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Abstract—In this paper we present novel strategies to
formulate and solve nonlinear robust optimal control problems
for dynamic systems which are affine in the uncertainty. We
suggest the definition of a constrained Lyapunov differential
equation providing robustness interpretations with respect to
L2-bounded disturbances in the context of inequality state
constraints. This interpretation allows us to compute the robust
counterpart formulation for optimal control problems which
are affine in the uncertainty. Furthermore, we demonstrate the
applicability of the presented formulation for a numerical test
example: a crane should carry a mass from one to another
point while an unknown force excites the open-loop controlled
system. The robustly optimized input allows us to control the
mass to a target region while satisfying inequality constraints
on the worst-case excitation.
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I. INTRODUCTION

Since decades robust optimal control problems have re-

ceived much attention, and robust optimal control for linear

systems is a well-developed field [17], [3], [4]. When non-

linear systems are concerned much less approaches exist.

However, in [15] or in [8] techniques are proposed that

optimize the robustness of nonlinear systems in a linear

approximation.

In this paper we are interested in the robust optimization

of open-loop controlled uncertain systems that are linear in

the uncertain states and disturbances but possibly nonlinear

in the remaining states and the control input. Note that this

class of problems is slightly different from the class of linear

parameter varying systems that are often considered in the

literature [2], [6], [13], [12], [16] as in our formulation the

uncertainties enters linearly while the control input enters

in a nonlinear way. The main challenge is to robustly regard

inequality state constraints. For this aim we start in Section II

by introducing Lyapunov differential equations as a well-

known tool [14], [7], [10], [11], [5] to compute variance-

covariance matrix functions.

In Section III we suggest a definition of constrained

Lyapunov differential equations for linear systems with linear

inequality constraints providing robustness interpretations

for stochastic as well as for L2-bounded disturbances. We
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transfer these results in Section IV to special optimal control

problems that are linear in the uncertain states and uncertain-

ties while the remaining states and the control input enters

in a possibly nonlinear way.

Finally, we apply our method in Section V and Section VI

to a crane model where we first optimize the control inputs

of a crane in such a way that it carries a mass from one to

another point in minimum time. And second, we compare

this optimal solution with the case that we take additional

model uncertainties, namely a random force acting on the

mass, into account.

II. UNCERTAIN LINEAR TIME-VARYING SYSTEMS

Let us consider a linear time-varying system with a

differential state vector x : R → R
nx that is excited by a

disturbance function w : R → R
nw :

ẋ(t) = A(t)x(t)+B(t)w(t)
y(t) = C(t)x(t)
x(0) = B0w0

(1)

with t ∈ T and T := [0,T ] ⊂ R, where T is the length of

the time horizon. Here, we assume that the coefficients A :

T→R
nx×nx , B :T→R

nx×nw , and C :T→R
ny×nx are square-

integrable functions on the finite interval T. In addition,

y : T → R
ny is called the output function while w0 ∈ R

nw0

is an uncertainty affecting the initial state via the matrix

B0 ∈ R
nx×nw0 . At this point in the paper, it is worth to

mention that we will later also regard a time dependent

function v to be optimized which might enter A,B, and C in

a possibly nonlinear way, but for the moment we suppress

this dependence on v to achieve a convenient notation.

The fundamental solution G :T×T→R
nx×nx of (1) is the

unique solution of the initial value problem:

∂G(t,τ)

∂ t
= A(t)G(t,τ) with G(τ,τ) = I (2)

for all t,τ ∈ T. Using this notation, we can write the output

function y in the form [17]

y(t) = H0t w0+

∫ T

0
Ht(τ)w(τ)dτ (3)

with the Green’s or impulse response function Ht : T →
R
ny×nw being defined by

∀t,τ ∈ T : Ht(τ) :=

{

C(t)G(t,τ)B(τ) if τ ≤ t
0 otherwise

(4)



and H0t :=C(t)G(t,0)B0. Obviously, the differential equation
(2) for the fundamental solution G is completely independent

of the matrix functions B and C. In order to describe the

dependence of the state on the disturbance ω := (w0,w(·)),
we make use of Lyapunov differential equations of the form

Ṗ(t) = A(t)P(t)+P(t)A(t)T +B(t)B(t)T

P(0) = B0B
T
0

. (5)

The state of this differential equation is a matrix valued func-

tion P : T → R
nx×nx . Note that P propagates the following

important information [10], [11], [5]: if the disturbance w

entering the system (1) is a Gaussian white noise process

with

E{w(t)} = 0 and

E{wi(t1)w j(t2)T} = Σ(t1)δ (t2− t1)δi, j

for all t, t1, t2 ∈ T and for all i, j ∈ {1, ..,nw} while the
uncertain value w0 is Gaussian distributed with variance-

covariance matrix I ∈ R
nx×nx then P(t) is the variance-

covariance matrix of the state x(t) for all times t ∈ T.

Consequently, the variance-covariance matrix of the output

y is at each time t ∈ T given by C(t)P(t)C(t)T .

III. INEQUALITY CONSTRAINED LYAPUNOV

DIFFERENTIAL EQUATIONS

As almost all systems in the real-world are subject to

inequality constraints we like to discuss the linear system (1)

in combination with output constraints of the form

∀t ∈ T,∀i ∈ {1, ...,ny} : yi(t) ≤ di(t) . (6)

The function d : T → R
ny is assumed to be continuous with

strictly positive components. Furthermore, Ci(t) denotes the
i-th row vector of C(t). For all theoretical purposes in this
section, we will assume di(t) = 1 by rescaling the rows
Ci(t) for all components i ∈ I := {1, ...,ny}. In this case, all
constraints have the simple form yi(t) ≤ 1.
Now, we suggest to consider a corresponding constrained

Lyapunov differential equation for the matrix valued function

P defined by

Ṗ(t) = A(t)P(t)+P(t)A(t)T +B(t)B(t)T

0 ≥ Ci(t)P(t)Ci(t)
T −1

P(0) = B0B
T
0 .

(7)

The aim of this section is to discuss a worst case interpre-

tation of the constrained Lyapunov system (7) based on the

assumption that the disturbance ω := (w0,w(·)) is a bounded
but unknown function. For this aim, we consider the Hilbert

space L2 of all square-integrable functions from T to R
nw .

Moreover, we define an inner product 〈· | ·〉W :W ×W → R

in the space W := R
nw0 ×L2 and the corresponding W -norm

‖ · ‖W :W → R by

〈ω1 | ω2〉W := wT0,1w0,2+
∫ T

0
w1(τ)Tw2(τ)dτ and

‖ω1‖W :=
√

〈ω1,ω1〉W (8)

for all ω1,ω2 ∈W and ω j = (w0, j,w j(·)) for j ∈ {1,2}.
In the next step, we define the ball B ⊆W by

B := {ω ∈ L2 | ‖ω‖W ≤ 1} .

The worst case interpretation of the constrained Lyapunov

differential equation can now be stated as follows:

Theorem 3.1: The constraints of the form yi(t) ≤ 1 are
satisfied for all times t ∈ T, all components i ∈ I, and all
disturbances ω ∈B if and only if the constrained Lyapunov

differential equation (7) admits a feasible solution P.

Proof: Let us write equation (3) for each component i ∈ I
in the form

yi(t) = 〈H T
t,i |ω〉W

with Ht,i :=
(

H0t,i, Ht,i

)

and apply Cauchy’s inequality to

find an upper bound on the worst case excitation of yi(t):

max
ω∈B

yi(t) ≤ ‖Ht,i‖W (9)

for all t ∈ R and all i ∈ I. Using the fact that
Ht,i

‖Ht,i‖W
∈ B

we recognize that the inequality in (9) is tight, i.e. it can be

replaced by an equality. Moreover, as

P(t) := B0B
T
0 +

∫ t

0
G(t,τ)B(τ)B(τ)TG(t,τ)Tdτ

solves the Lyapunov differential equation (5) we find

‖H T
t,i ‖2W =Ci(t)P(t)Ci(t)

T

by using the definition of the function Ht,i. Thus, we obtain

the following relation for the worst case excitation:

max
ω∈B

yi(t) =
√

Ci(t)P(t)Ci(t)T , (10)

which implies the statement of the Lemma. �

Remark:

• Provided that w is a unit-bandwidth white noise process,
while w0 is a Gaussian distributed random variable with

variance-covariance matrix I, we have

∀t ∈ R , i ∈ I :

Probability{yi(t) > 1} <
∫ ∞
1

1√
2π
e−
1
2 z
2
dz .

if and only if the constrained Lyapunov differential

equation (7) admits a feasible solution P. This stochastic

single chance interpretation can directly be seen by

making use of the fact that we have E
{

yi(t)
2
}

=
Ci(t)P(t)Ci(t)

T in this case.



IV. ROBUST OPTIMAL CONTROL

Let us transfer the results from the previous section to

uncertain optimal control problems of the form

min
x(·),v(·),T

J[v(·),T ]

s.t.

∀t ∈ T : ẋ(t) = A(v(t))x(t)+B(v(t))w(t)

+r(v(t))

∀t ∈ T : 0 ≥ C(v(t))x(t)−d(v(t))
x(0) = r0(v(0))+B0w0 ,

v ∈ V

. (11)

Here, v :R → R
nv is the nonlinear behavior of the system.

This behavior is assumed to lie in a given set V ⊂ L2 of
measurable functions on the time interval T. In the context

of optimal control problems, V has typically the form

V =















v : T → R
nv

∣

∣

∣

∣

∣

∣

∣

∣

∀t ∈ T :

0 = F(t, v̇,v)
0 = G(v(0),v(T )) = 0
0 ≥ H(v(t))















. (12)

Note that this set V can for example in a trivial case contain

a constant parameter which could be formulated as

Vexample = {v : T → R
nv : v̇= 0} ,

or piecewise constant controls, or non-trivial implicit dif-

ferential algebraic equations etc.. However, V should not

depend on ω - otherwise, the system is in general not affine
in the uncertainty.

In our formulation, the objective functional J is assumed

to be independent of x.1 The coefficients A, B, C, d are now

regarded as functions in v. Moreover, we have introduced

a continuous reference function r : Rnv → R
nx , which can,

analogous to the nominal initial value r0 : R
nv → R

nx , also

depend on the behaviour v.

To formulate the robust counterpart formulation of the

above optimization problem we follow the classical ap-

proach [3], i.e. we consider the optimization problem

min
v(·),T

J[v(·),T ]

s.t.

∀t ∈ T : 0 ≥ ymax( t ; v(·),T )−d(v(t))
v ∈ V

, (13)

where ymaxi ( t ; v(·),T ) is for each t ∈T and each i∈ I defined

1Note that an affine dependence of J on x can always be eliminated by
an introduction of slack parameters.

to be the optimal value of the sub-maximization problem

max
x(·),w0,w(·)

Ci(v(t))x(t)

s.t.

∀τ ∈ [0, t] : ẋ(τ) = A(v(τ))x(τ)+B(v(τ))w(τ)

+r(v(τ))

x(0) = r0(v(0))+B0w0

ω ∈ B

.

One of the key results of this paper is that the robust

counterpart problem (13) can, as a direct consequence of

Theorem 3.1, equivalently be written as

min
xr(·),P(·),v(·),T

J[v(·),T ]

s.t.

∀t ∈ T : ẋr(t) = A(v(t))xr(t)+ r(v(t))

xr(0) = r0(v(0))

∀t ∈ T : Ṗ(t) = A(v(t))P(t)+P(t)A(v(t))T

+B(v(t))B(v(t))T

P(0) = B0B
T
0

∀t ∈ T,

∀i ∈ I : 0 ≥ Ci(v(t))xr(t)−di(v(t))
+
√

Ci(v(t))P(t)Ci(v(t))T

v ∈ V

. (14)

Note that in this robust counterpart formulation, xr denotes

the reference state trajectory, which would be obtained for

ω = 0.
An interesting point about this robust counterpart formu-

lation is that we regard an infinite dimensional disturbance,

represented by ω ∈W , while there is also an infinite dimen-
sional number of constraints robustly satisfied as the linear

path constraints have to be satisfied for all t in the time

interval T. Note that this is a main advantage in comparison

to other existing robust counterpart formulations for optimal

control problems, which have been proposed in [8], [15].

Finally, we note that optimal control problems which are

affine in the uncertainty can often be found in practice. Even

if a problem is not in this form, we might be in one of the

following situations:

• If we consider a nonlinear dynamic system, the system
can at least for small disturbances be robustified in

a linear approximation as proposed in [15], [8]. In

this case, the reference trajectory is the solution of

the nonlinear dynamic system for ω = 0, which can
be optimized, too. In this case, we do not have many

guarantees for larger disturbances but for sufficiently

small disturbances the linear approximation is valid.

• If we have a linear system of the form

ẋ(t) =
∼
A(t)x(t)+B(t)w(t)+D(t)u(t)+ r(t)



Fig. 1. A scetch of the crane.

with a control function u we might be interested in a lin-

ear feedback law of the form u(t) := uref(t)+K(t)x(t),
where K(t) is a matrix function that should be optimized
in such a way that the constraints are robustly satisfied.

Now, we can summarize the components of K in a

vector valued function v := vec(K). If we define

A(v(t)) :=
∼
A(t)+D(t)K(t)

we can obviously transfer the above robust counterpart

formulation. Note that this approach can also take linear

control constraints into account. In addition, it can be

generalized for the case that a linear estimator gain

together with a linear feedback gain should be optimized

in a robust way.

V. OPTIMAL CONTROL OF A CRANE

To illustrate the applicability and potential of the robust

counterpart formulation (14), we consider a crane, which

should carry a mass m from a given point to a given target

region (cf. Figure 1): If the crane’s cable with length L is

very long with respect to the horizontal excitation Lsin(φ)
of the mass, which is affected by an unknown force F , it

is an easy exercise to show that the dynamics of the angle

of the line of the crane can be described by the following

differential equation:

d

dt

(

φ(t)
φ̇(t)

)

= A(t)

(

φ(t)
φ̇(t)

)

+B(t)F(t)+ r(t) (15)

with

A(t) :=

(

0 1

− g

L(t) −
(

b+2 L̇(t)
L(t)

)

)

, B(t) :=

(

0
1
mL(t)

)

and r(t) :=

(

0

− ẍ
L
− L̇ẋ
L2

)

Here, the crane is only considered in a plane R
2, in which

the mounting point of the cable is at the time t located at

the position (x(t),0)T ∈ R
2 while the mass has the position

(x(t) + L(t)sin(φ(t)),−L(t)cos(φ(t)))T ∈ R
2. In this nota-

tion, g= 9.81 m
s2
is the gravitational constant and b= 0.1 1

s
a

friction coefficient. Note that the above model is only valid

for small excitations φ where the dynamics can be linearized
in the states φ and φ̇ .

The external force F , acting at the mass in horizontal

direction, is assumed to be unknown in our example. The

optimal control problem we would like to solve now, assumes

that we have the control u :=
(

ẍ, L̈
)

as a degree of freedom

to bring the mass as fast as possible from a given point into a

desired target region. More precisely, we define the feasible

behaviour

v :=
(

zT , uT
)T
:=
(

x,L, ẋ, L̇,uT
)T ∈ V

of the dynamic system by

V :=























v : [0,T ] → R
n6
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∣

∣

∣

∣

∣

∣

∣

∀t ∈ [0,T ] :

ż(t) = (ẋ(t), L̇(t),u(t)T )T

z(0) = z0
z(T ) = zT
vmin ≥ v(t) ≥ vmax























,

where we use the following values for our example

z0 :=
(

0m, 100m, 0
m

s
, 0
m

s

)T

zT :=
(

40m, 100m, 0
m

s
, 0
m

s

)T

vmin :=
(

−10m, 50m, −20 m
s

, −20 m
s

,−0.3m
s2

,−1m
s2

)T

vmax :=
(

50m, 102m, 20
m

s
, 20
m

s
,0.3
m

s2
,1
m

s2

)T

.

We are first interested in the following minimum time

optimal control problem for the case that we have no

disturbances, i.e. for F = 0:

min
x(·),v(·),p,T

T

s.t.

∀t ∈ [0,T ] : d
dt
x(t) = A(v(t))x(t)+ r(v(t))

∀t ∈ [0,T ] : φmin ≤ φ(t) ≤ φmax

x(0) = x0

xtarget ≤ x(T ) ≤ xtarget
v ∈ V

, (16)



Fig. 2. A locally optimal result of the optimal control problem (16).

where we chose the following numerical values:

x0 :=

(

0 rad, 0
rad

s

)T

xtarget :=

(

−0.042 rad, −0.013 rad
s

)T

(17)

xtarget :=

(

0.042 rad, 0.013
rad

s

)T

φmax := −φmin := 0.05rad .

Now, we use the dynamic optimal control package

ACADO [1] to solve the above problem by using a piecewise

constant control parametrization in combination with an SQP

method. The corresponding locally optimal solution, that was

obtained with this method, is shown in Figure 2. Note that

the optimal result for the angle φ , the position x, and the
cable length L are shown. The path constraints for φ are
not active in this optimal solution but note that the target

constraint φ(T ) ≤ 0.042rad is active.
The corresponding value for the minimum time is

T = 23.33s . (18)

Note that it is optimal to reduce the cable length during the

movement of the crane.

Fig. 3. A locally optimal result for the robust counterpart problem (14)
associated with the optimal control problem (16).

VI. ROBUST OPTIMAL CONTROL OF A CRANE

In this section we discuss the solution of the robust

counterpart optimal control problem which is associated with

the problem (16). For this aim, we choose m = 600kg and
assume that the uncertain force F is bounded by

‖F(·)‖2L2 ≤ 1200N2s . (19)

We use the optimization software ACADO again to solve

also the robustified optimal control problem taking the Lya-

punov equation for the state variances into account. Here,

we assume that all states are at the time t = 0 exactly
known, while the path constraints on φ as well as the target
region constraints should be satisfied for all forces F that are

bounded by (14). A corresponding robust and locally optimal

solution is shown in Figure 3.

The optimal value for the time T is now larger:

T = 24.56s (20)

as we need to satisfy more conservative constraints. To

visualize that the robustified constraints were active at the

optimal solution, which is shown in Figure 3, the functions

φ := φ(t)+ γ
√

Var(φ(t)) and φ := φ(t)− γ
√

Var(φ(t)) (21)



are plotted as dotted lines. Note that the lower bound of the

form

φ(t)−
√

Pφ ,φ (t) ≥−0.05rad

is at active at a certain time t ∈ T while the target constraint

φ(T )+
√

Pφ ,φ (T ) ≤ 0.042rad

is also active.

VII. CONCLUSIONS AND OUTLOOK

We have presented methods to design and optimize the

stability and robustness of nonlinear dynamic systems with

affine uncertainties taking inequality state constraints into

account. After reviewing existing concepts for the robustifi-

cation of linear systems we concentrated on an extension

of Lyapunov differential equations for systems with state

constraints. We have summarized the interpretation of such

constrained Lyapunov differential equations in Theorem 3.1

together with the associated remarks showing the equivalence

between

• the existence of a feasible solution of the constrained
Lyapunov differential equation,

• the exact robustness of the underlying constrained linear
dynamic system with respect to L2-bounded distur-

bances,

• and the stochastic single chance constraint interpretation
for the case of a white noise disturbance.

Furthermore, we transferred the constrained Lyapunov differ-

ential equations for special optimal control problems that are

linear in the state and the uncertainty while the remaining

behaviour can possibly enter in a nonlinear way. In order

to demonstrate the applicability of the presented results, we

have tested our method for a simple crane model. After a

discussion of a time optimal trajectory for this crane we

have presented a robustified solution taking inequality state

constraints into account.

In the future, we plan to develop numerical methods that

use the special structure of Lyapunov differential equations

within the nonlinear optimal control algorithms. The method

might also be suitable for larger systems than discussed in

this paper. Moreover, our approach might be transferred to

periodic system, where beside the robustness aspects also the

stability of the system can be optimized [9].
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