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Abstract

Purpose – The purpose of this paper is to present a method to model earthing systems subjected to
lightning strikes with a one-dimensional moment method. This paper was conducted because an
accurate method to model earthing systems subjected to lightning strikes, was deemed necessary. To
name a few examples of relevant situations: supply stations of railway systems, from which also
critical signalling infrastructure is fed, earthing systems of cellular phone basestations, located in the
vicinity of high-antenna towers, prone to lightning strikes, and gas and oil pipelines. There exist
already methods to solve this problem, based on circuit theory, but the electromagnetic method of this
work is based directly on Maxwell’s equations and therefore more accurate.

Design/methodology/approach – The earthing electrodes and meshes are represented as wire
scatterers. First, the method is outlined for scatterers in a single medium. Next, the method is extended
to model to presence of the soil-air interface layer. An approximate technique, known as the modified
image theory, is used to account for the vicinity of the soil. Finally, a second extension is given so that
cables without metal sheets which are in the vicinity of the earthing systems, can be included in the
model. Thereafter, it is described how the method can be used to calculate the effects of lightning
strikes on earthing structures, and finally a validation of the method is presented.

Findings – The method is validated by applying it to simple situations which can also analytically be
calculated, and by applying it to earthing structures for which the transient voltage was measured or
calculated with circuit methods. A good agreement is seen. However, the method is computationally very
expensive.

Research limitations/implications – In order to account for the influence of the air-ground
interface, an approximate method was used: the modified image method, and not the exact Sommerfeld
theory. This was done because of its simplicity and in order to speed up the calculation process.
Furthermore, cables can be included in the model, but they must be of simple structure: a cylindrical
core, surrounded by an insulating cladding.

Originality/value – A few authors have already described this method to simulate lightning strikes
on earthing systems. However, in this paper, a new and easy model for underground cables in the
vicinity of earthing systems is presented.

Keywords Method of moments, Electromagnetism, Lightning, Electric current, Image processing

Paper type Research paper

1. Introduction
The accurate modelling of earthing rods and grids is becoming increasingly
important because design engineers want to know how adequate their earthing
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systems are in safeguarding against lightning, and because present computers are
powerful enough to answer this question. In order to predict the effects of a strike,
and to determine the minimum requirements of lightning protection equipment (surge
arrestors, isolation transformers, . . .) and because earthing has an important effect on
electromagnetic compatibility, the need for good earthing modelling techniques is of
great importance.

Basically, there exist three families of methods to tackle this problem. First, there are
methods based on circuit theory where earthing electrodes or rods are modelled with
lumped or distributed passive components (Lorentzou and Hatziargyriou, 2005; Menter and
Grcev, 1994; van Waes, 2003; Kraft, 1991). A circuit simulator such as Spice or an
EMTP tool is then used to calculate the voltages and currents on the electrodes. These
methods provide an easy model for earthing systems. They are fast and work directly in the
time-domain. Furthermore, soil ionization and nonlinearities such as in the behaviour of
surge arrestors, are easily included in the circuit simulations. However, the accuracy of
these methods is rather doubtful, because a uniform filter network or transmission line is
used in order to describe an earthing electrode which is inherently non-uniform.
Furthermore, this technique cannot accurately model earthing structures other than
straight conductors.

Second, there are methods based on the direct solution of Maxwell’s laws
(Otero et al., 1999; Grcev and Dawalibi, 1990; Grcev and Arnautovski-Toseva, 2003;
Grcev et al., 2003; Grcev, 1996). For this, they employ numerical techniques such as the
finite element method (FEM), the method of moments (MoM) or other numerical
methods. They are based on fewer assumptions and simplifications than the circuit
methods and thus have the potential to be more accurate. There exist volumetric and
one- or two-dimensional techniques. They operate in the time domain or frequency
domain. However, they are more time-consuming and more difficult to understand and
implement than the circuit theory methods.

Third, there exist hybrid methods which try to combine the circuit theory methods
and the electromagnetic methods in order to profit from the advantages of both
(Liu et al., 2001; Heimbach and Grcev, 1997).

In this work, the electromagnetic approach is used to calculate fields and transient
voltages or currents, when lightning strikes an earthing system. The MoM is used to
solve the electromagnetic equations.

2. Description of the method
The problem of modelling earthing systems is tackled by numerically solving
Maxwell’s equations. This is done with the MoM (Harrington, 1968), which solves
the integro-differential equation known as Pocklinton’s equation. Because earthing
systems consist of rods and meshes, it is fair to model them as wire scatterers.
As shown in this paper, a one-dimensional method will already give a good
accuracy.

In Section 1, the method is reviewed for wires in one space filled with a
homogeneous dissipative medium. However, earthing systems are not present in a
single space. They are embedded in the soil but are in close vicinity with the air above
the ground. Therefore, in Section 2, the method is extended to account for the presence
of the air, above the soil. Because cables are often present in the vicinity of an earthing
system, a technique was devised the model them. This is described in Section 3.
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2.1 MoM in a single homogeneous dissipative medium
The MoM is a general technique for solving integral equations. It is handy to express
Maxwell’s equations in terms of a scalar potential f and a vector potential ~A:

~BS ¼ ~7 £ ~A ð1Þ

~ES ¼ 2~7f2 jv ~A ð2Þ

fð~rÞ ¼

Z
Vs

1

1eff
rsð~r

0Þ
e2gk~r2~r0k

4pk~r2 ~r0k
d 3~r

0

ð3Þ

~Að~rÞ ¼

Z
Vs

m~Jsð~r
0Þ

e2gk~r2~r0k

4pk~r2 ~r0k
d 3~r

0

: ð4Þ

The equations give the relationship between charges and currents on the one hand,
and the scattered electric field ~ES and the scattered magnetic induction ~BS on the other
hand. The charges have a volume density rs in volume Vs and the currents have
a surface density ~Js in Vs. The quantity Vs is called the “source” region and it contains
only free charges and currents. The quantity:

g ¼
v

c
¼ jv

ffiffiffiffiffiffiffiffiffiffi
m1eff

p

is the propagation constant. It has a real part, the attenuation constant, and an
imaginary part, the phase constant. It is possible to write Maxwell’s equations in this
concise from equations (1) to (4), only by employing an effective permittivity 1eff , equal
to 1eff ¼ 1þ ðs=jvÞ, instead of the permittivity 1. Also, the source region Vs has to
coincide with the volume of the scatterer.

In its easiest form, the MoM is applied to wire scatterers. Many earthing systems
consist of rods, loops or grids and can be modelled as wire-like structures. To be able to
numerically solve the equations (1)-(4), the wire structure is divided in smaller
segments. A thin-wire assumption is made: it is assumed that the radius of the wire is
much smaller (more than ten times smaller) than the length of a segment. With this
assumption, it is possible to model the current flowing through the wire and the electric
charges on the wire surface as being concentrated on the wire axis. This assumption
transforms equations (1)-(4) into a one-dimensional form. There also is a second
assumption: for reasons of simplicity, a perfect conducting material is assumed. Then,
the relationship between the incident electric field ~Ei and the scattered field ~ES on the
outer boundary of the conductor is ð~ES þ ~EiÞ £ ~n ¼ ~0 with ~n a unit-normal vector on
the boundary surface. However, it is also possible to take a not perfect conductor and
the skin effect into account (see further in this section).

The next step is the application of the moment method to solve the equations.
The wire scatterers are discretized in N segments. The nth segment is identified by its
starting point, n 2 , its midpoint, n and its termination point n þ . This segment is
denoted by the interval Dln.

It can be shown that the one-dimensional, discretized form of equations (1)-(4) can be
written in matrix form as:

½V � ¼ ½Z �½I s�; ð5Þ
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where:

½IS� ¼

ISð1Þ

ISð2Þ

..

.

ISðN Þ

2
6666664

3
7777775

½V � ¼

~Eið1Þ ·
!

Dl1

~Eið2Þ ·
!

Dl2

..

.

~EiðN Þ ·
!

DlN

2
6666664

3
7777775

ð6Þ

are the vectors with the source currents through each segment and the voltages across
each segment. A good introduction to this basic formulation of the MoM is given in
Harrington (1968). The mutual impedance between elements m and n is defined as the
voltage across m divided by the cause of this voltage, the current through n:

Zmn ;
~EiðmÞ ·

!

Dlm

I sðnÞ

¼ jvm
Q

Dln ·
Q

Dlmcðn;mÞ

þ
1

jv1eff
½cðnþ;mþÞ2 cðn2;mþÞ2 cðnþ;m2Þ þ cðn2;m2Þ�

ð7Þ

It can be seen that the impedance of segment m due to segment n consists of five terms.
The first term is the influence of the magnetic vector potential on the electric field and
the last four terms represent the influence of the scalar potential on the electric field.
The function c(n, m) is given by:

cðn;mÞ ¼
1

Dln

Z
Dln

e2gR

4pR
dl ð8Þ

and should be numerically evaluated (Harrington, 1968).
The skin effect and a non-zero wire resistivity can be taken into account by adding

the internal impedance of a wire conductor to the self-impedances of the matrix [Z ].
The internal impedance per unit length is given by (Stratton, 1941):

Z int ¼
r

2pr

ffiffiffiffiffiffiffiffi
jmv

r

s
I 0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jmv=r

p� �
I 1 r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jmv=r

p� � ; ð9Þ

where r is the conductor’s radius, r is its resistivity and I0 and I1 are modified Bessel
function of order 0 and 1, respectively. The diagonal elements of the impedance matrix
[Z ] are then changed to:

Zk;k ¼ Zk;k þ Z int Dlk; ð10Þ

with Dlk the length of the kth segment.

2.2 Vicinity of the air above the soil
2.2.1 Modified image theoryandmodificationof the impedancematrix. In previous section, it
was assumed that the wire scatterers were radiating in a single homogeneous medium.
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However, for earthing rods and grids, this is not realistic. They are embedded in the soil but
are in close vicinity of the air, a medium with different electromagnetic characteristics.

This problem, of the radiation of an antenna suspended over a not perfectly
conducting earth, was first solved by Arnold Sommerfeld. The solution involves
calculating integrals which are so difficult that a different method is used here, known
as the modified image technique.

It states that the electric and magnetic field in an observation point due to a
radiating charge- and current-carrying element which is suspended in the same
half-space as the observation point, are approximately equal to the electric and
magnetic fields in the situation of Figure 1(b). There, the scatterer is mirrored with
respect to the flat interface between the two media and the charge and current of the
image element are equal to the original charge and current, multiplied with a factor F.
Furthermore, in the situation of Figure 1(b), there is only one medium, exhibiting the
electromagnetic characteristics of medium 1. This is the modified image theory and the
factor F is calculated as (cf. next section):

F ¼
1eff 1 2 1eff 2

1eff 1 þ 1eff 2
: ð11Þ

This technique is approximate and is valid if the distance R between source element
and observation point, satisfies the relationship gRj j ,, 1. The mutual impedances of
the matrix expression (5) now become, in the presence of the air-ground interface plane:

Zmn ¼ jvm1

Q

Dln ·
Q

Dlmcðn;mÞ þ jvm1F
Q

DlnI ·
Q

DlmcðnI ;mÞ

þ
1

jv1eff 1
½cðnþ;mþÞ2 cðn2;mþÞ2 cðnþ;m2Þ þ cðn2;m2Þ�

þ
F

jv1eff 1
c nþI ;m

þ
� �

2 c n2I ;m
þ

� �
2 c nþI ;m

2
� �

þ c n2I ;m
2

� �� �
:

ð12Þ

In the previous equation, the index nI denotes the current and charge element, obtained
by mirroring element n with respect to the interface plane between the two media.
The factor F is also present in this expression.

2.2.2 Derivation of the factor F of themodified image theory. Consider a space consisting
of two half-spaces characterised by the electromagnetic parameters ð1eff 1;m1Þ for the upper
halve-space and ð1eff 2;m2Þ for the lower half-space (Figure 2). An elementary charge and
current element exist in only one of the two media (medium 1).

Figure 1.

Observation point

Observation pointQ, I
Q, I

F.Q, F.I

ε1, µ1, σ1

ε1, µ1, σ1

ε2, µ2, σ2

(a) (b)

Notes: (a) We want to know the electromagnetic situation in the observation point when
a scatterer in medium 1 is suspended above a medium 2; (b) the situation of Figure 1(a) is
approximately equal to the situation depicted here. This is the modified image method
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The electric field in any point on the boundary plane is the vectorial sum
of the coulombian component ~EC , due to the charge Q and the rotational component
~Eind , due to the current I

!

dl. Index 1 represents the complex image coefficients,
the image current and charge have to be multiplied with, in order to calculate the
electric field in medium 1. The original source elements in medium 1 then remain and
the entire space consists of the material medium 1 is made of. Index 2 represents the
complex image coefficients the current and charge have to be multiplied with in order
to calculate the electric field in medium 2. The original source elements in medium 1
remain and the mirroring does not have to be performed. The entire space consists, in
this situation, of the material medium 2 is made of.

The continuity condition at the boundary plane for the normal component of the
total current density ~J ¼ 1~Eþ ›~D=›t ¼ seff

~E with seff ¼ sþ jv1, states that:

seff 1

4p
ð12FQ1Þ

Q

1eff 1

~R ·~n

R 3
þ jvm1ð12FI1ÞI

!

dl ·~n

R

" #
¼
seff 2

4p
FQ2

Q

1eff 2

~R ·~n

R 3
þ jvm2FI2I

!

dl ·~n

R

" #

The continuity condition for the tangential components of the total electric field at the
boundary plane, demands that:

1

4p
ð1þFQ1Þ

Q

1eff 1

~R ·~t

R 3
þ jvm1ð1þFI1ÞI

!

dl ·~t

R

" #
¼

1

4p
FQ2

Q

1eff 2

~R ·~t

R 3
þ jvm2FI2I

!

dl ·~t

R

" #

where ~n and ~t are the normal and tangential unit vectors in a point on the interface
plane. The quantity ~R is the distance vector from the source to the observation point on
the interface plane. In calculating the image sources, the retardation and attenuation
factor e2gR has been neglected. This is only valid if jgRj ,, 1.

After a few calculations, the boundary conditions yield:

FQ1 ¼ FI1 ¼
1eff 1 2 1eff 2

1eff 1 þ 1eff 2
¼ F ð13Þ

FQ2 ¼
21eff 2

1eff 1 þ 1eff 2
; FI2 ¼

m1

m2

21eff 1

1eff 1 þ 1eff 2
: ð14Þ

Figure 2.
Derivation of the factor F

of the modified image
theory

R

Q

QFQ

|d|

|d|

Ec

Eind

Eind

Ec

FQ

Fl

Fl

n

t
ε1 σ1

ε2 σ2
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2.3 Cables: dielectrically insulated wires scatterers
A dielectric is a material with a high-specific resistivity. In a dielectric material, there
exist electric dipoles which orientate themselves according to an externally applied
electric field. When this electric field has a time-varying orientation, the moving
charges produce a current, which is called “polarization current”. The problem of
modelling dielectric insulations is thus reduced to finding these sources, i.e. the
polarization charges and current.

In the derivation of an expression for the polarization charges, the geometrical
model of Figure 3 is assumed. The insulating layer has an inner radius ra and an outer
radius rb. The notation rþa denotes the position on the outer boundary of the metal core,
just inside the insulating layer. r2a denotes the position on the outer boundary of the
core, still inside the metal. An analogous notation ðrþb and r2b Þ applies for the
boundary between medium 1 and 2. The insulating layer consists of a dielectric
material with permittivity 11 and conductivity s1. The scatterer is present in a medium
with parameters 12 and s2. It is also assumed that the insulating layer and medium 2
are not magnetically, and thus have the same permeability as the free space.

The polarization charges only exist on the boundaries ra and rb. The surface density
of the polarization charges at these two boundaries, is given by:

SP ðraÞ ¼ 2r̂ · ~P rþa
� �

2 ~P r2a
� �� �

¼ 2ð11 2 10Þr̂ · ~E rþa
� �

ð15Þ

SP ðrbÞ ¼ 2r̂ · ~P rþb
� �

2 ~P r2b
� �� �

¼ 2r̂ · ð12 2 10Þ~E rþb
� �

2 ð11 2 10Þ~E r2b
� �� �

: ð16Þ

A cylindrical reference system is used, where r̂ is the unit radial vector. ~P is the
polarization density vector. Equation (16) can be further simplified by substituting ~Eðrþb Þ
by ~Dðrþb Þ=12 and making use of the boundary condition ~Dðrþb Þ · r̂ ¼ Sf ðrbÞ þ r̂ · ~Dðr2b Þ.
Here, Sf ðrbÞ is the surface density of the free charges at boundary rb. This density of free
charges is found by demanding the continuity of the radial component of the total current
density ~Jtot ¼ ðsþ jv1Þ~E across the boundary rb:

r̂ · ðs1 þ jv11Þ~Eðr
2
b Þ ¼ r̂ · ðs2 þ jv12Þ~Eðr

þ
b Þ

Figure 3.
Geometry of the insulated
wire scatterer

Medium 2
e2 s2

Medium 2
e1 s1Medium 0

ra

rb
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and substituting in this relation ~Eðrþb Þ by ~Dðrþb Þ=12 and again making use of the boundary
condition for ~D, introducing Sf ðrbÞin the expressions. We find:

Sf ðrbÞ ¼ 12
11;eff

12;eff
2

11

12

� 	
r̂ · ~Eðr2b Þ ð17Þ

SP ðrbÞ ¼ r̂ · ~E r2b
� �

ð11 2 10Þ þ
11;eff

12;eff
ð10 2 12Þ

� 	
: ð18Þ

Expressions (17) and (18) still contain unknown quantities: the radial component of the
electric field inside the dielectric layer. This electric field can be calculated with Ampère’s
law for an integration path inside the insulation. Let us take as integration path a circle
with radius rðra # r # rbÞ and centre on the conductor’s axis. The electric displacement
field is radially oriented and therefore vanishes in Ampère’s law:

Hw2pr ¼ I ðz0Þ Hw ¼
I ðz0Þ

2pr
: ð19Þ

Ampère’s law, written in differential form, is:

~7 £ ~H ¼ ~Jþ jv~D ð20Þ

For a point inside the dielectric, the source and conduction currents are zero: ~J ¼ ~0.
Ampère’s law therefore becomes:

~7 £ ~H ¼ jv~D

¼ jv12
~E

¼
1

r

›Hz

›w
2

›Hw

›z

� 	
r̂þ

›Hr

›z
2

›Hz

›r

� 	
ŵþ

1

r

›

›r
ðrHwÞ2

›Hr

›w

� 	
ẑ

¼ 2r̂
›Hw

›z
þ

1

r

›

›r
ðrHwÞ

� 	
ẑ ¼ 2r̂

1

2pr

›I ðz0Þ

›z0
¼ r̂

Lsv

2pr
;

ð21Þ

whereLs is the line density of the source charges. Thus, we find a relationship between the
electric field inside the dielectric cladding and the line density of the source charges.
Therefore, we find expressions for the free charges and the polarization charges at rb and
at ra. What is important, is the netto charge, thus the sum of the free and the bound
(polarization) charges at rb and ra. They are:

Sf ðrbÞ þ SP ðrbÞ ¼
Ls

2prb11
10

11;eff 2 12;eff

12;eff

� 	
ð22Þ

Sf ðraÞ þ SP ðraÞ ¼
Ls10

2pra11
: ð23Þ

With these surface charge densities, the scalar potential can be calculated:

fð~rÞ ¼
1

4p12;eff

Z
axis

Lsðz
0Þ

Z 2p

w¼0

Ca
e2gRa

Ra
þ Cb

e2gRb

Rb

� 	
· dw

� 	
dz0; ð24Þ

COMPEL 114752—28/4/2009—RAVICHANDRAN—335312

Modelling
earthing systems

and cables

995



whereCa andCb are constants, only depending on 11;eff , 12;eff and 11. This equation can be
used instead of equation (3) and the impedance terms Zmn of the MoM-equation (12) can
again be calculated. The surface integral of equation (24) is numerically evaluated by
placing point charges every Du ¼ 10 degrees around the surface of the cylinder.

3. Application of the method for simulating earthing systems subjected to
lightning strikes
The MoM can be used to analyze the effectiveness of earthing systems when a
lightning strikes the system. Consider an earthing system, divided into N smaller
segments. Lightning that strikes the system can be modelled as a current source. The
source is placed in the kth segment. Because the earthing system is excited with a
current source on the kth segment, we can write following matrix equation:

Z 11 Z 12 . . . Z 1;k21 Z 1k Z 1;kþ1 . . . Z 1N

. . . . . . . . . . . . . . . . . . . . . . . .

Zk21;1 Zk21;2 . . . Zk21;k21 Zk21;k Zk21;kþ1 . . . Zk21;N

0 0 . . . 0 1 0 . . . 0

Zkþ1;1 Zkþ1;2 . . . Zkþ1;k21 Zkþ1;k Zkþ1;kþ1 . . . Zkþ1;N

. . . . . . . . . . . . . . . . . . . . . . . .

ZN1 ZN2 . . . ZN ;k21 ZNk ZN ;kþ1 . . . ZNN

2
666666666666666664

3
777777777777777775

·

I 1

..

.

I k21

I k

I kþ1

..

.

IN

2
6666666666666666664

3
7777777777777777775

¼

0

..

.

0

I exc

0

..

.

0

2
6666666666666666664

3
7777777777777777775

:

ð25Þ

This expresses that the voltage across every segment is equal to zero, except for the kth
row. This row states that the current on segment k equals Iexc, which is the amplitude of
the sinusoidal excitation current on the kth segment. Ii, i ¼ 1, . . . ,N, is the amplitude of
the sinusoidal current of the ith segment. This linear system has to be solved for the
vector with the unknown currents.

When the current on each segment is known, the scalar potential in an arbitrary
point can be calculated. This scalar potential can be used as the definition of the
voltage between the points 1 and 2:
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V 12 ¼ f2 2 f1: ð26Þ

The MoM works in the frequency domain. This means that the input and output data
must be pre- and postprocessed in order to calculate the transient behaviour of, e.g. the
voltage in a point on an earthing electrode. The Fourier transform is applied to obtain the
frequency components of a lightning current. For each frequency, the current vector of
equation (25) and the potential is computed. In equation (25), the Fourier component of
the lightning current at that frequency is used for Iexc. After all the frequency
components of the voltage in a point are collected, the inverse Fourier transform is used
to transform the signal to the time domain. This gives the transient voltage.

An other important quantity which can be computed with the described MoM-based
technique, is the step voltage on the earth’s surface. This step voltage is equal to the
electric field (V/m) on the earth’s surface above the earthing system, and can be
calculated with equation (2) after the source charges and currents are known.

4. Validation of the method
The model described in previous sections was tested on various configurations. The
calculations were done on a Dell Latitude D510 laptop PC with an Intel Celeron M
processor with clock speed of 1.4 GHz and 1 GB memory.

First, a vertical dipole antenna above a lossy earth is considered. The method is
used in order to calculate the input impedance if it is fed at a frequency of 3 MHz at the
centre of the antenna. The conductivity of the ground is 3 mS/m. Its permittivity is
1010. The length of the dipole is 0.4893l0 and the wire radius ra is 0.0005l0. l0 is
the free space-wavelength. The input resistance (Figure 4) and reactance (Figure 5) are
calculated for varying d. d is the distance between the midpoint of the dipole and the
ground. Different test cases are considered of insulated and bare dipoles. The insulated
dipoles have an outer radius rb of ra, 1.01ra, 1.5ra, 2ra and 3ra. Li et al. (2004) also uses a
moment method to calculate the input impedance. When the results of this work are
compared with the results of Li et al. (2004), then the calculated input resistances are in
both cases practically the same. The relative error is at most 5 per cent. There is a
greater error in the input reactance. This is not very important, because the reactance
curve is very steep around the resonance point making it very sensitive to frequency or
length variations. The calculation time for the impedance matrix is 63 s.

In a second step, it was examined whether the method could well model radiating
structures in a lossy medium, with a different relative permittivity than one. A half-wave
dipole antenna, of length 0.4893l0, radius 0.0005l0, fed with a current source of 10 A,
3 MHz, is present in a medium with zero conductivity, but the relative permittivity
varies. For 1r ¼ 10 and 100, the magnitude of the electric field in the horizontal plane is
calculated at a distance of 10l0 (Figure 6(a) and (b)). King and Iizuka (1963) gives an
analytic expression for this field. A good agreement is found between the theoretical
values of King and Iizuka (1963), and the results of this work. The calculation time is 54 s.

Then, the resistivity is varied and the medium now has a relative permittivity of
one. The theoretical and calculated results are now shown in Figure 7(a) for a
conductivity of 100 S/m and in Figure 7(b) for a conductivity of 1,000 S/m. A good
resemblance between the theoretical fields and the fields calculated with the method of
this work, is seen. The agreement is even better when the resistivity increases.
The calculation time is 18 s.
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Next, it was researched whether the method could accurately calculate the transient
behaviour of voltages. To this purpose, the transient voltage across a capacitor in an
RC-circuit (R ¼ 4.7 kV, C ¼ 1/9,400 F, wire diameter ¼ 4 mm), which is excited with a
trapezoidal wave (Figure 8(a)), is calculated with the method (Figure 8(b)) and
simulated with PSpice. When compared, it was seen that the method of this work can
adequately calculate the transient behaviour of electromagnetic signals. The
calculation time is 124 s.

Next, a horizontal earthing electrode is considered. The electrode is 15 m long and
buried at a depth of 60 cm in soil with a resistivity r ¼ 70Vm and a relative
permittivity 1r ¼ 15. The excitation is a double-exponential current Imðe

2at 2 e2btÞ
with Im¼ 36.5 A and a ¼ 60,000 s21, b ¼ 6,000,000 s21. The time-to-peak (the time
period from I ¼ 0 to I ¼ maximum value) is 0.8ms and the time-to-half-value is
12.5ms. The transient voltages to the far earth are shown in Figure 9. They are
calculated in three points along the electrode, at 0, 3.5 and 7 m from the point where the
double-exponential current is injected. The transient voltages are also computed using
a distributed parameter method in Liu et al. (2001) and are simulated and measured in
Grcev (1996). The method of this paper presents a benefit, because it is a fully
electromagnetic method and is based on less assumptions than the circuit method of
Liu et al. (2001). These voltages are used as references for this work. The rise and fall
times of the waveforms, obtained in this study, correspond well with the simulation
results of Liu et al. (2001). The dead time that is observed in Figure 9, is also present
in Liu et al. (2001) and Grcev (1996). However, the peak values of the transient voltages
in Figure 9 are less than the results of the simulation in Liu et al. (2001). It is also

Figure 4.
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observed that the further the observation point is from the excitation point, the better
the results of this study are in agreement with the reference waveforms of Liu et al.
(2001). The calculation time for the impedance matrix is 31 s.

Finally, a square earthing grid (10 £ 10 m) is analyzed. A current is injected
in a corner point. It has a double-exponential form: iðtÞ ¼ 1 · ðe227000t 2 e25600000tÞ.

Figure 6.
(a) Electric field in the

horizontal plane of a
vertical dipole in a

medium with s ¼ 0 and
1r ¼ 10; (b) electric field in

the horizontal plane of a
vertical dipole in a

medium with s ¼ 0 and
1r ¼ 100
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The rise time ( ¼ period from i ¼ 10 to 90 per cent of the maximal value) of this current
is about 0.36ms. The time to half-value is 26.8ms. The grid is buried at 0.5 m depth in a
soil characterized by r ¼ 1,000 Vm and 1r ¼ 9. The simulation result is shown in
Figure 10. It is also obtained in Liu et al. (2001) (the “ref” curve), where a distributed
parameter model is used. The result of this paper corresponds really well with the
result of Liu et al. (2001), where a slightly larger voltage is observed. The rise and fall
times are almost the same and the dents in the front of the waveform are in both cases
clearly visible. The calculation time for the impedance matrix is 26 s.

5. Conclusion
This work presents a method to model earthing systems, embedded in the soil, close to
the air, with cables in their vicinity. The method works in the frequency-domain but

Figure 7.
(a) Electric field in the
horizontal plane of a
vertical dipole in a
medium with s ¼ 100 and
1r ¼ 1; (b) electric field in
the horizontal plane of a
vertical dipole in a
medium with s ¼ 1,000
and 1r ¼ 1
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the time-dependent characteristic of the lightning current can be accounted for by
applying the Fourier transform. The method was applied to test cases and typical
earthing systems for which the transient voltage was calculated. This voltage is
already described in other literature so that the method could be validated.

Figure 9.
Transient voltage in three
points along a horizontal

grounding electrode
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