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Abstract In this manuscript a new method will be presented for performing a QR-iteration with
(A−σI)(A−κI)−1 =QR without explicit inversion of the factor (A−κI)−1. A QR-method driven
by a rational function is attractive since convergence can occur at both sides of the matrix.

Each step of this new iteration consists of two substeps. In the explicit version, first an RQ-
factorization of the initial matrix A−κI = RQ will be computed, followed by a QR-factorization
of the matrix (A−σI)QH . The factorization of (A−σI)QH can be computed in an intelligent
manner, exploiting properties of the already known RQ-factorization of A− κI. The similarity
transformation yielding the QR-step is defined by the unitary factor Q in the QR-factorization of
the transformed matrix (A−σI)QH .

Examples will be given, illustrating how to efficiently compute the factorization for some
specific classes of matrices. The novelties of this approach with respect to these matrix classes
will be discussed.

Key words QR-algorithm, eigenvalues, rational function

1 Introduction and preliminary results

If one wants to compute all eigenvalues (and corresponding eigenvectors) of a matrix A, quite
often the standard QR-method is used. For a certain matrix A, and a specific shift σ we obtain the
following equations, determining the QR-method:

A−σI = QR,
Â = RQ+σI = QHAQ, (1)

where Â yields the new iterate. When applying several steps of the QR-method with well-chosen
shifts σ, the method will converge to an upper triangular matrix containing the eigenvalues of the
original matrix A (see, e.g., [1,2]). When applying the (multishifted) QR-method (or a general GR-
method) convergence typically occurs at the bottom of the matrix. A variant of the QR-method
is the RQ-method yielding similar properties, but convergence will now occur at the top of the
matrix. The challenge is to combine both methods to obtain convergence at both ends of the
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matrix. This results in choosing a suitable function f (.) in the matrix A, such that the unitary
transformation Q from f (A) = QR will yield these properties. It will be shown that f (A) = (A−
σI)(A−κI)−1 fulfills this role. Unfortunately the inversion of the factor (A−κI) is numerically a
bad idea, especially since one will choose the shift κ as close as possible to an eigenvalue of the
matrix A, resulting therefore in an almost singular (A−κI).

In this paper we will present a numerically stable manner for computing the factorization
(A−σI)(A−κI)−1, without inversion. In this introduction, some basic facts about QR-algorithms,
both implicit and explicit versions as well as their convergence analysis will be discussed. We
assume, however, that the reader is quite familiar with these methods, their convergence analysis
and so forth. Well-known results will not be discussed in great detail, references will be presented.

In Equation (1), the matrix Â can be computed in two different ways, the first manner is referred
to as the explicit QR-method, whereas the formula QHAQ can lead to an implicit approach (see,
e.g., [3,4]). The new algorithm presented in this manuscript admits both types of methods. We
will not design an implicit method, as it involves a lot of technical details, and heavily depends
on the matrix class considered. In practice, however, implicit methods are often preferrable above
the explicit versions. In this manuscript we only derive the new algorithm and we do not restrict
ourselves to any specific class of matrices. Few comments will however be presented on how to
implement an implicit version.

Important for all QR-related methods is the preservation of the structure, i.e., one wants the
matrices resulting from a step of the QR-method to have the same structure as the original matrix,
such as, e.g., Hessenberg. We will show that any matrix structure invariant under the QR-method
will also be preserved under the QR-iteration driven by a rational function.

The convergence of the QR-algorithm, and all its variants (generically called GR-algorithms1

[5,6]) can be interpreted as subspace iteration, determined by polynomials in the matrices A,
followed by a coordinate transformation. Standard polynomial forms for one step of the stan-
dard QR-algorithm look like p(λ) = λ−σ, corresponding to the single shift strategy and p(λ) =
(λ−σ1)(λ−σ2) corresponding to the double shift strategy. Based on these polynomials one can
derive bounds on the convergence of GR-algorithms. A similar result will be provided for the
QR-iteration driven by a rational function.

The cost of any kind of QR-iteration is mostly determined by the structure of the unitary
matrix Q, coming from the QR-factorization of the matrix A−σI. Hence, we will derive for some
examples the structure of the resulting unitary factor Q. The complexity of this factor will be
compared to the complexity of the unitary factor coming from a single shifted QR-step.

The manuscript is organized as follows: in the first section the new iteration for performing a
QR-step driven by a rational function will be described. In Section 3 we will comment on some
QR-related issues, such as the preservation of the structure and how to perform the implicit QR-
steps. In Section 4 some examples will be given. Finally, conclusions and future work will be
presented.

1.1 Rational Krylov methods

Most of the iterative methods for computing eigenvalues of structured/sparse matrices are based
on the so-called Krylov subspaces. Given a matrix A whose eigenvalues one would like to compute
and an initial vector v we have the following Krylov subspace

K j(A,v) = {v,Av, . . .A j−1v}.

The idea of using rational functions in A instead of the standard powers of A can be found
in [7]. The idea is to work with the following Krylov sequence, in which all ϕi(λ) are rational
functions in λ:

F j(A,v) = {ϕ1(A)v,ϕ2(A)v, . . .ϕ j(A)v}.
1 This covers a more general class of iterations such as QR-methods, LR-methods and so forth.
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The idea in Rational Krylov methods is to choose the functions in an intelligent way, to speed
up the convergence of the iterative methods.

Similarly one chooses a good shift to speed up convergence in case of the QR-method. In this
manuscript we will develop a technique to perform QR-steps driven by a rational function onto
matrices, without explicit inversion.

Information on rational Krylov methods can be found in, e.g., [7,8,9]. Moreover, when con-
sidering a tridiagonal matrix T and the standard Krylov subspace, there is well-known relation
between the QR-factorization of the matrix T and this Krylov sequence (see [4]). Similarly there
is a well-known relation between rational Krylov sequences and semiseparable plus diagonal ma-
trices (see [10]).

2 A QR-iteration driven by a rational function

QR-methods based on rational functions are already in use for computing eigenvalues of e.g.
Hamiltonian (symplectic) matrices [11,12,13]. The basic idea is to perform an RQ-iteration onto
(A−κI) and a QR-iteration onto QAQH . Implicit versions of this method exist and create bulges
at both ends of the matrix resulting in bidirectional chasing algorithms [14,12]. The approach we
propose is significantly different.

2.1 The iteration

Let us consider the matrix A, whose eigenvalues we would like to compute, by using the rational
iteration. Assume the shifts κ and σ to be known. Since we want the shifts to approximate eigen-
values of the original matrix, inverting the matrix A−κI is not an option. Hence, the following
technique is used.

Given
A−κI = RQ,

we obtain

A−σI = ((A−κ)QH − (σ−κ)QH)Q
= (R− (σ−κ)QH)Q.

Computing now the QR-factorization of the matrix R− (σ−κ)QH , and substituting this result in
the equations above leads to the following result:

Q̂R̂ = R− (σ−κ)QH ,

A−σI = Q̂R̂Q.

Instead of having computed a QR-factorization of the matrix A−σI, we have computed an URV -
decomposition, in which the unitary factor V was determined beforehand.

Applying now the following unitary similarity transformation onto the matrix A gives us the
next iterate:

Â = Q̂
H

AQ̂.

Based on matrix Â we can continue with our iteration process.
A straightforward computation reveals that

(A−σI)(A−κI)−1 = Q̂R̂R−1.

Hence the unitary matrix Q̂ determines a QR-step onto the matrix A driven by a rational function.
It might seem at first that this iteration is twice as expensive as a single shifted QR-step since

both a QR and an RQ-factorization need to be computed. We will show later on that this is not
completely true since an implicit method is only determined by one unitary transformation, which
is the matrix Q̂ in this case. This matrix Q̂ can be more complex than in the single shifted QR-case,
but in several examples the matrix will not necessarily be more complex, in few cases it is even of
a more simple form. Moreover, in implicit versions, often only the first column of Q̂ is necessary.
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2.2 Non-unitary factorizations

We have always assumed to be working with unitary transformations. Without any loss of gener-
ality one can use non-unitary transformations. Suppose we have the following equations (with G
and Ĝ invertible, not necessarily unitary, matrices):

A−κI = RG,

for which R is an upper triangular matrix. This will be used in the following equations:

A−σI =
(
(A−κ)G−1− (σ−κ)G−1)G

=
(
R− (σ−κ)G−1)G,

A−σI = ĜR̂G.

The matrix R̂ is again upper triangular. The following similarity transformation is then determined
by the matrix Ĝ:

Â = Ĝ
−1

AĜ.

This brings us back to the case of GR-algorithms (see [5]). Unfortunately loosening the uni-
tarity constraint can result in the use of ill conditioned matrices. One can also use a combination
of unitary and non-unitary transformations. For example using a non-unitary transformation G(1)

and a unitary Ĝ(1) still determines a unitary similarity transformation onto the matrix A(1), instead
of simply a similarity transformation. This creates flexibility in the design of the method.

Even though most of the results mentioned in the remainder are valid for general GR-methods,
we will restrict ourselves to the unitary case.

3 QR-related issues

In this section we will discuss the preservation of structure and how to design an implicit QR-
method.

3.1 Preservation of the structure

Essential in effective QR-algorithms, for maintaining a low cost iteration, is the preservation of
the structure under a step of the QR-method.

Suppose a matrix A is given, whose structure is preserved under an iteration of the QR-
algorithm. Any kind of structure can be considered such as Hessenberg [15,16], tridiagonal [2],
band, Hessenberg-like [17], semiseparable, quasiseparable [18], unitary plus low rank [19,20,21],
etc.2

Similar to the QR-case one can prove that a step of the RQ-algorithm preserves the structure
of the matrix A.

It is known that the unitary matrix Q̂ determining the similarity transformation satisfies the
following relation

(A−σI)(A−κI)−1 = Q̂R̂R−1.

We want to prove that Â = Q̂HAQ̂ has the same structure as the original matrix A.
It is known that the equation above can be decomposed into two steps. In a first step one

computes the RQ-factorization of the matrix (A−κI), and performs a step of the RQ-method

(A−κI) = RQ,

Ã = QAQH .

2 Even though not mentioned, in case of a band matrix, a tridiagonal matrix, ... we implicitly assume the matrices to
be symmetric.



Rational QR-iteration without inversion 5

The matrix Ã inherits the structure of the matrix A. In the second step a QR-step is performed on
the matrix Ã. We obtain:

(Ã−σI) = Q̃R̃,
ˆ̃A = Q̃H ÃQ̃ = Q̃HQAQHQ̃

The single shifted QR-method states now that the matrix ˆ̃A satisfies the same structural constraints
as Ã and hence of A. When ˆ̃A is essentially equivalent to Â, the statement is proved.

The connection between the QR-factorization of (A−σI)(A−κI)−1 and the above results is
the following:

Q̂R̂R−1 = (A−σI)(A−κI)−1 = (A−σI)QHR−1 (2)
= QHQ(A−σI)QHR−1

= QH(Ã−σI)R−1

= QHQ̃R̃R−1.

It is clear that the matrices Q̂ and QHQ̃ are essentially the same, hence they determine essentially
the same similarity transformation. As a result the structure of the matrix A is preserved under the
similarity transformation determined by the matrix Q̂, from Equation (2).

3.2 Implicit and explicit version

It might seem at first that the presented method converges twice as fast since convergence occurs
at both ends of the matrix, but is also twice as expensive. Twice as expensive, because one has
to compute two factorizations: one QR- and one RQ-factorization to fully determine the complete
QR-step.

In an explicit version of the method it is true that one has to compute two full factorizations.
One has to compute the complete matrix Q to determine the next iterate. Implicit methods, in
general, do not need the full matrix Q. Only the first column Qe1 is sufficient for determining the
iteration in a unique way.

An implicit QR-method performed onto the structured matrix A, has only few building blocks
(see also [3,4,22]):

– Determine the first column of the following matrix product (A−σi)(A−κi)
−1, i.e., determine

v = (A−σi)(A−κi)
−1e1.

– Determine now a unitary transformation W1, either a single Householder transformation, or
few Givens transformations, such that W H

1 v = ‖v‖e1.
– Apply this transformation to the matrix A:

Ã =W H
1 AW1.

The result of this transformation is a new matrix Ã, which does in general not meet the struc-
tural constraints posed on the matrix A, anymore.

– Restore the structure of the matrix Ã, by a unitary similarity transformation W2, such that
W2e1 = e1. As a result we obtain the matrix:

Â =W H
2 ÃW2.

– Using a kind of implicit Q-theorem, one can prove that the result of this high-level algorithm
gives us the matrix Â, which is essentially the same as the matrix resulting from a step of the
QR-method onto the matrix A.

One can conclude that in a certain sense only the first column of the matrix Q determines the
unitary similarity transformation, yielding a QR-step.

Applying the technique mentioned above can lead to a fast implementation for the QR-method
driven by a rational function, since only the first column of the matrix Q is needed. It is shown
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in [23] that the vector v determining the QR-step for semiseparable matrices is even more simple
than the vector v from the QR-method applied onto the semiseparable matrix.

Since an implicit technique also involves determining the similarity transformation W2, and
this is dependent on the structure of the matrix, we will not design implicit techniques here. In the
forthcoming section we will, however, show some examples of matrices for which the algorithm
might result in a low complexity algorithm, with an advantageous convergence behavior.

3.3 Convergence

Since the unitary matrix determining the similarity transformation is coming from the QR-factori-
zation of a rational function in A, standard convergence theory [5] applies based the rational
function p(λ) = (λ−σ)(λ−κ)−1.

The manuscript [5] provides general subspace iteration results applicable, with minor changes,
to this case. The shift κ close to an eigenvalue creates convergence at the top. The shift σ close
to an eigenvalue creates convergence at the bottom. Standard analysis predicting the convergence
speed applies independently to both ends of the matrix, in case the shifts are well separated. Hence
a good choice of shifts would be κ close to the largest eigenvalue and σ close to the smallest
eigenvalue.

4 Examples

In this section we will apply the new iteration onto some classes of matrices and comment on the
structure of the intermediate matrices and especially on the unitary matrix Q.

A combination of the single shifted RQ-method followed by a single shifted QR-method results
in fact in performing twice an iteration. Hence, one might expect the unitary factor Q determining
the new similarity transformation to be twice as complex as the unitary factor coming from one
step of the QR or RQ-method. Since the unitary matrix mostly determines the complexity of the
resulting QR-method, its structure is quite important.

We will show, that based on the specific structure of the following matrices the new iteration
does not necessarily results in more complex unitary matrices. This means that the new approach
might result for several cases into more efficient algorithms, since the corresponding unitary ma-
trix is of simple form. For simplicity we start with the semiseparable case having shift κ = 0. This
is followed by the generic semiseparable (plus diagonal) case having shift κ 6= 0.

4.1 Semiseparable matrices

Semiseparable matrices are suitable for the new QR-iterate. Let us comment on the case κi = 0.
With suitable we mean that the resulting unitary factor Q, will be more easy representable than
the unitary factor from the single shifted QR-iteration. Remark that, we will not take the extra
convergence behavior into consideration. Only the mathematical properties of performing a single
step of the new method are discussed.

Let us define the class of semiseparable matrices.

Definition 1 A square matrix S is called a semiseparable matrix if the following relations are
satisfied:

rank(S(1 : i, i : n))≤ 1 and rank(S(i : n,1 : i))≤ 1,

for all feasible i.

More precisely this means that a matrix has all subblocks taken out of the matrix below the
superdiagonal of rank 1 (a similar remark holds for the upper triangular part). For example the
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elements � in the following matrix, make up the lower triangular semiseparable part of a semisep-
arable matrix. This means that all submatrices taken out of the part of the matrix marked with �
are of rank at most one:

S = (si j)i j =


� × × × ×
� � × × ×
� � � × ×
� � � � ×
� � � � �

 .
Each nonsingular semiseparable matrix its inverse is tridiagonal and vice versa.

Let us briefly recall the QR-factorization of semiseparable plus diagonal matrices.

4.1.1 The QR-factorization of a semiseparable plus diagonal matrix Suppose S to be of semisep-
arable form. To perform a QR-iteration, the QR-factorization of S−σI is desired. Without loss
of generality we assume to be working with a general semiseparable plus diagonal matrix now:
S+D, with D diagonal.

The QR-factorization will consist of 2n−2 Givens transformation, for an n×n matrix S [24,
25,26].

Since the last two rows of the matrix S are linearly dependent up to the diagonal, a single
Givens transformation acting on rows n−1 and n can annihilate all elements up to the diagonal in
the last row. This transformation is followed by a Givens transformation acting on row n−2 and
n− 1, annihilating all elements up to the diagonal in row n− 1. Continuing this procedure (see,
e.g., [24]) results in an upper triangular matrix:

GH
n−1GH

n−2 . . .G
H
1 S = R̃.

Since the QR-factorization of S+D is desired some extra operations are needed to compute the
QR-factorization of the following resulting Hessenberg matrix H:

GH
n−1GH

n−2 . . .G
H
1 (S+D) = H.

Computing the QR-factorization of the Hessenberg matrix involves again a sequence of n−1
Givens transformations. The first Givens transformation acts on row 1 and 2 and annihilates the
subdiagonal element H21. The second Givens transformation acts on row 2 and 3 and annihilates
the second subdiagonal element. Finally we obtain:

GH
2n−2GH

2n−3 . . .G
H
1 (S+D) = R.

Hence the unitary matrix Q from the QR-factorization of the semiseparable plus diagonal
matrix S+D consists of a product of 2n−2 Givens transformations. These 2n−2 transformations
are effectively needed when performing a step of the QR-method onto semiseparable matrices
(see, e.g., [17]).

4.1.2 Computing the new iteration Assume κ = 0. Initially we have to compute the RQ-factori-
zation of the matrix S. One can compute this factorization similarly as the QR-factorization, but
now based on Givens transformations acting on the right.

First a Givens transformation acting on column 1 and 2 annihilating all elements in the first
column below s11 is applied. This transformation is followed by a Givens transformation acting
on column 2 and 3, annihilating all elements in the second column below s22. This procedure can
easily be continued.

Thus applying n−1 Givens transformations on the right creates an upper triangular matrix R
in case of a {1}-semiseparable matrix. We obtain the following relation for a {1}-semiseparable
matrix S (see, e.g., [27,28,25]) S = RQ with Q a product of n−1 Givens transformations3.

3 We remark that other types of factorizations based on Gauss transforms can also be computed in a similar fashion,
this results in GR-type of algorithms (see [27]).
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This leads to

S−σI = (SQH −σQH)Q
= (R−σQH)Q.

Due to the specific structure of the matrix QH , we can see that the matrix σQH will be a unitary
Hessenberg matrix up to the scaling with σ.

Hence we obtain

S−σI = HQ
= Q̂R̂Q. (3)

In the final step we need to compute the QR-factorization of the intermediate matrix H. Similarly
as described above, we can use n− 1 Givens transformations, each transformation annihilating
one subdiagonal element.

Hence, the unitary matrix used for determining the similarity transformation is the matrix
Q̂, which only consists of n− 1 Givens transformations. Since the complexity of the iteration is
determined by the factor Q one might expect a lower complexity for performing one iteration step
of the QR-method driven by a rational function, w.r.t. the single shifted QR-method. Remark, that
we did not even discuss the enhanced convergence behavior due to the fact that rational iterates
are performed. In [23] an implicit version of this method is presented and globally a speedup of
50% is achieved w.r.t. the single shifted QR-method.

As mentioned before, the details on how to perform these operations effectively and in an
implicit way will even not be described here, they would lead us to far from the general purpose
of the manuscript. In a forthcoming manuscript (see [23]), we will discuss the issues such as:

– An effective computation of the RQ-factorization. Based on the Givens-weight representation
of semiseparable matrices we can even omit this computation.

– An implicit implementation of the involved method.
– Detailed complexity counts and comparisons with the standard QR-method for semiseparable

matrices.

Even though not discussed in detail, these results can be generalized in a straightforward man-
ner to the higher order case, i.e. the class of {p,q}-semiseparable matrices.

4.1.3 Preservation of the semiseparable structure We know that the semiseparable structure will
be preserved under a QR and RQ-iterations [17] and hence also under the rational method pre-
sented here. Nevertheless, it is worth trying to prove the preservation of the structure directly
by investigating in detail the structure of the intermediate matrices. A thorough investigation of
these results is given in [23]. In this manuscript it is also shown that one can interpret the rational
factorization differently. The unitary factor determining the similarity transformation can also be
considered as coming from a QH-factorization in which the matrix H has the lower triangular part
of semiseparable form. All these connections are explored in detail in [23].

4.2 Semiseparable plus diagonal

Semiseparable plus diagonal matrices appear in the analysis of orthogonal rational functions [29,
10]. Moreover, they can also be used as intermediate matrices when computing eigenvalues of
symmetric matrices. Since the reduction of a symmetric matrix to a semiseparable one has advan-
tageous convergence properties [30], the QR-method for semiseparable plus diagonal matrices is
also of interest.

We consider a semiseparable plus diagonal matrix S+D, with D of diagonal form and S of
semiseparable form. Initially we need to compute the RQ factorization:

S+D−κI = RQ = RQ1Q2.
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The unitary matrix Q = Q1Q2, consists of two sequences of Givens transformations, computed in
an identical way as in the semiseparable case. The matrix QH

2 consists of n− 1 Givens transfor-
mations, performed from left to right and annihilating almost an entire column in each operation.
As a result we obtain (S+D−κI)QH

2 = H, with H a Hessenberg matrix. The sequence of Givens
transformations QH

1 transforms the matrix H to upper triangular form. The matrix QH
1 also consists

of n−1 Givens transformations, now performed from right to left.
Since computing an RQ-factorization is equally expensive as a QR-factorization, the unitary

factor in the QR-factorization, which is used for performing a QR-step consists of 2n−2 Givens
transformations.

We will now show that the unitary factor for performing a step of a QR-iteration driven by a
rational function also consists of 2n− 2 Givens transformations. Hence performing such a QR-
step might be equally expensive as performing a single shifted QR-step in case of a semiseparable
plus diagonal matrix.

The next step in computing the unitary factor determining the QR-step driven by a rational
function consists of computing the QR-factorization of the matrix product (S+D−σI)QH :

(S+D−σI)QH = (R− (σ−κ)QH),

since the matrix Q consists of two sequences of Givens transformations, one can easily deduce
that the matrix (R− (σ− κ)QH), will have the lower triangular part also of semiseparable plus
diagonal form. This means that the resulting matrix will have all subblocks taken out of the strictly
lower triangular part of rank at most equal to 1.

Hence computing the QR-factorization of the matrix (R− (σ− κ)QH) only involves 2n− 2
Givens transformations. This means that the unitary similarity transformation determining the QR-
step driven by a rational function, has the same complexity as the unitary similarity transformation
determining a single shifted QR-step.

A similar remark as in the previous subsection holds. The results can be generalized to the
higher order semiseparable plus diagonal case, as well as the higher order semiseparable plus
band case. The results are similar, but involve more technical details.

4.3 Unitary Hessenberg matrices

The Schur parameter representation for unitary Hessenberg matrices is a widespread tool for
dealing with these matrices (see [31,32,33,34]).

Suppose a unitary Hessenberg matrix H ∈ Cn×n is given. An easy calculation reveals that this
matrix can be written as the product of n− 1 Givens transformations (this is the so-called Schur
parameter representation):

H = G1G2 . . .Gn−1,

where Gi is a Givens transformation acting on columns (rows) i and i+1.
Based on this representation one can see that the upper triangular part is of semiseparable

form.
Based on this low rank part present in the upper triangular part of the unitary Hessenberg

matrix and based on the results of semiseparable matrices presented before one can deduce a
QR-method driven by a rational function for lower unitary Hessenberg matrices. As a result one
obtains a rational driven QR-method (σ as shift, κ = 0) involving a chasing procedure with n−1
Givens transformations, which is equally expensive as the standard bulge chasing method in the
QR-case [34].

Since the roots of the unitary Hessenberg matrix lie, however, on the unit circle the rational
iteration with κ = 0 does not create an enhanced convergence behavior. In fact both methods are
in a certain sense dual to each other: equally expensive and equally fast.
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4.4 Tridiagonal case

Since the standard QR-algorithm is mostly applied onto tridiagonal and Hessenberg matrices we
will take a closer look at the structures involved when using tridiagonal matrices.

The Q-factor in the QR-factorization of T −κI consists of a sequence of n−1 Givens transfor-
mations, each annihilating one subdiagonal element of the tridiagonal matrix T −κI. Hence the
unitary factor determining the similarity transformation consists of n−1 Givens transformations.
We will show now that the unitary factor in the rational case is twice as complex, i.e., it consists
of 2n−2 Givens transformations.

Initially one computes the RQ-factorization of the shifted tridiagonal matrix T −κI:

(T −κI) = RQ.

Again, Givens transformations are used, QH = GH
1 . . .GH

n−1, where each Givens performed on the
right annihilates a subdiagonal element from the symmetric tridiagonal matrix T − κI. Givens
transformation G1 acts on column 1 and 2, Givens transformation G2 acts on column 2 and 3, and
so forth.

Continuing the new iteration process gives us the following equations:

(T −σI)Q = (R− (σ−κ)QH)Q.

The unitary matrix determining the unitary similarity transformation is determined by the QR-
factorization of the matrix (R− (σ−κ)QH). Since the matrix QH consists of n−1 Givens trans-
formations, we know from the previous subsection that this matrix is a lower unitary Hessenberg
matrix. As a result the lower triangular part of (R− (σ−κ)QH) satisfies the same structural con-
straints as the lower triangular part of a semiseparable plus diagonal matrix. Hence, computing
the QR-factorization of this matrix results in computing 2n−2 Givens transformations.

Hence the unitary matrix determining the new QR-iteration consists of 2n−2 Givens transfor-
mations, which is twice as much as the number of Givens transformations in the unitary factor for
the single shifted QR-method. In a certain sense, this is not unlogical as the new iteration performs
a QR and an RQ step at once. Hence, for the tridiagonal the new iteration is twice as expensive as
a single shifted QR or RQ-step.

5 Conclusions & Future work

In this manuscript a new type of QR-iteration was presented. The approach corresponds to a QR-
iteration driven by a rational function. The convergence properties as well as the relation with
standard QR-theory were discussed. Some examples were presented, showing that this approach
does not necessarily lead to an increased complexity.

This manuscript opens several possibilities for further investigation. First there is the extension
of this ‘basic’ rational step towards a more general ‘easy computable’ multishift setting allowing
to compute efficiently the QR-factorization of a general rational function in the matrix A.

There is also the search for other classes of matrices allowing an easy implementation of this
rational QR-algorithm. In a forthcoming manuscript an implicit version of this method is designed
for computing eigenvalues of semiseparable matrices.
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