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Abstract— This paper proposes an iterative method for solv-
ing non-convex optimization problems which we call sequential
convex programming (SCP) and an application of our method
to time trajectory planning problem for a car motion. Firstly,
we introduce a formulation of the motion of a car along a
reference trajectory as an optimal control problem. We use a
special convexity based formulation path employing coordinates
and a change of variables technique. Secondly, we use a direct
transcription to transform this optimal control problem into
a large scale optimization problem which is “nearly” convex.
Then, SCP method is applied to solve the resulting problem.
Finally, numerical results and comparison with sequential
quadratic programming (SQP) and interior point (IP) methods
are reported.

1. INTRODUCTION

Time optimal control problems with geometric path appear
frequently in mechanical engineering and industrial applica-
tions of robotic manipulators [1], [3], [6], [7], [9], [12]. The
popular solution approach is to transform the optimal control
problems using a direct method into a finite dimensional
optimization problem that is in general non-convex and
large dimensional. Then optimization algorithms such as
sequential quadratic programming or interior point methods
are applied to solve the resulting optimization problem.
However, if the original problem has some specific structures,
e.g.,“near linear” (in terms of small second derivatives),
convex objective function, or cone constraints, these methods
are too general which can not make use of the specific
problem structure directly.

This paper presents a short description of the sequential
convex programming method introduced in [8]. Then we ap-
ply this method to solve the time optimal trajectory planning
problem for a car motion. Our method can be extended to the
time optimal trajectory planning for robots control problem
[7], [12] with freedom to choose the geometric path. Based
on the reference path which we assume to be known in
advance and path coordinate system, the dynamic system
of the car motion is expressed as a differential-algebraic
equation (DAE) with pseudo time, linear differential and
nonlinear algebraic parts. We apply a change of variables
as in [3], [7], [12], the objective function is transformed to a
convex function. The obtained problem is a nonlinear optimal
control problem in the path coordinate system.

To solve this optimal control problem, a direct transcrip-
tion method is applied to transform it into a large scale non-
linear optimization problem. Fortunately, this optimization
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problem preserves the convexity of the objective function
and the “near linearity” of the constraints. If SQP methods
or IP methods are applied directly, they do not take into
account the structure of this problem. Therefore, we apply
SCP method which exploits the specific structure of the
problem and then uses freely available software [4], [5],
[10], [11] for solving convex subproblems. The numerical
results show that our method is more efficient and leads to
the solution faster than SQP or IP method in this specific
case.

The paper is organized as follows. In Section 1, we
describe one way to formulate the time optimal trajectory
planning problem for a car motion as an optimal control
problem. A brief description of the sequential convex pro-
gramming method is presented in Section 3. In Section 4,
we apply a direct method in optimal control to transform
the original problem into a finite dimensional optimization
problem. This section also describes condensing techniques
to reduce the size of the optimization problem. Preliminary
numerical results are reported in the last section to illustrate
the efficiency of our method.

2. PROBLEM FORMULATION

We consider the motion of a car close to a reference
trajectory shown in Fig. 1. The car moves along the road
based on a reference trajectory from A to B. We suppose that
the width of the road is 2bmax, allowing deviation to both
sides of the reference trajectory. To formulate the motion
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Fig. 1. The motion of a car along a given path.

of the car, we consider the path r(s) with two components
x(s) and y(s), given in a Cartesian coordinate system, as a
function of a scalar path coordinate (i.e. the arc length s).
We denote by r0(s) = (x0(s),y0(s)) the reference trajectory
of the road. The actual trajectory of the car is written as
follows

r(s) = r0(s)+b(s)n0(s), (1)

where n0(s) is the normal vector of r0(s) at s and b(s) is the
deviation from the reference trajectory at s.



The path coordinate b(s) determines the spatial geome-
try of the path, whereas the trajectory’s time dependency
follows from the relation s(t). Without loss of generality,
it is assumed that the trajectory starts at t = 0 and ends at
t = T such that s(0) = 0 ≤ s(t) ≤ s(T ) = 1. For the actual
trajectory r(s), using the chain rule, the velocities v(s) and
the accelerations a(s) of the motion can be written by

v(s) = ṙ(s) = r′(s)ṡ, a(s) = r̈(s) = r′(s)s̈+ r′′(s)ṡ2, (2)

where ṡ = ds
dt , s̈ = d2s

dt2 , r′(s) = ∂ r(s)
∂ s and r′′(s) = ∂ 2r(s)

∂ s2 . Taking
the first and the second order derivatives with respect to s in
(1) and using similar notations, we get

r′(s) = r′0(s)+b(s)n′0(s)+b′(s)n0(s), (3)
r′′(s) = r′′0(s)+b(s)n′′0(s)+2b′(s)n′0(s)+b′′(s)n0(s). (4)

Substituting (3) and (4) into the last term of (2), it implies
that

a(s) = [r′0(s)+b(s)n′0(s)+b′(s)n0(s)]s̈

+[r′′0(s)+b(s)n′′0(s)+2b′(s)n′0(s)+b′′(s)n0(s)]ṡ2. (5)

For convenience of notations, we denote the constant terms
by

p0(s) := r′0(s), p1(s) := n′0(s), p2(s) := n0(s),
q0(s) := r′′0(s), q1(s) := n′′0(s). (6)

Then the acceleration a(s) in (5) is expressed as follows

a(s) = [p0(s)+b(s)p1(s)+b′(s)p2(s)]s̈

+[q0(s)+b(s)q1(s)+2b′(s)p1(s)+b′′(s)p2(s)]ṡ2. (7)

In this paper we consider the case that the acceleration a(s) is
controlled by a driver in two directions, the forward direction
along the path of a car and the normal direction; for turning
on the left and on the right. By using n(s) as the normal

vector of r(s), and D(s) :=
[

r′(s)T /‖r′(s)‖
n(s)T

]
, the acceleration

a(s) is constrained by

a ≤ D(s)a(s)≤ ā, (8)

where a = (at ,an) and ā = (āt , ān) are the lower and the
upper bounds of the acceleration a with respect to the two
directions.

The time optimal trajectory planning problem minimizes
time T of the car motion from A to B. Using the same
technique as in [7], [12] we can write:

T =
∫ T

0
dt =

∫ s(T )

s(0)

ds
ṡ

. (9)

If we denote e(s) := s̈ and f (s) := ṡ2 then, by the chain rule,
we have

ḟ (s) = f ′(s)ṡ = 2ṡs̈ = 2e(s)ṡ. (10)

By assumption ṡ > 0 almost everywhere, it follows from (10)
that

f ′(s) = 2e(s), (11)

Introducing new variables ã(s) := D(s)a(s), c(s) := b′(s) and
d(s) := c′(s) and substituting them into (7) and (9), we obtain
the following optimal control problem:

min
a(·),b(·),c(·),d(·),e(·), f (·)

∫ 1

0

ds√
f (s)

(12)

s.t. ã(s) = D(s)[p0(s)+b(s)p1(s)+ c(s)p2(s)]e(s) (13)
+[q0(s)+b(s)q1(s)+2c(s)p1(s)+d(s)p2(s)] f (s)
b′(s) = c(s), c′(s) = d(s), f ′(s) = 2e(s), (14)
b(0) = b0, b(1) = bT , (15)

f (0) = ṡ2
0, f (1) = ṡ2

T , (16)
f (s)≥ 0, (17)
−bmax ≤ b(s)≤ bmax, (18)
a ≤ ã(s)≤ ā, (19)

for all s∈ [0,1]. The notations b0 and bT present the starting
and finishing positions of the car, respectively. In most cases,
ṡ0 and ṡT can be taken by zero.

Problem (12)-(19) can be regarded as an optimal control
problem in differential algebraic form (DAE), with pseudo
time s, three differential state variables b, c and f , one two-
dimensional algebraic state variable ã and two input variables
e and d.

We say that an optimal control problem is convex if its
objective function is convex, the dynamic system is linear
and the other constraints are convex. The following lemma
shows that if bmax = 0 then Problem (12)-(19) is convex [12].

Lemma 2.1: If bmax = 0 then Problem (12)-(19) is convex.
Proof: Note that the dynamic system (14) and the

constraints (15)-(19) of Problem (12)-(19) are linear. If
bmax = 0 then it follows from (18) that b(s) = 0 for all
s∈ [0,1]. Using (14) we have c(s) = 0 which implies d(s) = 0
for s ∈ [0,1]. From definition of D(s), it is easy to show that

D(s) =
[

r′0(s)/‖r′0(s)‖
n0(s)

]
which is independent from e(·) and

f (·). Substituting b(s) = 0, c(s) = 0, d(s) = 0 and D(s) into
(13) we obtain

ã(s) = D(s)[p0(s)e(s)+q0(s) f (s). (20)

which is linear. The lemma is proved.
Note that for fixed b,c and d, the remaining problem is
always convex.

3. SEQUENTIAL CONVEX PROGRAMMING ALGORITHM

This section provides a short description of the line search
sequential convex programming algorithm. Let us start by
considering the following non-convex optimization problem:{

min
w∈Rnw

F(w)

s.t. G(w) = 0, w ∈ Ω,
(21)

where F : Rnw → R is convex, Ω ⊂ Rnw is nonempty closed
convex and G : Rnw → Rm is nonlinear and smooth. An
explicit representation of Ω is

Ω :=
{

w ∈ Rnw | H j(w)≤K 0, j = 1, . . . , p
}

, (22)



where K is a pointed, closed convex cone and H j are
generalized convex functions. In our problem the convex set
Ω consists of the linear constraints and, as we will show
later, of second order cone constraints.

SCP algorithm is an iterative and local optimization
method which starts from a given initial point w0 and
generates a sequence {wp} as follows

wp+1 = wp +αp∆wp, (23)

where αp > 0 is a step size and ∆wp is a search direction.
SCP methods compute the search direction ∆wp by solving a
convex subproblem which obtains by linearizing the nonlin-
ear equality constraints G(w) = 0 and preserves the convexity
of the objective function and the remaining constraints. The
convex subproblem which we need to solve at the iteration
p becomes{

min
∆w

F(wp +∆w)

s.t. JG(wp)∆w+G(wp) = 0, wp +∆w ∈ Ω,
(24)

where JG(wp) := ( ∂G(wp)i
∂w j

)i j is the Jacobian of G at wp. To
compute the step size αp we apply a line search procedure
based on a merit function, e.g., l1-penalty function. The SCP
method is briefly described as follows
Algorithm A (SCP algorithm):

Initialization: Take an initial point w0 ∈ Ω and set
p := 0.
Iterations: For p = 0,1,2, . . . , execute the following
steps:

Step 1: Solve the convex subproblem (24) to get
a search direction ∆wp.
Step 2: If ‖∆wp‖ ≤ ε with some tolerance ε > 0
then stop. Otherwise, use a backtracking line-search
procedure based on l1-penalty function φ1(·; µp) to
get a step length αp satisfying the Armijo condition
(26) (see below).
Step 3: Update wp+1 := wp + αp∆wp and penalty
parameter µp using (27). Increase p by 1 and go
back to Step 1.

Recall the l1-penalty function φ1(w; µ) defined by

φ1(w; µ) := F(w)+ µ‖G(w)‖1, (25)

where µ > 0 is a penalty parameter. Using φ1 as a merit
function, we compute the step size αp ∈ (0,1] from the
Armijo condition based on backtracking procedure

φ1(wp+αp∆wp; µ)≤φ1(wp; µ)+c1αpD(φ1(wp; µ);∆wp),
(26)

where c1 ∈ (0,1) is a given constant and D(φ1(wp; µ);∆wp)
is the directional derivative of φ1(·; µ) along the search
direction ∆wp. To update the penalty parameter µ p we using
the following formula:

µp ≥ µlb :=
JF(wp)T ∆wp

(1−ρ)(‖G(wp)‖1)
, (27)

for some ρ ∈ (0,1). Since Ω is convex and αp ∈ (0,1], the
sequence {wp}p≥0 generated by Algorithm A always belongs
to Ω.

SCP method can be considered as a generalization of a
constrained Gauss-Newton method for solving least squares
problems. The objective function in the SCP method is
convex which is more general than quadratic form. Note
that the local rate of convergence of SCP method is linear
[8], but if the contraction factor of linear convergence is
sufficiently small then SCP algorithm converges sufficiently
fast in practice.

4. NUMERICAL SOLUTION

A. Direct transcription of optimal control problem

This subsection introduces a short description of a direct
transcription method applied to the optimal control problem
(12)-(19). It approximates the infinite dimensional problem
by a large scale finite dimensional optimization problem.

In order to transform the optimal control problem (12)-
(19) into a finite dimensional optimization problem, we first
discretize the path coordinate s on [0,1] by 0 = s0 < s1 <
· · ·< sN = 1, with N+1 grid points sk. Then, we parameterize
the continuous function d(·) as a piecewise constant function
d̂(·) where

d̂(s) = dk := d(sk), ∀s ∈ [sk,sk+1), 0 ≤ k ≤ N−1. (28)

From the differential equation (14), by integrating d̂, it
follows from (28) that c(·) can be approximated by a
piecewise linear function ĉ(·). Similarly, the function b(·)
can be approximated by a piecewise quadratic functions
b̂(·) by integrating ĉ(·). We also approximate e(·) by a
piecewise constant function ĉ(·) and f (·) by f̂ (s) =

∫
ĉ(s)ds,

a piecewise linear function.
The function ã(·) is evaluated at the middle points sk+1/2 =

(sk +sk+1)/2 of [sk,sk+1] for all k = 0, . . . ,N−1 which means
that ãk := ã(sk+1/2). All the coefficient functions p0(·), p1(·),
p2(·), q0(·) and q1(·) are evaluated at the middle points
sk+1/2 with their values denote by pk

0, pk
1, pk

2, qk
0 and qk

1
for all k = 0, . . . ,N − 1, respectively. From the relationship
between b,c and d, we can compute directly ck+1/2 :=
ĉ(sk+1/2) = (ck + ck+1)/2 and bk+1/2 := b̂(sk+1/2) = bk +
ck∆sk/2 + dk∆s2

k/8. Similarly, from f ′(s) = 2e(s), we have
f k+1/2 := f̂ (sk+1/2) = ( f k + f k+1)/2.

The direct transcription method applied to the optimal
control problem (46)-(19) results in the following steps:

First, we approximate the objective function J(·) by

J(ã,b,c,d,e, f ) :=
∫ 1

0

ds√
f (s)

=
N−1

∑
k=0

∫ sk+1

sk

ds√
f (s)

≈
N−1

∑
k=0

∫ sk+1

sk

ds√
f̂ (s)

=
N−1

∑
k=0

2∆sk√
f k +

√
f k+1

(29)

where ∆sk = sk+1− sk for all k = 0, . . . ,N−1.
Second, we discretize the dynamic system of (14) by

integrating the piecewise constant functions d̂(·) and ê(·) to
get 

bk+1−bk = ∆skck + 1
2 ∆s2

kdk

ck+1− ck = ∆skdk

f k+1− f k = 2∆skek,

(30)



for all k = 0, . . . ,N−1.
Finally, the equality and inequality constraints are dis-

cretized at sk+1/2 and matrix D(b,c) is also discretized
with respect to bk+1/2,ck+1/2 by Dk := D(bk+1/2,ck+1/2). In
summary, the resulting optimization problem is written as
follows

min
ã,b,c,d,e, f

N−1

∑
k=0

2∆sk√
f k +

√
f k+1

(31)

s.t. ãk = Dk[pk
0 + pk

1bk+1/2 + pk
2ck+1/2]ek

+Dk[qk
0 +qk

1bk+1/2 +2pk
1ck+1/2 + pk

2dk] f k+1/2, (32)

bk+1−bk = ∆skck +
1
2

∆s2
kdk, (33)

ck+1− ck = ∆skdk, (34)

f k+1− f k = 2∆skek, (35)

f k ≥ 0, (36)

f 0 = ṡ2
0, f N = ṡ2

T , (37)

b0 = b0, bN = bT , (38)

−bmax ≤ bk ≤ bmax, (39)

ak
min ≤ ãk ≤ ak

max, (40)

for all k = 0, . . . ,N−1.
For simplicity, let us define

z := (ã0, ã0
2, . . . , ã

N−1
1 , ãN−1

2 , . . . , f 0, . . . , f N)T . (41)

as a new variable in R7(N+2). Introducing new functions

F(z) :=
N−1

∑
k=0

2∆sk√
f k +

√
f k+1

, (42)

and G(z) := (G0(z)T ,G1(z)T , . . . ,GN−1(z)T )T where

Gk(z) := Dk[pk
0 + pk

1bk+1/2 + pk
2ck+1/2]ek (43)

+Dk[qk
0 +qk

1bk+1/2 +2pk
1ck+1/2 + pk

2dk] f k+1/2− ãk

and a polyhedral set

Ω := {z | z satisfies constraints (33)-(40)} . (44)

Then, problem (31)-(40) can be rewritten in the short form{
min

z∈R7(N+2)
F(z)

s.t. G(z) = 0, z ∈ Ω.
(45)

Note that the objective function F(z) of the problem (31)-
(40) is convex, the equality constraint G(z) = 0 is nonlinear
and the other constraints are linear. According to Lemma 2.1,
G(z) is linear if b,c and d is fixed, then G is slightly near-
linear if b,c and d are small, which can happen if bmax is
small. In this case problem (31)-(40) can be solved efficiently
by applying SCP algorithm.

B. Compute predefined information for optimization problem

In practice, the coefficients p0, p1, p2, q0 and q1 can be
computed explicitly in advance. Suppose that the coordinate
of r0(s) in the Cartesian coordinate system is

r0(s) = (x0(s),y0(s)). (46)

Then, the normal vector n0(s) is determined as follows

n0(s) =
( y′0(s)√

x′0(s)2 + y′0(s)2
,

−x′0(s)√
x′0(s)2 + y′0(s)2

)
. (47)

If we define a mapping θ : [0,1]→ [0,2π] such that
cosθ(s) = x′0(s)√

x′0(s)2+y′0(s)2

sinθ(s) = y′0(s)√
x′0(s)2+y′0(s)2 ,

(48)

then n0(s) = (sinθ(s),−cosθ(s)) and θ(s) =
arctan(y′(s)/x′(s)). Using the chain rule, it follows
from (6), (46)-(40) that

p0(s) = (x′0(s),y
′
0(s))

p1(s) = (cosθ(s),sinθ(s))θ ′(s),
p2(s) = (sinθ(s),−cosθ(s)), (49)
q0(s) = (x′′0(s),y

′′
0(s)),

q1(s) = (−sinθ(s),cosθ(s))θ ′(s)2+(cosθ(s),sinθ(s))θ ′′(s),

where

θ
′(s) =

x′0(s)y
′′
0(s)− x′′0(s)y

′
0(s)

x′0(s)2 + y′0(s)2

θ
′′(s) =

x′0y′′′0 − x′′′0 y′0
x′0(s)2 + y′0(s)2 −

2(x′0y′′0 − x′′0y′0)(x
′
0x′′0 + y′0y′′0)

(x′0(s)2 + y′0(s)2)2 .

C. Condensing

Since the convexity is preserved under any linear trans-
formation, to reduce the size of optimization problem (31)-
(40) we can condense the linear part of the constraints by
eliminating dependent variables. The variables bk, ck and f k

can be eliminated recursively from k = 0 to k = N−1.
We first eliminate variables bk, ck and f k based on

the linearity of their constraints. Introducing new variables
ã := (ã0

1, ã
0
2, . . . , ã

N−1
1 , ãN−1

2 )T , u := (c0,d0, . . . ,dN−1)T and
e := (e0, . . . ,eN−1)T . Then, using the notation Ḡk for the
condensing form of the nonlinear constraints (43), after
a lengthy derivation, we obtain the reduced optimization
problem as follows:

min
ã,u,e

J(e) :=
N−1

∑
k=0

2∆sk√
PT

k e+ ṡ2
0 +

√
PT

k+1e+ ṡ2
0

(50)

s.t.



Ḡk(ãk,u,e) = 0, k = 0, . . . ,N−1,

rT u = bT −b0,

qT e = ṡ2
T − ṡ2

0,

Pe+ ṡ2
01 f ≥ 0,

(−bmax−b0)1b ≤ Nu ≤ (bmax−b0)1b,

a ≤ ãk ≤ ā, k = 0, . . . ,N−1,

(51)

where J(e) is convex, vectors r and q are given, 1b and 1 f
are two vectors whose component is 1 and P, N are two
constant matrices.

If we define w := (aT ,uT ,eT )T ∈ R4N+1, Ḡ(w) :=
(Ḡ0(ã0,u,e)T , . . . , ḠN−1(ã0,u,e)T )T , F(w) := J(e) and other



linear constraints of (50) by Ω then the problem (50)-(51)
can be rewritten as{

minw F(w)
s.t. G(w) = 0, w ∈ Ω,

(52)

which collapses again to the same form as (23).
Note that the sparse structure of the optimization problem

(31)-(40) is lost after applying the condensing technique.
It is not a disadvantage in this specific case, because we
use Sedumi and SDPT3 solvers, which benefits from the
reduced problem dimension. Alternatively, we could exploit
the sparse structure of problem (31)-(40) as well.

D. Solving the convex subproblem by second order cone
programming

To apply the SCP method, Algorithm A, the nonlinear
equality constraint G(w) = 0 is linearized at the current point
wp by

JG(wp)∆w+G(wp) = 0, (53)

where JG(wp) is the Jacobian of G at wp. The Jacobian of
G(w) can be computed by

JG(w) := (JG0(ã0,u,e), . . . ,JGN−1(ãN−1,u,e)T )T , (54)

where JT
Gk = ( ∂ Ĝk

∂ ãk , ∂Gk

∂u , ∂Gk

∂e ) is given explicitly.
To exploit the freely available software for solving second

order convex programming (SOCP) such as Sedumi [10],
SDPT3 [11], YALMIP [5] or CVX [4], we need to transform
the convex subproblem (24) to a SOCP problem (see, [2],
[12]).

Introducing new slack variables v := (v0, . . . ,vN)T and t :=
(t0, . . . , tN−1)T , the objective function (50) can be represented
as a linear objective function

J(e,v, t) := 2
N−1

∑
k=0

∆sktk, (55)

and 2N additional second order convex cone constraints∥∥∥ 2vk
PT

k e+ ṡ2
0−1

∥∥∥
2
≤ PT

k e+ ṡ2
0 +1, (56)∥∥∥ 2

vk + vk+1− tk

∥∥∥
2
≤ vk + vk+1 + tk, (57)

for all k = 0, . . . ,N − 1. The convex subproblem (24) in
Algorithm A collapses to an SOCP problem which can be
solved efficiently by Sedumi or SPDT3 solvers.

5. NUMERICAL RESULTS.
This section presents numerical results which are imple-

mented on a Matlab version 7.7.0 (R2008.b) and running
on a PC Desktop Pentium IV (2.6GHz, 512Mb RAM).
We perform Algorithm A with different reference trajectory
formulations of r0(s). To illustrate the performance, we
present the following cases.
Case 1: The first formula of r0(s) is taken from [7] (with a
scaling factor) as follows:{

x0(s) = 50(s−0.5)
y0(s) = 200s3−300s2 +100s.

(58)

We choose the number of grid points N = 50 and the
parameters a = (−50,−10)T , ā = (10,10)T , bmax = 1, ṡ0 =
ṡT = 0 and b0 = bT = 0. The sample time is ∆sk = ∆ =
(sT − s0)/N = 1/N for all k = 0, . . . ,N−1.

Fig. 2 presents the actual trajectory of the car. The car
is controlled to move from A to B as fast as possible.
This figure shows that the trajectory touches the border
of the road at several points. The acceleration a(·) of the
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Fig. 2. Actual trajectory of the car motion (Case 1).

car motion is shown in Fig. 3, where the horizontal axis
represents the s-coordinate and the vertical axis represents
the acceleration in two directions. The dash path indicates the
forward acceleration at and the dash-dot one is the normal
acceleration an. Fig. 4 shows the velocity v(·) of the car
motion in Case 1.
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Fig. 3. Acceleration of the car motion (Case 1).
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Fig. 4. Velocity of the car motion (Case 1).

Case 2: If we choose{
x0(s) = [20+10cos(4πs)]cos(2πs)
x0(s) = [20+10cos(4πs)]sin(2πs)

then the trajectory of the car is plotted in Fig. 5. Fig. 6
and Fig. 7 show the acceleration a(·) and the velocity v(·),
respectively.
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Fig. 5. Actual trajectory based on a circle path (Case 2).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

−50

−40

−30

−20

−10

0

10

path coordinate (−)

ac
ce

le
ra

tio
n 

(m
/s

2)

 

 

a
t

a
n

Fig. 6. Acceleration of the car motion (Case 2).

To compare the implementation with SQP and IP methods,
we use the standard Matlab’s solver FMINCON to solve
the resulting optimization problem with the same parameters
and the tolerance Tol=10−3. The results are reported in
Table 5 which present the convergence behavior of SCP,
SQP and IP methods for Case 1 with N = 50. The notations
Num. of Iter., FirstOrdOpt. and ConstrViol.
stand for the number of iterations, first order optimality and
constraint violation values, respectively. For Case 2, SQP
and IP methods do not converge with the same parameters
in Algorithm A.

We performed these three methods with many different
reference trajectory formulations and different numbers of
grid points N from 20 to 100. The results show that SCP
method works better than the others when N is small (N ≤
50) and takes few iterations to converge to solution. In
contrast, SQP and IP methods are unstable (in the sense that
they converge in some cases and do not converges in other
cases).
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