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The present paper deals with the multiple scattering by randomly distributed elastodynamic systems
at the surface of a horizontally layered elastic halfspace due to an incident plane wave. Instead of
solving this problem for a particular configuration of the system, multiple scattering theory is used
to compute the ensemble response statistics. The Dyson equation is used to calculate the mean field,
while the nonstationary second order statistics are obtained by means of the Bethe–Salpeter
equation. This allows for the determination of the mean square response of the system in the time
and frequency domains. This model is used to study multiple scattering between buildings under
seismic excitation. The influence of multiple scattering on the seismic site response is verified.
Furthermore, the influence of the footprint and the damping of the buildings are investigated. The
results are compared to results of a coupled finite element/boundary element solution for a group of
buildings. © 2009 Acoustical Society of America. �DOI: 10.1121/1.3086290�
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I. INTRODUCTION

The dynamic behavior of a master structure coupled to
complex substructures has received considerable attention in
the past.1–7 For vibroacoustic simulations of complex struc-
tures in the medium frequency range, Soize1 introduced the
concept of structural fuzzy. In this theory, the master struc-
ture is the main part of the system that is well represented by
a deterministic mechanical model. The fuzzy substructure
consists of a large number of secondary subsystems and is
modeled by a probabilistic boundary impedance. Pierce et
al.3 and Strasberg and Feit4 showed that for a large number
of small substructures with closely spaced resonance fre-
quencies, a damping of the master structure is obtained. This
damping is due to a transfer of energy2,5 from the primary
structure to the secondary subsystems and therefore referred
to as ”apparent damping.” Energy initially transferred to the
subsystems can be returned to the master structure at later
times. In the absence of true losses, the coupled system tends
to an equipartition of energy.2,5 Weaver8,9 studied the energy
flow for a plate in flexure interacting with randomly distrib-
uted sprung masses. The mean8 and mean square response9

are calculated based on multiple scattering theory.10–13

The problem of randomly distributed sprung mass sys-
tems interacting with an infinite plate in flexure is very simi-
lar to the one of the seismic response of urban sites. The
buildings act as elastodynamic scatterers and can be consid-
ered as the locally reacting fuzzy substructure on top of the
soil that plays the role of the wave-bearing master structure.
Moreover, the interaction between the buildings is deter-
mined by resonant multiple scattering,14 as the natural fre-
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quencies of high-rise buildings are in the frequency range of
seismic excitation. This problem has been studied by several
authors to more satisfactorily explain features of seismic
records from urban arrays.15 Wirgin and Bard16 used a two-
dimensional model of regularly spaced cylindrical blocks on
top of a horizontally layered halfspace. Clouteau and
Aubry17 analyzed the response of a three-dimensional peri-
odic city model, using a coupled finite element/boundary el-
ement method. Guéguen et al.18 used an independent scatter-
ing approximation for a group of 180 buildings of the Roma
Norte quarter of Mexico City. Mezher et al.19 and Mezher20

performed calculations for a group of 77 buildings of the
same quarter, fully accounting for multiple wave scattering.
Boutin and Roussillon21 proposed a simplified analytical pro-
cedure, where the city is modeled as an equivalent layer at
the soil’s surface. Fernández-Ares and Bielak22 used the do-
main reduction method23 to study the seismic response of 88
sprung mass systems with a three-dimensional model taking
into account the simulation of the earthquake source and
propagation path effects, as well as the presence of the shal-
low basin underneath Mexico City. Kham et al.24 studied
periodically and nonperiodically spaced cities using two-
dimensional boundary element models.

In the present paper, the model of randomly distributed
elastodynamic systems at the surface of an elastic halfspace
is used to study the seismic site response. The Dyson equa-
tion is used to calculate the mean response due to an incident
plane wave, while the non-stationary second order statistics
are obtained from the Bethe–Salpeter equation. Based on
earlier developments,25 a methodology is presented that takes
into account the finite size of the interface between the scat-
terer and the halfspace. The results are complementary to

6,8
those of Weaver as the wave-bearing master structure is a
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horizontally layered elastic halfspace instead of a plate in
flexure. Furthermore, the model is of large value for the in-
terpretation of the results of the previously cited studies that
consider the detailed response for a single city configuration
with a limited number of buildings.

The outline of this paper is as follows. First, the equa-
tions of motion governing the single scatterer problem are
formulated. An approximate expression is derived for the
scattering operator in terms of the dynamic stiffness of the
scatterer, the dynamic stiffness of the layered halfspace sup-
porting a single scatterer, and the Green’s functions of the
halfspace. Next, the Foldy mean field approximation is con-
sidered. The mean Green’s tensor of the coupled system and
the mean response due to a vertically incident plane wave are
calculated using Fourier transform techniques. The field cor-
relation is obtained from the Foldy approximation of the
Bethe–Salpeter equation. The configurationally averaged
field quantities are used to study the seismic response of an
urban site. The results are compared to a coupled finite
element/boundary element solution for a group of 77 build-
ings.

II. THE SINGLE SCATTERER PROBLEM

A. Governing equations

In the following, the dynamic response of a single scat-
terer due to an incident wavefield is considered. The halfs-
pace is assumed to be horizontally layered, and consists of a
number of �homogeneous� layers with different Lamé coef-
ficients � and �, and density �, on top of a homogeneous
halfspace. The bounded elastic domain occupied by the scat-
terer is denoted as �b, while �s represents the unbounded
elastic halfspace �Fig. 1�. ��b and ��s are the boundaries of
�b and �s, respectively. �s is the part of ��s corresponding
to the free surface of the halfspace without the scatterer,
while � is the common interface ��b���s. A right-handed
Cartesian frame of reference x= �x ,y ,z� is used with its ori-
gin at the center of gravity of the interface �. For both sub-
domains, a linear elastic behavior is assumed, so that the
displacement field u�x� satisfies the Navier equation in the

FIG. 1. The single scatterer problem.
frequency domain:
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− div ��u��x� − ��2u�x� = 0, x � �b,�s, �1�

where ��u��x� denotes the elastic stress tensor at the point x
for the displacement field u�x�, � denotes the mass density,
and � denotes the circular frequency. It is assumed that no
body forces are present, so that the right hand side of Eq. �1�
is zero. The continuity of displacements and equilibrium of
stresses at the common interface � are

us�x� = ub�x�, x � � , �2�

�s�us��x� · ns�x� + �b�ub��x� · nb�x� = 0, x � � , �3�

where the subscript s refers to the elastic halfspace and the
subscript b refers to the scatterer. For both subdomains, n�x�
represents the outward unit normal vector to the boundary at
point x. At the common interface �, ns�x�=−nb�x�. In the
following, the tractions �s�us��x� ·ns�x� are denoted as
ts�us��x�. An approximate solution of the problem is ob-
tained, decomposing the displacements ub�x� into the six
rigid body modes �m�x� and N structural modes �m�x� of the
scatterer fixed on �:

ub�x� = �
m=1

6

�m�x�cm + �
m=1

N

�m�x�qm

= ��x�c + 	�x�q, x � �b, �4�

where cm and qm are the generalized coordinates. The rigid
body modes are collected in the matrix ��x�
= ��1�x� . . .�6�x��, and the matrix 	�x�= ��1�x� . . .�N�x��
contains the structural modes. The generalized coordinates
are collected in the vectors c and q. In a cylindrical frame of
reference �r ,
 ,z�, the matrix ��x� is written as follows:

��r,
,z� = �1 − z 0 0 0 − r sin 


0 1 0 0 z r sin 


0 0 1 − r sin 
 r cos 
 0
� ,

�5�

where the center of gravity of � is the rotational center of the
rotational rigid body modes.

In the halfspace, the displacement field us�x� is decom-
posed into the free field motion uff�x�, defined as the wave-
field in the homogeneous layered halfspace �s without the
scatterer, and the diffracted wavefield ud�x�. The wavefield
uff�x� contains the incoming wave that propagates toward the
free boundary ��s as well as the waves that are reflected at
the interfaces between layers. The diffracted wavefield ud�x�
represents the modification of the wavefield due to the scat-
terer and is decomposed into the locally diffracted wavefield
ud0�x� that cancels the free field motion uff�x� at the interface
� by definition, and the wavefields udm�x� radiated by the
displacement modes �m�x�:

us�x� = uff�x� + ud0�x� + �
m=1

6

udm�x�cm

= uff�x� + ud0�x� + Ud�x�c, x � �s, �6�

where the matrix Ud�x�= �ud1�x�¯ud6�x��. At the interface

�, ud0�x�=−uff�x� and udm�x�=�m�x�, so that the continuity
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of displacements in Eq. �2� is satisfied. The equilibrium of
stresses at the interface � in Eq. �3� is now elaborated as
follows:

ts�uff��x� + ts�ud0��x� + �
m=1

6

ts�udm��x�cm

+ �
m=1

6

tb��m��x�cm + �
m=1

N

tb��m��x�qm = 0. �7�

A weak variational formulation of the equilibrium leads to
the following system of equations:

�Kqq
b Kqc

b

Kqc
bT Kcc

b + Ks	
q

c
� = 
 0

Fs � , �8�

where superscript T denotes the matrix transpose. The matri-
ces Kqq

b , Kqc
b , and Kcc

b are calculated from the rigid body
modes �m�x� and the structural modes �m�x� of the scatterer
fixed at �:

Kqq
b = diag�− �2 + 2i�m�m� + �m

2 � , �9�

Kqc
b = − �b�2�

�b

	T�x���x�dx , �10�

Kcc
b = − �b�2�

�b

�T�x���x�dx , �11�

where �m and �m are the natural frequencies and damping
ratios, respectively, corresponding to the structural mode �m

and �b is the mass density of the scatterer. In Eq. �8�, Ks is
the dynamic stiffness matrix of the halfspace. The elements
�Ks�lm of the matrix Ks are

�Ks�lm = �
�

ts�udm��x� · �l�x�dS . �12�

When the tractions ts�udm� are collected in the matrix Td

= �ts�ud1�¯ ts�ud6��, Eq. �12� can be written as

Ks = �
�

Td
T�x���x�dS . �13�

The force vector Fs in Eq. �8� represents the equivalent load
due to the wavefield uff�x�. The elements �Fs�l of the force
vector are calculated from the tractions ts�uff��x� of the
wavefield uff�x� and the tractions ts�ud0��x� of the locally
diffracted wavefield ud0�x�:

�Fs�l = − �
�

�ts�uff��x� + ts�ud0��x�� · �l�x�dS

= − �
�

ts�uff��x� · �l�x…dS �
�

ts�udl��x… · uff„x…dS.

�14�

The second term has been elaborated, replacing �l�x� by its
equivalent udl�x� for x��, using reciprocity, and making use

of the fact that ud0�x� is by definition equal to −uff�x� for
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x��. For a scatterer at the free surface of the halfspace,
ts�uff��x� vanishes for x��:

Fs = �
�

Td
T�x�uff�x�dS . �15�

The calculation of the dynamic stiffness matrix Ks of the
layered halfspace in Eq. �13� and the load Fs in Eq. �15�
requires the solution of a boundary value problem where
displacements udm=�m are prescribed at � and the corre-
sponding tractions ts�udm� are unknown. This problem is
solved numerically by a boundary element method26,27 based
on regularized boundary integral equations.28 For a scatterer
at the free surface of a horizontally layered halfspace, the
following boundary integral is derived for the tractions
ts�udm�:

�m�x� = �
�

UG�x,x��ts�udm��x��dSx� x � � , �16�

where dSx� indicates that the surface integral is performed
with respect to x�, and UG�x ,x�� is the Green’s tensor of the
halfspace �s. Each element �UG�ij�x ,x�� represents the dis-
placement at the position x� in the direction e j due to a unit
impulse load at the position x in the direction ei.

29,30 The
Green’s tensor UG�x ,x�� of a layered elastic halfspace29,30 is
obtained by means of the direct stiffness31,32 or the
reflection-transmission method.33 In a boundary element
method, Eq. �16� is solved by discretization of the interface
�. Compared to other domain discretization techniques such
as the finite element method, the advantage is that only �
needs to be discretized and that energy radiation into the
halfspace is modeled correctly through the use of Green’s
functions that satisfy Sommerfeld’s radiation conditions.

The generalized coordinates q are now eliminated from
Eq. �8�:

�Kb + Ks�c = Fs, �17�

where Kb is the dynamic stiffness matrix of the scatterer:

Kb = Kcc
b − Kqc

bT�Kqq
b �−1Kqc

b . �18�

For a scatterer at the free surface of a halfspace, the gener-
alized coordinates c are found solving Eq. �17� with the gen-
eralized force �15� on the right hand side:

c = �Kb + Ks�−1��
�

Td
T�x�uff�x�dS	 . �19�

B. The scattering operator for a single
scatterer

The total wavefield us�x� in the layered halfspace is ob-
tained by introducing solution �19� in Eq. �6�. The diffracted

wavefield ud�x� now becomes
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ud�x� = ud0�x� + Ud�x��Kb + Ks�−1��
�

Td
T�x�uff�x�dS	 .

�20�

The wavefields ud0 and udm are computed from the corre-
sponding stresses at �:

ud�x� = �
�

UG�x,x��ts�ud0��x��dSx�

+ ��
�

UG�x,x��Td�x��dSx�	
��Kb + Ks�−1��

�

Td
T�x��uff�x��dSx�	 . �21�

To further simplify this expression, UG�x ,x�� and the free
field motion uff�x� are approximated in terms of the modes
��x� for x��:

uff�x�  ��x���
�

�T�x���x�dS	−1�
�

�T�x�uff�x�dS

= ��x���
�

�T�x�uff�x�dS	, x � � , �22�

UG�x,x��  �
�

UG�x,x����x��dSx�

���
�

�T�x���x�dS	−1

�T�x��

= ��
�

UG�x,x����x��dSx�	�T�x��, x� � � ,

�23�

where the second equality in Eqs. �22� and �23� defines the
matrix ��x�=��x�����T�x���x�dS�−1 that collects the
scaled rigid body modes for any x��. For scatterers that
have a circular footprint with a radius R, Eq. �5� leads to the
following expression for the matrix ��x� in a cylindrical
frame of reference �r ,
 ,z�:

��r,
�

= �
1

�R2 0 0 0 0 −
2r sin 


�R4

0
1

�R2 0 0 0
2r sin 


�R4

0 0
1

�R2 −
4r sin 


�R4

4r cos 


�R4 0
� .

�24�
Introducing Eqs. �22� and �23� in Eq. �21� gives
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ud�x� = − ��
�

UG�x,x����x��dSx�	
��

�

Td
T�x��uff�x��dSx�

+ ��
�

UG�x,x����x��dSx�	
�Ks�Kb + Ks�−1Ks

���
�

�T�x�uff�x�dS	 , �25�

where the first term is elaborated in a similar way as the
force vector in Eq. �14� and Eq. �13� is used to rewrite the
second term. Using approximation �22� for the wavefield
uff�x� in the first term allows combining both terms on the
right hand side:

ud�x� = − ��
�

UG�x,x����x��dSx���Ks�Kb + Ks�−1Kb�

Kb�

���
�

�T�x��uff�x��dSx�� �26�

The scattered wavefield is obtained as the product of
three terms. The first, rightmost term, is the excitation by the
wavefield uff, obtained as its projection on the scaled rigid
body modes ��x�. The multiplication of the first and second
terms gives the forces at the interface �. The second term is
therefore defined as the modified dynamic stiffness Kb� of
the scatterer. The third term redistributes the total forces at �
and calculates the displacements in the halfspace �s using
the Green’s tensor UG�x� ,x�. The entire sequence of opera-
tions is the scattering operator. The dependence of ud�x� on x
is now rewritten as ud�x ,z�, where x= �x ,y�. For a horizon-
tally layered halfspace, the Green’s tensor only depends on
the relative horizontal position x�−x, and is written as
UG�x�−x ,z� ,z�. For a scatterer at an arbitrary fixed position
�xb ,z=0�, Eq. �26� becomes

ud�x,z� = − ��
�s

UG�x� − x,0,z���x� − xb�dx�	
�Kb���

�s

�T�x� − xb�uff�x�,0�dx�	 , �27�

where �T�x−xb� is zero for any point x��, so that the
integrations over � can be replaced by integrations over the
entire free surface �s=R2 of the halfspace.

III. THE FOLDY MEAN FIELD APPROXIMATION

A. General formulation

In the following, the case is considered where a large
number of scatterers are randomly distributed at the surface
of the halfspace with an areal density �sc and known scatter-

ing characteristics. The response of the coupled system due

d Clouteau: Elastodynamic wave scattering by finite-sized scatterers



to a vertically incident plane wave is studied. In order to
solve this problem, a similar strategy as in the single scat-
terer case can be followed,19,20 as will be discussed in Sec.
VI. Instead, however, the configurationally averaged field
quantities are calculated in an approximate way using mul-
tiple scattering theory. The approximation is based on trun-
cated series expansions and only valid if the areal density of
the scatterers is sufficiently small. Weaver used a similar
methodology to calculate the mean response8 and mean
square response9 for a plate interacting with randomly dis-
tributed sprung masses. More details regarding the derivation
of the mean field approximations are found in Refs. 12 and
13 and more recent work by Weaver8,9 and Photiades.34

Based on the solution �27� in the single scatterer case,
the Foldy approximation10,12,13,8 of the mean field u�x� is
formulated as follows:

u�x,z� = uff�x,z� − �sc�
�s

UG�x� − x,0,z�

���
�s

��x� − xb�Kb��
�s

�T�x� − xb��
�u�x ,0�dx dx dx , �28�
� � b �

a subsequent evaluation of Eq. �31�.
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where the angular brackets denote the averaging with respect
to the scatterer characteristics. A double Fourier transforma-
tion with respect to the horizontal coordinates x transforms
the triple convolution into consecutive products in the wave-
number domain:

ũ�k,z� = ũff�k,z� − �scŨ
G�− k,0,z���̃�k�Kb��̃T�− k��ũ�k,0� ,

�29�

where k collects kx and ky and the tilde denotes the represen-
tation of the variable in the wavenumber domain. An evalu-
ation of this equation at z=0 allows for the calculation of the

mean field ũ�k ,0� at the surface of the halfspace. The mean

field ũ�k ,z� for any other z follows from a subsequent evalu-
ation of the right hand side of Eq. �29�.

When the scatterers have a circular footprint with a ra-
dius R, Eq. �24� can be used to compute the Hankel trans-

form �̃�k� in the cylindrical wavenumber domain �kr ,��:
�̃�k� = �
2J1�krR�

krR
0 0 0 0 − 4i sin �

J2�krR�
krR

2

0
2J1�krR�

krR
0 0 0 4i cos �

J2�krR�
krR

2

0 0
2J1�krR�

krR
− 8i sin �

J2�krR�
krR

2 8i cos �
J2�krR�

krR
2 0

� , �30�
where J1�x� and J2�x� are Bessel functions of the first kind,
of orders 1 and 2, respectively. The relation between the
Hankel transform in a cylindrical frame of reference and a
double Fourier transform in a Cartesian frame35 can be used

to obtain the matrix �̃�k� in the wavenumber domain
�kx ,ky�. In a similar way, an expression for the Green’s tensor

ŨG�k ,z� ,z� in the Cartesian wavenumber domain is obtained
from its Hankel transform.31

The formulation of the ladder approximation of the
Bethe–Salpeter equation in Sec. IV requires the mean

Green’s tensor ŨG�k ,z ,z�� in the Foldy approximation:9

ŨGT�k,z,z�� = ŨGT�k,z,z�� − �scŨ
G�− k,0,z�

���̃�k�Kb��̃T�− k��ŨGT�k,0,z�� . �31�

For z=0, an equation in terms of ŨG�k ,0 ,z�� is obtained.

The Green’s tensor ŨG�k ,z ,z�� for any other z is found from
B. Foldy mean field for a vertically incident plane
wave

When the response uff�x ,z� of the homogeneous layered
halfspace �s is generated by an incoming plane wave propa-
gating through the underlying halfspace, the wavefield
uff�x ,z� can be written in the frequency domain as

uff�x,z� = uff�z�exp�− iky
sy����� − �s�

+ uff
� �z�exp�iky

sy����� + �s� , �32�

where the superscript “*” denotes the complex conjugate,
uff�z� is the complex amplitude of the wavefield at depth z,
and �s the circular frequency of the wave. The wavenumber
ky

s is found from the wavenumbers kp and ks for P- and
S-waves in the underlying halfspace as kp cos � and ks cos �,
respectively, where � is the angle of incidence. The ampli-
tude uff�z� is computed from the amplitude of the incoming
wave in the underlying halfspace by the direct stiffness
method31,32 or the reflection-transmission method.33 The
wavenumber domain representation ũff�k ,z� is found by a

double forward Fourier transform:
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ũff�k,z� = 4�3uff�z���kx���ky − ky
s���� − �s�

+ 4�3uff
� �z���kx���ky + ky

s���� + �s� . �33�

In the following, only the first term on the right hand side of
this equation is considered. The contribution of the second
term is found as the complex conjugate of the mean field due
to the first term, with a frequency dependence ���+�s� in-
stead of ���−�s�. For an SH-wave with a polarization ac-
cording to ex, the amplitude uff�z� can be rewritten as
uffx�z�ex. Furthermore, the wave is assumed to be vertically
incident, so that �=� /2, ky

s =0 and the delta function ��ky

−ky
s� reduces to ��ky�. Based on Eq. �29�, the Foldy approxi-

mation ũ�k ,z� of the mean field is obtained from the wave-
field ũff�k ,z� at the free surface �s�z=0� of the homogeneous
layered halfspace �s. Without loss of generality, it is as-
sumed that the amplitude uff�z� has a unit value at z=0. This

leads to the following expression for ũ�k ,0�:

ũ�k,0� = 4�3��k���� − �s�ex

− �scŨ
G�− k,0,0���̃�k�Kb��̃T�− k��ũ�k,0� ,

�34�

where the product ��kx���ky� is rewritten as ��k�. The mean

field ũ�k ,0� can therefore be expressed as 4�3��k����
−�s�u�0� with u�0� the amplitude at z=0. Introducing this
expression in Eq. �34� and performing an inverse Fourier
transform from k to x give

u�x,0� = ex − �scŨ
G�− k = 0,0,0�

���̃�k = 0�Kb��̃T�− k = 0��u�x,0� , �35�

where the common factor ����−�s� has been dropped. For

a limiting small wavenumber k→0, the matrix �̃�k� tends to

lim
k→0

�̃�k� = �1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0
� . �36�

As ŨG�−k=0,0 ,0� is diagonal as well, the equations for dif-
ferent mean field components uncouple, and only the com-
ponent ux�0� corresponding to the polarization ex of the in-
cident wave is nonzero. For a given layered halfspace, the
mean response ux�0� only depends on the density �sc and the
first diagonal element ��Kb��11� of the modified dynamic
stiffness.

In the following, it is investigated how the distribution
of scatterers at the surface of the halfspace affects the re-
sponse of a single scatterer. The average response ub�x ,0� at
z=0 is calculated from the Foldy mean field u�x ,0�:

ub�x,0� = � 1

Sb
�

�

��x�dS	��Kb + Ks�−1Ks�

���
�

�T�x�u�x,0�dS	 , �37�

where Sb is the area of the interface � and the first term

between brackets is a matrix that contains the average dis-
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placement vector at � for each of the rigid body modes
�m�x�.

IV. THE BETHE–SALPETER EQUATION

A. General formulation of the ladder approximation

The Bethe–Salpeter equation12 is an equation in terms of
the correlation function R�x� ,z� ,x� ,z� , t� , t�� or, equiva-
lently, �u�x� ,z� , t�� � u�x� ,z� , t���, with � denoting the outer
product. A representation in the frequency domain
S�x� ,z� ,x� ,z� ,�� ,��� is obtained by a double Fourier trans-
form with respect to t� and t�. In the present case, the non-
stationary Bethe–Salpeter equation in terms of
S�x� ,z� ,x� ,z� ,�� ,��� is formulated as follows:12,36

S�x�,z�,x�,z�,��,���

= u�x�,z�,��� � u��x�,z�,���

+ �
�s

�
�s

�
�s

�
�s

�UG�y1� − x�,0,z�,���

� UG��y1� − x�,0,z�,����:K�y1�,y1�,x1�,x1�,��,���

:S�x1�,0,x1�,0,��,���dy1�dy1�dx1�dx1�, �38�

where the fourth order tensor K�y1� ,y1� ,x1� ,x1� ,�� ,��� is the
kernel of the intensity operator, which is expressed as an
infinite sum of operators using a diagram approach.12,36 The
operator “:” defines the double contraction of two tensors.
For two fourth order tensors A and B, the double contraction
A :B is a fourth order tensor C with �C�ijkl

=�m,n�A�ijmn�B�mnkl. The double contraction of the fourth or-
der tensor A with the matrix B is the matrix C, with �C�ij

=�k,l�A�ijkl�B�kl when C=A :B, and �C�kl=�i,j�B�ij�A�ijkl

when C=B :A. In the Foldy approach, the ladder approxima-
tion of the kernel of the intensity operator is9

K�y1�,y1�,x1�,x1�,��,���

= �sc�
�s

����y1� − xb�Kb��T�x1� − xb��

� ����y1� − xb�Kb���†�x1� − xb���

= �sc�
�s

���y1� − xb� � ���y1� − xb��

:�Kb� � Kb���:��T�x1� − xb� � �†�x1� − xb��dxb, �39�

where the superscript “†” denotes the Hermitian conjugate.
In the derivation, the footprint of the scatterers and the ma-
trix ��x� is assumed to be the same for all scatterers. As
��x� is real, ���y1�−xb�=��y1�−xb� and �†�x1�−xb�=�T�x1�
−xb� in Eq. �39�.

B. Foldy field correlation approximation for a
vertically incident plane wave

For a vertically incident plane wave, the correlation
S�x� ,z� ,x� ,z�� only depends on the relative horizontal posi-
tion x�−x� and is written as S�x�−x� ,z� ,z��. In a similar
way as for the mean field, the solution S�x�−x� ,0 ,0� for

z�=z�=0 allows for the evaluation of S�x�−x� ,z� ,z�� for any
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�z� ,z��. The vertical coordinates are therefore omitted, as-
suming an implicit evaluation at z�=0 and z�=0. This leads
to the following expression:

S�x� − x�� = u�x�� � u��x�� + �sc�
�s

�
�s

�
�s

�UG�y1� − x��

���y1� − xb� � UG��y1� − x����y1� − xb��

:�Kb� � Kb���:��
�s

�
�s

�T�x1� − xb� � �T�x1�

− xb�:S�x1� − x1��dx1�dx1�	dxbdx1�dx1�, �40�

where the dependence on �� and �� is understood implicitly
as well. The final bracketed term is defined as the matrix
S��x�−x��, evaluated at x�=x�=xb:

S��x� − x�� = �
�s

�
�s

��T�x1� − x��

� �T�x1� − x���:S�x1� − x1��dx1�dx1�. �41�

Equation �40� is formulated in the wavenumber domain by a
Fourier transform with respect to x�−x�:

S̃�k� = S̃�k� + �sc�ŨG�k��̃�− k� � ŨG��k��̃�k��

:�Kb� � Kb���:S��0� , �42�

where S̃�k� is the Fourier transform of u�x�� � u��x��. Equa-
tion �42� is transformed into an equation in terms of S��0�,
applying the operator ��̃T�k� � �̃T�−k��: on both the left and
right hand sides, integrating over all wavenumbers and mul-
tiplying by 1 /4�2:

S��0� = S��0� + �sc� 1

4�2�
R2

�̃T�k�ŨG�k��̃�− k�

� �̃T�− k�ŨG��k��̃�k�dk	
:�Kb� � Kb���:S��0� . �43�

For a vertically incident plane SH-wave with a unit displace-
ment in a direction ex at the surface of the halfspace, S��0� is

equal to ��̃T�0� � �̃T�0�� :ex � ex. The solution S��0� of Eq.

�43� allows to obtain the correlation S̃�k� in the wavenumber
domain from Eq. �42�. Integrating both the left and right
hand sides of this equation over all wavenumbers and mul-
tiplying by 1 /4�2 give the correlation S�x�−x�� at x�=x�:

S�0� = S�0� + �sc� 1

4�2�
R2

ŨG�k��̃�− k�

� ŨG��k��̃�k�dk	:�Kb� � Kb���:S��0� . �44�

The solution S��0� is also used to calculate the correlation
�ub�x ,0� � ub

��x ,0�� of the displacements at the interface �
between a scatterer and the halfspace:
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�ub�x,0� � ub
��x,0�� = � 1

Sb
�

�

��x� � ��x�dS	
:��Kb + Ks�−1Ks

� ��Kb + Ks�−1Ks���:S��0� . �45�

In the following, the correlation length is assumed to be
large compared to the footprint of the scatterers, so that
S�x�−x�� approaches a constant value for x� and x� on �. As
a result, only a 3�3 submatrix of S��0� remains and needs
to be calculated from Eq. �43� and accounted for in Eqs. �44�
and �45�.

V. SEISMIC RESPONSE OF A CITY

A. The dynamic characteristics of the layered
halfspace

In the following, the multiple scattering between build-
ings is studied for the case of a plane, vertically incident
SH-wave, with dynamic soil and building characteristics cor-
responding to the case of Mexico City. The soil is modeled
as a horizontally layered halfspace. Table I summarizes the
layer thickness t, the shear wave velocity Cs, the longitudinal
wave velocity Cp, the density �, and the material damping
ratio � of the soil model. Material damping is modeled in the
frequency domain by complex Lamé coefficients ��1+2�i�
and ��1+2�i�, where � is the hysteretic material damping
ratio. In order to assess the effect of multiple reflections at
the interfaces between layers in the halfspace, the site trans-
fer function is calculated for a vertically incident SH-wave.
The site transfer function is the ratio between the response at
the free surface of the layered halfspace in Table I and the
response at the free surface of a homogeneous halfspace with
the dynamic soil characteristics of the underlying halfspace
�layer 15 in Table I�. Figure 2 shows the site transfer function
as a function of the circular frequency � of the incoming

TABLE I. The dynamic soil characteristics. Thickness t, shear wave veloc-
ity Cs, longitudinal wave velocity Cp, density �, and material damping ratio
� of the soil layers.

Layer
t

�m�
Cs

�m/s�
Cp

�m/s�
�

�kg /m3� �

1 5 91 1447 1200 0.02
2 8 30 1447 1100 0.02
3 14 55 1233 1100 0.02
4 8 80 1267 1200 0.02
5 8 202 1442 1400 0.02
6 8 131 1472 1400 0.02
7 5 404 1786 1500 0.01
8 10 253 1588 1500 0.01
9 38 434 1746 1700 0.01

10 20 666 1965 1700 0.01
11 8 434 1771 1700 0.01
12 10 929 1935 1900 0.01
13 22 505 1776 1800 0.01
14 14 677 2084 1800 0.01
15 � 1132 2522 2000 0.01
wave. The presence of the upper, softer layers results in a
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first site resonance frequency with an amplification factor of
20 near 0.4 Hz. Higher site resonance frequencies are ob-
served at 0.8, 1.6, and 2.0 Hz.

B. The dynamic characteristics of the scatterers

The buildings are modeled as elastodynamic cylinders
uniformly distributed at the soil’s surface. All buildings have
a footprint Sb=625 m2, with a radius R=14.1 m. The areal
density �sc of the buildings is � /Sb, where � is the ratio of
the built and total surface. A value of �=0.06 is considered,
corresponding to a density �sc=1.02�10−4 m−2. The num-
ber of floors of the buildings follows the distribution in Fig.
3�a� for the Roma Norte district in Mexico City.18 The height
of the buildings equals h=2.90n. The mass mb of the build-
ings is estimated as 0.36n�bSb, with �b=2500 kg /m3 and
0.36 m an equivalent floor slab thickness. The mass is uni-
formly distributed over the cylinder.

The natural frequency of the first horizontal mode of a
building fixed at its base is estimated from the number of
floors n as 10 /n using a common rule of thumb. In order to
account for deviations between buildings with the same
number n of floors, the natural frequencies are equally dis-
tributed over �10 /n+1,10 /n+0.5,10 /n ,10 /n−0.5,10 /n
−1�. Since the city quarter consists of buildings with 6–16
floors, the fundamental resonance frequencies are between
0.6 and 2.0 Hz �Fig. 3�b��. Resonance frequencies �m of
higher modes are obtained applying a factor 2m−1 on the
fundamental resonance frequency. The corresponding mode
shapes �m�x� are the horizontal modes of a shear building. A
uniform shear-beam continuum provides a good approxima-
tion of the horizontal response when the building has many
identical stories.37 The equation that governs shear wave
propagation through the structure is similar to the one for
axial wave propagation in a bar. The mode shapes �m�x� for
the horizontal motion in the direction ex are therefore37
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�m�z� = �� 2

mb
sin
�2m − 1�

�z

2h
�,0,0�T

. �46�

The horizontal motion in the direction ey is represented by
similar mode shapes. The damping ratio �m has a value of
0.05 for all buildings. These dynamic characteristics are used
to calculate the dynamic stiffness Kb of the building using
Eqs. �9�–�11� and �18�. The dynamic stiffness Ks of the half-
space for a single scatterer is computed according to Eq. �13�
using a boundary element method26,27 based on the Green’s
functions of a layered elastic halfspace. The Green’s func-
tions are calculated by a reflection-transmission method.33

The modified dynamic stiffness Kb� is computed from the
dynamic stiffness Kb of the building and the dynamic stiff-
ness Ks of the halfspace according to Eq. �26�.

For a vertically incident SH-wave with a polarization
according to ex, the mean response u� x�0� only depends on the
first diagonal element ��Kb��11� of the modified dynamic

stiffness. Figure 4 shows the element ��Kb��11� as a function
of the circular frequency �. At low frequencies, the dynamic
stiffness is primarily real and scales as −�2. In this frequency
range, the buildings act as an additional mass at the soil’s
surface. At higher frequencies, the imaginary part becomes
larger with local maxima at the natural frequencies of the
buildings, coupled to the soil. The natural frequencies are
slightly lower than those of a building fixed at its base �Fig.
3�b��, due to the additional flexibility provided by the soil.

C. Modification of the site response due to a plane
SH-wave

The amplitude uffx�z� of the SH-wave at the free surface
�s of the homogeneous layered halfspace �s is obtained as
the product of the site transfer function �Fig. 2� and the fre-
quency domain representation of a Ricker pulse centered at
0.75 Hz. The Ricker pulse therefore corresponds to the re-
sponse at the free surface of a homogeneous halfspace with
the properties of the underlying halfspace for the same in-
coming wave. Figure 5�a� compares the amplitude uffx�0� of
the free field motion and the mean site response u� x�0� at the
soil’s surface. The maxima near 0.4 and 0.8 Hz of the re-
sponse of the homogeneous layered halfspace correspond to
the first and second site resonance frequencies. The higher
resonance frequencies in the site transfer function �Fig. 2� are
suppressed by the multiplication with the Ricker pulse and
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onal element ��Kb��11� of the mean modified dynamic stiffness matrix.
not observed in the response of the homogeneous layered
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(

halfspace �Fig. 5�a��. Comparing the mean response to the
response of the homogeneous halfspace shows that the first
site resonance frequency has shifted to a lower value due to
the additional mass of the buildings. At higher frequencies,
the mean site response is slightly smaller.

Figure 5�b� shows the ratio of the mean square modulus
and the square modulus of the response in the direction ex.
The mean square modulus is obtained from Eq. �43� for the
filtered correlation S��0� and a subsequent evaluation of the
correlation S�0� according to Eq. �44�. At low frequencies,
the ratio is close to unity and the total site response is equal
to the mean site response. In this frequency range, the wave-
length in the soil is large compared to the building dimen-
sions and the presence of the buildings results in a uniform
modification of the site response. At higher frequencies, the
ratio is larger due to the contribution of waves scattered by
the buildings. The scattered waves are not accounted for in
the mean response due to phase incoherence across the en-
semble. The reduction in the mean site response �Fig. 5�a��
therefore corresponds to an apparent loss of energy. The ob-
served loss of coherency shows that the buildings induce a
spatial variation in the site response in this frequency range.

D. Influence of the scatterers

Figures 6�a�–6�c� compare the root mean square modu-
lus of the displacements in the directions ex, ey, and ez to the
modulus of the wavefield uff�x ,0� at the free surface �s of
the homogeneous layered halfspace �s. The response is simi-
lar in the direction ex �Fig. 6�a��, apart from the small shift of
the first site resonance frequency that was also observed for
the mean response �Fig. 5�a��. In the directions ey and ez,
however, the wavefield at the free surface �s of the homoge-
neous layered halfspace �s is zero, whereas the waves scat-
tered by the buildings contribute to these components of the
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wavefield. These transverse components are slightly smaller
than the incident wavefield but have a similar order of mag-
nitude.

Figure 7 compares the root mean square value of the
time history of the displacements in the directions ex, ey, and
ez which are obtained by a double inverse Fourier transform
of the correlation in the frequency domain. Without build-
ings, the response in the direction ex �Fig. 7�a�� shows an
undulated behavior, corresponding to an exponentially de-
caying harmonic signal at the site resonance frequency. In
the presence of buildings, a slightly smaller response is ob-
served at early times and a higher response at later times. At
early times, energy is transferred to the buildings, which is
returned to the soil at later times. The undulated behavior is
no longer observed at later times as the response mainly
consists of scattered waves, with phase incoherence across
the ensemble. These scattered waves are the only source of
the response in the directions ey and ez. Compared to the
response in ex �Fig. 7�a��, a slight time delay is observed
corresponding to the time required for a building to retrans-
mit energy into the soil after excitation by a seismic wave.
The time scale is given by the dwell time tdwell, estimated as
1 /�ssi�ssi �Ref. 25� from the natural frequency �ssi of the
building coupled to the soil and the damping ratio �ssi corre-
sponding to radiation damping.

E. Influence of the scatterer footprint

In the following, the influence of the footprint Sb is in-
vestigated for a constant ratio �=0.06 of the built and total
surface. Figure 8 shows the root mean square value of the
frequency content for buildings with a footprint Sb

=312.5 m2 and 2500 m2, respectively. Apart from a smaller
peak at the site resonance frequency for the smaller footprint,
the response in ex �Fig. 8� is relatively little affected by the
difference in Sb. The shift of the first site resonance fre-
quency is the same in both cases, as the ratio of the built and
total surface and, therefore, the additional mass at the soil’s
surface is the same. The response in the directions ey and ez

is much more affected by the change in the footprint Sb. The
smaller footprint generally results in a smaller contribution
of scattered waves to the response.

F. Influence of the scatterer internal damping

Figure 9 shows the root mean square value of the fre-
quency content for buildings with a damping ratio �=0.01
and �=0.20, respectively. The value of 0.20 is unrealistically
high for a building, but has been chosen to illuminate the
role of energy dissipation in the buildings. When energy is
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transferred to the buildings, less energy is absorbed for the
lower damping value, while more energy is radiated back
into the soil. The response is only slightly affected, however,
by the change in the damping ratio. This is due to the fact
that energy is mainly absorbed by radiation and material
damping in the soil.

VI. COMPARISON TO RESULTS FOR A CITY SAMPLE

A. Coupled FE/BE solution for a collection of
buildings

The configurationally averaged field quantities are now
compared to the results of a coupled finite element/boundary
element method, where the buildings are modeled with finite

0 0.5 1 1.5 2 2.5
0

2

4

6

Frequency [Hz]

D
is

pl
ac

em
en

t[
m

/H
z]

0 0.5 1 1.5 2 2.5
0

1

2

3

Frequency [Hz]

D
is

pl
ac

em
en

t[
m

/H
z]

a) (b) (

0 0.5 1 1.5 2 2.5
0

2

4

6

Frequency [Hz]

D
is

pl
ac

em
en

t[
m

/H
z]

0 0.5 1 1.5 2 2.5
0

1

2

3

Frequency [Hz]

D
is

pl
ac

em
en

t[
m

/H
z]

a) (b) (

a)
0 5 10 15 20 25 30 35 40

0

1

2

3

4

Time [s]

D
is

pl
ac

em
en

t[
m

]

b)
0 5 10 15 20 25 30 35 40

0

1

2

Time [s]

D
is

pl
ac

em
en

t[
m

]

c)
0 5 10 15 20 25 30 35 40

0

1

2

Time [s]

D
is

pl
ac

em
en

t[
m

]

2050 J. Acoust. Soc. Am., Vol. 125, No. 4, April 2009 Lombaert an
elements and coupled to the layered halfspace model for the
soil in Table I using the boundary element method. In order
to determine the seismic response of the coupled system, a
similar strategy is followed as in the single scatterer case
�Sec. II�. The displacements of each building k are decom-
posed according to Eq. �4� into the rigid body modes �k�x�
and the structural modes 	k�x� of the building fixed at the
interface �k between building k and the halfspace. The cor-
responding generalized coordinates are ck and qk. The dis-
placement field us�x� in the layered halfspace is decomposed
into the wavefield uff�x� in the homogeneous layered halfs-
pace �s without scatterers, the locally diffracted wavefield
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FIG. 8. Comparison of the root mean
square modulus of the frequency con-

tents �a� ���ux����2�, �b� ���uy����2�,
and �c� ���uz����2� for the case of a
city composed of buildings with a
footprint Sb=312.5 m2 �black line�
and Sb=2500 m2 �gray line�.
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and �c� ���uz����2� for the case of a
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and �=0.20 �gray line�.
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ud0�x�, that cancels the wavefield uff�x� at every interface �k,
and the wavefields udm

k �x� scattered by the rigid body modes
�m

k �x� of the scatterers:19,20

us�x� = uff�x� + ud0�x� + �
k=1

Nb

�
m=1

6

udm
k �x�cm

k , �47�

where Nb is the number of buildings considered. The scat-
tered wavefields udm

k �x� are by definition equal to �m
k �x� for

x��k and zero for x��l�l�k�. A weak variational formu-
lation of the equilibrium at ��k leads to

�Ks + Kb�c = Fs, �48�

where c collects the generalized coordinates ck, and Kb is a
block diagonal matrix with the dynamic stiffness matrices
Kbk in Eq. �18� on its diagonal. The dynamic stiffness matrix
Ks of the soil is a fully populated matrix composed of the
following block matrices:

�Ks�lk = �
�l

�Td
k�x��T�l�x�dS , �49�

where Td
k�x� collects the tractions ts�udm

k ��x�. The vector Fs

on the right hand side of Eq. �48� contains the seismic load-
ing Fsk in Eq. �15� for each building. Solving Eq. �48� gives
the generalized coordinates ck of the modes �m

k �x�. The dis-
placement field us�x� in the soil is obtained subsequently
from Eq. �47�.

B. Results

This methodology has been used to calculate the re-
sponse of 77 buildings positioned on an area of 783
�1006 m2, as shown in Fig. 10. The ratio � of the built and

FIG. 10. The city configuration.

0 0.5 1 1.5 2 2.5
0

2

4

6

8

Frequency [Hz]

D
is

pl
ac

em
en

t[
m

/H
z]

0 0.5
0

1

2

3

4

Fre

D
is

pl
ac

em
en

t[
m

/H
z]

(a) (b)

FIG. 11. Comparison of the root mean square modulus of the frequency co
building-soil interface as obtained with the Foldy–Ladder approximation
�10−6 m−2 �thin black line� with the spatially averaged values for a particul

city configuration is superimposed �light gray area�.

J. Acoust. Soc. Am., Vol. 125, No. 4, April 2009 Lombaert and Clout
total surface and the statistics of the number of building
floors are the same as in Sec. V. In this model, however, the
footprint of the buildings varies between 100 m2 for four
buildings with 6 floors and 2500 m2 for a building with 14
floors. The previously considered value Sb=625 m2 is the
mean footprint. The dynamic stiffness matrix Kbk of the
buildings is computed by means of the finite element method
�FEM�, using the MATLAB Structural Dynamics Toolbox.38

The columns and beams of the buildings are modeled by
beam elements, while plate elements are used for the floors
of the buildings. All structural modes �m�x� with a natural
frequency below 30 Hz are accounted for. Both the dynamic
stiffness matrix Ks of the soil in Eq. �49� and the seismic
loading Fs in Eq. �15� are computed by a boundary element
method26 �BEM� with the computer program MISS.27 The
boundary element program uses the Green’s functions of a
horizontally layered halfspace, so that the radiation of waves
into the layered halfspace and multiple wave scattering be-
tween the buildings are properly accounted for. The maxi-
mum element size in the discretization of the interfaces �k is
chosen as 5 m based on the results of a convergence study.20

Figure 11 compares the root mean square modulus of the
frequency content as obtained by the Foldy–Ladder approxi-
mation and the result of the coupled FEM/BEM. Whereas all
previous results concern the exciting field as obtained by the
Foldy approach,10,11 the response at the interface between the
buildings and the soil is now considered. These results are
calculated from the solution of Eq. �43� and a subsequent
evaluation of Eq. �45�. Assuming ergodicity, the spatially
averaged field quantities for this city configuration can be
compared to the ensemble averages from the present analy-
sis. As the size of the city is of the same order of magnitude
as the wavelength in the soil at low frequencies, it can be
anticipated that its finite size will affect the results. The re-
sults of a second calculation by means of the Foldy–Ladder
approximation with a smaller areal density �sc /16 are there-
fore shown as well. The shaded area on the figures corre-
sponds to the results for all buildings of the city quarter and
illustrates the scatter of the response. Generally speaking, the
response in the direction ex is relatively well predicted, while
in the directions ey and ez, it is overestimated, particularly
near the site resonance frequency and in the low frequency
range. The overestimation of the contribution of scattered
waves may be due to the finite size of the city that affects all
buildings at low frequencies, and buildings at the city limits
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at higher frequencies. Furthermore, the results in Fig. 8 show
that the site response and, therefore, the response of the
buildings are sensitive to the footprint of the buildings. Tak-
ing into account the difference between the building models,
foundation areas, and the finite size of the city in the coupled
FEM/BEM calculation, the agreement is reasonable.

VII. CONCLUSION

Within the frame of the present paper, the Foldy equa-
tion for the mean field and the Foldy–Ladder approximation
of the Bethe–Salpeter equation are used to study the multiple
scattering by randomly distributed finite-sized resonant scat-
terers at the surface of a horizontally layered elastic halfs-
pace. Based on the solution in the single scatterer case, the
configurationally averaged response and correlation are cal-
culated for a vertically incident plane SH-wave. This solution
is used to analyze the seismic response of an urban site,
where each building acts as a scatterer at the soil’s surface. In
the low frequency range, where the wavelength in the soil is
large with respect to the dimensions of the buildings, the
presence of the buildings results in a uniform modification of
the site response. The site response is therefore accurately
characterized by the mean field, as there is no loss of coher-
ency in this frequency range. At higher frequencies, the mean
square response becomes substantially larger than the mean
response, due to the fact that waves scattered by the build-
ings contribute to the seismic response of the site. The solu-
tion is compared to results for a city quarter, where multiple
scattering between the buildings is fully accounted for.
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