear (TTS) along the minor in-plane strain direction 

( 90TTSα = ° ) is seen in Figure 5.15. It gives formability predictions obtained by using the 

Facet method, but also those obtained from the von Mises yield locus. The effect of anisot-

ropy can be seen from their comparison. The strain paths with TTS have been analyzed in the 

paragraphs 5.2.3.3 and 5.2.3.5, for a von Mises material with 22 0ρ =  or 22 0ρ < , respec-

tively. The significant increase in formability that can be seen has been explained there by a 

change of the groove strain mode. It is thus expected that the local shape of the Facet yield 

locus, which is obviously different for both materials, influences the prediction. This is 

indeed seen in Figure 5.15. For instance, in case 22 0ρ = , the forming limit obtained by using 

the Facet yield locus of AA3103 is higher than for von Mises, while for DC01, it is somewhat 

lower. Nonetheless, the same qualitative trend of increased formability is seen for all yield 

loci, since the underlying mechanism of groove strain mode change is in any case the same. 

Whereas the left-hand side of the FLCs in Figure 5.15 are sensitive to the anisotropy related 

to TTS only, the right-hand side is also sensitive to in-plane anisotropy, which can also be 

seen in Figure 5.14.  

 

Forming Limit Curves with TTS along the major-in-plane strain direction ( 0TTSα = ° ) 

are shown in Figure 5.16. Here, formability is not changed by TTS for the case 22 0ρ = . 

Indeed, as discussed in the paragraph 5.2.3.4, the groove is prohibited to change its strain 

mode, and so formability is the same with as without TTS in this direction, independent of 

the yield locus. It is however not the case for other values of the in-plane strain mode 22ρ , in 

which case the different yield loci result in different formability predictions of the same strain 

modes. More in particular, the Facet yield locus of AA3103 is seen to be hardly affected by 

TTS along this direction, unlike the DC01.  
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Figure 5.15 Forming Limit Curves for the AA3103 and DC01 with three different 
amounts of TTS along the minor in-plane straining direction ( 90TTSα = ° ). 0RDα = ° . 
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Figure 5.16 Forming Limit Curves for the AA3103 and DC01 with three different 
amounts of TTS along the major in-plane straining direction ( 0TTSα = ° ). 0RDα = ° . 

 

In the preceding two figures (Figure 5.15 and Figure 5.16), the rolling direction RD is 

aligned with the major in-plane strain direction, i.e. 0RDα = ° . The influence of a different 

orientation on the formability of the anisotropic Facet yield loci is presented in the Figure 

5.17 and Figure 5.18, for 90TTSα = °  and 0TTSα = ° , respectively. In both figures, the 

magnitude of TTS is taken to be 0.4TTSρ = . Without TTS, the effect of RDα  on the forming 

limit is negligible for both materials (Figure 5.14). For strain paths containing TTS however, 

its influence on formability is seen to be quite significant for the AA3103 anisotropic material 

in case 90TTSα = °  (top FLD in Figure 5.17). A similar effect of anisotropy is less pro-

nounced for the DC01 (bottom FLD in Figure 5.17). 
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Figure 5.17 Forming Limit Curves for the AA3103 and DC01 with TTS along the minor 
in-plane straining direction ( 0.4TTSρ = ; 90TTSα = ° ) and three different angles between 
the major in-plane strain direction and the rolling direction. 
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Figure 5.18 Forming Limit Curves for the AA3103 and DC01 with TTS along the major 
in-plane straining direction ( 0.4TTSρ = ; 0TTSα = ° ) and three different angles between 
the major in-plane strain direction and the rolling direction. 

 

Note that the difference between the yield loci sections marked with the diamond and the 

square in Figure 5.13 (i.e. the ones with non-zero through-thickness shear stress) is clearly 

larger for the AA3103 than for the DC01. It indicates that the AA3103 yield locus is more 

anisotropic in terms of these shear stresses. This explains why the forming limits in Figure 

5.17 are more sensitive to RDα  for the AA3103 compared to the DC01.  
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The assumptions which have been made regarding force equilibrium and geometric 

compatibility in the present model (cf. paragraphs 4.6-4.7), lead to a tremendous influence of 

the direction of the applied TTS on formability. To illustrate this point, Figure 5.19 shows the 

FLCs for a range of TTSα  with 0.4TTSρ = . It is seen that, especially for 22 0ρ ≤ , TTS along 

the minor in-plane strain direction has the most beneficial effect on formability, but the extent 

of it depends on the anisotropic properties. In contrast to this, the direction of TTS has no 

effect at all in the MK model extension of Allwood [124]. As stated there, this is a direct 

result of the choices of stress and force equilibrium equations, which are such that the stress 

and strain evolution within the groove does not depend on the direction of TTS. These 

assumptions are also discussed in paragraph 4.13. However, the force equilibrium equation 

(4.36) of the current extension, which is related to the shear stress between the matrix and 

groove in the thickness direction and which is not assumed in the Allwood-extension, does 

introduce a dependency of formability on the direction of TTS.  

 

To discuss the effect of TTSα  that is seen in the present model, the results of Figure 5.19 

are presented again in Figure 5.20 for three in-plane strain modes only. Under equibiaxial 

stretching ( 22 1ρ = ) with TTS, only a very weak effect of its direction on formability is seen. 

In this case, all in-plane directions are in fact principal surface strain directions, so the angle 

TTSα  basically relates the direction of Through-Thickness Shear to the rolling direction RD 

( 0RDα = °  is taken in these predictions). For plane strain deformation ( 22 0ρ = ) with TTS, 

the curves for both anisotropic yield loci show a nearly sinusoidal behavior in Figure 5.20, 

with minimum at 0TTSα = °  and maximum at 90TTSα = ° . The critical groove direction is in 

this case along the minor in-plane strain direction ( 0Φ = ° , no groove rotation), and accord-

ing to equation (5.9), the TTS along the groove direction also follows a sinusoidal 

relationship of TTSα  in accordance to Figure 5.20. Finally, under near-uniaxial tension (i.e. 

22 0.5ρ = − ) with applied TTS, it can be seen that there is a minimum in formability around 

30TTSα = ° , a local maximum at 0TTSα = ° , and a global maximum at 90TTSα = ° . 
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Figure 5.19 Forming Limit Curves for the AA3103 and DC01 with TTS along 7 differ-
ent directions ( 0.4TTSρ = ). 0RDα = ° . 
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Figure 5.20 The major in-plane forming limit strain *
11ε  as a function of the direction of 

TTS ( 0.4TTSρ = ) for three different in-plane strain modes 22ρ . 0RDα = ° . 
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A final remark on this section should be made regarding experimental validation of these 

formability predictions. The design of an experiment which imposes monotonic TTS and in-

plane stretching onto sheet is not obvious. A meritable attempt is made in the same paper that 

contains the MK model extension of Allwood [124]. In the proposed ‘linear paddle test’, a 

horizontal tensile test specimen is axially loaded under a constant force that by itself does not 

cause yielding. A paddle (with a similar thickness as the sheet) is pressed vertically onto the 

specimen with a constant force, and is repeatedly moved horizontally along the tensile axis 

with a constant velocity, so as to induce normal and friction shear forces that cause local 

plastic yielding. The paddle action is reported to increase the failure strain, which is attributed 

to the normal stress and TTS induced by the paddle. The authors point out that this test does 

not impose a monotonic deformation. Though not admitted by the authors, the out-of-plane 

force exerted by the paddle should also induce out-of-plane deformation and sheet curvature, 

which is known to affect the onset of localized necking (cf. paragraph 2.3.4). 

The design of new formability tests dedicated to TTS in sheet forming clearly offers a 

challenge, since (i) monotonic loading may not be fulfilled and the a non-monotonic strain 

path may not be well known, and (ii) other effects such as sheet normal stress and sheet 

curvature may be difficult or impossible to separate from TTS. These points are also illus-

trated in the next paragraph, which treats the Single Point Incremental Forming (SPIF) 

process as a formability test. 

5.4 Formability in the Single Point Incremental Forming process 

The extended MK model is in this paragraph applied to the Single Point Incremental 

Forming process. It serves to illustrate how a formability prediction can be made based on an 

overall deformation that includes in-plane stretching and Through-Thickness Shear (TTS). 

The overall TTS can either be obtained through measurement (cf. paragraph 3.3), or predicted 

with a validated FE model, as in paragraph 3.2. Several typical aspects of SPIF can however 

not be captured by the extension proposed in Chapter 4, although the literature study has 

shown that they affect formability. These factors include non-proportionality of the deforma-

tion path (which may refer in this context to changes in the in-plane strain mode and/or 

magnitude of TTS and/or direction of TTS), high sheet curvatures as well as non-negligible 

sheet normal stresses. Consequently, the results presented hereafter may not be considered as 

qualitative formability predictions, but rather show that TTS is a contributing factor to the 

high formability in SPIF. 
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It should be noted that the definition of the local sheet frame in SPIF introduced in Chap-

ter 3 (with 1-, 2- and 3-axes, see e.g. Figure 3.1) corresponds to the global reference frame of 

the extended MK model in Chapter 4 (cf. Figure 4.1). Indeed, many SPIF investigations have 

shown that the total deformation of the sheet surface corresponds to plane strain [32, 127], 

the direction with negligible elongation being the local tool movement direction, correspond-

ing to the 2-axis of the local sheet frame. The 1-axis (along the cone wall) thus corresponds to 

the major in-plane strain direction. 

 

Figure 5.21 (a) A piece of the sheet in the undeformed state. The 1-2-3-frame is the local 
sheet reference frame (cf. Figure 3.1). (b) In the fully formed state, the piece of sheet is 
elongated along the 1-direction, unstreched along the 2-direction, thinned along the 3-
direction and shows TTS in the 1-3- and 2-3-planes. 

 

Material vectors X along the three reference axes in the undeformed state (Figure 

5.21(a)) are transformed into material vectors x at the end of the process as shown in Figure 

5.21(b). The overall deformation in a SPIF cone can be described by the total deformation 

gradient F, which satisfies x=F.X under the assumption of homogeneous straining. The 

expression of F in the 1-2-3 reference frame can thus be constructed from Figure 5.21 as 

 [ ]
( )
( )

0 13 0
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0 tan

0 1 tan
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f f
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ϑ ϑ γ ϑ ϑ
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=  
 
  

F  (5.13) 

in which ‘tan’ denotes tangent. It is assumed that volume is conserved by imposing that 

F11F22F33=1. Under the assumption that the velocity gradient L  is constant throughout the 

process, it can be calculated from the tensorial differential equation: 

 1 constant
d

dt
−= ⋅ =F

L F  (5.14) 

which has the solution: 
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( )ln

T
=

F
L  (5.15) 

in which ‘ln’ represents the tensorial logarithm, and T is the total time of the deformation 

process. The velocity gradient L  obtained by applying equation (5.13) to (5.15) is of the same 

form as equation (4.3). From its symmetric part (equation (4.6)), the strain mode ratio’s ρ22, 

ρ13 and ρ23 are retrieved, which describe together the monotonic strain mode to reach the 

deformation from Figure 5.21(a) to (b). They are independent of the choice of T in equation 

(5.15). The in-plane strain mode ρ22 found in this way equals 0 (plane strain surface deforma-

tion), while ρ13 is non-zero for a non-zero γ13, and ρ23 is non-zero for a non-zero γ23.  

 
A DC01 SPIF cone of 65° wall angle is taken as an example. The TTS angles γ13 and γ23 

have been measured from drilled holes in the sheet, cf. paragraph 3.3. The final thickness is 

estimated from the sine law (2.1). Hardening is assumed to follow the isotropic Swift law, 

with hardening parameters as given in Table 5.3. The anisotropy is described by a Facet 

plastic potential, the parameters of which are obtained from the texture according to the 

procedure described in paragraphs 5.3.2-5.3.3. The rolling direction RD is assumed to lie 

along the 1-axis (αRD=0°). 

Four assumed deformation gradients F of the 65° wall angle cone are considered next, as 

shown in Table 5.4. Only the case 4) corresponds to the actually measured total deformation 

(cf. Figure 3.14). The other cases are also considered in order to illustrate the influence of 

TTS on the onset of localized necking in SPIF. 

Figure 5.22(a) presents the MK necking strain results from the different deformations of 

Table 5.4, for different initial groove normal directions Φ0. The forming limit ε*11 (i.e. the 

curve minimum) is higher for the cases 3) and 4) compared to 1) and 2), so TTS either 

increases the necking strain or has no effect on it, but does not decrease it for the considered 

cases. It can also be noted that ε*11(-Φ0) = ε*11(Φ0), except when both TTS ratio’s are non-

zero (case 4) marked with ). 

 

Table 5.4 Four assumed total deformations for the DCO1 cone with α=65° 

 symbol θ/θ0 γ13 γ23 

1)  0.42 0° 0° 

2)  0.42 -28° 0° 

3)  0.42 0° 14° 

4)  0.42 -28° 14° 
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Figure 5.22 (a) Predicted necking strain *
11ε , as a function of the initial groove normal 

direction Φ0, and (b) the amount of TTS along the groove direction at necking |ρt3|, as a 
function of Φ0. For the symbols, see Table 5.4 

 

In paragraph 5.2.3.5 it has been argued that in the left-hand side of the FLD (i.e. ρ22<0), 

the TTS along the incipient necking direction |ρt3| (defined in equation (5.8)), is responsible 

for a delay of the onset of necking. Figure 5.22(b) presents this quantity for the four different 

deformations currently under investigation, and for the different initial groove orientations Φ0 

(i.e. Φ=Φ0 is taken in equation (5.8)). From the comparison of Figure 5.22(b) with Figure 

5.22(a), it can be seen that the larger the TTS along the groove direction is, the higher neck-

ing limits are raised compared to the deformation without TTS (curve marked with ). 
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For the actually measured total deformation in the 65° wall angle cone (case 4) marked 

with  in Figure 5.22(a), the predicted major in-plane limit strain is found to be 0.23, while it 

is only 0.15 if TTS is not considered in the MK model. The relative increase in formability is 

thus significant. In absolute terms however, the increase in formability is only moderate 

under the current assumptions, seen the fact that the total strain along the cone wall in this 

cone is ε11=0.86 (estimate from equation (3.13) with α=65°). For comparison, it is noted that 

the limiting wall angle under these process conditions is found to be α=70°, from which a 

limit strain *
11ε =1.07 is estimated using equation (3.13).  

 

In view of the sensitivity of the formability prediction to the direction of imposed TTS, a 

very different prediction may be obtained by considering the possible change in direction of 

TTS during the process (i.e. non-monotonic loading). This is likely to take place during the 

SPIF process, in view of the dependence of the overall TTS on tool rotation that is seen in the 

FE analysis in paragraph 3.2.6 (cf. Table 3.7). It should also be noted that 0.15 (prediction 

without TTS) is a very low value for the plane-strain forming limit of a low-carbon steel. As 

shown in [86], taking into account of strain-rate sensitivity in the material model of an MK 

model results in higher limit strains (for strain paths without TTS). This effect is even signifi-

cant for low strain-rate sensitive materials such as steels, see e.g. [87]. If incorporated in the 

material model, it would thus be expected that strain-rate sensitivity raises the formability 

prediction, also for strain paths that contain TTS. 
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5.5 Conclusion 

This chapter presents formability predictions of the extended MK model of Chapter 4 

under monotonic loading conditions. In paragraph 5.2, the simple von Mises yield locus is 

adopted in order to investigate the underlying physical mechanism that causes a change in 

formability in the presence of Through-Thickness Shear (TTS). The detailed study of several 

selected deformation modes (paragraph 5.2.3) allows to conclude that TTS along the direc-

tion of incipient necking is a delaying factor in the onset of localized necking, due to a stress 

mode change within the groove that brings about additional resistance to strain localization. 

It is seen that the shape of an anisotropic yield locus influences the formability predic-

tions, cf. paragraph 5.3. For an investigated aluminum alloy texture (AA3103), formability is 

increased even further compared to an isotropic yield locus, while this is not the case for a 

low carbon steel (DC01) texture. Also the sheet orientation can have a (limited) influence on 

the beneficial effects of TTS on formability. Much more significant however is the direction 

of the applied TTS with respect to the major in-plane strain direction. 

The last paragraph 5.4 applies the extended MK model to the total deformation of a large 

wall angle cone of DC01, assuming monotonic loading, which is quite unrealistic in SPIF. It 

is concluded that TTS can indeed delay the onset of localized necking in SPIF. However, a 

fully quantitative prediction requires an accurate description of the non-monotonic deforma-

tion path in SPIF, as well as material models that are more accurate, by accounting for strain-

rate sensitivity and anisotropic hardening at strain path changes. 
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6. General conclusions and outlook 

 

 

 

 

 

 

 

Chapter 6 

General conclusions and outlook 

 

6.1 General conclusions 

In this thesis, the phenomenon of plastic shearing of sheet metal in a plane containing the 

sheet normal direction (Through-Thickness Shearing - TTS) has been studied in the Single 

Point Incremental Forming (SPIF) process. Though the existence of TTS in Incremental 

Sheet Forming (ISF) processes has been a topic of debate in the recent literature, strong proof 

of its existence has been provided in this thesis on the basis of three different methods.  

Firstly, a Finite Element (FE) modeling strategy is presented that is very well suited for 

the localized plastic deformation occurring in the direct vicinity of the forming tool in SPIF, 

based on the ABAQUS© submodelling technique. Continuum (brick) elements are adopted 

as they do not neglect a priori TTS. The submodels allow to assess the minimal mesh density 

required in order to obtain accurate (i.e. mesh-independent) results of TTS. The study reveals 

that, for some common SPIF process parameters, a sub-millimetre mesh is required. It is 

shown that too coarse meshes do not capture the small contact zone adequately, and result in 

an underprediction of TTS, which in turn may result in an overprediction of the forming 

force. For a Mn-Fe alloyed aluminum sheet, a good prediction of forming force components 

is reached for a high wall-angle SPIF cone, adopting a saturating isotropic-kinematic harden-

ing law using an inverse method on several mechanical tests in which much smaller strains 

are reached, as proposed in [127]. It is also shown that the FE contact model may be vali-

dated separately, as only the force component along the tool displacement direction is 
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sensitive to friction. For the validated FE mesh density, constitutive law and contact model, 

the prediction of TTS is shown to be dependent on the imposed tool rotation during SPIF. 

Secondly, a direct experimental measurement method of the total TTS is proposed based 

on the deformation of small, drilled holes. From this method, statistically non-zero through-

thickness shear angles are measured for a low carbon steel sheet subjected to various levels of 

deformation in SPIF. 

Thirdly, texture measurements on deformed SPIF products reveal that after high levels of 

deformation, the initial orthorhombic texture symmetry of Mn-Fe alloyed aluminum sheet 

transforms into a monoclinic symmetry with a twofold rotation axis that lies in the sheet 

plane. Such texture evolution provides indirect evidence of TTS after large plastic straining. 

Although the method does not provide a direct measurement of TTS, it has the advantage that 

no defect has to be introduced in the sheet material, unlike the preceding experimental 

method. From the comparison with texture evolution after cold rolling, the texture evolution 

in truncated pyramids formed by SPIF is seen to be the result of TTS and repeated sheet 

bending and unbending, besides an in-plane deformation of plane strain.   

 

The presence of TTS in the SPIF process has been the motivation to extend the widely 

used Marciniak-Kuczynski (MK) sheet forming limit model for the prediction of localized 

necking. The model as detailed in this thesis is applicable to monotonic loading conditions 

that do not only consist of in-plane stretching, but also simultaneous through-thickness 

shearing. Tensorial analysis leads to conclude that in general, TTS can be associated to a 

particular direction in the sheet plane in which it is extreme. A deformation mode thus 

consists in general of only three independent variables, i.e. the in-plane strain mode, the in-

plane direction of TTS, and the magnitude of TTS, whereas traditional MK models only 

consider the in-plane strain mode. For anisotropic sheet, an additional parameter has been 

included that expresses the initial sheet orientation. 

The combination of TTS with anisotropic plastic behavior leads to two additional issues 

that are usually not encountered in the MK model framework. Firstly, the local material 

frame proposed in [133] is incorporated, so that rotation of anisotropic properties is consid-

ered during shearing. Secondly, anisotropy is expressed by the Facet plastic potential [137], 

which relies on virtual tests of a multilevel model in the whole strain rate space rather than on 

actual mechanical tests, since mechanical tests generally do not contain information on the 

anisotropy related to TTS. 
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In order to include TTS, one force equilibrium equation and three geometric compatibil-

ity equations have been added to the MK model framework. All of them are based on 

physical insights in the phenomenon of localized necking, and arguments are provided why 

the present extension is more physically based compared to a recently proposed alternative 

approach [124]. 

 

The formability predictions of the extended MK model show that TTS can delay the on-

set of necking under monotonic loading. This delay depends to a high degree on the direction 

of applied TTS. In case TTS is present along the incipient necking direction, necking is 

postponed by additional hardening associated with a stress mode change towards the plane 

strain point on the yield locus. A similar mechanism is known to occur under equibiaxial 

stretching without TTS [89].  

For textures of a Mn-Fe alloyed aluminum sheet and a low carbon sheet, the Facet plastic 

potential is obtained from virtual tests of the Taylor-Bishop-Hill multilevel model, revealing 

out-of-plane anisotropy that cannot be obtained by mechanical tests. Formability predictions 

are seen to be much more affected by the direction of applied TTS with respect to the major 

in-plane strain direction, than by the initial orientation of the sheet anisotropy axes. 

Based on these predictions and the total TTS found in SPIF by the FE method, it is con-

cluded that TTS contributes to the high formability observed in this process. 
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6.2 Outlook for future work 

Finite Element (FE) models of Incremental Sheet Forming (ISF) have often relied on 

shell element formulations in order to keep computation time acceptable. The most common 

shell element formulations are based on the Kirchhoff deformation theory that does not allow 

for Through Thickness Shear (TTS). Future FE studies on ISF could opt for an alternative 

compromise in choosing shell formulations which do allow for TTS, such as the class of 

elements denoted continuum shells. The FE results for various mesh densities in this work 

may also serve as a point of comparison for remeshing strategies in FE models dedicated to 

ISF. 

 

The FE submodelling strategy adopted in this thesis has shown to be a promising method 

to study ISF processes on the sub-millimetre scale. It could thus be useful for future studies 

on ISF dedicated to the contact zone, the state of strain and stress around the forming tool, the 

deformation and stress history throughout the process, as well as ductile damage evolution, 

which is governed by the mechanical behaviour at the microscopic scale. 

 

A possible future extension of the proposed MK forming limit model for non-monotonic 

deformation paths would be quite straightforward as no additional model assumptions would 

be required. At this time, incorporation of anisotropic hardening at strain path changes into 

the material model may also be considered. Other future refinements of the material model 

could include incorporation of strain-rate sensitivity and textural hardening/softening by 

updating the plastic potential on the basis of texture evolution. 

 

Even without modifications, the present MK model could be applied to other sheet form-

ing processes in which TTS may occur. An example is conventional forming processes of 

thick metal sheet (thickness of several millimeters), or sheets drawn over small corner radii. 

Also in-plane deformation of sheet that does not have orthorhombic texture symmetry, like 

asymmetrically rolled sheet, could in future be considered for the presently proposed model 

as non-negligible through-thickness shear stresses are likely to develop and influence form-

ability.  
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