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Niet-lineaire modellering van

de respons van gebouwen ten

gevolge van trillingen in de

grond

Inleiding

Trillingen in gebouwen ontstaan ten gevolge van dynamische krachten die
aangrĳpen op structuren zoals wegen, sporen, tunnels, palen,... Deze krachten
worden doorgegeven aan de grond waar ze elastodynamische golven veroorzaken.
De golven in de grond interageren met de funderingen van nabĳgelegen gebouwen
waar ze structurele trillingen en herafgestraald geluid genereren.

Deze trillingen in de bebouwde omgeving, afkomstig van weg- en spoorverkeer of
bouwactiviteiten, worden vaak aanzien als de oorzaak van structurele schade. Een
eenduidig verband tussen structurele of cosmetische schade is echter zeer moeilĳk
te leggen, vanwege de wisselwerking met andere schade- en verouderingsprocessen
(zettingen, temperatuur, vocht,...). In het algemeen is de schade te classificeren
volgens twee mechanismen: (1) directe schade ten gevolge van een overmatige
respons van een structureel onderdeel en (2) schade ten gevolge van een
trillingsgëınduceerde funderingszetting. Het laatste mechanisme kan optreden in
het geval van densificatie van een los gepakt zand en geeft aanleiding tot een
grotere schade dan het eerste mechanisme.

Het onderzoek naar schade ten gevolge van trillingen is veelal empirisch en brengt
opgetreden schade in verband met de piekwaarde van de deeltjessnelheid in de
structuur. De huidige richtlĳnen die gebaseerd zĳn op dit onderzoek houden
daarom geen rekening met het dynamisch gedrag van de structuur.
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De doelstelling van deze thesis is de invloed van trillingen op structuren te
bestuderen. Hiertoe worden numerieke modellen ontwikkeld die rekening houden
met de niet-lineaire grond-structuurinteractie en het niet-lineair constitutief gedrag
van de grond en bouwmaterialen. Zowel effecten op korte termĳn, i.e. de
gedetailleerde studie van de respons van structuren ten gevolge van enkelvoudige
dynamische belastingen (bĳvoorbeeld de passage van een vrachtwagen over een
verkeersplateau) als de effecten ten gevolge van een groot aantal dynamische
belastingen, worden behandeld.

Methodologie

De berekening van de dynamische interactie tussen een structuur en de ondergrond
kan zowel opgelost worden in het tĳds- als frequentiedomein. Hierbĳ wordt de
grond gemodelleerd als een horizontaal gelaagde, isotroop elastische halfruimte. Bĳ
een berekening in het tĳdsdomein kan een niet-lineair materiaalgedrag in rekening
gebracht worden.

De berekening van het dynamische grond-structuurinteractieprobleem is gebaseerd
op een substructuurmethode, waarbĳ het systeem wordt opgesplitst in twee
deelsystemen: de grond en de structuur. Beide deelstructuren worden apart
geanalyseerd. De respons van het gekoppelde systeem grond-structuur wordt
gevonden door het evenwicht van spanningen en continüıteit van verplaatsingen
te vereisen op de grond-structuurinterface.

De belangrĳkste reden voor deze ontbinding is dat verschillende numerieke
methodes worden aangewend voor de grond en de structuur. Voor de horizontaal
gelaagde elastische grond, laat de randelementenmethode toe om de oneindigheid
van de ondergrond goed te modelleren, waarbĳ het afstralen van golven impliciet
vervat zit in het model. Voor de structuur laat de eindige-elementenmethode een
grote flexibiliteit toe en is het mogelĳk om niet-lineariteiten te modelleren.

In het geval waarbĳ zowel de grond als de structuur zich lineair gedragen (figuur
1a), wordt een analyse in het frequentiedomein uitgevoerd. Het probleem wordt
meer ingewikkeld als niet-lineaire effecten in de structuur in rekening gebracht
worden (figuur 1b). In dit geval is een directe tĳdsintegratie noodzakelĳk voor
de structuur. Voor de ondergrond kan de analyse nog altĳd gebeuren in het
frequentiedomein. Deze techniek wordt aangeduid als een hybride frequentie-
tĳdsdomeinmethode voor grond-structuurinteractie.

Het probleem wordt nog meer ingewikkeld als ook een deel van de ondergrond
in de buurt van de fundering zich niet-lineair gedraagt. Dit probleem
wordt opgelost door een “gegeneraliseerde structuur” te beschouwen, waarin de
structuur en een deel van de ondergrond vervat zit (figuur 1c). De grond-



SAMENVATTING v

structuurinterface is veel groter dan in het vorige geval, en noodzaakt een grote
kinematische basis op de interface voor een nauwkeurige berekening van het
grond-structuurinteractieprobleem. Als alternatief kan een gereduceerd aantal
interfacemodes gebruikt worden voor de ondergrond.

(a) (b) (c)

uiui ui

Σ ΣΣ

Ondergrond (lineair)Ondergrond (lineair) Ondergrond (lineair)

Structuur (lineair) Structuur (niet-lineair)

Naburige
grond

(niet-lineair)

Figuur 1: Dynamische grond-structuur interactieproblemen met een toenemende
complexiteit: (a) een lineair grond-structuurinteractieprobleem en een
niet-lineair grond-structuurinteractieprobleem waarbĳ (b) de structuur
en (c) een deel van de ondergrond zich niet-lineair gedraagt.

In het geval waarbĳ de structuur herhaaldelĳk belast word door een invallend
golfveld van lage amplitude, kan een grote residuele vervorming geobserveerd
worden [64]. Het vooropgestelde dynamische grond-structuurinteractiemodel is
niet geschikt om dit type niet-lineariteit te modelleren, omdat het gerelateerd is
aan zeer kleine vervormingsincrementen per belastingscyclus. Een stapsgewĳze
integratie van de volledige belastingsgeschiedenis zou leiden tot een accumulatie
van numerieke fouten. Verder zou de berekening van een groot aantal dynamische
belastingsgevallen voor problemen van beperkte omvang leiden tot een ongewoon
grote rekentĳd.

Daarom word een model ontwikkeld dat enkel de accumulatie van de gemiddelde
permanente vervorming per belastingscyclus berekent. De amplitude van
het herhaalde invallend golfveld word impliciet in rekening gebracht als een
materiaalparameter. Een grotere belastingsamplitude resulteert in een grotere
accumulatie van rekken. Verder houdt het model rekening met de variatie van
de accumulatiesnelheid met de spanningstoestand in de grond. Dergelĳk model
is gelĳkaardig aan klassieke kruipmodellen en word eenvoudig in een eindige-
elementenraamwerk gëımplementeerd.

De vooropgestelde methodologie laat de begroting toe van de effecten van trillingen
op gebouwen op korte en lange termĳn.
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De respons van een gebouw in metselwerk ten gevolge

van trillingen in de ondergrond

De ontwikkelde grond-structuurinteractietechnieken werden toegepast om de
dynamische respons van een gebouw ten gevolge van verkeerstrillingen (figuur 2)
en ten gevolge van het inheien van palen (figuur 6.18) te berekenen.

xy

z

v

A

B

C

D
g2(t)

g1(t)

D = 10 m

2B = 4 m

L = 10 m

Figuur 2: Trillingen ten gevolge van verkeer in een gebouw.

Voor de trillingen ten gevolge van verkeer wordt het invallend golfveld
gekarakteriseerd door een lage frequentie-inhoud. De overeenkomstige golflengtes
zĳn groter dan de lengte van de fundering. Hierdoor bestaat de respons
voornamelĳk uit een starre beweging van het gebouw, gecombineerd met een
resonantie van de vloeren en muren uit hun vlak. Figuur 4 toont duidelĳk deze
starre beweging van de structuur. Het inheien van palen, daarentegen, wordt
gekarakteriseerd door een hoge frequentie-inhoud. De schokgolf plant zich voort
onder het gebouw, waarbĳ de grond zĳn stĳfheid opdringt aan het gebouw (figuur
5). Dit is in overeenstemming met eerdere conclusies [80], waarbĳ twee algemene
gevallen onderscheiden worden. Bĳ een stĳf gebouw op een slappe grond vindt
geen vervoming van muren op. De globale structurele respons word gedomineerd
door een beweging als star lichaam. Ten tweede, als de grond stĳf is dwingt de
grond zĳn beweging quasi-statisch op aan het gebouw.
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Figuur 3: Trillingen ten gevolge van het inheien van palen.
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Figuur 4: Verticale verplaatsing van de rand AB tussen de fundering en het
gebouw (zwarte lĳn) op te tĳdstippen (a) t = 0 s en (b) t = 0.20 s.
Het invallend golfveld is ook weergegeven (grĳze lĳn).

Gedrag van granulaire gronden onder herhaalde

cyclische belasting

Uit observaties in het laboratorium zowel als in de praktĳk blĳkt dat herhaalde
dynamische belasting met lage amplitude aanleiding kan geven tot een aanzienlĳke
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Figuur 5: Verticale verplaatsing van de rand AB tussen de fundering en het
gebouw (zwarte lĳn) op te tĳdstippen (a) t = 0 s en (b) t = 0.20 s.
Het invallend golfveld is ook weergegeven (grĳze lĳn).

vervorming van grond. In de literatuur is nog maar weinig aandacht besteed
aan deze rekaccumulatie. Deze zettingen kunnen echter aanleiding geven tot
een aanzienlĳke vorm van structurele schade en kunnen een herverdeling van
spanningen in de structuur teweegbrengen. Dit kan schade initiëren.

Omdat permanente vervormingen slechts optreden bĳ een groot aantal
belastingscycli, wordt een constitutief model geformuleerd dat de gemiddelde
vervorming per belastingscyclus beschrĳft (figuur 6). Deze aanpak werd origineel
ontwikkeld om metaalvermoeiing te modelleren [84, 122] en is toegepast op de
zetting van wegen [1, 9, 94] en spoorwegen [203, 204] onder een groot aantal
voertuigpassages. Deze methode wordt verkozen boven een stap-per-stap integratie
van het volledige belastingsverloop omdat dit zou leiden onder een accumulatie van
numerieke fouten.
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t

ε

Omhullende
van de respons

Gemiddelde
vervorming

Enkelvoudige
belasting

Figuur 6: Verloop van de rek op korte en lange termĳn bĳ gronden onder herhaalde
cyclische belasting.

Cyclische triaxiaaltesten op zand

Het accumulatiegedrag van grond wordt opgemeten met behulp van labora-
toriumexperimenten. Hierbĳ wordt een grondmonster belast met een goed
gekende statische en dynamische belastingstoestand. Dit laat toe het effect van
verschillende invloedsparameters na te gaan. Laboratoriumtesten vormen daarom
de basis van de ontwikkeling van constitutieve modellen.

In deze thesis wordt een accumulatiemodel ontwikkeld aan de hand van
de cyclische triaxiaalproef (figuur 7). In deze proef wordt een cylindrisch
grondmonster onderworpen aan een celspanning σc en een verticale spanning
σv (figuur 8). De verticale spanning σv wordt cyclisch gevariëerd. Dit
resulteert in een axisymmetrische spanningstoestand die gekarakteriseerd wordt
door een hydrostatische spanningstoestand p = σc + 1

3σv en een deviatorische
spanningsinvariant q = |σv|. Ten gevolge van deze cyclische belasting ondergaat
het monster een geaccumuleerde volumetrische en deviatorische rek (figuur 9).

Materiaalmodel

Om de rekaccumulatie wiskundig te beschrĳven, wordt een empirische wet
vooropgesteld. Hiervoor wordt aangenomen dat de accumulatie beschreven
kan worden door twee toestandsvariabelen κacc,f en εacc,c

kk die respectievelĳk de
accumulatie ten gevolge van afschuiving en volumetrische compactering weergeven.
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Figuur 7: Cyclische triaxiaalproef aan
de KHBO in Oostende.

σc σc

σc + σv

r

z

Figuur 8: Spanningstoestand in de cy-
clische triaxiaalproef.
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Figuur 9: (a) Geaccumuleerde volumetrische rek en (b) geaccumuleerde deviatori-
sche rekinvariant gedurende een cyclische triaxiaaltest bĳ p = −200 kPa
en q = 100 kPa.

Dit resulteert in de volgende wet voor de accumatiesnelheid
dεacc
ij

dN :

dεacc
ij

dN
=
dκacc

dN

3

2

sij
q

+

(

df
dκacc

dN
+
dεacc,c
kk

dN

)
δij
3

(1)

waarbĳ sij de deviatorische rek is en df een parameter die de dilatatie weergeeft.
De volgende wet wordt vooropgesteld voor dκ

acc

dN :

dκacc

dN
= αf exp (−ηfκ

acc) + βf (2)
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waarin αf , ηf en βf materiaalparameters zĳn, afhankelĳk van de spanningstoestand

waarin het materiaal zich bevindt. En evenzo voor
dεacc,c
kk

dN :

dεacc,c
kk

dN
= −αc exp (+ηcε

acc,c
kk )− βc (3)

waarin αc, ηc en βc materiaalparameters zĳn, afhankelĳk van de spanningstoestand
waarin het materiaal zich bevindt.

De empirische wet (1) is gëımplementeerd in een eindige elementen raamwerk.
Hierbĳ wordt gebruik gemaakt van een consistente tangentoperator en een
achterwaardse Euler-integratie. De bekomen materiaalmodel laat toe berekeningen
te maken van ingewikkelde driedimensionale modellen met willekeurige randvoor-
waarden.

Toepassing: de zetting van het gebouw in metselwerk

Het ontwikkelde constitutief model wordt toegepast op de berekening van de
zetting van het metselwerk gebouw onder invloed van het golfveld ten gevolge
van verkeer. Hiertoe wordt een deel van de grond onder het gebouw gemodelleerd
met eindige elementen (figuur 10). Als gevolg van de differentiële zetting van het
gebouw treedt een spanningsherverdeling in de structuur op. Figuur 11 toont de
eerste hoofdspanning in muur I onder eigengewicht en na de passage van 10000 en
1000000 voertuigen (figuur 10). De differentiële zetting resulteert in een globale
buiging van de structuur, wat een verhoging van de spanningen onderaan de muur
teweegbrengt. Dergelĳke spanningsherverdeling kan in bepaalde gevallen leiden
tot structurele schade.

Originele bĳdragen van de thesis

Voor de berekening van het dynamisch grond-structuurinteractieprobleem word
een elastodyamische randelementenmethode ontwikkeld zowel in het frequentie-
als het tĳdsdomein. Hoewel de randelementenmethode een gevestigde methode
is, word gebruik gemaakt van fundamentele oplossingen berekend met de directe
stĳfheidsmethode voor gelaagde gronden. In het tĳdsdomein is dit een innovatieve
aanpak, omdat in de literatuur alle toepassingen van randelementen in het
tĳdsdomein gebruik maken van analytische of semi-analytische oplossingen. Verder
word aangetoond dat het gebruik van gedempte oplossingen de integratie van
golffronten vereenvoudigd.

Het gebruik van fundamentele oplossingen die berekend zĳn met de directe
stĳfheidsmethode is enkel mogelĳk door het gebruik van efficiënte algoritmes voor
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Figuur 10: Eindige-elementenmodel voor de berekening van de zetting van het
gebouw in metselwerk.

de inverse Hankeltransformatie van het golfgetal naar het ruimtelĳk domein en voor
de inverse Fouriertransformatie van het frequentie naar het tĳdsdomein. Hiervoor
word gebruik gemaakt van FFT-gebaseerde algoritmes die gebruik maken van een
logaritmische sampling in het ruimte- en tĳdsdomein.

De berekening van de fundamentele oplossingen is beschikbaar in een MATLAB
toolbox (ElastoDynamics Toolbox, EDT2.1). Hierbĳ is bĳgedragen bĳ de
implementatie van de berekening van de driedimensionale spanningen. Verder
zĳn alle randelementenberekeningen gëımplenteerd in de MATLAB toolbox
BEMFUN1.0. Beide toolboxen zĳn op mekaar afgestemd voor een gecombineerd
gebruik.

De ontwikkelde randelementenmethodes worden aangewend om dynamische grond-
structuurinteractieproblemen in het tĳdsdomein op te lossen. Een hybride
frequentie-tĳdsdomein randelementenmethode wordt hierbĳ uitgewerkt. Hoewel
gelĳkaardige hybride methodes ontwikkeld werden, worden conclusies getrokken
vanuit een nieuw standpunt: de hybride methodes werden origineel ontwikkeld voor
de transformatie van een of enkele impedantiecurves van het frequentie- naar het
tĳdsdomein. De huidige studie verruimt het toepassingsgebied van deze techniek
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(a)

(b)

(c)
0 0.25 MPa

Figuur 11: Eerste hoofdspanning in muur I (a) onder eigengewicht en na de
passage van (b) 10000 en (c) 1000000 voertuigen.

naar problemen met een groot aantal gegeneraliseerde vrĳheidsgraden op de grond-
structuurinterface.

Om de ontwikkelde grond-structuurinteractietechnieken te kunnen aanwenden
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in combinatie met niet-lineaire eindige elementen, werd een ANSYS User
Programmable Feature (UPF) geschreven.

De ontwikkelde grond-structuurinteractietechnieken werden toegepast voor de
berekening van de respons van een gebouw ten gevolge van trillingen in de grond
zoals verkeerstrillingen of trillingen ten gevolge van het inheien van palen. Dit
laat toe nieuwe conclusies te trekken over de mechanische processen die aan
de basis liggen van de vervorming en laten een gefundeerde beoordeling van
trillingsgëınduceerde schade toe. Verder wordt een vergelĳking gemaakt met
normen en richtlĳnen uit de praktĳk.

Tenslotte is een model ontwikkeld voor de modellering van grond onder herhaalde
cyclische belasting. De basisveronderstelling is dat het cyclisch deel van de
belasting klein is ten opzichte van het statisch deel van de belasting. Dit geeft
de spanningstoestand van de grond onder een fundering goed weer. Het model
is gëımplenteerd in een driedimensionaal eindige-elementenraamwerk met een
consistente tangent aanpak, wat leidt tot superieure convergentie-eigenschappen.
Het model laat een beoordeling toe van trillingsgëınduceerde funerinngszettingen,
waarbĳ rekening gehouden wordt met de herverdeling van spanningnen in de
ondergrond.

Suggesties voor verder onderzoek

De suggesties voor verder onderzoek kunnen opgesplitst worden in twee deelonder-
werpen. Ten eerste is er nood aan efficiëntere grond-structuurinteractietechnieken.
Ten tweede zĳn meer geavanceerde matriaalmodellen nodig voor de beschrĳving
van het constitutief gedrag van bouwmaterialen en grond onder dynamische
belastingen.

Dynamische grond-structuurinteractietechnieken

De rigoureuze randelementenmethodes zĳn zeer rekenintensief en daarom beperkt
tot problemen van beperkte omvang. Transiënte berekeningen zĳn nog meer
een uitdaging, omdat zowel de tĳd als de ruimte gediscretiseerd worden
wat resulteert in de evaluatie van dure convoluties. Een belangrĳk deel
van het recent internationaal onderzoek behelst de ontwikkeling van snelle
randelementenmethodes. Een veelbelovende techniek is de snelle multipool
randelementmethode (E: fast multipole method), die gebaseerd is op een
clustering van randelementen [138, 155, 205]. Deze techniek gebruikt echter een
multipoolontbinding van de fundamentele oplossing die niet gekend is voor de
halfruimte-geometrie.
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Als alternatief voor de randelementenmethode, zĳn benaderende technieken
ontwikkeld om de golven te absorberen aan de rand van het oplossingsdomein.
Deze technieken omvatten lokale absorberende randvoorwaarden. Omdat lokaal
absorberende randvoorwaarden aanleiding geven tot artificiële reflecties, werden
perfect gekoppelde lagen (E: perfectly matched layer, PML) ontwikkeld. Hierbĳ
wordt een artificieel materiaal met hoge demping rondom het oplossingsdomein
aangelegd. Klassiek wordt gebuik gemaakt van een spannings-snelheidsformulering
die echter moeilĳk te implementeren is in een eindige elementenraamwerk. Daarom
werd een verplaatsingsgebaseerde PML ontwikkeld [22, 25]. PML’s vormen een
belangrĳk alternatief voor de randelementenmethode omdat de golven (bĳna)
perfect geabsorbeerd worden aan de rand van het domein.

Constitutief gedrag van metselwerk

Voor de modellering van het constitutief gedrag van het metselwerk wordt vaak
uitgegaan van een gehomogeniseerd criterium [130] dat van de mesostructuur
(bakstenen en mortel) van het metselwerk abstractie maakt. Deze empirische
aanpak voor de modellering van het constitutief gedrag heeft als belangrĳk nadeel
dat voor een complex materiaalgedrag een groot aantal experimentele parameters
noodzakelĳk zĳn die moeilĳk te extrapoleren zĳn naar een bestaande situatie.
Het gehomogeniseerde materiaalmodel moet ook met de nodige omzichtigheid
toegepast worden, gezien de grote mesh-afhankelĳkheid bĳ het optreden van
schade.

Om het constitutief gedrag van het metselwerk beter weer te geven, worden
modellen gebruikt op mesoschaal waarbĳ de bakstenen en mortellagen apart
gemodelleerd worden. Hierbĳ verschuift de bepaling van materiaalparameters van
de macro- naar de mesoschaal, waar realistische experimentele data voorhanden
of eenvoudig te bepalen zĳn. Een eerste type mesomodel is een interfacemodel
[131], waarbĳ mogelĳke breukvlakken voorgesteld worden door interfaces (typisch
de mortellaag) waarin alle niet-lineariteiten vervat zitten. Een voordeel van
deze techniek is dat geëigende integratietechnieken (“return mapping”, “consistent
tangent operator”) leiden tot een nauwkeurige en efficiënte berekening. Bĳ een
tweede type mesomodel wordt zowel de baksteen als de mortel gemodelleerd met
eindige elementen. Om hier de lokalisatie van schade correct weer te geven, wordt
een isotroop schademodel gecombineerd met een “gradient damage model” [162].
Deze aanpak kan echter aanleiding geven tot “locking”.

Omdat de volledige mesomodellering van een gebouw zeer rekenintensief is, wordt
een multi-schaalformulering toegepast [142]. Een numerieke homogenisatietech-
niek zorgt ervoor dat de macroschaal en mesoschaal gekoppeld blĳven gedurende
de volledige berekening. Een alternatief voor de homogenisatietechniek is een
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substructuuraanpak, waarbĳ dat deel van de structuur waar mogelĳk schade
optreedt op mesoschaal gemodelleerd wordt.

Constitutief gedrag van grond onder herhaalde cyclische belasting

Hoewel de accumulatie van permanente vervorming in grond experimenteel kunnen
worden aangetoond, is het nog onzeker of dit effect ook optreedt voor kleine
belastingsamplitudes. Het is ook nog niet goed gekend wat het belang is van micro-
mechanische processen zoals afglĳden, verbrĳzelen en afslĳten van gronddeeltjes.
Een ander probleem is gerelateerd aan het verband tussen de spanningstoestand
in situ en in een cyclische triaxiaalcel. Vooral de vorm en de belastingsfrequentie
van de dynamische belasting hebben een belangrĳke invloed op de geoserveerde
accumulatie.

Een micromechanische aanpak voor de analyse van granulaire gronden biedt de
mogelĳkheid de problemen, gerelateerd aan de bovenstaande fenomenologische
modellen, op te lossen. Een micromechanische aanpak wordt vaak gevolgd voor
de berekening van granulaire gronden onder monotone, statische belasting [151].

Een korrelstructuur wordt hierbĳ gegenereerd op basis van de statistische
verdeling van de korrelgrootte en -vorm. Dit laat toe om micromechanische
eigenschappen zoals de porositeit af te leiden, maar noodzaakt de beschrĳving van
de positie van elke korrel gedurende de volledige belastingsperiode. De discrete-
elementenmethode, waarbĳ de evenwichtsvergelĳkingen worden opgelost voor elke
tĳdstap en elk deeltje, voldoet aan deze vereiste.

Een andere essentiële eigenschap van granulaire media is de niet-homogene
verdeling van de contactkrachten tussen de deeltjes. Hoge contactkrachten
propageren meestal langsheen min of meer rechtlĳnige krachtketens (E: force
chains), terwĳl lage contactkrachten overblĳven in de rest van het grondmonster.
Het netwerk van krachtketens vormt een draagconstructie, die een essentiële rol
speelt in de overdracht van spanningen doorheen het monster en aan de basis
ligt van de stĳfheid en sterkte van het materiaal. De concepten, ontwikkeld voor
de monotone statische belasting van de korrelstructuur, kunnen uitgebreid worden
naar herhaaldelĳke cyclische belastingen. Dit vereist een goed inzicht in het gedrag
van de contacten tussen korrels en de herverdeling van de krachtketens onder
cyclische belasting. Verder vormen deze mechanismen de belangrĳkste oorzaak
van materiaaldemping onder belastingen van lage amplitude, zodat de numeriek
voorspelde demping in overeenstemming moet zĳn met experimentele resultaten.

De meest geschikte proefopstelling om de accumulatie van vervormingen op te
meten zĳn cyclische triaxiaalproeven op cilindervormige grondmonsters. De
mogelĳkheid om een groot aantal cycli toe te passen onder een groot aantal
belastingscondities laat toe het gedrag van gronden onder herhaalde cyclische
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belasting grondig te bestuderen. Door de axisymmetrische spanningstoestand
ligt de spanningstoestand altĳd in een welbepaald vlak in de spanningsruimte.
Alternatieve proeven, zoals de torsionele afschuifproef op holle cilindervormige
monsters en een volwaardige triaxiaalproef op kubusvormige monsters, laten
een toepassing van driedimensionale spannigspaden toe. Deze testen zĳn echter
zeldzaam. Piëzoelektrische buig- en compressie-elementproeven vormen een goede
aanvulling op de cyclische triaxiaalproeven. Hoewel ze niet geschikt zĳn voor de
bepaling van residuele vervormingen, laten ze toe de verandering van de elastische
eigenschappen van het materiaal onder herhaaldelĳke belasting te bepalen.

Organisatie van de tekst

Deze thesis begint met een gedetailleerde behandeling van het dynamisch grond-
structuur interactieprobleem. De belangrĳkste voor- en nadelen van verschillende
rekentechnieken worden besproken, met een belangrĳke aandacht op numerieke
aspecten. Een grote zorg werd besteed aan de validatie van de voorgestelde
routines, door het oplossen van een aantal referentieproblemen. Vervolgens
worden de ontwikkelde grond-structuurinteractietechnieken aangewend voor de
berekening van de effecten van trillingen op structuren. Tenslotte wordt het
langetermĳneffect van trillingen op structuren bestudeerd door de ontwikkeling
van een accumulatiemodel voor grond onder herhaalde dynamische belasting.

Hoofdstuk 1 bevat de inleiding van de thesis. Het onderwerp wordt gesitueerd, de
eigen bĳdragen worden aangegeven, en de organisatie van de tekst wordt toegelicht.

Hoofdstuk 2 geeft een overzicht van de berekening van fundamentele oplossingen
in de elastodynamica. Het hoofdstuk begint met een bondig overzicht van
de directe stĳfheidsmethode voor gelaagde gronden, zonder in detail te treden.
Vervolgens wordt de efficiënte berekening van fundamentele oplossingen in het
tĳdsdomein uitgewerkt, met een nadruk op de numerieke aspecten. Twee
voorbeelden worden gebruikt om de vooropgestelde methodologie te valideren.

Hoofdstuk 3 beschrĳft de elastodynamische randelementenmethode in detail. Na
het inleiden van de randintegraalvergelĳking wordt de randelementendiscretisatie
besproken. De kenmerkende eigenschappen van de randelementenmethode
worden besproken. Enkele gekende problemen van de randelementenmethode
in het tĳdsdomein, zoals de integratie van golffronten en de stabiliteit van de
tĳdsintegratie komen aan bod, rekening houdend met het gebruik van numeriek
berekende fundamentele oplossingen. Vervolgens wordt de randelementenmethode
in het frequentiedomein besproken. Omdat dezelfde referentieproblemen worden
opgelost met de randelementenmethode in het frequentie en het tĳdsdomein, laat
dit een goede vergelĳking van beide methodes toe.
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Hoofdstuk 4 behandelt de subdomeinformulering voor dynamische grond-
structuurinteractie, origineel ontwikkeld door Aubry and Clouteau [18, 44]. Deze
methode wordt in deze thesis toegepast op de berekening van alle lineaire
grond-structuurinteractieproblemen. De grond wordt gemodelleerd met een
randelementenformulering, waarbĳ gebruik gemaakt wordt van driedimensionale
Greense functies voor een gelaagde halfruimte. Deze worden besproken in
hoofdstuk 2. De subdomeinformulering wordt toegepast op een referentieprobleem,
dat toelaat alternatieve modale decomposities van de interfaceverplaatsingen na
te gaan.

Hoofdstuk 5 beschrĳft de aspecten van niet-lineaire grond-structuurinteractie.
Twee verschillende methodieken worden onderzocht: (1) een directe aanpak,
waarbĳ de grond-structuurinteractiekrachten worden berekend met de randelemen-
tenmethode in het tĳdsdomein, en (2) een hybride frequentie-tĳdsdomeinmethode
waarbĳ de grond-structuurinteractiekrachten worden berekend met een randele-
mentenmethode in het frequentiedomein.

Hoofdstuk 6 onderzoekt het effect van trillingen op gebouwen. Hiertoe worden de
dynamische grond-structuurinteractietechnieken uit hoofdstukken 4 en 5 toegepast
om de repons van een gebouw in metselwerk ten gevolge van een invallend golfveld
door wegverkeer en het inheien van palen te bepalen. Deze voorbeeldberekening
laat toe enkele algemene conclusies te trekken over trillingsgëınduceerde schade
aan structuren.

Hoofdstuk 7 behandelt de beschrĳving van het gedrag van grond onder herhaalde
dynamische belasting. Een numeriek accumulatiemodel wordt ontwikkeld in een
driedimensionaal eindige-elementen raamwerk.

Hoofdstuk 8 vat de belangrĳkste conclusies van deze thesis samen en geeft
aanbevelingen voor verder onderzoek.



Summary

Structures in urban areas are exposed to low amplitude cyclic load events as
arising from road and railway traffic or construction activities. Property owners
often complain about vibration related structural damage. In practice, it is
impossible to attribute existing structural damage to the vibrations due to the
possible interaction with other deterioration processes. In this thesis, the effect of
vibrations on structures is studied through the development of numerical models.

In the first part of the thesis, the short term dynamic response is considered. A
time domain finite element formulation is used for the structure, as the nonlinear
constitutive behaviour of the structural materials requires a direct time integration
procedure. The soil is assumed to behave linear elastically and a time domain
boundary element method is used to fully account for the dynamic soil-structure
interaction. The boundary element method uses the Green’s functions for a half-
space in the time domain. This dynamic soil-structure interaction technique is
used to study the dynamic response of a masonry structure due to a traffic induced
incident wave field and a wave field induced by pile driving.

In the second part of the thesis, a numerical model for vibration induced foundation
settlements of structures is formulated that accounts for the long term constitutive
behaviour of the soil and the dynamic response of the soil and the structure during
a single load event. It is assumed that the cyclic part of the loading is small with
respect to the static part, reflecting the stress conditions in the soil underneath
a structure loaded by a low amplitude incident wave field. As the permanent
deformations are only observed after a large number of load events, only the
average plastic deformation per load cycle is considered. The accumulation model
accounts for the dependency of the deformation on the stress conditions and the
cyclic loading amplitude. The model parameters have been determined by means
of cyclic triaxial test data. The accumulation model is implemented in a three-
dimensional finite element framework and is applied to compute the differential
settlement of a two-story building founded on loose sandy soil under repeated
passages of a truck on a nearby traffic plateau. As a result of the differential
foundation settlement, the stress distribution in the structure is modified.

xix





List of Symbols

The following list provides an overview of symbols used throughout the text. The
physical meaning of the symbols is explained in the text. Vectors, matrices and
tensors are denoted by bold characters. In the text, variables in the frequency-
space domain are indicated by a hat, and variables in the frequency-wavenumber
domain are indicated by a tilde. No hats or tildes are used in the following list,
however.

The general symbols, conventions and abbreviations are collected in the first
two sections. The remaining symbols are categorized in sections referring to the
chapters where they are first introduced.

General symbols and conventions

(x, y, z) Cartesian coordinates

(r, θ, z) cylindrical coordinates

d/d� first order derivative with respect to the variable �

d2/d�
2 second order derivative with respect to the variable �

∂/∂� first order partial derivative with respect to the variable �

∂2/∂�
2 second order partial derivative with respect to the variable �

�̇ first order time derivative of the variable �

�̈ second order time derivative of the variable �

ei unit vector along the axis i

∇ del operator

∇2 Laplace operator

∇��� gradient of a vector field ���

∇ · ��� divergence of a vector field ���

∇× ��� curl of a vector field ���

Re (�) real part of a variable �

Im (�) imaginary part of a variable �

���
−1 inverse of a matrix ���

���
T transpose of a matrix ���

xxi
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det ��� determinant of a matrix ���

f frequency

t time

δij Kronecker Delta

δ (�) Dirac Delta function

H (�) Heaviside step function

sinc (�) sinc function

? Time convolution

ω circular frequency

¯
��� discretised vector

Acronyms

BEM Boundary Element Method

CHIEF Combined Helmontz Integral Equation Formulation

DOF Degree Of Freedom

EDT ElastoDynamics Toolbox

FEM Finite Element Method

FFT Fast Fourier Transform

SBR Stichting BouwResearch

X-FEM Extended Finite Element Method

Wave propagation in the soil

Cmin lowest (shear) wave velocity in the soil model

Cmax highest (dilatational) wave velocity in the soil model

Cs shear wave velocity

Cp dilatational wave velocity

kr radial wavenumber

k̄r dimensionless radial wavenumber

r0 reference distance

rmin lower bound of the spatial interval of interest

rmax upper bound of the spatial interval of interest

R distance

u displacement vector

u0 initial displacement vector

x source location

x′ receiver location

uG
ij Green’s displacements

σG
ij Green’s stresses

tGn

ij Green’s tractions
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βp hysteretic material damping ratio for P-waves

βs hysteretic material damping ratio for S-waves

ηp viscous material damping for P-waves

ηs viscous material damping for S-waves

εij strain tensor

φu displacement interpolation function

φt traction interpolation function

σij stress tensor

λ first Lamé constant

µ second Lamé constant, shear modulus

ν Poisson’s ratio

ρ density

ρb body forces

The boundary element method in elastodynamics

cij integral free term

Mi boundary element interpolation function

uklj time discretized nodal displacements

tnklj time discretized nodal tractions

Uq displacement influence matrix

Tq traction influence matrix

¯
hn contribution of the response history

Uc displacement matrix for the solution of the corner problem

Tc traction matrix for the solution of the corner problem

Uqr displacement influence matrix for displacement inside the
domain

Tqr traction influence matrix for displacement inside the domain

U displacement boundary element system matrix

T traction boundary element system matrix

TR characteristic period of the Ricker pulse

β dimensionless discretisation parameter

Ω domain

Σ boundary

urig rigid body displacement

φu displacement interpolation function

φt traction interpolation function
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Dynamic soil-structure interaction in the frequency domain

Kbb stiffness matrix of the structure

Ks
bb dynamic soil stiffness matrix

Mbb mass matrix of the structure

fb external load vector the structure

f s
b load vector the structure due to the incident wavefield

Nb finite element shape function

ub displacement field in the structure

us displacement field in the soil

ui incident wave field

u0 wave field with zero displacements on the interface Σ

ud scattered wave field

ud0 locally diffracted wave field

Q dimension of the kinematic basis used in the interaction
problem

Γbσ free boundary of the structural domain

Γsσ free boundary of the soil domain

Γs∞ outer boundary of the soil domain

Ωb structural domain

Ωe
s exterior soil domain

Ωi
s internal soil domain

Ωs soil domain prior to excavation

ψm m-th mode shape

ψ mode vector

αm m-th modal coordinate

α vector with modal coordinates

σb stress field in the structure

σs stress field in the soil

Dynamic soil-structure interaction in the time domain

Kt
bb tangential stiffness matrix of the structure

¯
Qb dynamic soil-structure interaction force

¯
Qnb history of dynamic soil-structure interaction forces

Tu displacement transfer matrix

Tq stress transfer matrix

Fbb soil flexibility matrix

Fnbb discretised soil flexibility matrix

FnQQ modal flexibility matrix

K0
bb initial stiffness matrix
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Sbb Schur complement or Stekolov-Poincarré operator

α first Newmark parameter

δ second Newmark parameter

β extrapolation parameter

ωr relaxation parameter

µ Aitken factor

The response of a masonry structure due to ground vibrations

a0 mass proportional damping factor for Rayleigh damping

a1 stiffness proportional damping factor for Rayleigh damping

D bending stiffness of the wall

g1 first axle load

g2 second axle load

tw wall thickness

tf floor thickness

tfound foundation thickness

wfound foundation width

Eα Young’s modulus along the material axis α

Eβ Young’s modulus along the material axis β

Eγ Young’s modulus along the material axis γ

α Material axis parallel to the bed joints

β Material axis parallel to the head joints

γ Material axis perpendicular to the wall

ναβ Shear modulus for the material axes α and β

νβγ Shear modulus for the material axes β and γ

νγα Shear modulus for the material axes γ and α

µαβ Shear modulus for the material axes α and β

µβγ Shear modulus for the material axes β and γ

µγα Shear modulus for the material axes γ and α

Ωb1 foundation

Ωb2 superstructure

Ωr road

Behaviour of granular soils under repeated small amplitude

loading

Cijkl constitutive tensor

df dilatation parameter

fc dependency of volumetric compaction on the stress condition

ff dependency of frictional sliding on the stress condition
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Cp model parameter for dependency on hydrostatic stress

mc
ij accumulation direction for volumetric compaction

mf
ij accumulation direction for frictional sliding

p hydrostatic stress

p̄ average hydrostatic stress

q deviatoric stress

q̄ average deviatoric stress

sij deviatoric stress

Kref reference bulk modulus

Kt tangent bulk modulus

KT consistent tangent operator

N number of load events

∆N load cycle increment

αc first model parameter for volumetric compaction

α0
c reference value for αc

αf first model parameter for frictional sliding

α0
f reference value for αf

ηc second model parameter for volumetric compaction

η0
c reference value for ηc

ηf second model parameter for frictional sliding

η0
f reference value for ηf

βc third model parameter for volumetric compaction

β0
c reference value for βc

βf third model parameter for frictional sliding

β0
f reference value for βf

εe
ij elastic strain

εacc
ij accumulated strain

κ deviatoric strain

κacc accumulated deviatoric strain

κacc,f state variable for the accumulated deviatoric strain

εkk volumetric strain

εacc
kk accumulated volumetric strain

εacc,c
kk state variable for the accumulated volumetric strain
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Ŝzz (ω). Results are shown for calculations without CHIEF points
(dashed line), and employing 20 (light gray line), 200 (dark gray
line) and 400 (black line) CHIEF points. . . . . . . . . . . . . . . . 67

3.18 Response of the rigid massless foundation due to a Ricker impulse.
The results in the frequency domain (black line) are compared with
the time domain boundary element results (gray line). . . . . . . . 67

4.1 The subdomain problem. . . . . . . . . . . . . . . . . . . . . . . . 72

4.2 (a) The entire soil domain Ωs = Ωe
s ∪ Ωi

s before excavation, (b) the
exterior soil domain Ωe

s after excavation, and (c) the interior soil
domain Ωi

s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 Decomposition of (a) the soil displacement field ûs into (b) the wave
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Chapter 1

Introduction

1.1 Vibrations in the built environment

Vibrations in the built environment, as arising form road and railway traffic or
construction activities, cause complaints of inhabitants of nearby structures. These
complaints range from a discomfort to people up to a fear for structural or cosmetic
damage and a loss of the economic value of the real estate.

For traffic induced vibrations, the amount of complaints is connected to the
increased road traffic volume by freight traffic in the last decades. This is especially
the case on main roads with a pavement of discrete concrete plates with joints,
as well as town crossings where speed reducing infrastructure has been installed,
resulting in increased vibration levels.

Besides traffic induced vibrations, vibrations due to construction and industrial
activities are also a growing matter of concern. For example, there is an increasing
demand to use vibratory pile driving as an alternative to impact pile driving in
densely populated areas. Vibrations caused by blast loading due to the controlled
explosion of mines, left behind after the first and second World War in shallow
off-shore waters along the Belgian coast, are also a potential threat for nearby
buildings. Other industrial activities as looms and printing presses are also
responsible for high vibration levels.

Foreign norms and guidelines recognize malfunctioning of sensitive equipment in
micro-electronic laboratories and operation theatres [87, 202], discomfort to people
[31, 55, 110, 201], and damage to buildings [56, 200] as possible consequences of
vibrations. The vibration levels are often assessed by means of the peak particle
velocity. Sensitive equipment may be susceptible to vibrations from 0.003 mm/s

1



2 INTRODUCTION

to 0.2 mm/s, dependent on the equipment type [87, 201].

Vibrations between 1 Hz and 80 Hz are perceived as a mechanical vibration of
the human body. The threshold value for the perception of vibrations is about
0.1 mm/s. At higher frequencies, between 25 Hz and 200 Hz, vibrations may also
be observed as reradiated noise by vibrating parts of the building or furniture.

The perception of vibrations, either direct or reradiated, may lead to a fear for
a reduction of serviceability and a loss of economic value of the building. Often,
these fears are unfounded, as the vibration induced damage to buildings occurs
at high vibration levels compared to the threshold value for human perception.
Dependent on the building type, the critical peak particle velocity varies from
3 mm/s to 20 mm/s at the foundation level and from 8 mm/s to 40 mm/s in the
horizontal direction at the highest building level [200]. Vibration levels higher
than this threshold are considered to be hazardous for the structural integrity of
sensitive structures, such as monumental buildings.

In general, two distinct damage mechanisms for vibration induced damage can
be distinguished: (1) direct damage due to an excessive dynamic response of
structural parts or components, and (2) indirect structural damage as a result
of vibration induced settlement of foundations. The direct damage appears in the
case of large amplitude vibrations as construction activities (e.g. pile driving). The
second mechanism may occur in the case of densification of loose sandy soils and
is related to the repeated occurrence of vibrations.

The assessment of structural damage to buildings, in existing as well as new-
built situations, is much more complicated than the assessment of nuisance due
to a number of reasons. First, vibration norms and guidelines for structural
damage only present limiting values for vibration velocities which are likely not
to cause damage to structural members. Higher values do not automatically
imply that the observed damage is effectively due to vibrations, but necessitate
further investigations as to demonstrate the causal relation between damage and
vibrations.

One of the reasons of this ambiguity is that limiting values for vibrations have been
put forward based on experience and heuristics, rather than a basic understanding
of the dynamic behavior of brittle construction materials as masonry, concrete and
plaster, of granular soils, and of the dynamic interaction between the structure and
the soil.

Second, building components are subjected during their lifetime to various actions
other than vibrations, such as residual stresses or strains due to creep of building
materials or differential settlements, repeated hygrothermal loading as well as
redistribution of forces.

Structural damage may also be due to fatigue when a structure is exposed to
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repeated loading during a considerable period of time. Structures with foundations
that are sensitive to permanent quasi-static settlements may also be sensitive
to vibration induced settlements that are caused by a densification and loss of
strength of granular soils under cyclic loading.

Vibrations, lower than the limiting values as stipulated in vibration norms, may
result in additional stresses and strains that, when added to residual stresses and
strains, cause damage. Whenever possible limiting values for vibrations should be
defined accounting for the fact that vibrations might only be partially responsible
for observed damage to structures.

Furthermore, cracks may lead to a preferential penetration of fluids and dissolved
particles (e.g. salts) into the material resulting in an acceleration of the degradation
process. This process can result in severe macro-cracking and spalling of the
material.

1.2 Prediction models

The need for a better insight in the mechanical behavior of structures to vibrations
has encouraged the development of a large number of empirical and numerical
prediction models for ground-borne vibrations, the structural response due to
vibrations, and the constitutive behavior of soils and building materials.

Empirical models are based on practical rules of thumb inferred from engineering
experience or experimental data. These rules of thumb are valuable tools in
engineering practice, but they can only be used in situations similar to those
for which the measurements have been made. In contrast, theoretical models start
from the laws of physics. Dependent on the assumptions made in the further
development of these models, they are applicable to a wide range of situations.

The research on vibration induced damage to structures can be divided into
three closely related research topics: (1) the prediction of ground-borne vibrations
resulting from various vibration sources and the response of nearby structures, (2)
the constitutive modelling of brittle building materials to the dynamic excitation
and (3) the constitutive modelling of soils under cyclic and dynamic loading. In the
following, a state-of-the-art review is given on these three research topics. Sections
1.2.1 and 1.2.2 consider the modelling of ground-borne vibrations. Section 1.2.3
discusses the constitutive modelling of brittle building materials and section 1.2.4
reviews current research on constitutive soil behavior.
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1.2.1 Modelling of vibration sources

Ground-borne vibrations in the built environment are caused by dynamic forces
acting on structures (the source) such as roads, tracks, tunnels, piles, and blast
loading. These forces are transmitted to the soil where they induce elastodynamic
waves. The waves impinge on the foundations of nearby buildings (the receiver),
where they generate structural vibrations and reradiated noise.

The prediction of ground-borne vibrations in buildings is a dynamic soil-structure
interaction problem consisting of three subproblems: the characterization of
the source, the transmission of waves through the soil, and the interaction of
the receiver with the incident wave field. Usually, the dynamic soil-structure
interaction problem is solved in two steps. In the first step, a source model is
used to predict the free field vibrations radiated by the source. In the second
step, the free field vibrations are applied to a receiver model as an incident wave
field. This approach is accurate if the wavelength of the waves in the soil is small
compared to the source-receiver distance.

Road traffic induced vibrations

Road traffic induced vibrations are mainly caused by the moving axle loads of
heavy trucks passing on roads with an uneven surface. The axle loads consist
of a static component and a dynamic component. The static component is due
to the weight of the vehicle. If the vehicle speed is low compared to the wave
velocities in the soil, the static component of the axle loads does not generate
waves and its contribution to the free field response is negligible [97, 105]. The
dynamic component is due to the interaction between the vehicle and the road.
Two groups of vehicle eigenmodes dominate the dynamic axle loads: the pitch
and bounce modes at relatively low eigenfrequencies between 0.8 Hz and 3 Hz and
the axle hop modes at frequencies between 8 Hz and 15 Hz [125]. The axle hop
modes play a crucial role in the generation of traffic-induced vibrations [6, 7]. Due
to the large stiffness of the road compared to the stiffness of the tyres and the
vehicle’s suspension system, the effect of the road displacements on the axle loads
is negligible [37, 86, 124]. The vehicle-road interaction problem can consequently
be uncoupled from the road-soil interaction problem. In the first subproblem, the
axle loads are calculated from the road unevenness. In the second subproblem, the
free field response is computed from the axle loads.

Several authors apply the axle loads directly to the soil in order to compute the
free field response, neglecting the dynamic interaction of the road and the soil
[46, 98, 106, 156]. Lombaert [125] uses a more advanced source model based
on a subdomain formulation for dynamic soil-structure interaction developed by
Aubry and Clouteau [18, 44]. The road is modelled as an infinite elastic beam
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with a rigid cross section. The soil is modelled by means of a boundary element
formulation based on the Green’s functions of a layered soil. The Green’s functions
are calculated by means of the direct stiffness method [117]. The interaction
problem is solved in the frequency-wavenumber domain, exploiting the longitudinal
invariance of the coupled road-soil system.

Train induced vibrations

Train induced vibrations are caused by several mechanisms, such as (1) quasi-static
excitation due to moving axle loads, (2) wheel and rail roughness, (3) transient
excitation due to rail joints, switches and wheel flats, and (4) parametric excitation
due to the discrete support of a track by sleepers resulting in a spatial variation
of the stiffness experienced by the axles [101]. The deflections of the track have
an important influence on the dynamic axle loads, so that the interaction between
train, track, and soil has to be fully accounted for [107]. Furthermore, the train
speed can be close to the wave velocities in the soil. In such cases, the contribution
of the static component of the axle loads to the response in the free field can not be
neglected [3]. Dieterman and Metrikine [57] and Metrikine and Popp [146] model
the track as an elastic beam, supported by an elastic half-space. The track-soil
interaction problem is simplified, neglecting the shear stresses at the track-soil
interface and assuming a uniform distribution of normal stresses along the cross
section of the track. Furthermore, the continuity of displacements is only enforced
at the beam axis. The soil stiffness is calculated analytically for the case of a
homogeneous half-space [57] and a layer built in at its base [146]. Steenbergen
and Metrikine [197] have investigated the effect of the interface conditions on the
dynamic response to a moving load of a beam on a half-space. They conclude that
the simplified models give accurate results as long as the wavelength of the waves
in the soil is large compared to the beam width. A similar model is developed
by Lombaert et al. [128] and used to investigate the mitigation of ground-borne
vibrations from railway traffic by means of continuous floating slabs [129]. The
interaction problem is efficiently solved in the frequency-wavenumber domain.

A large number of authors have recently presented similar track models. Sheng
et al. [184, 185] couple an infinite layered beam model for the track to a layered
half-space model of the soil, using the Haskell–Thomson transfer matrices for the
soil. Sheng et al. [186, 187] also coupled a train model to the track and indicate
that when the train speed is relatively low compared to the wave velocities in the
soil, the dynamic component of the axle loads determines the vibration levels in
the free field. Kaynia et al. [119] and Madshus and Kaynia [136] model the track
by means of beam elements and calculate the impedance of the coupled track-soil
system by means of the disc Green’s functions Auersch [20] has coupled a finite
element model for a finite track part to a boundary element model for the soil. This
model has been used to calculate the track compliance that is subsequently used in
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the solution of the vehicle-track interaction problem. Metrikine et al. [147] study
the stability of a moving train bogie by means of a two degree of freedom system
model for the bogie, which is coupled to a beam of infinite length for the track
and a homogeneous half-space model for the soil, following an approach proposed
by Metrikine and Popp [146].

Other models for dynamic track-soil interaction have been proposed by Andersen
and Nielsen [10] who apply a boundary element method for the steady-state
response of an elastic medium in a moving frame of reference. Ekevid and Wiberg
[65] combine the finite element method and the scaled boundary element method
for the quasi-static response of the coupled track-soil system.

Subway induced vibrations

For the prediction of subway induced vibrations, a dynamic vehicle-track-tunnel-
soil interaction problem has to be solved. Two-dimensional finite element models
[41, 42, 180] and coupled finite element – boundary element models [215] have
been used for this purpose. However, two-dimensional models are not suitable for
predicting subway induced vibrations as they do not account for wave propagation
in the direction of the track and underestimate radiation damping into the soil
[92]. The use of three-dimensional models for the prediction of traffic induced
vibrations is computationally expensive. Therefore, models have been developed
that exploit the invariance of the system in the longitudinal direction. Forrest
and Hunt [77], Hussein [108] and Hussein and Hunt [109] use a semi-analytical
pipe-in-pipe model where the tunnel and the surrounding soil are modelled as
concentric thick cylindrical shells. A floating slab track is modelled as an Euler-
Bernoulli beam and is coupled to the tunnel wall. Calculations with this model
are performed in the frequency-wavenumber domain. Sheng et al. [188] solve the
dynamic interaction problem in the frequency-wavenumber domain by means of a
coupled finite element-boundary element method. Clouteau et al. [45], Degrande et
al. [53], and Gupta et al. [92] assume the geometry to be periodic in the longitudinal
direction. They use a Floquet transformation of the longitudinal coordinate and
solve the problem in the frequency-wavenumber domain.

Vibrations from construction activities

Apart from traffic, a wide range of construction activities such as demolition works,
impact and vibratory pile driving, vibratory soil compaction, and blast loading
induces vibrations in the built environment. Transient excitations due to impact
pile driving and blast loading are generally expected to cause larger vibrations than
traffic and may therefore be considered as potential causes of structural damage.
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A good overview on vibrations due to construction activities and blast loading is
given by Dowding [59, 60].

Ma et al. [134] propose a method to predict the damage area, plastic zone and
ground motions generated by underground explosions. They use a dynamic failure
model for the rock mass, considering uncoupled elastic damage and plastic flow of
rock material. The model is based on the piecewise linear Drucker-Prager strength
criterion and accounts for the degradation of rock strength and Young’s modulus
with damage [121]. Wang et al. [217] present a nonlinear model for the simulation
of blast wave propagation in the soil. The soil is modelled as a three phase material
based on an elastoplastic solid skeleton with damage dependent characteristics.

Other authors focus on the far field vibrations and disregard the nonlinear
constitutive behavior of the soil in the immediate vicinity of the source. Ramshaw
et al. [172] use a linear axisymmetric finite/infinite element model for the prediction
of outgoing waves due to pile driving. Jongmans [112] suggests to compute the
free field response due to pile driving by the convolution of the Green’s function of
the soil and an equivalent linear source function representing the vertical force at
the pile toe. The equivalent source function is determined from a vibration record
close to the pile and the Green’s function. Masoumi et al. [141] use a coupled
finite element-boundary element method to solve the dynamic pile-soil interaction
problem.

1.2.2 Modelling of the response of nearby structures

As the above validated numerical models for free field vibrations become
increasingly available, the resulting incident wave field can be used as the input
for a subsequent dynamic soil-structure interaction analysis of nearby structures.
The problem is similar to that encountered in earthquake engineering, where the
response of a structure is calculated due to an incident wave field. The frequency
content of the vibrations considered (up to 200 Hz), however, is an order of
magnitude higher than the frequency content of typical earthquakes (up to 10 Hz)
[168].

An important assumption is that the computation of the incident wave field
can be decoupled from the solution of the soil-structure interaction problem, an
assumption that is only valid if the wavelength is short with respect to the source-
receiver distance. The dynamic soil-structure interaction problem is solved by
means of a subdomain formulation [18, 19], using a finite element formulation
of the structure and a boundary element formulation for the soil. For linear
problems, a solution is usually obtained in the frequency domain [222] where a
modal decomposition is used to describe the kinematics of the structure, while the
dynamic soil stiffness is governed by the virtual work of the stresses due to these
modes, projected on the soil-structure interface.
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Pyl et al. [168, 170, 171] use the subdomain formulation developed by Aubry and
Clouteau [18, 44] to calculate the vibrations in a building due to the passage
of a truck on a nearby road. The building is modelled by means of the finite
element method. The soil is modelled with the boundary element method, using
the Green’s functions of a layered half-space. Due to the relatively high frequency
content of the excitation, fictitious eigenfrequencies arise in the boundary element
model [30, 58]. These fictitious eigenfrequencies are mitigated [169] by means of a
method developed in the field of acoustics [33]. A similar dynamic soil-structure
interaction model is used by Fiala et al. [75] to calculate the structural vibrations
in buildings due to rail traffic. In an additional computation step, the reradiated
noise in the building from the structural vibrations is calculated by means of an
acoustic spectral finite element formulation [93].

1.2.3 Modelling of structural damage

In the past decades, significant progress has been made in computational modelling
of damage and fracture processes in quasi-brittle materials as concrete and masonry
within the framework of finite elements. The introduction of tension softening
models (a decreasing strength after the peak load with increasing strain) made it
possible to predict cracks in structures. The tension softening model has been
pioneered by Hillerborg [103] using a discrete crack concept, i.e. the crack is
conceived as a geometrical discontinuity having a crack width. Bazant and Oh
[24] used a smeared crack approach, where one or more cracks are distributed over
a finite element, so that a continuum crack strain over a band governs the damage
process rather than a crack width. A popular modelling of concrete fracture
is continuum damage mechanics, initiated in the 1980s [144, 145]. Cracking is
considered as a decrease of the current stiffness and strength of the material.
On the other hand, plasticity models with decreasing yield stress [71] have also
been introduced to model the reduction of strength due to cracking as well as
permanent strains after unloading. Damage plasticity models were developed in
order to describe reduction of strength, reduction of stiffness and the appearance of
permanent strains after unloading. The models are further enhanced incorporating
damage induced anisotropy and crack closure effects [113].

These techniques were mostly applied to materials like concrete, which are assumed
to behave as isotropic and homogenous materials at the macro level. Masonry,
however, is orthotropic and has an ordered mesostructure due to the pattern of
bricks or blocks. The joints which are usually weaker than the bricks or blocks.
Rots [178] employed a mixed formulation using interface elements with a discrete
tension crack model and a plasticity model with Coulomb friction for modelling
shear failure. Using this model, he studied the behavior of shear walls, the
issue of the spacing of movement joints and cracking under restrained shrinkage
(serviceability) and instability of masonry (ultimate state). The model showed



PREDICTION MODELS 9

deficiencies in handling tension cracking and plasticity simultaneously. Lourenço
[130] therefore developed full plasticity models for both tension, shear, compression
in the interface and the continuum. Van Zĳl [208] extended the model introducing
variable dilatancy, viscoelasticity and rate effects to study the combination of creep,
shrinkage and cracking, whereby moisture transport was also considered.

1.2.4 Modelling of soil behavior under cyclic loading

During the past three decades, as a result of extensive research in the areas
of earthquake and off-shore engineering, major progress has been made in
understanding the static, cyclic and dynamic stress-strain behaviour of soils.
Various improvements, extensions and alternative soil plasticity theories have been
proposed since the pioneering work of Drucker and Prager. These models are often
based on a Mohr-Coulomb or Drucker-Prager model through the incorporation of
improved yield surfaces. An example is the double-hardening plasticity model [88].

As these models do not adequately simulate the smooth elastoplastic strain
transition and the response to cyclic loading conditions [99], a large number of
variations on the classical elastoplastic framework have been proposed. More
recent constitutive material descriptions involve a smooth stress-strain response
and the description of cyclic behaviour of soils [102]. These models include
subloading and generalized plasticity [99, 161], hypoplasticity [38], and Perzyna
and consistency viscoplasticity [193, 216].

The above models allow for a detailed modelling of the cyclic behaviour of soils,
which behaves highly nonlinear under medium to large amplitude loading. An
important application of these models is the calculation of liquefaction phenomena
[54]. However, at very small strain levels, soils exhibits a nearly elastic behavior.
The elastic threshold value is about 10−5, depending on the soil type. Vibrations
below the elastic threshold value are referred to as vibrations of low amplitude
and allow for the use of linear constitutive laws. Both field observations and
laboratory tests have shown that a significant permanent deformation may result
from the recurrence of low level vibrations. An example of such repeated low level
vibrations are traffic induced vibrations or vibrations from machine foundations
that are characterized by a large number of load cycles or load events.

Only little attention has been paid to strain accumulation so far. Nevertheless,
it is considered as the most important cause of vibration induced structural
damage. Low amplitude vibrations are unlikely to cause immediate failure of the
ground. On the other hand, strain accumulation causes differential settlements
of the foundations and leads to a redistribution of stresses both in the soil and
structure. This can initiate damage and cause a reduction of serviceability. As
the permanent deformations are only observed after a large number of load events,
constitutive models have been formulated that only describe the accumulation of
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the average permanent deformation per load cycle. This approach has originally
been used to model metal fatigue [84, 122] and has also been adopted to compute
settlements of roads [1, 9, 94] and railway tracks [203, 204] under a large number
of vehicle passages. This method is preferred above a step-by-step integration
of the complete loading history as the numerical integration would suffer from
an accumulation of numerical errors. Furthermore, the calculation of a large
number of dynamic load events for problems of moderate size would require a
large computational time.

1.2.5 Further needs

The above state-of-the-art review has demonstrated that considerable progress
has been made regarding the development of three-dimensional source models
(especially for traffic induced vibrations), as well as the prediction of vibrations in
buildings, using a three-dimensional dynamic soil-structure interaction approach.
These models have been extensively validated by means of in situ experiments.
On the other hand, advanced models for brittle building materials and soils are
available which allow for a detailed understanding of their constitutive behavior.

The techniques, developed for the computation of the dynamic soil-structure
interaction problem, are mainly based on the assumption of a linear material
behavior. In contrast, the constitutive behavior of building materials and soils
has an important nonlinear character. The combination of the soil-structure
interaction techniques and the constitutive models for brittle construction
materials and/or the soil therefore requires an extension of the existing dynamic
soil-structure interaction techniques as to include nonlinear effects. This problem
is similar to the nonlinear dynamic soil-structure interaction problems encountered
in earthquake engineering, but differs in terms of frequency content and vibration
amplitudes.

Nonlinearities may arise in several subdomains and because of several reasons:
in the structure due to the nonlinear dynamic constitutive behavior of brittle
construction materials as masonry and concrete, at the soil-structure interface
(nonlinear contact conditions) and in the soil due to the dynamic behavior of
(cohesionless) soils.

1.3 Focus of the thesis

The objective of this thesis is the study of the effects of vibrations on structures.
Therefore, numerical models are developed that account for the nonlinear soil-
structure interaction and the nonlinear constitutive behavior of the soil and of
building materials. Both the effects on the short term, i.e. the detailed study of
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the dynamic response of structures due to single load events (e.g. the passage of
a single truck on a nearby road) as well the effects over a large number of load
events, denoted as long term behavior, are addressed.

Section 1.3.1 elaborates the methodology used in this thesis. The original
contributions are given in section 1.3.2.

1.3.1 Methodology

The dynamic interaction between a structure and the soil is solved both in the
frequency and the time domain. The soil is modelled as a horizontally layered,
isotropic elastic half-space. In the time domain analysis, the nonlinear behaviour
of structural components is considered. All analyses are three-dimensional.

The basis of the dynamic soil-structure interaction method is the application of
a substructuring technique, where the soil-structure system is decomposed into
two subsystems: the structure and the soil. Both substructures are analysed
separately. The response of the coupled soil-structure system is obtained through
the solution of the traction equilibrium and displacement continuity conditions at
the soil-structure interface.

The main reason for this decomposition is that different numerical methods are
employed for the soil and the structure. For the horizontally layered isotropic
elastic soil, the boundary element method allows to simulate the soil domain of
infinite extent, where the radiation of waves towards infinity (radiation conditions)
are implicitly satisfied. For the structure, the use of the finite element method
provides a great flexibility and allows to incorporate nonlinear phenomena in a
straightforward way.

In the case where both the structure and the soil show a linear behaviour (figure
1.1a), a frequency domain analysis is performed. The problem becomes more
complex if nonlinear effects in the structure are incorporated (figure 1.1b). In this
case, a direct time integration for the structure is required. For the soil, both an
analysis in the frequency domain and in the time domain are possible, by means
of a boundary element analysis in the frequency and time domain [29]. The result
of the direct time domain boundary element method is straightforwardly coupled
to the finite element method of the structure. If a frequency domain boundary
element method is used, an apt transformation is required which is referred to as
a hybrid frequency-time domain method [223, 224].

The problem becomes even more complicated if a part of the soil, in the vicinity
of the structure, also shows a nonlinear behaviour. This is solved by considering
a “generalized structure”, comprising the actual structure and the part of the soil
that behaves nonlinear (figure 1.1c) [29, 223]. The soil-structure interface is much
larger than in the previous case, and a large displacement basis on the interface
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is required for the proper solution of this dynamic soil-structure interaction
problem. As an alternative, a reduced number of interface modes is used for
the soil, while the full finite element displacement basis is used for the structure.
The proposed methodology, represented in figure 1.1 for the computation of the

(a) (b) (c)
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Structure (linear) Structure (nonlinear)

Near field
(nonlinear)

Figure 1.1: Dynamic soil-structure interaction problems with an increasing
complexity: (a) a linear soil-structure interaction problem and
nonlinear soil-structure interaction problem where (b) the structure
and (c) a part of the soil exhibit a nonlinear behavior.

structural response due to an external incident wave field, is equally applicable to
the computation of the scattered wave from various sources. In the case of pile
driving and blast loading, the wave field is strongly affected by nonlinear effects
around the source.

In the case where the structure is repeatedly loaded by a low amplitude incident
wave field, as arising from traffic or construction activities, a significant plastic
deformation of the soil may be observed [64]. This is the subject of the final
chapter of this thesis. A dynamic soil-structure interaction model is not suited to
incorporate this type of nonlinearity, as it is related to very small strain increments
per load cycle. The step-by-step integration of the complete loading history would
suffer from an accumulation of numerical errors. Furthermore, the calculation of
a large number of dynamic load events for problems of moderate size requires a
very large computational time.

Therefore, a model is used that only describes the accumulation of the average
permanent deformation per load cycle. The amplitude of the repeated incident
wave field is implicitly incorporated as a material parameter. A larger amplitude
results in a larger accumulation of strains. Furthermore, the constitutive model
accounts for the variation of the accumulation rate with the stress conditions in
the soil.

Such a model is similar to a classical creep model and is incorporated in a
finite element model in a straightforward way, employing the concepts of a
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consistent tangent operator for the stable and accurate solution of the finite
element equilibrium equations.

The proposed methodology allows for the computation of both short term and
long term effects of vibrations on structures.

1.3.2 Original contributions

The original elements of this work are given in the following.

For the solution of the dynamic soil-structure interaction problem, an elastody-
namic boundary element method is elaborated both in the frequency and the
time domain. While the boundary element is well-established, use is made
of fundamental solutions computed by means of the direct stiffness method
for layered soils. For the time domain boundary element method, this is an
innovative approach, as all applications of time domain boundary elements in the
literature employ analytical or semi-analytical fundamental solutions. Further, it
is demonstrated that the use of material damping simplifies the integration of wave
fronts in the time domain boundary element method.

The use of the fundamental solutions computed with the direct stiffness method
is only possible through the use of efficient algorithms for the inverse Hankel
and Fourier transforms from the wavenumber-frequency domain to the space-time
domain. For this purpose, use is made of a FFT-based algorithm that employs a
logarithmic sampling both in space and time. This algorithm makes it possible
to compute the fundamental solutions on a dense receiver grid required for the
boundary element method.

The computation of the fundamental solutions is available in a MATLAB toolbox
(ElastoDynamics Toolbox, EDT2.1). Contributions to the development of this
toolbox have been made, as to allow for a computation of the three-dimensional
stresses. In addition to the toolbox EDT2.1, a MATLAB toolbox for boundary
elements in elastodynamics (BEMFUN1.0) has been developed. Both toolboxes
are tailored for combined use.

The developed boundary element methods are employed to solve time domain
soil-structure interaction problems. A hybrid frequency-time domain boundary
element method is elaborated and compared with the direct time domain boundary
element method. While similar frequency-time domain methods have been applied
to the time domain soil-structure interaction problem, conclusions are drawn
from a new perspective. Hybrid frequency-time domain methods were originally
developed to transform a single or a few foundation stiffness curves from the
frequency to the time domain. The current study broadens the application of
hybrid methods to problems where a large number of (generalized) degrees of
freedom is required to describe the kinematics of the interface.



14 INTRODUCTION

In order to use the developed soil-structure interaction techniques in combination
with nonlinear finite elements, an ANSYS User Programmable Feature has been
implemented.

The developed soil-structure interaction techniques have been applied to the
computation of the response of a building due to ground-borne vibrations as arising
from traffic and pile driving. The identification of the kinematic behaviour of the
coupled soil-structure system draws a new light on the assessment of vibration
induced structural damage. In addition, a comparison with norms and guidelines
currently used in engineering practice, is made.

Finally, a constitutive model is developed for the modelling of soils under repeated
cyclic loading. A basic assumption is that the cyclic part of the loading is
small with respect to the static part, reflecting the stress conditions in the soil
underneath a structure loaded by a low amplitude incident wave field. This model
is implemented in a three-dimensional finite element framework using a consistent
tangent approach which has superior convergence properties. This allows for
an assessment of vibration induced foundation settlements, accounting for the
redistribution in the structure and in the soil.

1.4 Organisation of the text

This thesis starts with a detailed treatment of the time domain dynamic soil-
structure interaction problem. The main advantages and disadvantages of
these techniques are highlighted, with a strong focus on numerical aspects. A
large effort has been spent upon the validation of these routines, by solving
a number of benchmark problems. Next, the developed dynamic soil-structure
interaction techniques are used to study the effects of vibrations on buildings. The
computation of the response of a building allows to make some general conclusions
on vibration induced damage. Finally, the long term effects of vibrations on
buildings is studied through the development of an accumulation model for soils
under repeated dynamic excitation.

Chapter 1 introduces the thesis by situating the subject, highlighting the own
contributions and clarifying the organization of the text.

Chapter 2 gives on overview on the computation of fundamental solutions in
elastodynamics. The chapter starts with a brief review of the direct stiffness
method for layered soils, without considering the details of the method. Next,
the efficient computation of time domain fundamental solutions is elaborated,
with a strong focus on numerical aspects. Two validation examples allow for the
validation of the proposed methodology.
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Chapter 3 extensively reviews the boundary element method in elastodynamics
[30, 58]. After the introduction of the boundary integral equation, the time
domain boundary element discretization is discussed. The salient features of the
boundary element method are reviewed. Some known issues, as the treatment of
wave fronts and the stability of the time marching scheme, are treated in view
of the use of numerically computed fundamental solutions. Next, the frequency
domain boundary element method is considered. The same benchmark problems
are computed with both the time and frequency domain boundary elements, which
allows for a clear comparison of both methods.

Chapter 4 briefly reviews the subdomain formulation for dynamic soil-structure
interaction developed by Aubry and Clouteau [18, 44]. This method is applied for
the computation of all linear soil-structure interaction problems in this thesis. The
soil is modelled by means of a boundary element formulation [30, 58], using the
three-dimensional frequency domain Green’s functions of a the layered half-space
discussed in chapter 2. The subdomain formulation is employed to a benchmark
scattering problem, which allows to study the use of different alternatives to modal
decomposition of the interface displacement.

Chapter 5 focuses on nonlinear dynamic soil-structure interaction. Two different
approaches for the computation of the time domain soil-structure interaction forces
are studied: (1) the direct approach, employing the time domain boundary element
method and (2) a hybrid frequency-time domain approach, where the evaluation of
soil-structure interaction forces in the time domain is retrieved from the frequency
domain soil stiffness as computed with a frequency domain boundary element
method.

Chapter 6 studies the effect of vibrations on buildings. Hereto, the dynamic
soil-structure interaction methods developed in chapters 4 and 5 are employed
to compute the response of a masonry building due to a traffic induced incident
wave field and a wave field resulting from impact pile driving. This example allows
to draw some general conclusions on vibration induced damage to structures.

Chapter 7 deals with the description of soil behavior under long term repeated
load events and the formulation of a numerical accumulation in a three-dimensional
finite element framework.

Chapter 8 summarizes the main conclusions of this work and gives recommenda-
tions for further research.





Chapter 2

Wave propagation in the soil

2.1 Introduction

The prediction of ground-borne vibrations in buildings involves the solution of
dynamic soil-structure interaction problems both at the source and the receiver
side. The solution of dynamic soil-structure interaction problems is involved due
to the semi-infinite extent of the soil, where the transmission of elastodynamic
waves should be accounted for.

The boundary element method [30, 58, 137] is well suited to model the dynamic
soil-structure interaction problem, as the infinite extent of the soil domain is
straightforwardly accounted for. Only the interface between the soil and the
structure is modelled. As a result, the problem dimension is reduced by one and
the cost of preprocessing and mesh generation decreases. Sommerfeld’s radiation
conditions, which require transmission of waves to infinity, are implicitly fulfilled.

This chapter focusses on the computational aspects of fundamental solutions of the
elastodynamic wave equation. These fundamental solutions represent the dynamic
response of the soil to a unit load in a source point. Fundamental solutions form
the basis of the boundary element method, which is the topic of chapter 3. As the
main focus of this thesis is on the elaboration of dynamic soil-structure interaction
techniques allowing for the incorporation of nonlinear effects, a large attention is
paid to time domain fundamental solutions.

Commonly, the fundamental solution for a homogeneous full-space is used in
combination with the boundary element method. The main reason for this
widespread use is the fact that relatively simple analytical expressions are available.
However, when applied to the dynamic soil-structure interaction problem, this

17
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requires the traction free part of the surface of the soil to be discretized. This
is inconvenient, as it strongly increases the size of the boundary element system
matrices. Therefore, the use of a fundamental solution that includes a half-space
geometry is preferred.

However, general closed form analytical solutions for the half-space geometry do
not exist. For a homogeneous half-space, closed form analytical expressions for the
three-dimensional fundamental solution are only available for displacements at the
surface [116]. For a vertical point source, a closed form analytical solution was first
derived by Pekeris [163]. Chao [39] extended this to a horizontal load, whereas
Mooney [149] considered impulsive time histories for the load. In all cases, the
Poisson’s ratio equals ν = 0.25. For other Poisson’s ratios and for displacement
inside the half-space, no closed form analytical solutions are available [116].

Therefore, numerical approximations based on contour integration in the Laplace
domain have been formulated [2, 89]. Employing this approach, Bode [28, 29]
presented a semi-analytical fundamental solution based on the Cagniard-de Hoop
method [35, 51] for the inverse Laplace transform. The solution includes the
displacement fundamental solution for the entire half-space due to a vertical and
horizontal load at the surface and for arbitrary values of Poisson’s ratio.

As an alternative to this semi-analytical approach, a purely numerical approach
is followed in this thesis, computing the Green’s functions by means of the direct
stiffness method. The direct stiffness method is based on the transfer matrix
approach, initially proposed by Thomson [207] and Haskell [100], and recast into
a stiffness matrix formulation by Kausel and Roësset [117]. The method has also
been referred to as a spectral element formulation by Doyle [61, 62, 63] and Rizzi
and Doyle [175, 176].

While this approach is computationally more expensive than a direct time
approach [28, 29], it is more flexible since it allows to model the soil as a layered
elastic half-space, where the dynamic material properties vary only in the vertical
direction. The assumption of horizontal soil layers is motivated by the fact that the
formation of a soil layer is governed by phenomena such as erosion, sedimentation
and weathering processes that affect large areas of land [74].

The chapter is organized as follows. In section 2.2, the equations governing
elastodynamic wave equation are introduced. Next, the computation of funda-
mental solutions is elaborated in section 2.3. The computation of the fundamental
solutions is based on the direct stiffness method that involves a transformation
from the time-space domain to the frequency-wavenumber domain. Attention
is paid to the numerical evaluation of Hankel and Fourier transforms. Two
benchmark examples are discussed in section 2.3.5, which allows for a validation
of the proposed methodology.
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2.2 Governing equations

In this section, the elastodynamic equations are formulated in a Cartesian frame
of reference. These elastodynamic equations form the basis of the direct stiffness
method for the computation of fundamental solutions for the soil, and are used in
a weak form for the formulation of the boundary integral equation in chapter 3.

The components of the displacement vector in an elastic medium at a position x

and a time t are denoted as ui(x, t). The components εij of the small strain tensor
are related to the displacements by the following linearized strain-displacement
relations:

εij =
1

2
(uj,i + ui,j) (2.1)

Herein, uj,i denotes the derivative of the displacement component uj with respect
to the i-th spatial coordinate.

For a Green elastic material, Hooke’s law relates the Cauchy stress tensor σij to
the small strain tensor εkl:

σij = Cijklεkl (2.2)

where the summation convention is used. In equation (2.2), Cijkl is the elasticity
tensor. For an isotropic material, this tensor is given by:

Cijkl = λδijδkl + µ(δikδjl + δilδjk) (2.3)

where δij is the Kronecker Delta and λ and µ are the Lamé constants. These
constants are related to the Young’s modulus E and the Poisson’s ratio ν as:

λ =
Eν

(1 + ν)(1− 2ν)
(2.4)

µ =
E

2(1 + ν)
(2.5)

Using equations (2.2) and (2.3), the constitutive equations become:

σij = λεkkδij + 2µεij (2.6)

The dynamic equilibrium of the elastic medium is expressed as:

σji,j + ρbi = ρüi (2.7)

where ρbi are the body forces and ρ is the density. A dot above a variable denotes
differentiation with respect to time.
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The Navier equations result from the introduction of the constitutive equations
(2.6) and the strain-displacement relations (2.1) in the equilibrium equations (2.7):

(λ+ µ)uj,ij + µui,jj + ρbi = ρüi (2.8)

In vector notation, the Navier equation is formulated as:

(λ+ µ)∇∇ · u + µ∇2u + ρb = ρü (2.9)

The operator∇ is defined as {∂/∂x, ∂/∂y, ∂/∂z}T. Hence, ∇2 = ∂2/∂x2+∂2/∂y2+
∂2/∂z2 is the Laplace operator and ∇u, ∇·u, and ∇×u denote the gradient, the
divergence, and the curl of u. Using the relation:

∇2u = ∇∇ · u−∇×∇× u (2.10)

the Navier equation is alternatively written as:

(λ+ 2µ)∇∇ · u− µ∇×∇× u + ρb = ρü (2.11)

The solution of the Navier equation (2.11) has to satisfy the initial and boundary
conditions of the elastodynamic problem. The following initial conditions are
formulated for the displacements u(x, t) and the velocities u̇(x, t) at the time
t = 0:

u(x, 0) = u0(x) (2.12)

u̇(x, 0) = u̇0(x) (2.13)

The boundary Γ of the domain Ω with unit outward normal vector n can be
subdivided into two parts Γu and Γt where the displacements and the surface
tractions are prescribed:

u(x, t) = ū(x, t) on Γu (2.14)

tn(x, t) = t̄n(x, t) on Γt (2.15)

The tractions tn on a plane with unit outward normal vector n are obtained
according to Cauchy’s stress principle:

tni = σijnj (2.16)

In the case where the domain Ω is unbounded, additional restrictions are imposed
on the behaviour of the field variables at infinity. These restrictions are referred to
as Sommerfeld’s radiation conditions [70]. Consider a sphere ΩR with a limiting
large radius R and a boundary ΓR with unit outward normal vector n. The
displacements u on the boundary ΓR of the domain ΩR are decomposed as u =
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us + unn, where us and un are the components tangential and normal to the
boundary. Similarly, the tractions tn on the boundary are decomposed as tn =
tn

s +σnn. The magnitudes of the vectors us and tn

s are denoted by us and tns . The
following equations represent the Sommerfeld’s radiation conditions:

σn + ρCpu̇n = o

(
1

R

)

(2.17)

tns + ρCsu̇s = o

(
1

R

)

(2.18)

where Cp =
√

(λ+ 2µ)/ρ and Cs =
√

µ/ρ denote the shear and dilatational wave
velocity, respectively. It can be shown that Sommerfeld’s radiation conditions
imply that only an outward flow of energy is allowed at infinity [70].

2.3 Fundamental solutions

2.3.1 Introduction

In the case where the wave field due to a concentrated load is considered, the
solution of the elastodynamic equation is referred to as a fundamental solution
[2, 70, 218]. The impulsive load at a source point x′ in a direction ei is written as
a body force ρb(x, t):

ρb(x, t) = δ(x− x′)f(t)ei (2.19)

The point load has a time varying intensity f(t) that is assumed to be twice
continuously differentiable in time. Fundamental solutions are employed to
elaborate integral representations of field variables for the solution of the boundary
element method in chapter in chapter 3.

The fundamental solution is not unique as the geometry of the domain Ω, the
boundary conditions on Σ and the time modulation function f(t) of the point load
can be arbitrarily chosen.

For a full-space, the fundamental solution is referred to as the Stokes solution
for which closed form analytical expressions are available for an arbitrary time
modulation f(t) [2, 70]. In the case of a time impulsive load f(t) = δ(t), the
fundamental solutions are denoted as Green’s functions.

At the boundary Σ with unit outward vector n, Cauchy’s stress principle
(2.16) is applied to relate the boundary tractions tn to the stress vector σ.
Correspondingly, the components of the Green’s displacements and tractions are
written as uG

ij(x
′,x, t) and tGn

ij (x′,x, t).



22 WAVE PROPAGATION IN THE SOIL

2.3.2 The direct stiffness method

The direct stiffness method is based on the transfer matrix approach, initially
proposed by Thomson [207] and Haskell [100], and recast into a stiffness matrix
formulation by Kausel and Roësset [117]. The method has also been referred to as
a spectral element formulation by Doyle [61, 62, 63] and Rizzi and Doyle [175, 176].
A recent, complete and comprehensive description of the direct stiffness method
for two-dimensional and three-dimensional problems is given by Schevenels [182].

In the case of two-dimensional wave propagation, the direct stiffness method
is based on a transformation from the time-space domain to the frequency-
wavenumber domain. In the frequency-wavenumber domain, exact solutions can
be obtained for the Navier equations governing wave propagation in a homogeneous
layer or a homogeneous half-space. These solutions are used to formulate element
stiffness matrices for homogeneous layer and half-space elements through the
elimination of the unknown wave potential amplitudes from the relations between
wave potentials, displacements, and tractions. Element stiffness matrices express
the relation between the displacements and tractions on the boundaries of an
element. The stiffness matrix of a layered soil is obtained from the assembly
of element stiffness matrices. The direct stiffness method can be regarded as
a special form of the finite element method, using exact solutions of the wave
equation as shape functions. Due to the use of these specific shape functions,
wave propagation is treated exactly and there is no need to subdivide homogeneous
layers into multiple layer elements.

A similar approach is followed for the case of three-dimensional wave propagation.
The partial differential equations are solved by means of a forward Fourier trans-
formation from the time domain to the frequency domain, followed by a Fourier
series expansion in the circumferential direction and a Hankel transformation in the
radial direction. Due to the use of specific transformations from the space domain
to the wavenumber domain, identical results are obtained for the two-dimensional
and the three-dimensional case.

The direct stiffness method can be used to solve a wide variety of problems,
including amplification of waves in layered media, the computation of dispersive
wave modes in layered media, and the computation of the forced response of
layered media due to harmonic or transient loading. In the present work, the
direct stiffness method is used to calculate the Green’s functions uG

ij(x
′,x, t) and

tGn

ij (x′,x, t) of a layered soil for the use with time and frequency domain boundary
elements.
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2.3.3 The inverse wavenumber transform

The computation of the three-dimensional Green’s functions in the space-time
domain by means of the direct stiffness method requires the transformation from
the wavenumber to the spatial domain and subsequently from the frequency to
the time domain.

The spatial Green’s displacements and tractions can be written as a combination
of zeroth, first and second order Hankel transforms of the wavenumber domain
Green’s functions [182]. These inverse Hankel transforms present numerical
difficulties as the Green’s functions exhibits poles at the surface wave modes of the
medium [14]. Contour integration methods in the complex plane allow to evaluate
these integrals to obtain analytical solutions, but are restricted to problems of
simple geometry. The introduction of complex Lamé coefficients in the equilibrium
equations shifts the poles from the real wavenumber axis into the complex plane
and enables the use of numerical integration schemes.

The transformation is further complicated by the presence of a singularity in the
space domain Green’s functions as the source-receiver distance tends to zero. The
wavenumber domain Green’s functions are therefore decomposed into a singular
part, which is transformed analytically, and a regular part, which is transformed
numerically. As the inverse Hankel transform contains an oscillatory kernel,
special algorithms have been developed such as Filon’s integration scheme [76],
the adaptive Filon integration scheme [83] and the adaptive integration scheme by
Luco and Apsel [14].

An alternative method, developed by Talman [206], is based on a logarithmic
transform of variables that reformulates the Hankel transform as a convolution,
that is evaluated by the FFT algorithm. This approach is particularly attractive
in the case where the Green’s function is evaluated in a large number of points, as
is the case in boundary element calculations. Schevenels [182] modified the original
Talman algorithm through the use of a window and a filter to mitigate spurious
Gibbs phenomena and applied it to the calculation of the Green’s functions of
layered soils.

These algorithms are available in the MATLAB toolbox EDT2.1 [183] and allow
for an accurate computation of all components of the frequency domain Green’s
displacement and traction tenor. Therefore, a detailed discussion of the direct
stiffness method involving all algorithmic details is not given. The modified
Talman algorithm is described in detail by Schevenels [182].
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2.3.4 The transformation from the frequency to the time domain

The direct stiffness method results in the Green’s functions in the frequency
domain. An additional inverse Fourier transform from the frequency to the time
domain is required:

uG
ij(x

′,x, t) =
1

2π

∫ +∞

−∞

e−iωtûG
ij (x′,x, ω) dω (2.20)

for displacements and

tGn

ij (x′,x, t) =
1

2π

∫ +∞

−∞

e−iωtt̂Gn

ij (x′,x, ω) dω (2.21)

for tractions. A hat above a variable denotes its representation in the frequency
domain. For the inverse transforms (2.20) and (2.21), an FFT algorithm is
commonly employed. However, this requires an equidistant sampling in the
frequency as well as in the time domain. As explained in the following, such an
equidistant sampling is inconvenient in the case of time domain boundary element
calculations where the Green’s function is evaluated close to the source as well
as at larger distances. The smallest distance required is the distance between a
collocation point and the closest integration point within an element; the largest
distance is commonly the distance between the corner points of the boundary
element mesh. As a result of wave propagation, the arrival times for dilatational
and shear waves scale with the source-receiver distance.

For a homogeneous half-space, this is demonstrated by the fact that the Green’s
functions can be written in a dimensionless way in terms of the dimensionless
time τ = tCs/R, where Cs is the shear wave velocity and R is the source-receiver
distance. As a result, the Green’s functions exhibits high frequency variations
close to the source and low frequency variations further away, which requires a
dense sampling at small time values and a courser sampling at later times. A
logarithmic sampling fulfills these requirements. The modified Talman algorithm,
developed for the inverse Hankel transforms from the wavenumber to the space
domain, is equally applied for the inverse Fourier transform from the frequency to
the time domain.

If the time domain Green’s function is used as an input for the time domain
boundary element method, the Green’s functions are convoluted with boundary
element interpolation functions. This is discussed in detail in section 3.3.1. For
the application of the boundary element method, only the convolution:

uG
ij (x′,x, t) ? φt (t) =

∫ t

0

uG
ij (x′,x, t− τ)φt (τ) dτ (2.22)
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of the Green’s displacement functions with a boundary element traction interpo-
lation function φt(t) and the convolution:

tGn

ij (x′,x, t) ? φu (t) =

∫ t

0

tGn

ij (x′,x, t− τ)φu (τ) dτ (2.23)

of the Green’s traction functions with a boundary element displacement interpo-
lation function φu(t) are required.

A linear displacement interpolation function φu(t) is selected:

φu(t) =

{

1− |t|∆t if −∆t ≤ t ≤ ∆t

0 if t ≥ ∆t or t ≤ −∆t
(2.24)

For the tractions, a constant shape function φt(t) is selected:

φt(t) = H(t+ ∆t)−H(t) (2.25)

where H(t) is the Heaviside step function.

From the computational point of view, it is attractive to evaluate the convolution
of the Green’s function with the boundary element interpolation functions in the
frequency domain. In the frequency domain, the convolution is a multiplication
of the Fourier transform of the Green’s function and the Fourier transform of the
interpolation function:

F
[
uG
ij (x′,x, t) ? φt (t) ;ω

]
= ûG

ij (x′,x, ω) φ̂t (ω) (2.26)

and

F
[
tGn

ij (x′,x, t) ? φu (t) ;ω
]

= t̂Gn

ij (x′,x, ω) φ̂t (ω) (2.27)

The Fourier transform of the time interpolation function φt(t) equals:

φ̂t(ω) = ∆t sinc

(
ω∆t

2

)

e+iω∆t
2 (2.28)

where the sinc function sinc (x) is defined as sin (x) /x. The Fourier transform
φ̂u (ω) of the time interpolation function φu (t) equals:

φ̂u(ω) =
2− 2 cos(ω∆t)

ω2∆t
(2.29)

Figure 2.1 shows the Fourier transform of both shape functions, which can be
regarded as a filter acting on the Green’s functions. This generally requires a less



26 WAVE PROPAGATION IN THE SOIL

(a)
0 2000 4000 6000 8000 10000

−5

0

5

10

x 10
−4

Frequency [Hz]

M
od

ul
at

io
n 

fu
nc

tio
n 

[s
]

(b)
0 2000 4000 6000 8000 10000

−5

0

5

10

x 10
−4

Frequency [Hz]

M
od

ul
at

io
n 

fu
nc

tio
n 

[s
]

Figure 2.1: Real (black line) and imaginary (gray line) part of the Fourier
transform of the boundary element time interpolation functions (a)
φu(t) and (b) φt(t).

extensive frequency sampling. As a result, the time domain Green’s function is
never actually computed, only the time history of the convoluted Green’s functions
for the boundary element time interpolation functions is evaluated. For the
inverse Fourier transform of the Stokes fundamental solution, the modified Talman
algorithm is applied.

As the time interpolation function φt(t) exhibits a discontinuity at the times t =
−∆t and t = 0, the Fourier transform of this function only slowly decays as 1/ω
as a function of frequency. The triangular shape function φu(t) better filters the
high frequency content of the Green’s functions.

2.3.5 Applications

Stokes fundamental solution

The computation of Green’s functions in the time domain is exemplified by
considering fundamental solutions for a homogeneous full-space. As an analytical
reference solution is available, this allows for a validation of the proposed
methodology. A full-space is considered with a shear wave velocity Cs = 150 m/s,

a dilatational wave velocity Cp = 300 m/s, and a density ρ = 1800 kg/m3. A
hysteretic material damping ratio β = 0.02 for both dilatational and shear waves
is selected. The Stokes fundamental solution is computed for the range of distances
between rmin = 10−3 m and rmax = 100 m.

First, the direct stiffness method is used to compute the frequency domain
Green’s displacements and tractions. The wavenumber range is selected using
the rule of thumb suggested by Schevenels [182]. The frequency domain Green’s
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functions are computed with 5000 dimensionless wavenumbers k̄r, defined as
k̄r = krCs/ω, logarithmically sampled from k̄r = 10−5 to k̄r = 105. This large
wavenumber range is required as a large range of receivers from rmin = 10−3 m
to rmax = 100 m is considered. This determines the upper and lower limits of
the wavenumber sampling, respectively. The number of samples is determined by
the requirement that the Rayleigh peak should be accurately represented in the
frequency-wavenumber domain [182].
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Figure 2.2: Real part (black line) and imaginary part (gray line) of the Green’s
function ûG

rr (x′,x, ω) of a homogeneous full-space along the line

{0, 100 m, 0}T.

Figure 2.2 shows the real and imaginary part of the Green’s function uG
rr(x

′,x, ω)

of the full-space at the fixed location {0, 100 m, 0}T as a function of the frequency.
The real and imaginary parts of the Green’s function clearly exhibit an oscillatory
behaviour. As this Green’s function is subsequently transformed to the time
domain by means of the Talman algorithm, these oscillations should be accurately
represented through the use of a sufficient number of frequency samples.

An estimate for the wavelength and attenuation of these oscillations, for a fixed
receiver position but a variable frequency, is derived from the representation:

u(r, ω) = ei(kr−ωt) (2.30)

for plane waves, where k = ω/C is the (complex) wavenumber, C is the wave
velocity and r is the source-receiver distance. The zeros of the real part of the
plane wave on the frequency axis are located at:

ωn = n
2πC

r
(2.31)

Correspondingly, period ∆ω of the oscillation equals:

∆ω =
4πC

r
(2.32)
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Furthermore, the attenuation of the frequency oscillation is equally derived by
considering the envelope of the representation of the plane wave (2.30). The
complex wave velocity is written as C ≈ C?(1 + iβ), where β is the (frequency
independent) material damping ratio. The complex wave velocity results in a
complex wavenumber k. As a result, the Green’s function decays exponentially as
e−βω/C . In absence of material damping, the Green’s function shows no decay, as
the geometric damping (the decay of waves due to geometrical spreading of wave
fronts) is frequency independent.

The period in equation (2.32) and the attenuation e−βω/C of the Green’s function
allows to propose rules of thumb for the logarithmic frequency sampling used for
the inverse Fourier transformation from the frequency to the time domain.

The lower bound fmin in the analysis should be taken smaller than the first zero
ω1 = 2πCs/r in equation (2.31). In this range, the dynamic Green’s function tends
towards the static solution as the source-receiver distance is much smaller than
the wavelength λ = 2πCs/ω. The lower bound fmin is computed as:

fmin = ε
Cs

r
(2.33)

where ε is a small number. In the present work, a value ε = 10−6 is considered.

At the upper frequency bound fmax, the Green’s function should be sufficiently
attenuated. Therefore, it is requested that the ratio |uG

ij(ωmax)|/|uG
ij(ω1)| of the

moduli of the Green’s functions at the maximum frequency ωmax and at the first
zero ω1 is smaller than a threshold value ε. From the attenuation curve e−βω/(Cr),
the following maximum frequency fmax is derived:

fmax =
1

r

(

Cs −
Cp

2πβ
ln ε

)

(2.34)

In the present work, a threshold value ε = 10−6 is considered.

Finally, the sampling interval ∆f is determined by requiring a sufficient number
m of samples per wavelength ∆ω (equation (2.32)):

∆fmin =
1

r

2Cs

m
(2.35)

The sampling interval ∆fmin should be used up to the frequency fmax.

Both the maximum frequency (2.34) and the sampling interval (2.35) are inversely
proportional to the receiver distance r: at small receiver distances, the Green’s
function should be sampled up to large frequencies, but a coarse sampling can be
used. This demonstrates the usefulness of the logarithmic sampling.

Applied to the present example, the rules (2.33)-(2.35) result in fmin(rmax) =
1.5 × 10−3 Hz, fmax(rmin) = 3.3 × 107 Hz and ∆fmin = 0.33 Hz at a frequency
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fmax(rmax) = 331 Hz. Therefore, a calculation is performed for a total number of
10000 frequencies from fmin = 10−3Hz to fmax = 4× 107Hz.

Figures 2.3 and 2.4 show the displacement uG
rr(x

′,x, t) and stress σG
rrr(x

′,x, t)

along the line {r, θ = 0, z = 0}T of the time domain Green’s displacements and
tractions, as computed with the above sampling. The peaks corresponding to the
passage of the longitudinal and the shear wave are clearly observed. In contrast to
the frequency domain Green’s function, the time domain Green’s function is not
singular at r = 0 for times t 6= 0 as the source load δ(t) is zero.
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Figure 2.3: Green’s function uG
rr(x

′,x, t) along the line {r, θ = 0, z = 0}T at the
time (a) t = 0.1∆t and (b) t = 2∆t. The results obtained with the
direct stiffness method using viscous (black line) and hysteretic (gray
line) damping are compared.
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Figure 2.4: Green’s function σG
rrr(x

′,x, t) along the line {r, θ = 0, z = 0}T at the
time (a) t = 0.1∆t and (b) t = 2∆t. The results obtained with the
direct stiffness method using viscous (black line) and hysteretic (gray
line) damping are compared.

As observed in figure 2.3, the use of a hysteretic material model results in a large
error at the distance r = 0. This is attributed to the violation of the causality
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condition. A hysteretic material model results in a noncausal response, an issue
which may be neglected in most cases but results in a large phase error at a
discontinuity in the response. The development of causal hysteretic damping
models is the subject of extensive research and is beyond the scope of this thesis.

To circumvent the causality problem, a simple viscous Kelvin-Voigt model is
used as an alternative to the hysteretic model. For the Kelvin-Voigt model, the
(frequency dependent) damping ratio is defined as β = ηω where η is a constant
viscosity. A viscosity η = 3.18 × 10−6 s is used in subsequent calculations. This
choice is arbitrary, and matches the viscous and hysteretic material model at a
frequency of 2000 Hz. This viscous damping model is known to be causal [225].
While Kelvin-Voigt damping is not well suited to model the behaviour of soils,
its use is permitted if the Green’s functions are used for the computation of the
boundary element system matrices as the latter are insensitive to small variations
in damping. The error related to the use of the viscous damping model is negligible
compared to the error induced by the use of a Green’s function with a large phase
error as in figure 2.3. Figure 2.3 shows that the phase error around r = 0 is
completely removed if the viscous Kelvin-Voigt model is used. Therefore, the
viscous Kelvin-Voigt model is used in the following for all time domain Green’s
functions.

When the rules (2.33)-(2.35) are applied for the computation of the convolutions
uG
ij (x′,x, t) ?φt (x′,x, t) and tGn

ij (x′,x, t)?φu (t) of the Green’s functions with the
boundary element interpolation functions (equations (2.22) and (2.23)), the upper
frequency bound fmax may be reduced to a smaller value as the time modulation
function acts as a filter on the Green’s functions.

This maximum frequency is derived from the Fourier transform of the time
modulation function. As the envelope of the function φ̂t(ω) in equation (2.28)
equals 2/ω, the following rule of thumb is proposed:

fφt
max =

1

πε
(2.36)

which is independent of the load duration ∆t.

The lower bound on the frequency range fφt

min is determined by requiring the

absolute value of the function φ̂t(ω) to be equal to ∆t(1− ε). If the sinc function
is approximated as sinc (x) ≈ 1− x2/6, the lower bound is computed as:

fφt

min =

√
6ε

π∆t
(2.37)

The number of samples in the range [fmin, fmax] is governed by the wavelength
of the sinc function. If k samples per wavelength are considered, the minimum
frequency step ∆f becomes:

∆fφt =
2

k∆t
(2.38)
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This minimum frequency step should be used up to the frequency fφt
max.

Following an analogous reasoning, frequency bounds are derived for the triangular
shape function φ̂u(ω):

fφu
max =

1

π
√
ε∆t

(2.39)

as well as:

fφu

min =

√
3ε

π∆t
(2.40)

and:

∆fφu =
1

k∆t
(2.41)

This minimum frequency step should be used up to the frequency fφu
max.

As the Stokes fundamental solution is computed in the frequency domain as
the product of the Green’s function and the modulation function φ̂t(ω) for
displacements and φ̂u(ω) for stresses, the actual frequency sampling is derived
from the combination of the conditions (2.33)-(2.35) and (2.37)-(2.41).

Figure 2.5 shows the fundamental displacement solution uG
rr(x

′,x, t) ? φt(t) at the

times t = 0.1∆t and t = 2∆t along the line {r, θ = 0, z = 0}T. The results are
compared with the (undamped) analytical reference solution for the homogeneous
full-space [5], which shows a satisfactory correspondence with the numerical results.
As the intensity of the time interpolation is zero at the considered times, the
fundamental solution is regular.

Figure 2.6 shows the fundamental solution σG
rrr(x

′,x, t) ? φu(t) at the times t =

0.1∆t and t = 2∆t along the line {r, θ = 0, z = 0}T. At the time t = 0.1∆t, the
fundamental solutions exhibits a singular behaviour. This singularity has the order
of the singularity in the static case, if the interpolation function φu(t) is nonzero.
At the time t = 2∆t, the interpolation function φu(t) is zero and the convolution
σG
rrr(x

′,x, t) ? φu(t) is regular.

The sampling allows to accurately compute the fundamental solution in a large
range of distances, in this case from rmin = 10−3 m up to rmax = 100 m. In
a boundary element calculation, the lower bound rmin on the distance range is
determined by the distance between a collocation point and the closest (Gaussian)
integration point. At these small distances, the Green’s function exhibits high
frequency variations with a corresponding small wavelength. Variations over a
length scale much smaller than the characteristic element size are smoothed after
element integration. Consequently, the boundary element system matrices are
insensitive to these variations.
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Figure 2.5: Fundamental solution uG
rr(x

′,x, t) ? φt(t) along the line

{r, θ = 0, z = 0}T at the time (a) t = 0.1∆t and (b) t = 2∆t.
The results obtained with the direct stiffness method using viscous
(dark gray line) and hysteretic (light gray line) damping are compared
with the undamped analytical reference solution (black line).
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Figure 2.6: Fundamental solution σG
rrr(x

′,x, t) ? φu(t) along the line

{r, θ = 0, z = 0}T at the time (a) t = 0.1∆t and (b) t = 2∆t.
The results obtained with the direct stiffness method using viscous
(dark gray line) and hysteretic (light gray line) damping are compared
with the undamped analytical reference solution (black line).

The numerical integration of high frequency variations over the element is
challenging and requires a large number of integration points. In order to simplify
the numerical boundary element integration, the upper frequency fmax for the
Fourier transformation of the fundamental solution is further limited to a value
Cp/λmin where λmin is a wavelength much smaller than the characteristic element
size. This can be achieved through the application of a low pass filter.
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Half-space fundamental solution

In order to further validate the proposed methodology, a homogeneous half-space
is considered with the same elastic properties as in the full-space from the previous
example: a shear wave velocity Cs = 150 m/s, a dilatational wave velocity Cp =

300 m/s, and a density ρ = 1800 kg/m
3
. A hysteretic material damping ratio β =

0.02 for both dilatational and shear waves is selected. This example is elaborated
as the Green’s function is used in subsequent examples as an input for boundary
element calculations.

The fundamental solution uG
rr(x

′,x, t) ? φt(t) of the Green’s function with the
boundary element interpolation function is computed using the same sampling is
in the previous full-space example, as the same rules of thumb (2.33)-(2.35) and
(2.37)-(2.41) may be employed. Figure 2.7 shows the component uG

rr(x
′,x, t)?φt(t)

of the fundamental solution along a line on the surface of the half-space due to
a load at the origin. The resulting fundamental solution is compared with the
reference solution of Bode [28, 29]. This solution is obtained semi-analytically
based on a Cagniard-de Hoop integration of the inverse Laplace transform of the
elastodynamic equations but is limited to the application of a source at the surface
of the half-space. The reference solution does not account for material damping in
the soil, and as a result the Green’s displacement function exhibits a singularity at
the wave front of the Rayleigh wave. This weak singularity vanishes due to the use
of material damping. The Green’s stresses are not available in the semi-analytical
solution, and are therefore not plotted.
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Figure 2.7: Fundamental solution uG
rr(x

′,x, t)?φt(t) for a homogeneous half-space

along the line {r, θ = 0, z = 0}T at the time (a) t = 0.1∆t and (b) t =
2∆t. The results obtained with the direct stiffness method (gray line)
are compared with the (undamped) semi-analytical reference solution
of Bode [28, 29] (black line).
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2.4 Conclusion

In this chapter, the computation of fundamental solutions for the elastodynamic
wave equation has been addressed. These fundamental solutions, in the frequency
or the time domain, form the basis of the boundary element method, which is the
topic of the next chapter.

The Green’s functions are computed by means of the direct stiffness method in the
frequency-wavenumber domain, and subsequently transformed to the frequency-
space and time-space domain. For these transformations, use is made of an
algorithm developed by Talman, which employs a logarithmic sampling. The use
of a logarithmic sampling is advantageous for both transforms, as the Green’s
functions are required on different length scales: the Green’s function exhibits
high frequency variations close to the source and low frequency variations further
away, which requires a dense sampling at small time values and a courser sampling
at later times.

The proposed methodology has been validated by considering two benchmark
problems. The fundamental displacements and stresses for a homogeneous full-
space (Stokes solution) were compared with the analytical reference solution.
Second, the half-space displacement solution has been validated by comparison
with the undamped semi-analytical reference solution of Bode [28, 29].

The use of a hysteretic material model results in a noncausal response. While this
effect is commonly disregarded, it becomes a problem in the case of time domain
calculations as it results in a large phase error at discontinuities in the response.
As the development of a causal hysteretic material model is beyond the scope of
this thesis, a simple Kelvin-Voigt model is used. While the Kelvin-Voigt damping
is not well suited to model the behaviour of soils, its use is permitted if the Green’s
functions are only used for the computation of the boundary element system
matrices as the latter are insensitive to small variations in damping. Furthermore,
the error related to the use of the viscous damping model is negligible to the error
induced by the use of a Green’s function with a large phase error. For this reason,
the viscous Kelvin-Voigt model is used in the following for all time domain Green’s
functions.

Some general rules of thumb have been derived for the sampling of the frequency
axis. The number of samples is related to the minimum and maximum distance
at which the fundamental solution is computed and to the amount of material
damping. Even for a limited amount of receiver points, this requires a large number
of frequency samples which results in large computational times.

For the boundary element method, only the convolution of the Green’s functions
with the boundary element shape functions is required. The Fourier transform
may be limited as the boundary element time shape functions act as a filter on the
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frequency content of the Green’s functions. Furthermore, small scale variations
much smaller than the size of the boundary elements can be filtered out through
the use of a low pass filter, further limiting the frequency content and the required
number of samples.





Chapter 3

The boundary element method

in elastodynamics

3.1 Introduction

This chapter focuses on the theoretical and numerical aspects of the boundary
element method in the time and the frequency domain.

The application of the boundary element method to large-scale problems is limited
by its fully populated system matrices. This implies that the computation time
and storage requirements grow quadratically with the number of elements, which is
demanding even for problems of moderate size. Transient time domain calculations
are even more challenging, as both the time and the spatial domain are discretized
which results in costly convolution integrals of system matrices.

A significant research effort has recently been performed to overcome this
disadvantage through the development of fast boundary element methods. A
promising alternative is the fast multipole boundary element method [138, 155,
205]. The fast multipole method is based on multilevel clustering of the boundary
element mesh, and employs a multipole series expansion for the evaluation of
the fundamental solution. A multipole series expansion is a mathematical series
expansion of the fundamental solution around the source and the receiver points.
The efficiency of the multipole method results from the fact that only the first few
terms need to be retained for a good approximation of the fundamental solution at
large distances. A drawback of the fast multipole method is that no multiple series
expansion is available for the half-space geometry, requiring the use of full-space
fundamental solutions and as a consequence a large mesh for dynamic soil-structure

37
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interaction problems.

For this reason, and because of the laborious implementation of fast boundary
element methods, a classical boundary element solution is followed in this thesis
for the solution of the boundary value problems associated with the dynamic
interaction problem of a structure on an infinite soil domain.

Although the direct boundary element method is well-established since the early
1960s, it is reviewed in detail in this chapter. The aim of this chapter is to
provide a framework for the calculation of the time domain boundary element
system matrices, using a consistent notation. The main features and drawbacks
of the time domain boundary element method are highlighted, allowing for
a comparison with a hybrid frequency time-domain soil-structure interaction
technique in chapter 5. In the frame of the present study, a MATLAB toolbox has
been developed (BEMFUN1.0), that includes all aspects of the boundary element
method discussed in this chapter.

The chapter is organized as follows. In section 3.2, the boundary integral
equation is addressed, where a regularized boundary integral equation is derived
from the integral representation theorem accounting for the singular behavior
of the fundamental solution. In section 3.3, the boundary integral equation is
discretized both in space and time. Some issues of the (time domain) boundary
element method are discussed, such as the treatment of singular integrals and
the integration of wave fronts. Next, the frequency domain boundary element
method is considered in section 3.4, focusing on the main differences between the
time and frequency domain boundary elements. The frequency domain boundary
element method suffers from fictitious eigenfrequencies, for which an apt solution
is presented. In both sections 3.3 and 3.4, numerical examples are provided to
demonstrate the proposed methodology.

3.2 The boundary integral equation

3.2.1 Dynamic reciprocity identity

The basis of all boundary integral equations in elastodynamics is the dynamic
reciprocity theorem [218]. The dynamic reciprocity theorem specifies the
relationship between a pair of elastodynamic states and is the dynamic extension
of the classical reciprocity theorem of Betti-Rayleigh in elastostatics. Consider two
elastodynamic states of a volume Ω with regular boundary Σ and unit outward
normal vector n, characterized by body forces ρb1 and ρb2, tractions tn

1 and tn

2 ,
and corresponding displacements u1 and u2. The following reciprocity identity is
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valid between the field variables of both states:
∫

Σ

tn (u1)·u2 dS+

∫

Ω

(∇ · σ1)·u2 dV =

∫

Σ

tn (u2)·u1 dS+

∫

Ω

(∇ · σ2)·u1 dV (3.1)

Considering the equation of motion (2.7), integral equation (3.1) is written as:

∫

Σ

tn (u1) · u2 dS +

∫

Ω

ρ (ü1 − b1) · u2 dV

=

∫

Σ

tn (u2) · u1 dS +

∫

Ω

ρ (ü2 − b2) · u1 dV (3.2)

This reciprocity identity is valid for two states at different time instants t1 = τ
and t1 = τ − t where 0 ≤ τ ≤ t. Integrating the reciprocity identity from τ = 0 to
τ = t results in the dynamic reciprocity identity [218]. The dynamic reciprocity
theorem specifies the relationship between a pair of elastodynamic states and is
the dynamic extension of the classical reciprocity theorem of Betti-Rayleigh in
elastostatics:

∫

Σ

tn (u1) ? u2 dS +

∫

Ω

ρ
(
b1 ? u2 + u̇0

1 · u2 + u0
1u̇2

)
dV

=

∫

Σ

tn (u2) ? u1 dS +

∫

Ω

ρ
(
b2 ? u1 + u̇0

2 · u1 + u0
2u̇1

)
dV (3.3)

where u0
1 and u0

2 are the initial displacements and u̇0
1 and u̇0

2 are the initial
velocities for the elastodynamic states. The operation u ? v denotes a time
convolution integral of two vectors u and v:

(u ? v) (t) =

∫ t

0

u(τ) · v(t− τ) dτ (3.4)

For simplicity, it is assumed that the volume Ω is initially at rest (quiescent past),
and that no volume forces are present. As a result, the volume integrals vanish and
the dynamic reciprocity identity is posed in terms of tractions and displacements
on the boundary Σ:

∫

Σ

tn (u1) ? u2 dS =

∫

Σ

tn (u2) ? u1 dS (3.5)

3.2.2 Integral representation

The dynamic reciprocity theorem is used to formulate an integral equation
that relates the field variables of the unknown boundary value problem to a
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known elastodynamic state of the domain Ω. Introducing the Green’s functions
uGij(x

′,x, t) and tGn

ij (x′,x, t) as the known elastodynamic state in the dynamic
reciprocity (3.5) results in:

κui(x
′, t) =

∫

Σ

(
uG
ij(x

′,x, t) ? tnj (x, t) − tGn

ij (x′,x, t) ? uj(x, t)
)
dS (3.6)

where κ = 1 when the point x′ is located inside the domain Ω and κ = 0 if the
point x′ is located outside the domain Ω. Equation (3.6) is valid for bounded
as well as unbounded domains Ω, provided that the displacements and tractions
satisfy the Sommerfeld radiation conditions (2.18).

Somigliana’s identity

Due to the singular behavior of the Green’s functions at the source point, the
integral representation, equation (3.6), is not valid for points x′ located on the
boundary Σ. Therefore, a limiting procedure is followed where the singular
behavior of the Green’s function is taken into account. Hereto, an exclusion

(a)

Ω
Σ

Sε

Bεx′

n

(b)

Ω

Σ
Sε

Bεx′

n

Figure 3.1: The limiting process on a (a) bounded and (b) unbounded domain Ω
for the regularization of the boundary integral equation.

neighborhood Bε is considered (figure 3.1). The exclusion neighborhood has
a center x′, radius ε and boundary Sε such that Bε ⊂ Ω. This exclusion
neighborhood is defined for bounded as well as unbounded domains. The
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application of the boundary integral representation (3.6), where the size of the
exclusion neighborhood tends to zero, results in Somigliana’s identity [30]:

cijui(x
′, t) =

∫

Σ

uG
ij(x

′,x, t) ? tj(x, t) dS −−
∫

Σ

tGn

ij (x′,x, t) ? uj(x, t) dS (3.7)

which is valid for points x′ located on the boundary. The integral −
∫

Σ denotes a
Cauchy principal value integral. The term cij is referred to as the integral free
term, that depends on the location of the point x′. The integral free term is found
as:

cij = lim
ε→0

∫

Sε

tGn

ij (x′,x, t) dS (3.8)

In the case when the boundary Σ is smooth at x′, the integral free term cij equals
1/2δij. Equations (3.6) and (3.7) are summarized as Love’s integral identity [70]:

cijui(x
′, t) =

∫

Σ

uG
ij(x

′,x, t) ? tj(x, t) dS −−
∫

Σ

tGn

ij (x′,x, t) ? uj(x, t) dS (3.9)

where cij = 1 for a point x′ inside the domain Ω, cij = 1/2 for a point x′ on
the (smooth) boundary Σ and cij = 0 for a point x′ outside the domain Ω. It
should be stressed that this identity is derived by assuming a specific shape of the
exclusion neighborhood Bε and that the boundary Σ is smooth.

Regularized boundary integral equation

The use of Somigliana’s identity leads to the evaluation of strongly singular Cauchy
principal value integrals. While some dedicated techniques have been developed
for the evaluation of these integrals [90, 91], a different approach is used where
the boundary integral equation is regularized. The key to this regularization is
the fact that singularity of the static and dynamic fundamental solutions at the
source point correspond.

The regularization technique has been originally proposed by Rizzo and Shippy
[177]. Bui and Bonnet [30, 32] introduced a regularization technique for a
homogeneous half-space. Similar procedures are described by Clouteau [44] and
Aubry and Clouteau [17] for a layered elastic half-space and by Frangi [81] for
two-dimensional time domain elastodynamics.

The regularization starts from the integral representation theorem (3.6). The rigid
body identity is introduced, which states that the tractions tGns

ij (x′,x) due to the
static fundamental solution are in equilibrium with the force applied at x′. A rigid
body displacement urig is assumed for a bounded domain Ω. As the corresponding
tractions are zero, the application of the integral representation theorem (3.6) to
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this static solution yields:

κurig
i + urig

j

∫

Σ

tGns
ij (x′,x) dS = 0 (3.10)

The value of the rigid body displacement urig is set equal to the (unknown)
displacement u (x′, t) at the point x′:

κui (x
′, t) + uj (x′, t)

∫

Σ

tGns
ij (x′,x) dS = 0 (3.11)

In order to obtain a regularized boundary integral equation for a bounded domain
Ω, the rigid body identity (3.11) is subtracted from the integral representation
(3.6). As the integral representation is only valid for points located inside or outside
the domain, a limiting procedure is followed using the exclusion neighborhood Bε
(figure 3.1). This yields the following regularized displacement integral equation
[30]:

∫

Σ

(
tGn

ij (x′,x, t) ? uj (x, t)− tGns
ij (x′,x) uj (x′, t)

)
dS

−
∫

Σ

uG
ij (x′,x, t) ? tj (x, t) dS = 0 (3.12)

The strong singularity of the traction integral has successfully been removed, as the
singularity of the convolution integral tGn

ij (x′,x, t) ?uj (x, t) at the point x = x′ is

equal to the singularity of the static solution tGns
ij (x′,x) multiplied with uj (x′, t).

In the case of unbounded domains, a similar derivation leads to the following
regularized displacement integral equation [30]:

ui(x
′, t) +

∫

Σ

(
tGn

ij (x′,x, t) ? uj (x, t) − tGns
ij (x′,x)uj (x′, t)

)
dS

−
∫

Σ

uG
ij (x′,x, t) ? tj (x, t) dS = 0 (3.13)

where an integral free term ui(x, t) appears in the left hand side of the equation. It
should be stressed that equations (3.12) and (3.13) are equivalent to the boundary
integral equation (3.9), but result in boundary integrals that are weakly singular
at the most and are easily numerically evaluated.

While the regularization technique is commonly employed for frequency domain
boundary elements, it is not widespread in the case of time domain boundary
elements. The main reason is that the Green’s function is only singular at the
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time t = 0, as discussed in chapter 2. As a result, the strong singularity only
influences the boundary element system matrices related to the current time step
in an analysis. This is addressed in section 3.3.2. Nevertheless, the regularization
technique is used throughout this thesis for both frequency and time domain
boundary elements.

The boundary element method is further used for the computation of dynamic
soil-structure interaction problems in the time and frequency domain. Therefore,
the boundary element system matrices are further derived for unbounded domains,
employing the regularized boundary integral equation (3.13).

3.3 Time domain boundary elements

3.3.1 Discretization

The boundary integral equations (3.12) or (3.13) can in general not be solved
analytically. The time domain boundary element method approximates the
solution of the boundary integral equation where a discretization both in space
and time is applied. For the spatial approximation, the interface Σ is discretized
into a number of discrete boundary elements, which forms the support for ni

interpolation functions Mi(x). The concepts of shape functions as developed for
finite elements are equally used for the construction of the interpolation functions
Mi(x), For the discretization in time, a constant time interval ∆t is considered.
The interface displacements uj(x, t) are approximated as:

uj(x, t) =

ni∑

k=1

∞∑

l=1

Mk(x)φu(t− l∆t)uklj (3.14)

where uklj corresponds to the j-th component of the displacement vector
u(xk, l∆t) at an interpolation node xk and φu(t) is a time interpolation function.
Discretization (3.14) is a causal function of time and represents a quiescent past
with zero initial conditions. Similarly, the tractions tnj (x, t) are discretized as:

tnj (x, t) =

ni∑

k=1

∞∑

l=1

Mk(x)φt (t− l∆t) tnklj (3.15)

where tnklj corresponds to the j-th component of the traction tn(xi, k∆t) at
the interpolation node xi at the time k∆t and the function φt(t) is the time
interpolation function for tractions. Discretization (3.15) is a causal function of
time and represents a quiescent past with zero initial conditions.

The displacements and tractions on the interface Σ are spatially discretized by
means of the same interpolation functions Mk(x). Although it is possible to
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use different functions, this is a convenient choice as this results in a system of
equations with as many equations as unknowns. Commonly, the interpolation
nodes are chosen at the center of the boundary elements and a constant traction
interpolation is used for both tractions and displacements. An alternative is
the isoparametrical approach where the interpolation nodes correspond to the
geometrical nodes of the boundary element mesh. In this thesis, both constant
shape functions and isoparametrical linear shape functions are considered.

For the interpolation in time, a linear interpolation function φu(t) is selected for
displacements (figure 3.2a):

φu(t) =

{

1− |t|∆t if −∆t ≤ t ≤ ∆t

0 if t ≥ ∆t or t ≤ −∆t
(3.16)

For the tractions, a constant shape function φt(t) is selected (figure 3.2b):

φt(t) = H(t+ ∆t)−H(t) (3.17)

This common choice has shown to result in a more stable boundary element time
stepping scheme than a linear traction interpolation, without loss of accuracy [58].

(a)

t

φu(t)

−∆t 0 ∆t

1

(b)

t

φt(t)

−∆t 0 ∆t

1

Figure 3.2: Time interpolation functions (a) φu(t) for displacements and (b) φt(t)
for tractions.
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The discretizations (3.14) and (3.15) of displacement and tractions are introduced
in the regularized boundary integral equation (3.13):

ui(x
′, t) =

∫

Σ

ni∑

k=1

∞∑

l=1

(

Mk(x)

∫ t

0

uGn

ij (x′,x, τ)φt(t− τ − l∆t)dτ
︸ ︷︷ ︸

I

tnklj

)

dS

−
∫

Σ

(
ni∑

k=1

∞∑

l=1

(

Mk(x)

∫ t

0

tGn

ij (x′,x, τ)φu(t− τ − l∆t) dτ
︸ ︷︷ ︸

II

uklj

)

− tGns
ij (x′,x)uj(x

′, t)

)

dS (3.18)

The terms I and II in equation (3.18) represent the time convolution integral of
the Green’s displacements with the traction interpolation function φt (t) and of the
Green’s tractions with the displacement interpolation function φu (t), respectively.
These convolution integrals are independent on the geometry of the boundary
element mesh, and are evaluated prior to the spatial boundary element integration
over Σ. As outlined in section 2.3, these convolution integrals are computed
in the frequency domain in the case of numerically evaluated Green’s functions.
In the case where the analytical Stokes solution for the full-space is used, these
convolution integrals are available as closed form expressions [70].

3.3.2 Collocation

In order to obtain an algebraic system of equations for the solution of the unknown
nodal displacements or tractions, a point collocation is applied. The boundary
element equation (3.18) is enforced in a number of collocation points at discrete
points in time t = n∆t. Commonly, the interpolation nodes x′ = xm are selected
as collocation points, resulting in as many equations as unknowns. In the case
of constant shape functions, this is referred to as element collocated boundary
elements. In the case of isoparametrical shape functions, this is termed nodal
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collocation. Collocation equation (3.18) at the interpolation nodes results in:

umni =

∫

Σ

n∑

l=1

ni∑

k=1

(

Mk(x)

∫ n∆t

0

uGn

ij (xm,x, τ)φt((n− l) ∆t− τ) dτ tnklj

)

dS

−
∫

Σ

(
n∑

l=1

ni∑

k=1

(

Mk(x)

∫ n∆t

0

tGn

ij (xm,x, τ)φu((n− l) ∆t− τ) dτ

︸ ︷︷ ︸

I

uklj

)

− tGns
ij (xm,x)umnj

)

dS (3.19)

where umnj and tnmnj represent the displacements and tractions at time t = n∆t at
the collocation point xm, respectively. The causality condition has been applied
to restrict the summation

∑∞
l=1 to a summation

∑n
l=1, as the displacements and

tractions at the time t = n∆t are not influenced by time steps later than t = n∆t.
The convolution integral I in equation (3.19) is singular at the collocation point
xm if the displacement interpolation function φu ((n− l) ∆t) is nonzero. This is
only the case if l = n. This singular convolution integral is separated from the
regular convolution integrals in equation (3.19):

umni =

∫

Σ

n∑

l=1

ni∑

k=1

(

Mk(x)

∫ n∆t

0

uG
ij(xm,x, τ)φt((n− l) ∆t− τ) dτ tnklj

)

dS

−
∫

Σ

(
n−1∑

l=1

ni∑

k=1

(

Mk(x)

∫ n∆t

0

tGn

ij (xm,x, τ)φu((n− l) ∆t− τ) dτ uklj

)

+

ni∑

k=1

(

Mk(x)

∫ n∆t

0

tGn

ij (xm,x, τ)φu(−τ) dτuknj

)

︸ ︷︷ ︸

I

− tGns
ij (xm,x)umnj
︸ ︷︷ ︸

II

)

dS (3.20)
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Finally, the regularizing term II in equation (3.20) is introduced in the summation
∑ni

k=1 in term I, resulting in:

umni =

n∑

l=1

ni∑

k=1

( ∫

Σ

Mk(x)

∫ n∆t

0

uG
ij(xm,x, τ)φt((n− l) ∆t− τ) dτ dS

)

tnklj

−
n−1∑

l=1

ni∑

k=1

(∫

Σ

Mk(x)

∫ n∆t

0

tGn

ij (xm,x, τ)φu((n− l) ∆t− τ) dτ dS
)

uklj

+

ni∑

k=1

∫

Σ

Mk(x)

∫ n∆t

0

tGn

ij (xm,x, τ)φu(−τ) dτ − δkmtGns
ij (xm,x) dS

)

uknj

(3.21)

where δkm is the Kronecker delta.

For brevity, a vector notation is introduced. Hereto, the displacements umni and
tractions tnmni at the interpolation nodes xm at the time t = n∆t are collected as
the column vectors

¯
un and

¯
tn, respectively. This allows to write equation (3.21)

as:

¯
un =

n∑

l=1

(
Un−l

¯
tl −Tn−l

¯
ul
)

(3.22)

The matrices Uq and Tq are referred to as the displacement and traction influence
matrices for the time t = q∆t. The components [Uq]αβ of the displacement
influence matrix are derived from equation (3.21) as:

[Uq]αβ =

∫

Σ

Mk(x)

∫ n∆t

0

uG
ij(xm,x, τ)φt(q∆t− τ) dτ dS (3.23)

where α is the degree of freedom that corresponds to the tractions tnmni at the
collocation point xm. β is the degree of freedom that corresponds to the tractions
tnklj at the interpolation node xk. For the traction influence matrices Tq, a

distinction is made between the traction influence matrix T0 and the influence
matrices Tq, q > 0. The components of the traction influence matrix

[
T0
]

αβ
read

as:

[
T0
]

αβ
=

∫

Σ

Mk(x)

∫ n∆t

0

tGn

ij (xm,x, τ)φu(−τ) dτ − δkmtGns
ij (xm,x) dS (3.24)

where α is the degree of freedom that corresponds to the displacement umni at
the collocation point xm. β is the degree of freedom that corresponds to the
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displacement uklj at the interpolation node xk. The elements of the influence
matrices Tq, q > 0 derived from equation (3.21) as:

[Tq]αβ =

∫

Σ

Mk(x)

∫ n∆t

0

tGn

ij (xm,x, τ)φu(q∆t− τ) dτ dS (3.25)

The practical aspects of the evaluation of the boundary integrals in equations
(3.23), (3.24) and (3.25) are addressed in section 3.3.5.

The influence matrices Uq and Tq are nonsymmetric and sparsely populated. The
nonsymmetry is the result of the use of point collocation. As an alternative, a
Galerkin approach weighs the discretized equation (3.18) over the interface Σ,
resulting in symmetric system matrices [30]. The Galerkin approach is more
accurate than the point collocation method. However, the Galerkin approach
involves a double integration of the fundamental solutions over the boundary
which is computationally expensive and outweighs the advantages of accuracy and
symmetry.

The sparsity results from the occurrence of wave fronts in the Green’s function:
for a homogeneous half-space or full-space, only the boundary elements located
between the wave front of the dilatational wave and the shear wave contribute to
the influence matrices. Careful programming may therefore allow to reduce the
overall storage requirement.

In the case of a homogeneous medium, the number of influence matrices Uq and
Tq may be reduced based on considerations on causality. If lmax is the distance
between the two extreme points on the boundary, a wave takes at most a time
tmax = lmax/Cs to pass the boundary. Therefore, the influence matrices related to
times larger than tmax are zero and can be dropped in the convolution integral in
equation (3.22).

Equation (3.22) allows to compute boundary value problems in a recursive way as:

(
I + T0

)

¯
un = U0

¯
tn +

n−1∑

k=1

(
Un−k

¯
tk −Tn−k

¯
uk
)

(3.26)

where I is the identity matrix. The second term on the right hand side of equation
(3.26) is a discrete convolution integral and represents the contribution of the
response history on the actual response. For brevity, this term is denoted as

¯
hn:

(
I + T0

)

¯
un = U0

¯
tn +

¯
hn (3.27)

Equation (3.27) is used in the case of a Neumann problem, where tractions are
imposed on the boundary. In the case of a Dirichlet problem, equation (3.27) is
rewritten as:

U0

¯
tn =

(
I + T0

)

¯
un −

¯
hn (3.28)
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For mixed boundary value problems, the unknown boundary values are collected
in a vector

¯
xn whereas the imposed boundary values are collected in a vector

¯
yn.

In this case, equation (3.26) is written in a general form:

Y
¯
xn = X

¯
yn +

¯
ηn (3.29)

where
¯
ηn represents the influence of the solution in all time steps before n∆t. The

form (3.29) is useful if the analytical full-space solution is used to model Dirichlet
problems involving a half-space geometry, as (a part of) the traction free surface
has to be included in the boundary element mesh.

3.3.3 The corner problem

At edges and corners of the interface Σ, the normal vector n on the interface is
discontinuous. As a result, the traction vector tnj (x, t) exhibits discontinuities as
well. In the case of a nodal collocated boundary element, the use of a single node at
these corners and edges (figure 3.3a) is insufficient to represent these discontinuities
in the traction vector. To overcome this problem, an additional node is used on
corners and edges of the mesh, which allows to account for a traction discontinuity
(figure 3.3b). In a three-dimensional case, this corresponds to double nodes
on edges and triple nodes at corners. However, due to the introduction of an

n1

n1

n1

n1

n2

n2

n2

n2

n3 n3

Figure 3.3: The corner problem: nodes at corners and edges are doubled in the
case of nodally collocated boundary elements.

additional node, the boundary element system becomes underdetermined as the
boundary integral equation is now multiply collocated at the same edge or corner
point. Therefore, additional equations are considered that relate the displacements
and tractions of the multiply defined nodes. The assumption of a continuous stress
tensor yields the following relation between the components of the traction vectors
on the edge or corner:

t1 · n2 = t2 · n1 (3.30)

where the traction vectors t1 and t2 and the normals n1 and n2 correspond to
two coincident nodes. Together with the displacement continuity condition, the
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constraint equations can always be written in the following general form:

Tc
¯
u = Uc

¯
t (3.31)

Equation (3.31) is solved in combination with equations (3.26) to (3.29). In the
case of a Dirichlet problem, equation (3.27) yields:

[

U0

Uc

]

¯
tn =

[

I + T0

Tc

]

¯
un −

[

¯
hn

0

]

(3.32)

The overdetermined system of equations (3.32) is solved by means of a least-squares
solution procedure.

3.3.4 Evaluation of the displacement inside the domain

The solution of the boundary value problem by means of equation (3.26) results
in the time history of nodal displacements

¯
un and tractions

¯
tn on the interface

Σ. The displacement in the domain Ω can subsequently be computed by means
of the integral representation theorem (equation (3.6)). For the computation of
the displacements at a receiver point xr, the integral representation is discretized
using equations (3.14) and (3.15) as:

ui(xr, t) =

∞∑

l=1

ni∑

k=1

(
∫

Σ

Mk(x)

∫ t

0

uG
ij(xr ,x, τ)φt(t− τ − l∆t)dτ dS

)

tnklj

−
∞∑

l=1

ni∑

k=1

(
∫

Σ

Mk(x)

∫ t

0

tGn

ij (xr,x, τ)φu(t− τ − l∆t) dτ dS
)

uklj (3.33)

This allows to compute the displacement uj(xr, t) as a function of the known time
history of displacements and tractions on the interface. Equation (3.33) is written
in a vector notation as:

¯
unr =

n∑

l=1

(
Un−lr ¯

tl −Tn−lr ¯
ul
)

(3.34)

where the vector
¯
unr collects the displacement components at nr receiver locations

xp, p = 1 . . . nr, at once. The matrices Uqr and Tqr are referred to as displacement
and traction influence matrices, respectively. The components [Uqr ]αβ of the
displacement influence matrices are found as:

[Uqr ]αβ =

∫

Σ

Mk(x)

∫ q∆t

0

uG
ij(xp,x, τ)φt(q∆t− τ) dτ dS (3.35)
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where α is the degree of freedom in the vector
¯
tl that corresponds to the traction

tnmli at the collocation point xm. β is the degree of freedom in the vector
¯
unr that

corresponds to the displacement uplj at the receiver location xp. Similarly, the
components [Tqr ]αβ of the traction influence matrices are defined as:

[Tqr ]αβ =

∫

Σ

Mk(x)

∫ q∆t

0

tGn

ij (xm,x, τ)φu(q∆t− τ) dτ dS (3.36)

where α is the degree of freedom in the vector
¯
ul that corresponds to the

displacement umlj at the collocation point xm. β is the degree of freedom in

the vector that corresponds
¯
unr that corresponds to the displacement upli at the

receiver location xp.

The influence matrices Uqr and Tqr are generally nonsquare, as the number of
receiver points nr is not equal to the number of collocation points ni. For the
same reason as for the influence matrices Uq and Tq, the influence matrices Uqr
and Tqr are sparsely populated.

3.3.5 Computation of the element integrals

Treatment of singular integrals

The boundary element integrals, required for the computation of the influence
matrices U0

r and T0
r , are singular at the collocation point. When a classical

boundary integral equation is used, Cauchy principal values should be evaluated
for which appropriate techniques have been formulated [90, 91]. The use of
a regularized boundary integral equation, as presented in section 3.2, leads to
integrals that are weakly singular. However, an appropriate numerical integration
technique should be used since a classical Gaussian integration is not suited for
these singular integrals [30].

For three-dimensional problems, the integrals are performed over surface elements.
For an accurate evaluation, use is made of a transformation to polar coordinates
[30]. The boundary element is subdivided into a number of subtriangles (figure
3.4a), which is possible for each element type (i.e. for elements with a quadrilateral
or triangular shape). Each triangle is uniquely defined by the radius ρm and the
angles α0, αm, and α1 (figure 3.4b). The singular integration is finally performed
by considering the transformation (v1, v2) 7→ (ρ, α) defined as:

α =
α1 − α0

2
v2 +

α1 − α0

2
(3.37)

and

ρ =
1

2

ρm

cos (α− αm)
(1 + v1) (3.38)



52 THE BOUNDARY ELEMENT METHOD IN ELASTODYNAMICS

PSfrag

(a) (b)

α0

αm
α1 ρm

ρ
ξ1

ξ2

η

η1

2 2

3

4

v1

v2

Figure 3.4: Integration of weakly singular integrals: (a) subdivision of the element
into triangles and (b) mapping of a triangle on a square region (−1 ≤
v1 ≤ 1,−1 ≤ v2 ≤ 1).

The transformation defined by (3.37) and (3.38) maps a unit square (−1 ≤ v1 ≤
1,−1 ≤ v2 ≤ 1) onto the triangle. When a standard Gaussian integration is used
on the square (v1, v2), the integration points are concentrated near the singular
collocation point η, which is beneficial for the accuracy of the evaluated integral.

For two-dimensional elements, the integrals are performed over curvilinear
segments and the integration becomes one-dimensional. It can be shown [30] that
the integral can be accurately evaluated using standard Gaussian integration with
an increased number of integration points.

Both the evaluation of weakly singular two-dimensional boundary integrals using
triangular element subdivisions as well as their one-dimensional counterpart are
implemented in the boundary element toolbox BEMFUN1.0.

Treatment of wave fronts

Due to the presence of wave fronts in the time domain Green’s function, the
time domain boundary element integration requires the use of a high number
of integration points. Two different approaches for an accurate computation of
the boundary integrals are commonly employed. First, some authors accurately
determine the location of the wave front by means of the wave arrival time, in
combination with an apt integration algorithm for the wave front [140]. This
approach is easily applied in two-dimensional computations involving simple
geometries, whereas it seems impractical in general three-dimensional situations
and more elaborate geometries. Second, the use of an element subdivision
technique in combination with a low order Gaussian integration per subelement
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Figure 3.5: Integration of wave fronts in the time domain boundary element
method: problem outline.

can be used. This effectively reduces the number of integration points to obtain a
similar accuracy as with classical Gaussian integration [114].

These considerations are somehow relaxed in the case where a damped Green’s
function is used, as described in section 2.3. Due to material damping, the wave
fronts are smoothed which simplifies the boundary element integration. Never-
theless, the element subdivision technique is implemented in the BEMFUN1.0
toolbox for regular integrals and used in all further time domain boundary element
calculations.

In order to demonstrate the importance of a proper integration of the wave front,
a numerical example is considered. A vertical pressure pz(t) = H(t) − H(t −
∆t), where H(t) is the Heaviside step function, is applied at the surface of a
homogeneous half-space on a square region Σ with side d = 0.2 m (figure 3.5).
The load duration equals ∆t = 10−3 s. The half-space has a shear wave velocity
Cs = 150 m/s, a dilatational wave velocity Cp = 300 m/s, and a density ρ =

1800 kg/m
3
. As these material parameters are the same as in section 2.3.5, the

half-space Green’s functions from section 2.3.5 are used here.

The square region Σ is modelled with a single square boundary element. The
time history of the displacement at the receiver x′, located at an element length d
from the center of the element is straightforwardly computed by equation (3.22).
As the Green’s tractions tGn

ij (x′,x, τ) are zero at the surface of the half-space,
the integral of the Green’s tractions vanishes and only the Green’s displacements
and the traction history on the interface Σ are required for the evaluation of the
displacement at x′.

Both the analytical half-space solution of Bode [28, 29] and the damped Green’s
function obtained with the direct stiffness method are employed. Figure 3.6 shows
the time history of the vertical displacement in the receiver x′. The results for the
undamped analytical reference solution suffer from severe inaccuracies when a low
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number of integration points is used (figure 3.6a). This is due to the singularity in
the Green’s function at the peak of the Rayleigh wave (figure 2.7), for which the
nonadaptive integration rule is not suited. Even for a large number of integration
points, a significant amount of noise is observed.
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Figure 3.6: Time history of the vertical displacement at the receiver point x′

on the surface of a homogeneous half-space. The results have been
obtained using 6 × 6 Gaussian integration points (light gray line), a
3 × 3 subdivision with 2 × 2 Gaussian points per subelement (dark
gray line), and an 80 × 80 subdivision with 2 × 2 Gaussian points
per subelement (black line). The displacement is computed for (a)
the analytical undamped Green’s function and (b) the numerically
computed damped Green’s function.

In contrast, the damped solution is smooth and does not exhibit any singularities.
As a result, the damped fundamental solution may be integrated even with a low
number of integration points (figure 3.6b). This observation is connected to the
application of the fifth order low-pass Butterworth filter to limit the frequency
content during the evaluation of the fundamental solution (section 2.3).

Next, the ordinary Gaussian integration is compared to the element subdivision
technique. Figure 3.6 shows results obtained with 6 × 6 Gaussian integration
points and with a 3×3 element subdivision with 2×2 Gaussian integration points
per subelement. The number of integration points equals 36 in both cases. The
element subdivision technique is better suited to integrate a propagating wave
front, and yields more accurate results than the ordinary Gaussian integration.
For the damped Green’s function (figure 3.6), the element subdivision technique
corresponds very well to a reference solution obtained with a 80 × 80 element
subdivision with 2 × 2 Gaussian integration points. The error related to the
ordinary Gaussian integration shows an oscillatory behavior, resulting in a much
lower convergence rate.
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3.3.6 The stability issue

The time domain boundary element method is known to suffer from instabilities
when the time step is not chosen judiciously. The stability of the boundary element
scheme may be assessed by means of the dimensionless discretization parameter β
[58]:

β = C∆t/le (3.39)

where C is the velocity of the dominant wave, ∆t the time step and le the element
size.

A stable and accurate result is obtained if the parameter β is in the range 0.7 ≤ β ≤
1.2. Smaller values for β are likely to result in an unstable time stepping scheme.
For larger values of β, the result remains stable but generally becomes less accurate
[58]. These instabilities are attributed to the violation of the causality condition
as the boundary element shape functions are unable to represent the traveling of
a wave front through the element.

A considerable amount of research as been devoted to the stabilization of the
time domain boundary element scheme, in particular for small values of β. In the
approach developed by Frangi [82], the time and space interpolation functions are
combined in a formulation capable of representing the traveling of a wave front
over a single boundary element.

Different formulations involving alternative time interpolation schemes for trac-
tions and/or displacements have been proposed [16, 27, 36, 196, 229]. Yu et al.
[228, 230] developed the linear θ-method, modifying the last time step in a similar
way as the Wilson-θ scheme used in the context of finite element analysis. A
linear interpolation from the time t to t+θ∆t (θ ≥ 1) is assumed for tractions and
displacements. All of these methods introduce an amount of numerical damping
in the time integration scheme of the boundary element method, that is beneficial
for its stability. However, there is no formal proof that these schemes would be
unconditionally stable, at least not for point collocated boundary elements [228].

If the time domain boundary element method is used in a coupled finite element
- boundary element model, the material damping of the finite element may partly
solve an instability issue [49]. The same effect is obtained through a modification
of the numerical damping of the finite element time integration scheme.

3.3.7 Applications

In this section, the time domain boundary element method is subsequently applied
to compute the response of a square surface foundation and of an embedded
cylindrical foundation. The first example is computationally less challenging than
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Figure 3.7: Rigid square surface foundation: problem outline.

the second. First, for a surface foundation, only the Green’s displacements have
to be computed. The Green’s tractions are zero as the surface of the half-space
is traction free. Second, the number of Green’s functions required for the second
example is much larger than for the first example, as different source depths have
to be considered for the embedded foundation.

Square surface foundation

The square surface foundation has a side d = 2 m and is modeled with 16×16 equal
sized square 4-node boundary elements (figure 3.7). A nodal collocation is used
with three degrees of freedom per collocation point, resulting in a total number of
867 degrees of freedom.

The square foundation rests on a half-space with the same properties as the half-
space in section 2.3: a shear wave velocity Cs = 150 m/s, a dilatational wave

velocity Cp = 300 m/s, and a density ρ = 1800 kg/m
3
. For reasons of causality, as

discussed in section 2.3, a viscous damping with η = 3.18× 10−6 s is used.

A time step ∆t = 1−3 s is selected. This corresponds to a stability parameter β =
Cs∆t/le = 1.2 (equation (3.39)) where le = 0.125 m is the element side. Therefore,
this time step is expected to result in stable boundary element calculations.

The fundamental displacement solution, as computed in section 2.3, is integrated
over the boundary element mesh by means of equations and results in the boundary
element influence matrices Ul. The integration is performed using a 4× 4 element
subdivision using 2× 2 Gaussian points per subelement.

For the present surface foundation, no integral of the fundamental tractions has
to be considered. Figure 3.8 shows the resulting influence matrices U0, U5, and
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U10. For the influence matrix U0, the elements are concentrated around the
diagonal. This is the result of the finite wave propagation velocity, as the matrix
U0 represents the instantaneous interface displacement due to suddenly applied
tractions. The matrices U5 and U10 represent the response of the interface at
later times. A clear wave propagation effect can be observed.
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Figure 3.8: Absolute value of the elements of the influence matrices (a) U0 (b)
U5 and (c) U10.

A rigid vertical displacement is imposed on the interface. The time history of the
displacement is assumed the following Ricker pulse:

uz =

(

1− 2

(
π (t− ts)

TR

)2
)

e
−
(
π(t−ts)
TR

)2

(3.40)

where TR = 0.02 s is the characteristic period of the Ricker pulse and ts = 0.05 s
is the time shift. The time history and the Fourier transform of this wavelet are
shown in figure 3.9. The solution of this Dirichlet problem is solved by means of
equation (3.28), which can be written for surface foundations as:

U0

¯
tn =

¯
un −

¯
hn (3.41)

The solution of equation (3.41) results in the time history of the tractions
¯
tn.

The resultant of the vertical tractions is plotted in figure 3.10. In contrast to
the displacement time history, this resultant is nonsymmetric around the time
ts = 0.05 s. This is a result of the wave propagation. The result in figure 3.10 is
validated in subsection 3.4.5 by a reference calculation in the frequency domain.
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Figure 3.9: (a) Time history and (b) the real (black line) and imaginary (gray line)
part of the Fourier transform of the Ricker pulse with characteristic
period TR = 0.02 s and time shift ts = 0.05 s.
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Figure 3.10: Resultant of the vertical tractions due to the application of the
vertical rigid Ricker wavelet displacement of the square surface
foundation.

Embedded cylindrical foundation

In this section, the time domain boundary element method is applied to the
computation of the response of an embedded cylindrical foundation due to an
imposed vertical rigid body displacement. The cylindrical foundation has a radius
R = 4 m and a depth D = 4 m, and is embedded in a homogeneous half-space
with the same properties as the half-space in section 2.3: a dilatational wave
velocity Cs = 150 m/s, a dilatational wave velocity Cp = 300 m/s, and a density

ρ = 1800 kg/m
3
. For reasons of causality, as discussed in section 2.3, a viscous

damping with η = 3.18× 10−6 s is used.

In order to reduce the computational effort, an axisymmetric boundary element
formulation is employed. The interface Σ is represented by the generating line S
that is discretized into line elements (figure 3.11). The displacements and tractions
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Figure 3.11: The boundary element mesh for the embedded cylindrical foundation.
32 equal size axisymmetric boundary elements are used.

on the boundary are approximated by axisymmetric shape functions, linear along
the generating line and constant in the tangential direction.

Two different approaches for an axisymmetric boundary element formulation
exist. First, some formulations were derived that make use of fundamental
solutions of the elastodynamic wave equation corresponding to ring loads in the
radial, tangential and axial direction [48, 120, 143]. For these solutions, the
boundary element integration should only be performed over the two-dimensional
generating line. However, the computation of the solutions due to ring loads is not
straightforward and increases the number of fundamental solutions to be computed
and stored. Besides the source and receiver depth of the fundamental solution, the
radius of the ring load is an additional parameter.

As an alternative, the three-dimensional fundamental solutions are integrated over
the surface Σ [8, 58]. The boundary integral equation is collocated only on the
points on the generating line, effectively reducing the size of the boundary element
system. Therefore, these axisymmetric boundary elements can be considered as a
special case of the three-dimensional formulation with a specific choice of shape
functions. Is should be stressed that the fundamental solutions employed in the
axisymmetric solution are exactly the same as the solutions required for classical
three-dimensional elements.

The boundary is discretized by means of 32 equal-sized linear axisymmetric
boundary elements, employing a nodal collocation. A double node is used at the
corner C (figure 3.11), where the corner problem is solved by means of equation
(3.31). For the boundary element integration, 6 subelements with 2 Gaussian
points per subelement are employed along the generating line S. In the tangential
direction, a trapezoidal rule is used. The number of integration points in tangential
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direction is determined so that the distance between the integration points is
similar to the distance in the radial direction.

The fundamental solutions are computed by means of the sampling defined in
chapter 2. The computation is performed for 33 sources, located at every unique
collocation point depth. The sampling of the receiver depth is chosen from z =
−4 m to z = 0 m with an inter receiver depth of ∆z = 0.025 m. This sampling is
selected to ensure a proper boundary element integration.

For this dense sampling of sources and receivers, the computation of the
fundamental solutions requires a vast amount of computer time. This is mainly due
to the inverse wavenumber transformations, required for each of the large number
of frequency samples. Therefore, use is made of a high performance computing
cluster. A parallel solution is achieved by computing the fundamental solution
for every source-receiver pair separately. The computation of the fundamental
solution, using 60 Opteron250 calculation nodes, takes about 50 hours. The
computer time for the evaluation and solution of the boundary element system
matrices is negligible with respect to the computer time for the fundamental
solutions.

The time history of the vertical rigid foundation displacement is chosen the same
Ricker pulse as in the previous example (equation (3.40)). The tractions on the
boundary are found through the solution of equation (3.32). The resultant of the
vertical tractions is plotted in figure 3.12, which is used for later comparison with
results obtained in the frequency domain. Furthermore, the boundary element
influence matrices are used in chapter 5 for the solution of dynamic soil-structure
interaction problems in the time domain.
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Figure 3.12: Response of the rigid massless foundation due to a Ricker impulse.
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3.4 Frequency domain boundary elements

In this section, the frequency domain boundary element method is briefly reviewed.
As the frequency domain boundary element method shows strong similarities
with the time domain boundary element method, attention is paid to the main
differences between both.

3.4.1 Discretization

In the frequency domain boundary element method, the field variables are assumed
to be time harmonic with a fixed angular frequency ω such that u(x, t) =
Re
[
û (x, ω) e−iωt

]
. This allows for transient dynamic problems to be solved

through the application of a Fourier transform, decomposing the problem into
a number of time harmonic problems.

The time harmonic assumption for the field variables results in the main difference
between the frequency and time domain boundary element method. Rather than
employing the time interpolation functions φu (t) and φt (t) (equations (3.14) and
(3.15)), the displacement vector is discretized as:

ûj(x, ω) =

ni∑

k=1

Mk(x)ûkj (ω) (3.42)

where ûkj corresponds to the j-th component of the displacement vector û(xk, ω)
at an interpolation node xk. The same spatial shape functions are employed
as in time domain boundary elements. Similarly, the traction vector t̂nj (x, ω) is
discretized as:

t̂nj (x, ω) =

ni∑

k=1

Mk(x)t̂nkj (ω) (3.43)

3.4.2 Collocation

The discretization in equations (3.42) and (3.43) is introduced in the frequency
domain regularized boundary integral equation. This is obtained as the Fourier
transform of equation (3.13):

ûi(x
′, ω) +

∫

Σ

(
t̂Gn

ij (x′,x, ω)ûj(x, ω)− tGns
ij (x′,x)uj(x

′, ω)
)
dS

−
∫

Σ

ûG
ij(x

′,x, ω)t̂j(x, ω) dS = 0 (3.44)
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Equation (3.44) is discretized and collocated in a similar way as in the case of time
domain elements. The resulting algebraic system of equations reads as:

(

I + T̂ (ω)
)

ˆ
¯
u (ω) = Û (ω)ˆ

¯
t (ω) (3.45)

The vectors
¯
û (ω) and

¯
t̂ (ω) collect the nodal displacements and tractions,

respectively. The system matrices Û (ω) and T̂ (ω) are defined as:

[U (ω)]αβ =

∫

Σ

Mk(x)ûGn

ij (xm,x, ω) dS (3.46)

and

[T (ω)]αβ =

∫

Σ

(
Mk(x)t̂Gn

ij (xm,x, ω)− δkmt̂Gns
ij (xm,x)

)
dS (3.47)

where α is the degree of freedom that corresponds to the displacements ûmj and

tractions t̂nmj at the collocation point xm. β is the degree of freedom that

corresponds to the displacements ûki and tractions t̂nki at the interpolation node
xk.

The practical aspects of the evaluation of singular boundary integrals in equations
(3.46) and (3.47) are the same as for the time domain boundary elements,
addressed in section 3.3.5. However, as the frequency domain Green’s functions do
not exhibit wave fronts, the numerical integration is less strict and a lower number
of Gaussian points can be used.

3.4.3 Evaluation of the displacement inside the domain

As for time domain boundary elements, the displacements in a receiver point xr

are derived from the integral representation theorem. The Fourier transform of
equation (3.6) yields:

κûi(x
′, ω) =

∫

Σ

(
ûG
ij(x

′,x, ω)t̂nj (x, ω)− t̂Gn

ij (x′,x, ω)ûj(x, ω)
)
dS (3.48)

where κ = 1 when the receiver x is located inside the domain Ω and κ = 0 if the
receiver x is located outside the domain Ω.
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The discretization in equations (3.42) and (3.43) is introduced in the integral
representation theorem (3.48) for a receiver point x′ = xr:

ûi(xr, ω) =

∞∑

l=1

ni∑

k=1

(
∫

Σ

Mk(x)ûG
ij(xr,x, ω) dS

)

t̂nkj

−
∞∑

l=1

ni∑

k=1

(
∫

Σ

Mk(x)t̂Gn

ij (xr,x, ω) dS

)

ûkj (3.49)

This equation is written in a vector notation as:

¯
ûr (ω) = Ur (ω)

¯
t̂ (ω)−Tr (ω)

¯
û (3.50)

where the vector
¯
ûr (ω) collects the displacement components at nr receiver

locations xp, p = 1 . . . nr.

3.4.4 Fictitious eigenfrequencies

An issue of the application of the boundary element method to external wave
propagation problems is the occurrence of fictitious eigenfrequencies, as the
boundary integral equation has a nonunique solution when the excitation frequency
coincides with an eigenfrequency of the interior domain with Dirichlet boundary
conditions on the interface Σ. As a result, the boundary element equation (3.45)
is poorly conditioned and its solution is numerically unstable.

A number of methods to mitigate the fictitious eigenfrequency problem have
been formulated. A first formulation is known as CHIEF’s method (Combined
Helmholtz Integral Equation Formulation) and has first been formulated by Schenk
[181] for the solution of the acoustic radiation problem. It is based on the
requirement that the boundary integral representation theorem, equation (3.48),
is valid in the interior domain. Hereto, the integral representation theorem is
enforced in a number of randomly distributed receiver points in the interior domain.
This results in an equation similar to equation (3.22):

Ûr0 (ω)
¯
t̂ (ω) = T̂r0 (ω)

¯
û (ω) (3.51)

The condition (3.51) is solved simultaneously with the boundary element system
(3.45):

[

Û (ω)

Ûr0 (ω)

]

¯
t̂ (ω) =

[

T̂ (ω)

T̂r0 (ω)

]

¯
û (ω) (3.52)
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The resulting overdetermined system of equations is solved by means of a least-
squares procedure.

Second, the fictitious eigenfrequencies can also be mitigated following a Burton-
Miller approach [33], which consists of combining the displacement integral
equation and its normal derivative. Pyl et al. [169] have successfully employed
the Burton-Miller approach to solve three-dimensional elastodynamic boundary
element problems. Because the boundary integral for the normal derivative results
in hypersingular integrals, this gradient boundary integral is approximated by
the definition of a second boundary Σ′ close to the actual boundary Σ in the
internal domain. The effectiveness and correctness of the Burton-Miller approach
is strongly influenced by the distance between the actual boundary Σ and the
artificial boundary Σ′, which is an input parameter for the method. The robustness
towards the selection of proper parameters is considered as a drawback of the
Burton-Miller approach. Therefore, the CHIEF approach is followed in this thesis.

3.4.5 Applications

Rigid square surface foundation

The problem of the square surface foundation, elaborated in section 3.3.7, is
recomputed by means of frequency domain boundary elements. The same 16× 16
boundary element mesh is used, with the same degrees freedom.

For the computation of the Green’s functions, the same wavenumber domain
sampling is used as for the time domain fundamental solutions in chapter 2.

Figure 3.13 shows the modulus of the boundary element matrix Û(ω) at the
frequencies 0 Hz, 15.63 Hz, and 101.56 Hz. In contrast to their time domain
counterparts in figure 3.8, the boundary element matrix is not sparse and the
elements with a large modulus are concentrated around the diagonal as a result of
the singulariy of the Green’s function at the collocation point.

First, the interface tractions are computed for a unit vertical displacement of the
interface Σ. The resultant of the corresponding tractions is refered to as the
foundation stiffness Ŝzz (ω), for which a more general definition will be given in
chapter 4. For the square surface foundation, the foundation stiffness Ŝzz (ω) are
shown in figure 3.14.

Second, the time history of the vertical displacement is assumed to be the Ricker
pulse in equation (3.40). The resultant of the vertical tractions is computed by
multiplying the Fourier transform of the Ricker pulse with the dynamic foundation
stiffness Ŝzz (ω) in figure 3.15. The time history of the resultant of the vertical
tractions is subsequently obtained through an inverse Fourier transform. The
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Figure 3.13: Modulus of the elements of the boundary element matrix Û(ω) at
(a) 0 Hz, (b) 15.63 Hz, and (c) 101.56 Hz.
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Figure 3.14: (a) Real and (b) imaginary part of the foundation stiffness Ŝzz (ω).

result, shown in figure 3.15, is in correspondence with the results obtained in the
frequency domain. The difference between both curves in figure 3.15 is attributed
to the error of the time boundary element method. As the error increases with
time, an phase shift is observed.

Embedded cylindrical foundation

The embedded cylindrical foundation, addressed in section 3.3.7, is reconsidered
here using frequency domain boundary elements.

The CHIEF method is employed to mitigate the fictitious eigenfrequencies. The
characteristic wavelength of the modes of the internal soil domain at a frequency
f are found as λchar = Cs/f . For the current example, this corresponds to a
characteristic length λchar = 0.75 m at a frequency of 250 Hz. To prevent the
occurrence of spurious modes, the distance between the CHIEF receivers should
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Figure 3.15: Time history of resultant of the vertical tractions due to the rigid
vertical foundation displacement. The results in the frequency
domain (black line) are compared with the time domain boundary
element results (gray line).

be a fraction of this characteristic length. This may be used as a rule of thumb
for the selection of the number of CHIEF receivers.

(a) (b) (c)

Figure 3.16: Location of the (a) 20, (b) 200 and (c) 400 CHIEF receivers for the
mitigation of the fictitious eigenfrequency problem.

A random uniform distribution of 20, 100 and 400 receivers is generated (figure
3.16). The computation of the matrices Ûr and T̂r requires the fundamental
solution for a load located at the CHIEF receiver points. For convenience, the
depth of the CHIEF receivers is chosen the same as the depth of the collocation
points. In this way, the fundamental solutions for the computation of the boundary
element system matrices Û and T̂ can be reused.

Figure 3.17 shows the real and imaginary part of the foundation stiffness Ŝzz (ω).
The effect of the CHIEF receivers is clearly observed. If no CHIEF receivers
are used, the foundation stiffness Ŝzz (ω) shows spurious resonances at the
eigenfrequencies of the internal domain. The use of an increased number of CHIEF
receivers allows to compute the foundation stiffness up to a higher frequency. The
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foundation stiffness is in correspondence with results reported in the literature
[15, 189].
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Figure 3.17: (a) Real part and (b) imaginary part of the foundation stiffness
Ŝzz (ω). Results are shown for calculations without CHIEF points
(dashed line), and employing 20 (light gray line), 200 (dark gray line)
and 400 (black line) CHIEF points.

The time history of the vertical displacement is assumed to be the Ricker pulse in
equation (3.40). The resultant of the vertical tractions is computed by multiplying
the Fourier transform of the Ricker pulse with the foundation stiffness Ŝzz (ω)
in figure 3.17. The time history of the resultant of the vertical tractions is
subsequently obtained through an inverse Fourier transform. The result, shown in
figure 3.18, is in correspondence with the results obtained in the frequency domain.
The difference between both curves in figure 3.18 is attributed to the error of the
time boundary element method. As the error increases with time, an phase shift
is observed.

0 0.02 0.04 0.06 0.08 0.1
−5

0

5
x 10

9

Time [s]

R
ea

ct
io

n 
fo

rc
e 

[N
/m

]

Figure 3.18: Response of the rigid massless foundation due to a Ricker impulse.
The results in the frequency domain (black line) are compared with
the time domain boundary element results (gray line).
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3.5 Conclusion

In this chapter, the boundary element method in elastodynamics is discussed in
detail. The boundary element method is employed in the next chapters to solve
soil-structure interaction problems, in the frequency domain as well as in the time
domain. This is the topic of chapters 4 and 5, respectively.

The boundary integral equation has been addressed, starting from the dynamic
reciprocity theorem. A regularized boundary integral equation is derived,
accounting for the singular behaviour of the fundamental solution. First, the
dynamic reciprocity theorem is used. After the introduction of a spatial and
temporal discretization, an algebraic system of equations is obtained that allows
to solve boundary value problems entirely in the time domain.

The use of the direct stiffness method for the computation of time domain
Green’s functions for direct boundary element computations requires a substantial
amount of computer time, much larger than for the frequency domain boundary
element method: the frequency content of the fundamental solutions spans a large
frequency band which requires to be densely sampled. This issue is partially solved
by computing the convolution integrals of the Green’s function with the boundary
element time interpolation functions as the latter act as a low-pass filter. Second,
the time domain boundary element method requires a large number of integration
points per element, due to the presence of sharp wave fronts in the Green’s function.
Consequently, this results in a dense sampling of the radial coordinate r and a large
number of vertical receivers z.

The use of a damped fundamental solution has a beneficial effect on the number
of integration points required for the integration of wave fronts. Combined with a
subelement integration, this partially solves the wave front integration problem.

Nevertheless, the evaluation of time domain Green’s functions with the direct
stiffness method is responsible for the major part of the overall computational
time in the boundary element analysis, in contrast to the use of the analytical
full-space solution. This disadvantage is more apparent in the case of (deeply)
embedded foundations, or in the case of a large number of boundary element
receiver at different depths.

The frequency domain boundary element method is computationally more
attractive than the time domain boundary element method, but suffers from the
problem of fictitious eigenfrequencies. The problem of fictitious eigenfrequencies is
mitigated by employing CHIEF’s method. The method is based on the requirement
that the boundary integral representation theorem is also valid for points in the
interior domain. The number of CHIEF receivers should be a fraction of the
characteristic wavelength of the modes in order to prevent the occurrence of
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spurious modes. The CHIEF method is an attractive alternative to the Burton-
Miller approach which is nonrobust towards the selection of proper parameters.

The developed boundary element methods in the frequency and time domain have
been demonstrated by an example of a rigid square surface foundation and an
embedded cylindrical foundation. For the cylindrical foundation, the required
storage requirements have been reduced through the use of axisymmetric boundary
elements.





Chapter 4

Dynamic soil-structure

interaction in the frequency

domain

4.1 Introduction

The prediction of ground-borne vibrations in buildings involves the solution
of dynamic soil-structure interaction problems both at the source and the
receiver side. The study of dynamic soil-structure interaction problems is rather
involved because of the semi-infinite extent of the soil, where the transmission of
elastodynamic waves should be accounted for.

The basis of the dynamic soil-structure interaction method is the application of a
substructuring technique [18, 19], where the soil-structure system is decomposed
into two subsystems: the structure and the soil. Both substructures are analysed
separately. The main reason for this decomposition is that different numerical
methods are employed for the soil and the structure. For the horizontally layered
isotropic elastic soil, the boundary element method allows to simulate the soil
domain of infinite extent, where the radiation of waves towards infinity (radiation
conditions) are implicitly satisfied. For the structure, the use of the finite element
method provides a great flexibility and allows to incorporate nonlinear phenomena
in a straightforward way.

In chapter 6, the subdomain formulation will be used for the computation of the
response of a masonry structure due to different incident wave fields. Therefore,
an external incident wave field is considered in the subdomain formulation.

71
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This chapter reviews the subdomain formulation for dynamic soil-structure
interaction in the frequency domain. In section 4.2, the equations of motion for the
coupled soil-structure system are formulated. These equations are governed by the
dynamic stiffness of the soil and the structure. A boundary integral formulation
is used to calculate the dynamic soil stiffness. The boundary integral equations
are solved numerically by means of the boundary element method. In section 4.4,
the subdomain formulation is used to simulate a wave scattering problem.

4.2 Subdomain formulation

The dynamic soil-structure interaction problem is decomposed into two subdo-
mains: the structure Ωb and the exterior soil domain Ωe

s. The dynamic soil-
structure interaction problem is solved by enforcing continuity of displacements
and equilibrium of stresses on the interface Σ between both subdomains. Figure
4.1 depicts the general subdomain problem, where the structure Ωb is loaded by
body forces ρbb and tractions t̄nb

b on the boundary Γbσ with outward normal nb.
Furthermore, an incident wave field ui is assumed in the soil domain Ωe

s .

ΓsσΓsσ

Ωe
s

Σ

t̄nb

b

nb

ρbb

ui

Γs∞

Ωb

Γbσ

Figure 4.1: The subdomain problem.

In order to define the wavefields in the soil and the structure, a right-handed
Cartesian frame of reference with unit basis vectors e1, e2, and e3 is defined with
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the origin at the soil’s surface and the z-axis pointing upwards. In this frame of
reference, the displacements of the soil and the structure at a position x and at the
time t are denoted by us(x, t) and ub(x, t), respectively. The frequency domain
displacements ûs(x, ω) and ûb(x, ω) are obtained by means of a forward Fourier
transformation of the time t to the frequency ω.

4.2.1 The structural subdomain

The structural subdomain Ωb is bounded by the free surface Γbσ and the soil-
structure interface Σ. The unit outward normal vector on the boundary of the
structural domain is denoted by nb. On the free surface Γbσ, the tractions t̄nb

b

are imposed. On the soil-structure interface, stress equilibrium and displacement
continuity is enforced. Hence, the displacement field ub of the structure satisfies
the following equilibrium equation and boundary conditions:

∇ · σ̂b(ûb) + ρbb̂ + ρbω
2ûb = 0 in Ωb (4.1)

t̂
nb

b (ûb)− ˆ̄tnb

b = 0 on Γbσ (4.2)

t̂nb

b (ûb) + t̂
n

e
s

s (ûs) = 0 on Σ (4.3)

ûb − ûs = 0 on Σ (4.4)

where the inner product ∇ · σ̂b(ûb) is the divergence of σ̂b(ûb), σ̂b(ûb) is the
Cauchy stress tensor due to the displacement field ûb, t̂n

b(ûb) is the traction vector
due to the displacement field ûb on a plane with unit outward normal vector nb,
ρb is the density, and ρbb̂ is the body force vector.

4.2.2 The soil subdomain

The semi-infinite soil domain prior to excavation is denoted by Ωs = Ωe
s ∪ Ωi

s,
where Ωe

s and Ωi
s refer to the exterior and the interior soil domain, respectively

(figure 4.2). The exterior soil domain Ωe
s is bounded by the free surface Γsσ, the

soil-structure interface Σ, and the outer boundary Γs∞. The interior soil domain
Ωi

s is bounded by the surface Γs0 and the soil-structure interface Σ. The unit
outward normal vectors on the boundaries of the exterior and the interior soil
domain are denoted by ne

s and ni
s, respectively. The displacement field ûs in the

soil is decomposed into the incident wavefield û0 and the scattered wavefield ûd2

(figure 4.3):

ûs = û0 + ûd (4.5)

The wave field û0 is related to the incident wave field, where zero displacement
boundary conditions are enforced on the boundary Σ. The wave field ûd
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(a) (b) (c)

ΓsσΓsσΓsσΓsσ Γs0Γs0
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Σ ΣΣ

ni
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Figure 4.2: (a) The entire soil domain Ωs = Ωe
s ∪ Ωi

s before excavation, (b) the
exterior soil domain Ωe

s after excavation, and (c) the interior soil
domain Ωi

s.

corresponds to the displacement field radiated in the soil due to the structural
displacements ûb on the interface Σ.

(a) (b) (c)

+=

ΓsσΓsσ ΓsσΓsσΓsσΓsσ

û0 ûdûs

ûiûi

Ωe
s Ωe

sΩe
s

Γs∞ Γs∞Γs∞

Σ ΣΣ

Figure 4.3: Decomposition of (a) the soil displacement field ûs into (b) the wave
field û0 and (c) the diffracted wavefield ûd.

The scattered wave field ûd is straightforwardly computed by means of the
boundary element method, as the problem is posed in terms of displacements on
the interface Σ. However, the wave field û0 is not straightforwardly computed by
means of a boundary element method due to the presence of the incident wave field
ûi Therefore, the wave field û0 is therefore further decomposed into the incident

(a) (b) (c)

+=

ΓsσΓsσ ΓsσΓsσΓsσΓsσ Γs0

Ωs

ûi

ûiûi

û0

Ωe
s Ωe

s

ûd0

Γs∞ Γs∞Γs∞

Σ Σ

Figure 4.4: Decomposition of (a) the soil displacement field û0 into (a) the
incident wavefield ûi and (b) the locally diffracted wavefield ûd0.

wave field ûi and a locally diffracted wave field ûd0 (figure 4.4):

û0 = ûi + ûd0 (4.6)
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The locally diffracted wavefield ûd0 is defined so that the combined wavefield
ûd0 + ûi vanishes on the soil-structure interface Σ. The wave field ûd0 is computed
by means of the boundary element method as it is posed in terms of displacements
on the boundary Σ. The incident wave field ûi is computed with a source model. In
practice, this wave field is computed with a source model where it is assumed that
the interaction problems at the source and the receiver are analysed separately.

The wavefield ûd0 satisfies the following equilibrium equation and boundary
conditions:

∇ · σ̂s(ûd0) + ρsω
2ûd0 = 0 in Ωe

s (4.7)

t̂
n

e
s

s (ûd0) = 0 on Γsσ (4.8)

R̂(ûd0) = 0 on Γs∞ (4.9)

ûd0 + ûi = 0 on Σ (4.10)

The operator R̂(û) in equations (4.9) and (4.13) denotes Sommerfeld’s radiation
conditions on the displacements û on the outer boundary Γs∞ of the unbounded
domain Ωe

s . These conditions imply that the elastic waves vanish at infinity [70],
as discussed in chapter 2 .

The radiated wavefield ûd is due to the displacement of the interface Σ. This
wavefield satisfies the following equilibrium equation and boundary equations:

∇ · σ̂s(ûd) + ρsω
2ûd = 0 in Ωe

s (4.11)

t̂
n

e
s

s (ûd) = 0 on Γsσ (4.12)

R̂(ûd) = 0 on Γs∞ (4.13)

ûd − ûb = 0 on Σ (4.14)

Equations (4.10) and (4.14) ensure the compatibility of the soil displacements
ûs = ûi + ûd0 + ûd and the structural displacements ûb along the interface Σ.

4.2.3 The interaction problem

The dynamic soil-structure interaction problem is defined by equations (4.1–4.14).
In order to obtain an approximate solution of the interaction problem, a finite
element displacement basis is introduced for the structure. The displacements ûb

are approximated as ûb = Nb
¯
ûb where Nb are the globally defined shape functions

and
¯
ûb is a vector of the three displacement components at all nodal points.
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The unknown displacements
¯
ûb are solved from the weak formulation of the

equations (4.1–4.3) for the structural domain:

∫

Σ

v̂ · t̂nb

b (ûb) dS =

∫

Ωb

ε̂(v̂) : σ̂b(ûb) dV − ω2

∫

Ωb

v̂ · ρbûb dV

−
∫

Γbσ

v̂ · ˆ̄tnb

b dS −
∫

Ωb

v̂ · ρbb̂ dV (4.15)

Herein, v̂ denotes any virtual displacement field. Accounting for the stress
equilibrium (4.3) on the soil-structure interface Σ, the equilibrium equation (4.15)
becomes:

∫

Ωb

ε̂(v̂) : σ̂b(ûb) dV − ω2

∫

Ωb

v̂ · ρbûb dV +

∫

Σ

v̂ · t̂n
e
s

s (ûs) dS

=

∫

Γbσ

v̂ · ˆ̄tnb

b dS +

∫

Ωb

v̂ · ρbb̂ dV (4.16)

The decomposition (4.6) of the wave field is introduced into the variational
formulation (4.16). A standard Galerkin procedure is followed, using an
analogous decomposition for the virtual displacement field v̂b = Nbδ

¯
v̂b, with

δ
¯
v̂b the virtual displacement at the finite element nodes. A formulation is

used where the elements of the symmetrical stress tensor σ̂b are collected in
the vector σ̂b = {σ̂xx, σ̂yy, σ̂zz , σ̂xy, σ̂yz, σ̂zx, }T

. Analogously, the vector ε̂b =

{ε̂xx, ε̂yy, ε̂zz, ε̂xy, ε̂yz, ε̂zx, }T
collects the elements of the symmetrical strain tensor

ε̂b. The strain vector ε̂b = LNb
¯
ûb is related to the displacement vector

¯
ûb, with

L a matrix which contains derivative operators. The stress vector σ̂b = Dε̂b

is related to the strain vector ε̂b, with D a matrix which depends on the Lamé
coefficients for an isotropic linear elastic material. This results into the following
system of equations:

(

Kbb − ω2Mbb + K̂s
bb

)

¯
ûb =

¯
f̂b +

¯
f̂ s
b (4.17)

The finite element stiffness matrix Kbb is equal to:

Kbb =

∫

Ωb

BT
b DBb dV (4.18)

where the matrix Bb = LNb relates the strains and to the finite element
displacements as ε̂b = Bb

¯
ûb. The finite element mass matrix Mbb is equal to:

Mbb =

∫

Ωb

NT
b ρbNb dV (4.19)
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The dynamic stiffness matrix of the soil K̂s
bb is equal to:

K̂s
bb =

∫

Σ

NT
b t

n
e
s

s (ud (Nb)) dS (4.20)

The vector f̂b due to the external forces on the structure is defined as:

¯
f̂b =

∫

Γbσ

NT
b t̄nb

b dS +

∫

Ωb

NT
b ρbb dV (4.21)

The force vector f̂ s
b due to the incident wavefield on the structure is equal to:

¯
f̂ s
b = −

∫

Σ

NT
b

(

t
n

e
s

s (ui) + t
n

e
s

s (ud0)
)

dS (4.22)

The stiffness matrix Kbb, the mass matrix Mbb, and the force vector f̂b in
equations (4.18), (4.19), and (4.21) correspond to a classical finite element
formulation. The dynamic soil stiffness matrix K̂s

bb and the force vector f̂ s
b

in equations (4.20) and (4.22) are calculated by means of a boundary element
formulation, as explained in section 4.3.

For convenience, the following subdivision into block matrices is used for equation
(4.17):

([

Kb1b1 Kb1b2

Kb2b1 Kb2b2

]

− ω2

[

Mb1b1 Mb1b2

Mb2b1 Mb2b2

]

+

[

0 0

0 K̂s
b2b2

(ω)

]){

ûb1 (ω)

ûb2 (ω)

}

=

{

f̂b1(ω)

f̂b2(ω)

}

+

{

0

f̂ s
b2

(ω)

}

(4.23)

where the stiffness and mass matrices Mbb and Kbb are subdivided into block
matrices according to the degrees of freedom ûb2 (ω) on the soil-structure interface
and the degrees of freedom ûb1(ω) internally in the domain Ωs. The matrix K̂s

b2b2

is defined as:

K̂s
b2b2

=

∫

Σ

NT
b2

t̂
n

e
s

s (ûd (Nb2)) dS (4.24)

The vector ˆ
¯
fb2

due to the external forces on the structure is defined as:

¯
f̂b2 =

∫

Γbσ

NT
b2

ˆ̄t
nb2

b2
dS +

∫

Ωb2

NT
b2
ρbb̂ dV (4.25)
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Eigenmode decomposition

In order to limit the computational effort, a modal decomposition of Q modes
is commonly used. The eigenmodes are the solution of the following generalized
eigenvalue problem:

Kbbψm = ω2
mMbb

¯
ψm (4.26)

where ωm, m = 1 . . .Q are the corresponding eigenfrequencies.

The structural displacement vector
¯
ûb is decomposed onto the modal basis as:

¯
ûb =

Q
∑

m=1

α̂m
¯
ψm (4.27)

The modes
¯
ψm, m = 1 . . .Q are collected in a matrix

¯
Ψ:

¯
ûb =

¯
Ψα̂ (4.28)

where the vector α̂ collects the modal coordinates α̂m. Introducing the modal
decomposition (4.28) into the equation of motion (4.17) results in [168]:

(

ΛQQ − ω2IQQ +
¯
ΨTK̂s

bb ¯
Ψ
)

α̂ =
¯
ΨT

(

¯
f̂b +

¯
f̂ s
b

)

(4.29)

where the Q-dimensional matrix ΛQQ contains the squares of the eigenfrequencies
ωm, m = 1 . . .Q. The q-dimensional unit matrix IQQ reflects the orthogonality of
the eigenmodes with respect to the mass matrix.

Craig-Bampton decomposition

As an alternative to the eigenmode decomposition, a Craig-Bampton decomposi-
tion [47] can be employed, which is based on an additional decomposition of the
structure Ωb into a foundation Ωb1 and a superstructure Ωb2 . Two types of modes
are considered: Q1 free foundation modes ψb1m and their quasi-static transmission
in the structure and Q2 modes ψb2m of the superstructure clamped at its base. A
special case of the Craig-Bampton method is a structure on a rigid foundation.

As the modes ψb2m correspond to zero displacements on the soil-structure
interface Σ, the dynamic soil stiffness matrix only contains nonzero terms for
m = 1 . . .Q1. Hence, the Craig-Bampton technique is favourable in the case where
the eigenmodes contain a high number of local modes, e.g. local floor bending
modes. It allows for a modification of the superstructure without a recomputation
of the soil stiffness matrix.

The Craig-Bampton analysis will be elaborated and applied in chapter 6 for the
computation of the response of a masonry building. The equilibrium equations
are further elaborated in section 6.2.
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4.3 Computation of the soil stiffness

The dynamic soil-structure interaction computation involves the computation of
the dynamic soil stiffness matrix K̂s

bb(ω). In the case where the full kinematic
basis is used for the structure, the finite element model is conveniently coupled
by considering the same discretization of displacements on the interface for the
boundary and finite element mesh. The frequency domain boundary element
system (3.45) is written as:

(

I + T̂ (ω)
)

ˆ
¯
ub2

(ω) = Û (ω)ˆ
¯
ts (ω) (4.30)

where the vector ˆ
¯
ts collects to the boundary element tractions. The tractions are

hence solved as:

ˆ
¯
ts (ω) = Û−1 (ω)

(

I + T̂ (ω)
)

ˆ
¯
ub2

(ω) (4.31)

This allows to compute the dynamic stiffness matrix of the soil Ks
bb(ω) by means

of equation (4.24) as:

K̂s
b2b2

(ω) =

(∫

Σ

NT
b2

Ms dS

)

Û−1 (ω)
(

I + T̂ (ω)
)

(4.32)

where the matrix Ms collects the boundary element shape functions. The integral
in the right hand side of equation (4.32) is denoted as a stress transfer matrix Tq:

K̂s
b2b2

(ω) = TqÛ−1 (ω)
(

I + T̂ (ω)
)

(4.33)

In the case of a modal decomposition, a conforming interpolation on the interface
is not required for a convenient finite-element boundary element coupling: rather
than evaluating the soil stiffness matrix by means of equation (4.33) and
subsequently computing the projection

¯
ΨTK̂s

bb(ω)
¯
Ψ, the modal soil stiffness

¯
ΨTK̂s

bb(ω)
¯
Ψ is computed directly as:

¯
ΨTK̂s

bb(ω)
¯
Ψ =

∫

Σ

(Nb
¯
Ψ)

T
t

n
e
s

s (ud (Nb
¯
Ψ)) dS (4.34)

For each mode, the modal soil tractions are computed by means of equation (3.45)
and integrated over the interface by means of equation (4.34).

4.4 Application

In this section, the frequency domain subdomain formulation is applied for the
computation of a wave scattering problem. Figure 4.5 shows the problem outline.
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Consider the embedded cylindrical cavity with a radius of 4 m and a depth of 4 m,
as studied in section 3.4.5. The interior of the cavity is filled with a material
with the same properties as the external soil region. The system is loaded with a
vertical point load at the point A. As a result, a half-space geometry is obtained
and the results are compared with the Green’s function as discussed in chapter 2.
Furthermore, this example shows the applicability of the subdomain approach to
similar wave scattering problems, such as wave fields scattered by pile driving or
the shock wave generated by explosions.

r
z

Σ

A B

C

Figure 4.5: Boundary element mesh for the embedded cylindrical foundation.

The internal domain is modelled with 32× 32 axisymmetric linear finite elements.
As a result, the finite element nodes correspond to the boundary element nodes on
the soil-structure interface Σ of the boundary element mesh employed in section
3.4.5. This boundary element model is used for the computation of the external
soil domain, where the problem of fictitious eigenfrequencies is mitigated through
the use of 400 CHIEF receivers. At a frequency of 100 Hz, the wavelength in the
equals 1.5 m. As the element size equals le = 0.125 m, this corresponds to 12
elements per wavelength at 100 Hz.

A first calculation is performed where the full finite element displacement basis
is used. The dynamic soil-structure interaction problem is solved by means of
equation (4.23). Figures 4.6 and 4.7 show the real and imaginary parts of the
vertical displacement at the points B and C due to the vertical harmonic force
at the point A. The results obtained with the coupled finite element – boundary
element approach compare well to the reference Green’s function as obtained with
the direct stiffness method. This correspondence is perfect at low frequencies,
whereas a phase shift is observed at higher frequencies. This error is attributed
both to the finite and boundary element approximations. At a frequency of 200 Hz,
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only 6 elements per wavelength are used. A low number of elements results in a
stiffer response, explaining the large error at larger frequencies.
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Figure 4.6: (a) Real and (b) imaginary part of the vertical displacement at the
point B due to a vertical harmonic force at the point A. The results
obtained with the coupled finite element – boundary element approach
(black line) are compared with the Green’s function computed with
the direct stiffness method (gray line).
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Figure 4.7: (a) Real and (b) imaginary part of the vertical displacement at the
point C due to a vertical harmonic force at the point A. The results
obtained with the coupled finite element – boundary element approach
(black line) are compared with the Green’s function computed with
the direct stiffness method (gray line).

In a second calculation, a modal decomposition is used. Hereto, the modes of the
internal soil domain Ωi

s with traction free boundary conditions on the interface Σ
are used. The first mode is a vertical rigid body mode, followed by flexible modes.
The frequency range under consideration is characterized by a high modal density:
figure 4.8 shows the modes 2, 20, and 100 corresponding to the eigenfrequencies
14.69 Hz, 74.01 Hz, and 187.95 Hz, respectively.
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(a) (b) (c)

Figure 4.8: Modes of the internal soil domain: (a) mode 2 at 14.69 Hz, (b) mode
20 at 74.01 Hz, and (c) mode 100 at 187.95 Hz.

The dynamic soil-structure interaction problem is solved by means of equation
(4.29). Figure 4.9 shows the real and imaginary parts of the vertical displacement
at the point B due to the vertical harmonic force at the point A. An increasing
number of modes is used in this calculation. The use of this modal decomposition
clearly filters out the response above the eigenfrequency of the highest mode that
is taken into account.
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Figure 4.9: (a) Real and (b) imaginary part of the vertical displacement at the
point B due to a vertical harmonic force at the point A. The results
obtained with the coupled finite element – boundary element approach
using 5 modes (light gray line), 20 modes (dark gray line), and 100
modes (black line) are compared with the solution employing the
complete finite element displacement basis (dashed line).

The following chapter considers dynamic soil-structure interaction techniques in
the time domain. In the case where a nonlinear behavior is assumed for the
structure, the modal decomposition is no longer applicable. However, it seems
interesting to use a reduced kinematic basis for the boundary element method
while remaining the full kinematic basis for the structure. As will be demonstrated
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in chapter 5, this is particularly the case for the hybrid frequency-time domain
method.

Only the modal soil stiffness matrix K̂sα =
¯
ΨTKs

bb ¯
Ψ is computed, that relates

the modal coordinates α on the interface to modal interaction forces f̂α as f̂α =
K̂sαα̂. The boundary element method is coupled to the finite element degrees of
freedom by means of a least squares solution. The applicability of this technique
is investigated for the present example. The transformation between the modal
coordinates α̂s and the displacements

¯
ûb2 is written as:

α̂ =
(
ΨT

b2
Ψb2

)−1
ΨT

b2 ¯
ûb2 (4.35)

The matrix
(
ΨT

b2
Ψb2

)−1
ΨT

b2
is denoted as a displacement transfer matrix Tu, as

it relates the actual and modal displacements on the interface:

α̂ = Tu
¯
ûb2 (4.36)

Similarly, the stresses are interpolated as:

¯
f̂b2 = Ψb2(ΨT

b2
Ψb2)−1 f̂s (4.37)

The matrix Ψb2(ΨT
b2

Ψb2 )−1 is denoted as a stress transfer matrix Tq:

¯
f̂b2 = Tq f̂α (4.38)

By means of the displacement and stress transfer matrices Tu and Tq, the stiffness

matrix K̂b2b2 is approximated as:

K̂s
b2b2
≈ TqKsαTu (4.39)

The dynamic soil-structure interaction problem is solved by means of equation
(4.23), where an increasing number of modes is used to approximate the dynamic
soil stiffness matrix K̂s

b2b2
. Figure 4.10 shows the real and imaginary parts of the

vertical displacement at the point B due to the vertical harmonic force at the point
A. The solution is accurate up to the eigenfrequency of the highest interface mode
that is taken into account. In contrast to a complete modal decomposition, the
response does not tend to zero at higher frequencies. This is attributed to spurious
reflections at the interface Σ.

This analysis has been performed using 5 and 20 eigenmodes at the interface. As
the number of eigenfrequencies further increases, the approximation of the dynamic
soil stiffness matrix, equation (4.39), becomes singular. This is due to the fact that
the eigenmodes of the internal soil domain are used. The trace of these modes on
the interface turns out to be non-orthogonal.
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Figure 4.10: (a) Real and (b) imaginary part of the vertical displacement at the
point B due to a vertical harmonic force at the point A. The results
are obtained with the coupled finite element – boundary element
approach using the complete displacement basis for the finite element
model but with 5 modes (light gray line) and 20 modes (dark gray
line) for the boundary element model. The results are compared
with the reference solution (dashed line).

4.5 Conclusion

In this chapter, the subdomain formulation for dynamic soil-structure interaction
developed by Aubry and Clouteau [18, 44] is reviewed. The elastodynamic
equations and the boundary conditions for both the structural and the soil
subdomain are formulated. In order to obtain an approximate solution of
the interaction problem, a finite element displacement basis is introduced for
the structure. The equilibrium equations and the boundary conditions for the
structural domain are enforced in the weak sense, yielding a system of algebraic
equations for the modal coordinates. This system of equations depends on the
stiffness and mass matrices of the structure and the dynamic stiffness of the soil.
The stiffness and mass matrices of the structure are calculated with the finite
element method. The dynamic soil stiffness and the radiated wave field in the soil
are calculated with a boundary integral formulation.

In order to demonstrate the subdomain formulation, a wave scattering problem
has been solved. this example shows the applicability of the subdomain approach
to similar wave scattering problems, such as wave fields scattered by pile driving or
the shock wave generated by explosions. For the purpose of nonlinear calculations,
it seems interesting to use a reduced kinematic basis for the boundary element
method while remaining the full kinematic basis for the structure. In contrast to
a solution using a full modal decomposition, spurious reflections may occur at the
interface Σ for frequencies higher than the eigenfrequency of the of the highest
interface mode that is taken into account. The application of interface modes in
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combination with a full displacement basis for the structure should therefore be
applied prudently.

The subdomain formulation will be applied in chapter 6 for the computation of
the response of a masonry structure. Therefore, an incident wave field has been
considered in the subdomain formulation. The incident wave field has not been
included in the example in this chapter, however.





Chapter 5

Dynamic soil-structure

interaction in the time domain

5.1 Introduction

In the case where the nonlinear behaviour of the structure should be accounted for,
the frequency domain methodology discussed in chapter 4 is no longer applicable
for the computation of the dynamic soil-structure interaction problem. In this
chapter, the substructuring technique is extended for the analysis of a general
(nonlinear) dynamic soil-structure interaction problem in the time domain.

The solution of the time domain dynamic soil-structure interaction problem is
related to the evaluation of time domain soil-structure interaction forces. In the
past decades, a broad range of methods have been developed for the evaluation
of these time domain soil-structure interaction forces. An overview is given by
Wolf [223]. Bode [29] classifies the time domain analyses into hybrid domain and
time domain approaches. In the hybrid domain approaches, flexibility or stiffness
coefficients are computed in the frequency domain and subsequently transformed
to a force-displacement relationship in the time domain.

One type of hybrid frequency-time domain method [26, 118, 223] accounts for
structural nonlinear behaviour through the introduction of pseudo-forces. These
pseudo-forces are updated iteratively for the entire time history by repeated linear
calculations in the frequency domain, until the structural response satisfies the
governing nonlinear constitutive equations. The main drawback of this type of
hybrid frequency-time domain method is the convergence of the iterative scheme,
certainly in the case of strong nonlinearities. The stability and performance of this

87
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hybrid frequency-time domain method may be improved through the use of a time
window [50]. For practical applications, a large number of iterations is required,
even in the case of a limited number of degrees of freedom [157, 158]. Therefore,
this type of hybrid domain approach is not considered in this thesis.

Most hybrid domain approaches for the evaluation of time domain soil-structure
interaction forces have been developed in the framework of foundation engineering,
where a single or a few dynamic foundation stiffness curves are transformed from
the frequency to the time domain. This chapter broadens the application of hybrid
methods to problems where a large number of (generalized) degrees of freedom is
required to describe the kinematics of the interface. This is the case if a part of
the soil behaves nonlinear. A “generalized structure” is considered (figure 5.1),
comprising the actual structure and the part of the soil that behaves nonlinear.
The soil-structure interface is much larger than in the case where only the structure
behaves nonlinear, and a large displacement basis on the interface is required for
the proper solution of this dynamic soil-structure interaction problem.

ΓsσΓsσ

Ωe
s

Σ

Γs∞

Ωb

Γbσ

tnb

b

nb

ρbb

ui

Figure 5.1: Geometry of the sub-domains.

As discussed in chapter 3, an important drawback of the boundary element method
is the selection of the time step. In the case where a (strong) nonlinear behaviour
for the structure is considered, this also applies for the finite element method.
Hence, the direct coupling of the boundary element method and the finite element
method may result in incompatible demands with respect to the size of the time
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step. In order to overcome this problem, iterative coupling strategies have been
developed [67, 66, 68, 69, 212, 95, 96]. A sequential boundary element – finite
element method is elaborated at the end of this chapter.

This chapter is organized as follows. In section 5.2, the subdomain formulation is
extended for the analysis of a general dynamic soil-structure interaction problem
in the time domain. This leads to the evaluation of soil-structure interaction forces
in the time domain, for which both a direct approach and a hybrid frequency-time
domain approach are elaborated in sections 5.3. In section 5.4, the coupling of the
boundary element method to the finite element method is discussed, where both
a direct coupling and an iterative coupling scheme are considered.

5.2 Subdomain formulation

The soil-structure system is decomposed into two subdomains (figure 5.1):
the bounded (generalized) structure Ωb, which contains the structure and an
irregularly layered soil region in the vicinity of the structure which can behave
nonlinearly, and the unbounded semi-infinite layered soil denoted by Ωe

s . The
interface between both subdomains is denoted by Σ. In the following, the equations
of motions are derived and discretized in the time domain.

5.2.1 The structural subdomain

First, the structure Ωb is considered. The boundary Γb = Γbσ ∪Σ of the bounded
domain Ωb is decomposed into a boundary Γbσ, where tractions tb are imposed,
and the soil-structure interface Σ. The displacement vector ub of the structure
satisfies the following equilibrium equation and boundary conditions:

∇ · σb(ub) + ρbb− ρbüb = 0 in Ωb (5.1)

tnb

b (ub)− t̄nb

b = 0 on Γbσ (5.2)

tnb

b (ub) + t
n

e
s

s (us) = 0 on Σ (5.3)

ub − us = 0 on Σ (5.4)

5.2.2 The soil domain

The exterior soil domain Ωe
s is considered next. The boundary Γe

s = Γsσ∪Γs∞∪Σ
of the soil domain Ωe

s is decomposed into the boundary Γsσ where tractions are
imposed, the outer boundary Γs∞ where radiation conditions are satisfied and the
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soil-structure interface Σ. Free boundary conditions or zero tractions are assumed
on Γsσ. The displacement vector in the soil is decomposed into the same wavefields
as in the previous chapter:

us = ui + ud0 + ud (5.5)

This is allowed, as the linear assumption is still valid in the soil domain. The
wavefield ud0 satisfies the following equilibrium equation and boundary conditions:

∇ · σs(ud0)− ρsüd0 = 0 in Ωe
s (5.6)

t
n

e
s

s (ud0) = 0 on Γsσ (5.7)

R(ud0) = 0 on Γs∞ (5.8)

ud0 + ui = 0 on Σ (5.9)

The operator R(u) in equations (5.8) and (5.12) denotes Sommerfeld’s radiation
conditions on the displacements u on the outer boundary Γs∞ of the unbounded
domain Ωe

s .

The radiated wavefield ud is due to the displacement of the interface Σ. This
wavefield satisfies the following equilibrium equation and boundary equations:

∇ · σs(ud)− ρsüd = 0 in Ωe
s (5.10)

t
n

e
s

s (ud) = 0 on Γsσ (5.11)

R(ud) = 0 on Γs∞ (5.12)

ud − ub = 0 on Σ (5.13)

5.2.3 The interaction problem

The equation of motion for the dynamic soil-structure interaction problem is
formulated first in a variational form. For any virtual displacement field vb

imposed on the generalized bounded structure, the sum of the virtual work of
the internal and the inertial forces is equal to the virtual work of the external
loads:

∫

Ωb

ε(vb) : σb(ub)dV +

∫

Ωb

vb · ρbübdV =

∫

Ωb

vb · ρbbdV+

∫

Γbσ

vb · tnb

b dS +

∫

Σ

vb · tnb

b (ub)dS (5.14)
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Accounting for the equilibrium (5.3) of the tractions on the soil-structure interface
Σ, the variational equation (5.14) becomes:

∫

Ωb

ε(vb) : σb(ub)dV +

∫

Ωb

vb · ρbübdV +

∫

Σ

vb · tns
s (ud(ub))dS

=

∫

Ωb

vb · ρbbdV +

∫

Γbσ

vb · tnb

b dS (5.15)

In order to obtain an approximate solution of the interaction problem, a finite
element displacement basis is introduced for the structure. Globally defined finite
element shape functions Nb are selected as the kinematic basis. The displacement
vector ub is approximated as ub ' Nb

¯
ub, where

¯
ub is the vector with displacement

components at all nodal points of the structure.

In a standard Galerkin procedure, the same approximation vb = Nb
¯
vb is

used for the displacement field. Introducing this approximation in the virtual
work expression (5.15), replacing the symmetric strain and stress tensors by the
equivalent vectors, and accounting for the fact that the equation must hold for
any virtual displacement vector

¯
vb, the following system of equations is obtained:

Mbb¨
¯
ub (t) + Kbb

¯
ub (t) +

¯
Qb (t) =

¯
fb (t) +

¯
f s
b (t) (5.16)

where the matrices Kbb and Mbb are the classical finite element stiffness and mass
matrices. The vector

¯
fb (t) due to the external forces on the structure:

¯
fb (t) =

∫

Γbσ

NT
b t̄nb

b (t) dS +

∫

Ωb

NT
b ρbbb (t) dV (5.17)

is the time domain counterpart of equation (4.21).

The vector
¯
Qb collects the interaction forces between the bounded structure and

the unbounded soil along the interface Σ:

¯
Qb (t) =

∫

Σ

NT
b t

n
e
s

s (udud(ub)) dS (5.18)

The interaction forces depend on the entire time history of displacements and
tractions on the interface and are evaluated by means of a boundary element
formulation.

In the case of a nonlinear analysis, the stiffness matrix Kbb should be interpreted
as the tangential stiffness matrix Kt

bb [23]:

Mbb
¯
üb (t) + Kt

bb¯
ub (t) +

¯
Qb (t) =

¯
fb (t) +

¯
f s
b (t) (5.19)
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For convenience, the following subdivision into block matrices is used for equation
(5.19):

[

Mb1b1Mb1b2

Mb2b1Mb2b2

]{

¯
üb1 (t)

¯
üb2 (t)

}

+

[

Kt
b1b1

Kt
b1b2

Kt
b2b1

Kt
b2b2

]{

¯
ub1(t)

¯
ub2(t)

}

+

{

0

¯
Qb2

(t)

}

=

{

¯
fb1(t)

¯
fb2(t)

}

+

{

0

¯
f s

b2
(t)

}

(5.20)

where the stiffness and mass matrices Mbb and Kbb are subdivided into block
matrices according to the degrees of freedom

¯
ub2 of on the soil-structure interface

and the degrees of freedom
¯
ub1 in the internal of the domain Ωb1 .

5.2.4 Direct time integration

The equation of motion (5.20) is discretized by means of the Newmark method.
Enforcing the equilibrium at discrete points t = n∆t in time, the equation (5.20)
results in [23]:

[

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]{

¯
un+1

b1

¯
un+1

b2

}

=

{

¯
f̃
n+1

b1

¯
f̃
n+1

b2

}

−
{

0

¯
Qn+1

b2

}

(5.21)

where:

[

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]

=

(

1

α (∆t)2

[

Mb1b1 Mb1b2

Mb2b1 Mb2b2

]

+
δ

α∆t

[

Cb1b1 Cb1b2

Cb2b1 Cb2b2

]

+

[

Kt
b1b1

Kt
b1b2

Kt
b2b1

Kt
b2b2

])

(5.22)
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is denoted as the apparent stiffness matrix, where α and δ are the Newmark
parameters. Similarly, the vector:

{

¯
f̃
n+1

b1

¯
f̃
n+1

b2

}

=

{

¯
fn+1

b1

¯
fn+1

b2

}

+

{

0

¯
f sn+1

b2

}

+

[

Mb1b1Mb1b2

Mb2b1Mb2b2

](

1

α(∆t)2

{

¯
unb1

¯
unb2

}

+
1

α∆t

{

¯
u̇nb1

¯
u̇nb2

}

+

(
1

2α
− 1

){

¯
ünb1

¯
ünb2

})

+

[

Cb1b1Cb1b2

Cb2b1Cb2b2

]

×
(

δ

α∆t

{

¯
unb1

¯
unb2

}

+

(
δ

α
− 1

){

¯
u̇nb1

¯
u̇nb2

}

+
∆t(δ − 2α)

2α

{

¯
ünb1

¯
ünb2

})

(5.23)

is the apparent external load vector. During the direct time integration, the
discretized equation of motion (5.21) is solved in every time step. The main
difference with a classical direct time integration is the presence of the soil-
structure interaction forces

¯
Qn+1

b2
. The computation of these soil-structure

interaction forces is the topic of section 5.3. Next, section 5.4 further examines
different solution techniques for the solution of equation (5.21).

5.3 The evaluation of the soil-structure interaction

forces

This section focusses on the evaluation of the soil-structure interaction forces

¯
Qb2 (t) based on a boundary element method for the soil domain. Both a direct
evaluation, i.e. the evaluation by means of the direct time domain boundary
element method as well as a hybrid evaluation are considered.

5.3.1 Direct evaluation of the interaction forces

In a direct approach, the time domain boundary element method is used
for the evaluation of the dynamic soil-structure interaction forces. The time
domain boundary element system of equations (3.28) provides a relation between
displacements and tractions on the interface Σ. The finite element model is
conveniently coupled by considering the same discretization of displacements on
the interface for the boundary and finite element mesh:

U0

¯
tns =

(
I + T0

)

¯
unb2
−

¯
hn (5.24)
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This allows to compute the dynamic soil-structure interaction force
¯
Qb2

(t) by
means of equation (5.18) as:

¯
Qnb2

=

(∫

Σ

NT
b Ms dS

)

¯
tns (5.25)

where the matrix Ms collects the boundary element shape functions. The integral
in the right hand side of equation (5.25) is denoted as a stress transfer matrix Tq:

¯
Qnb2

= Tq
¯
tn (5.26)

Upon introduction of the boundary element equation (5.24), equation (5.26) yields:

¯
Qnb2

= Tq

(
U0
)−1 ((

I + T0
)

¯
unb2
−

¯
hn
)

(5.27)

The dynamic soil-structure interaction force depends on the history of soil-
structure interaction forces as well as on the actual displacement

¯
unb2

. Equation
(5.27) is written as:

¯
Qnb2

= Ks0
b2b2 ¯

unb2
−Qn−1

b2
(5.28)

where

Ks0
b2b2

= Tq

(
U0
)−1 (

I + T0
)

(5.29)

is denoted as the instantaneous soil stiffness as it relates the actual displacements
to an instantaneous change in interaction force. The vector:

¯
Qn−1

b2
= Tq

(
U0
)−1

¯
hn (5.30)

represents the influence of the response history on the current soil-structure
interaction forces. Equation (5.28) is equivalent to the boundary element time
stepping scheme (3.28), but it is posed in terms of interaction forces rather than
boundary element tractions.

5.3.2 Hybrid frequency-time domain evaluation of the interac-

tion forces

As an alternative to the direct evaluation of dynamic soil-structure interaction
forces in the time domain, the frequency domain dynamic soil stiffness derived
in the previous chapter can be employed to evaluate the interaction forces in the
frequency domain.
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Dynamic stiffness and flexibility in the time domain

The tractions on the soil-structure interface are related to the displacements on
the interface through the frequency domain boundary element equation (3.45):

ˆ
¯
ts (ω) = Û−1 (ω)

(

I + T̂ (ω)
)

ˆ
¯
ub2

(ω) (5.31)

The soil-structure interaction forces are found by integrating the tractions over
the interface Σ. The frequency domain counterpart of equation (5.26) reads as:

¯
Q̂b2 (ω) = Tq

ˆ
¯
ts (ω) (5.32)

Equations (5.31) and (5.32) relate the interaction forces Q̂s
b2

(ω) to the boundary
element displacements ˆ

¯
ub2

(ω) as:

¯
Q̂b2 (ω) = TqÛ−1 (ω)

(

I + T̂ (ω)
)

ˆ
¯
ub2

(ω) (5.33)

The term TqÛ−1 (ω)
(

I + T̂ (ω)
)

is the dynamic soil stiffness matrix K̂s
b2b2

(ω):

¯
Q̂b2 (ω) = K̂s

b2b2
(ω) ˆ

¯
ub2

(ω) (5.34)

The inverse Fourier transform of equation (5.34) equals:

¯
Qb2 (t) =

∫ t

0

Ks
b2b2

(τ)
¯
ub2

(t− τ) dτ (5.35)

The numerical evaluation of the inverse Fourier transform (5.35) is a cumbersome
task as the real part of dynamic stiffness K̂s

b2b2
(ω) tends to infinity for limiting

high frequencies. As a result, the time domain dynamic stiffness Ks
b2b2

(t) is
singular at the time t = 0. For this reason, equation (5.34) is inverted:

ˆ
¯
ub2

(ω) = K̂s−1
b2b2

(ω) Q̂b2 (ω) (5.36)

where the inverse of the dynamic stiffness matrix K̂s−1
b2b2

(ω) is denoted as the

flexibility matrix F̂s
b2b2

(ω):

ˆ
¯
ub2

(ω) = F̂s
b2b2

(ω) Q̂b2 (ω) (5.37)

In contrast to the dynamic stiffness, the dynamic flexibility tends to zero for
limiting high frequencies. The inverse Fourier transform of equation (5.37) equals:

¯
ub2

(t) =

∫ t

0

Fs
b2b2

(τ)
¯
Qb2 (t− τ) dτ (5.38)
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Time discretization of the interaction forces

The interaction forces
¯
Qb2 (t) are discretized in the time domain:

¯
Qb2 (t) =

∞∑

k=1

φ(t− k∆t)
¯
Qkb2

(5.39)

A common choice for the time interpolation function φ (t) is the linear time
interpolation function, equation (3.16) as used in the time domain boundary
element discretization. This approach is followed here. Substituting expression
(5.39) into equation (5.38), the displacement

¯
ub2 (t) at time t becomes:

¯
ub2(t) =

∫ t

0

Fb2b2 (τ)

(
∞∑

k=1

φ (t− τ − k∆t)
¯
Qkb2

)

dτ (5.40)

Equation (5.40) is rearranged as:

¯
ub2(t) =

(
∞∑

k=1

∫ t

0

Fb2b2(τ)φ (t− τ − k∆t) dτ

)

¯
Qkb2

(5.41)

The displacement
¯
unb2

at the time t = n∆t is found as:

¯
unb2

=

(
∞∑

k=1

∫ n∆t

0

Fb2b2(τ)φ ((n− k) ∆t− τ) dτ

)

¯
Qkb2

(5.42)

Due to causality, the summation
∑∞
k=1 is limited up to k = n, as the displacement

solution at the time n∆t is only influenced by the interaction forces
¯
Qkb2

, k ≤ n.
Equation (5.42) is rearranged as:

¯
unb2

=

n∑

k=1

(
∫ (n−k+1)∆t

0

Fb2b2 (τ)φ((n − k)∆t− τ)dτ

)

¯
Qkb2

(5.43)

where the integration is performed from 0 to (n − k + 1)∆t due to the bounded
support of the interpolation function φ (t). The displacement vector

¯
unb2

of the
interface is finally written as:

¯
unb2

=

n∑

k=1

Fn−k+1
b2b2

¯
Qkb2

(5.44)

where

Fkb2b2
=

∫ k∆t

0

Fb2b2(τ)φ((k − 1)∆t− τ)dτ (5.45)
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Elaborating equation (5.44), the interaction force Qnb2
at time n∆t is written as:

¯
Qnb2

= (F1
b2b2

)−1

¯
unb2
−

¯
Qn−1

b2
(5.46)

where
¯
Qn−1

b2
denotes the time history of the interaction forces:

¯
Qn−1

b2
= (F1

b2b2
)−1

n−1∑

k=1

Fn−k+1

¯
Qkb2

(5.47)

and (F1
b2b2

)−1 is the instantaneous dynamic stiffness matrix of the unbounded soil
domain Ωext

s .

The dynamic flexibility matrices Fkb2b2
in equation (5.45) are elaborated where a

distinction is made between the cases k = 1 and k ≥ 2.

The first dynamic flexibility matrix F1
b2b2

in equation (5.45) is written as:

F1
b2b2

=

∫ ∆t

0

Fb2b2 (τ)φ(−τ)dτ (5.48)

or, alternatively:

F1
b2b2

=

∫ ∞

−∞

Fb2b2(τ)φ(−τ)H(τ)dτ (5.49)

with H (t) the Heaviside function. Introducing the function φ′ (t) = φ (t)H(−t),
this expression is rewritten as:

F1
b2b2

=

∫ ∞

−∞

Fb2b2(τ)φ′(−τ)dτ (5.50)

Using the convolution theorem, the flexibility matrix F1
b2b2

finally becomes:

F1
b2b2

=
1

2π

∫ ∞

−∞

F̂b2b2(ω)φ̂′(ω)dω (5.51)

where the Fourier transform φ̂′(ω) of the function φ′ (t) is equal to:

φ̂′(ω) =
1− eiω∆t + iω∆t

ω2∆t
(5.52)
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The flexibility matrix Fkb2b2
(k ≥ 2) in equation (5.45) is written as:

Fkb2b2
=

1

2π

∫ ∞

−∞

F̂b2b2(ω)φ̂(ω)eiω(k−1)∆tdτ (5.53)

where the Fourier transform φ̂(ω) of the function φ (t) is equal to:

φ̂(ω) =
2− 2 cos(ω∆t)

ω2∆t
(5.54)

The flexibility matrix F1
b2b2

in equation (5.51) is calculated by means of a

trapezoidal rule, whereas the flexibility matrices Fkb2b2
in equation (5.53) are

computed using a Filon integration algorithm [83] with an oscillatory kernel
function. Both expressions (5.51) and (5.53) use the dynamic flexibility matrix
F̂b2b2(ω) of the unbounded soil domain, which is equal to the inverse of the
dynamic stiffness matrix Ŝb2b2 (ω).

The hybrid frequency-time domain evaluation of soil-structure interaction forces
is written in an analogous way as equation (5.28):

¯
Qnb2

= Ks0
b2b2 ¯

unb2
−Qn−1

b2
(5.55)

where

Ks0
b2b2

= (F1
b2b2

)−1 (5.56)

Modal decomposition

From a computational point of view, it seems practical to apply a modal reduction
technique to compute the modal dynamic stiffness matrix of the soil in the
frequency domain. Therefore, the displacement vector

¯
ub2(t) on the interface

Σ is approximated as the following linear combination of Q vibration modes

¯
ψb2m(m = 1, . . . , Q):

¯
ub2(t) '

q
∑

m=1 ¯
ψb2mαsm(t) =

¯
Ψb2αs(t) (5.57)

where the modes
¯
ψb2m(m = 1, . . . , Q) are collected in a matrix

¯
Ψb2 and the

modal coordinates αsm(t) (m = 1, . . . , Q) are collected in a vector αs(t). Several
alternatives are possible for the selection of the modes

¯
Ψb2 to describe the

kinematics of the interface Σ. The number of modes Q accounted for is generally



THE EVALUATION OF THE SOIL-STRUCTURE INTERACTION FORCES 99

much lower than the number of degrees of freedom nb2 along the interface, resulting
in a considerable reduction of the computation time.

Given an nb2-dimensional displacement vector
¯
ub2 (t) along the interface Σ, the

best approximation in the Q-dimensional modal basis
¯
Ψb2 is obtained in the

least squares sense by the modal coordinates αs(t) = Tu
¯
ub2(t) with Tu =

(
¯
ΨT

b2 ¯
Ψb2)−1

¯
ΨT

b2
. Similarly, the projection of the interface forces

¯
Qb2(t) on the

modal basis
¯
Ψb2 is equal to fs(t) =

¯
ΨT

b2
¯
Qb2(t), while the inverse relation is given

by
¯
Qb2(t) = Tqfs(t) with Tq =

¯
Ψb2(

¯
ΨT

b2 ¯
Ψb2 )−1. Both relations allow to elaborate

the modal representation of equation (5.44) between the modal coordinates αns at
time n∆t and the modal load history fks (k = 1, . . . , n):

αns =

n∑

k=1

[
TuF

n−k+1
b2b2

Tq
]

fks =

n∑

k=1

Fn−k+1
QQ fks (5.58)

where FkQQ = TuFkb2b2
Tq is the modal flexibility matrix of the unbounded soil.

According to equation (5.53), the modal flexibility matrix FkQQ for a value k ≥ 2
is equal to:

FkQQ =
1

2π

∫ ∞

−∞

[

TuF̂b2b2(ω)Tq

]

φ̂(ω)eiω(k−1)∆tdω (5.59)

=
1

2π

∫ ∞

−∞

F̂QQ(ω)φ̂(ω)eiω(k−1)∆tdω (5.60)

where the bracketed term is identified as the modal flexibility matrix F̂QQ(ω)

or, equivalently, the inverse of the modal dynamic stiffness matrix ŜQQ(ω). In

the present implementation, the modal flexibility matrix F̂QQ(ω) is not obtained

by first computing the flexibility matrix F̂b2b2(ω) and then evaluating the
multiplication with the matrices Tu and Tq. Instead, the modal dynamic stiffness

matrix ŜQQ(ω) is evaluated first with the boundary element formulation, using the
modes

¯
Ψb2 that describe the kinematics of the interface Σ. The modal flexibility

matrix F̂QQ(ω) is subsequently obtained as the inverse of ŜQQ(ω).

Reordering of terms in equation (5.58) results in the following expression for the
modal interface forces fns at time n∆t:

fns = (F1
QQ)−1αns − (F1

QQ)−1
n−1∑

k=1

Fn−k+1
QQ fks (5.61)
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After premultiplication with the matrix Tq and employing the relation αns =
Tu

¯
uns2

, the expression for the interface forces
¯
Qns2

at time n∆t becomes:

¯
Qnb2

= Tq(F1
QQ)−1Tu

¯
unb2
−Tq(F1

QQ)−1
n−1∑

k=1

Fn−k+1
QQ fks (5.62)

Again, equation (5.62) may be written in the same form as equation (5.28):

¯
Qnb2

= Ks0
b2b2 ¯

unb2
−Qn−1

b2
(5.63)

5.4 Finite element – boundary element coupling

5.4.1 Direct finite element – boundary element coupling

In a direct coupling approach, the dynamic equilibrium equations for both
subdomains are combined, resulting in a global coupled system of equations. The
same time discretization is considered for the finite and boundary element domain.
In a rather straightforward way, the evaluation of the soil-structure interaction
forces, equation (5.28) for the direct evaluation or equivalently (5.55) for the hybrid
evaluation of soil-structure interaction forces, is introduced in the finite element
equation (5.21):

([

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]

+

[

0 0

0 Ks0
b2b2

]){

¯
un+1

b1

¯
un+1

b2

}

=

{

f̃
n+1

b1

f̃
n+1

b2

}

+

{

0

Qn−1
b2

}

(5.64)

Equation (5.64) represents the dynamic equilibrium of the coupled soil-structure
interaction system in terms of the structural degrees of freedom and can be solved
with a classical finite element solver.

Direct coupling is the classical approach to couple finite and boundary element
method [211, 213, 214], because of its straightforward implementation in a finite
element direct time integration scheme. However, the method suffers from some
disadvantages. First, the fully populated matrix Ks0

b2b2
strongly reduces the

sparsity of the system under consideration. As a result, the application of a
sparse finite element solver is less efficient, especially in the case where the
number of interface degrees of freedom is large with respect to the total number
of degrees of freedom. Secondly, the same time discretization should be employed
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in both subdomains. This is an important disadvantage as the range of suitable
time steps for the boundary element domain is limited. For a three-dimensional
elastodynamic problem, this range is considered to be 0.7le/Cp < ∆ts < 1.2le/Cp
where Cp/le represents the time needed for a longitudinal wave with a velocity Cp
to travel over a boundary element with a size le. A smaller time step results in
noncausal, unstable boundary element equations while strong numerical damping
is observed for a larger time step [58]. For the finite element domain, the time
step should result in an accurate solution and satisfy stability conditions based on
energy considerations [104]. These considerations often lead to incompatible time
steps in both subdomains.

5.4.2 Iterative coupling

As an alternative to a direct coupling approach, staggered and iterative solution
procedures can be employed where the equations for both subdomains are solved
separately, avoiding the assembly and solution of a global coupled system of
equations. This approach shows some advantages over the direct coupling
approach. First, the finite element equations for the structure remain symmetric
and sparse while the boundary element equations are not. Therefore, the use of a
dedicated solver for each subdomain results in a reduced computational effort.

In a staggered solution approach [72, 73], the equations for each subdomain are
solved once for each time step. For the first subdomain (e.g. the structure),
the boundary conditions are estimated from previous time steps. The solution
is applied as a boundary condition to the second subdomain (e.g. the soil) in
the same time step. A suitable predictor operator and a sufficiently small time
step are prerequisites for convergence. Rizos et al. [173, 174] applied a staggered
finite element – boundary element method to compute the seismic response of
foundations. The unbounded soil domain is modelled using time domain boundary
elements with higher order B-spline fundamental solutions. O’Brien and Rizos
[159] applied the methodology to the prediction of railway induced vibrations.
However, staggered solution methods require a sufficiently small time step in
order to achieve convergence. The maximum time step depends on the mechanical
behaviour of both subdomains and might result in an unstable boundary element
equation. Therefore, staggered solution procedures are not considered in the
present work.

In an iterative procedure, the equations for each subdomain are solved iteratively
in each time step, updating the boundary conditions at the interface between the
subdomains until convergence is achieved. In order to improve the convergence
speed, a relaxation operator is often applied within the iterative procedure to the
predicted boundary conditions on the interface. Interface relaxation techniques
for static finite element – boundary element and boundary element – boundary



102 DYNAMIC SOIL-STRUCTURE INTERACTION IN THE TIME DOMAIN

element coupling are discussed in detail by El-Gebeily et al. [66] and Elleithy et
al. [67, 68, 69].

An iterative solution approach for two-dimensional transient finite element –
boundary element coupling has been introduced by Soares et al. [195]. An
advantage over the direct and staggered approach is that different time steps
can be employed in each subdomain, which is beneficial for both stability and
accuracy. The resulting method is denoted as a sequential Neumann-Dirichlet
algorithm, since the finite element domain is solved with Neumann boundary
conditions on the interface, while the boundary element domain is solved with
Dirichlet boundary conditions on the interface. In order to speed up convergence,
a boundary relaxation is applied to the boundary displacements.

Hagen [95, 96] and Von Estorff and Hagen [212] extended this iterative method
in the framework of fluid-soil-structure interaction to allow for the coupling of
multiple boundary element domains to a finite element domain. Furthermore, a
relaxation of both boundary displacements and interaction forces is introduced. A
parametric study has been performed to study the optimal choice of the relaxation
parameter [95].

In the present work, a similar iterative scheme is proposed. The original sequential
Neumann-Dirichlet algorithm of Soares et al. [195] is considered, as in the case of
a dynamic soil-structure interaction problem only one boundary element domain is
coupled to a finite element domain. A modified version of the algorithm is applied
where the interaction forces instead of the interface displacements are relaxed.
This allows for a detailed study of the convergence properties of the numerical
scheme and results in an optimal choice for the relaxation parameter.

5.4.3 Sequential Neumann-Dirichlet algorithm

The sequential Neumann-Dirichlet algorithm is outlined in table 5.1 and is
discussed in the following. As different time steps are selected for the finite
and boundary element domains, the equilibrium of both domains is considered at
times tnb+1

b and tns+1
s . Hence, the algorithm requires a time interpolation of the

interface forces and displacements, where it is assumed that tnb+1
b < tns+1

s . The
interpolation scheme is similar to the boundary element time interpolation, where
a linear interpolation is used for the displacements and a constant interpolation
for the interaction forces (figure 5.2).

The equations for both subdomains are solved in a sequential, iterative way.
First, the finite element equations with Neumann boundary conditions on the
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1. Initialization

1.1 ns ← 1 and nb ← 1
2. Time stepping procedure

2.1 Initial time step for the soil domain: ns ← 1 and t1s = ∆ts
2.2 Loop over all time steps: nb ← nb + 1
2.3 While tnb

b > tns
s : update the boundary element time step

2.3.1 ns ← ns + 1 and tns
s = tns−1

s + ∆ts
2.3.2 Compute the interaction forces in the previous time step

2.4 Iterative solution
2.4.1 Solve the finite element problem with Neumann boundary conditions

on the interface Σ
2.4.2 Time extrapolation of the boundary displacements to time tns

s

2.4.3 Solution of the boundary element problem at time tns
s with Dirichlet

conditions on Σ
2.4.4 Time interpolation to obtain interaction forces at time tnb

b

2.4.5 Relaxation of interaction forces
2.4.6 Check convergence

Table 5.1: Outline of the sequential Neumann-Dirichlet algorithm.

soil-structure interface are considered for iteration step k + 1:

[

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]{

¯
u
nb+1
b1(k+1)

¯
unb+1

b2(k+1)

}

=

{

f̃
nb+1

b1

f̃
nb+1

b2

}

+

{

0

Q
nb+1
b2(k)

}

(5.65)

where Qnb+1
b2(k) represents the soil-structure interaction force from the previous

iteration k. For the first iteration, Q
nb+1
b2(k=0) = Q

nb
b2

. The displacements
¯
u
nb+1
b2(k+1)

on the interface are found through solution of equation (5.65) (figure 5.2, step ➀):

¯
u
nb+1
b2(k+1) =

(

K̃b2b2 − K̃b2b1 K̃
−1

b1b1
K̃b1b2

)−1

×
(

f̃
nb+1

b2
− K̃b2b1K̃

−1

b1b1
f̃
nb+1

b1
+ Qnb+1

b2(k)

)

(5.66)

The matrix (K̃b2b2 − K̃b2b1K̃
−1

b1b1
K̃b1b2) is denoted as the Schur complement or

discretized Stekolov-Poincarré operator Sb2b2 and represents the condensation of
the dynamic stiffness matrix of the finite element model on the interface. As the
evaluation of the Schur complement is computationally expensive, equation (5.66)
is never evaluated explicitly. The boundary displacements are found as the solution
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➀
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Figure 5.2: Force and displacement interpolation in the iterative sequential
Neumann-Dirichlet algorithm.

of equation (5.65) for which finite element solvers are employed that account for the
sparsity and symmetry of the system matrix. Nevertheless, equation (5.66) is used
in the analysis of the numerical behaviour of the algorithm under consideration.

The interface displacements are subsequently imposed as a Dirichlet boundary
condition on the boundary element domain. This requires an extrapolation of the
boundary displacements to time tns+1

s (figure 5.2, step ➁):

¯
uns+1

b2(k+1) =
1

1− β
(

¯
unb+1

b2(k+1) − β¯
uns

b2

)

(5.67)
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where β = (tns+1
s − tnb+1

b )/∆ts. The solution of the Dirichlet boundary problem
is written as (figure 5.2, step ➂):

Qns+1
b2(k+1) = Tq

(
U0
)−1

((
I + T0

)

¯
uns+1

b2(k+1) − hns+1
)

(5.68)

Again, the inverse
(
U0
)−1

of the soil flexibility is never actually computed, but
equation (5.68) is useful in the study of the numerical behaviour of the iterative
coupling algorithm.

Next, a constant time interpolation of the soil-structure interaction force from
tns+1
s to tnb+1

b is performed (figure 5.2, step ➃):

Q̄
nb+1

b2(k+1) = Qns+1
b2(k+1) (5.69)

where the bar indicates an unrelaxed interaction force. The interaction forces are
finally relaxed by means of a relaxation parameter ωr (figure 5.2, step ➄):

Q
nb+1
b2(k+1) = ωrQ̄

nb+1

b2(k+1) + (1− ωr) Q
nb+1
b2(k) (5.70)

The iterative procedure is performed until the boundary displacements and
interaction forces converge. In the case of a nonlinear structure, these iterations
are combined with the Newton-Raphson iteration for the finite element equations.

Convergence properties

In order to study the numerical behaviour of the iterative coupling scheme, the
interface displacements unb+1

(k) are eliminated from equations (5.65) to (5.69). The
resulting evolutive equation is written as:

Qnb+1
b2(k+1) = Qnb+1

b2(k)

+ ωrTq

(
U0
)−1 (

I + T0
)

[
( 1

1− β
(

S−1
b2b2

(

f̃
nb+1

b2
−K21K11f̃

nb+1

b1

)

−
(
I + T0

)−1
hns+1

))

+
(

S−1
b2b2

+
(
I + T0

)−1
TqU0

)

Qnb+1
b2(k)

]

(5.71)

This evolutive equation is identified as a Richardson iteration. The convergence
properties of the iterative scheme mainly depend on the relaxation parameter ωr

and on the spectral properties of the operator matrix:

A = Tq

(
U0
)−1

T1
(

S−1
b2b2

+
(
I + T0

)−1
TqU0

)

(5.72)
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The factor Tq

(
U0
)−1 (

I + T0
)
, which is the Schur complement of the boundary

element domain, can be considered as a preconditioner [148].

In the case where the relaxation parameter ωr is constant during the iteration, the
Richardson iteration is stationary. In the linear case, the scheme is stable if [209]:

0 < ωr <
2

λmax (A)
(5.73)

where λmax (A) is the largest eigenvalue of the matrix A. The parameter β, the
initial values of the interface displacements and interaction forces, the external
forces and the vector hns+1 have no influence on the stability of the iterative
scheme as these factors do not appear in the operator matrix A. In the case where
no relaxation is employed, i.e. ωr = 1, the scheme is stable if λmax (A) < 2.

An optimal choice for the relaxation parameter ωr in the stationary Richardson
iteration is [209]:

ωr
opt =

2

λmax (A) + λmin (A)
(5.74)

in which case the maximum convergence rate

ρopt =
κ (A)− 1

κ (A) + 1
(5.75)

is achieved. κ (A) = λmax (A) /λmin (A) is the spectral condition number of A

and λmin (A) is the smallest eigenvalue of A. .

The computation of the optimal relaxation parameter ωr
opt requires the extreme

eigenvalues of the operator matrix A. However, an (approximative) eigenvalue
analysis is computationally very expensive and incompatible with a modular
implementation of the iterative procedure where the structural stiffness and the soil
stiffness, both constituents of the matrix A, are computed in separate subroutines.

In practice, the relaxation parameter is empirically determined by trial and error.
This can lead to a significant increase in the number of iterations and the scheme
risks to diverge when the stability condition (5.73) is not satisfied. The value of
the optimal relaxation parameter in equation (5.74) is problem dependent and is
mainly influenced by the ratio of the structural and soil stiffness.

Convergence acceleration

Aitken’s ∆2-method, initially proposed for the iterative computation of eigenvalues
[4], offers an attractive alternative for the calculation of the relaxation parameter
ωr. Many authors have applied (modified) versions of the original algorithm to the
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iterative solution of vectorial, nonlinear equations. According to a review article
by MacLeod [135], the implementations of Anderson [11] and Irons and Tuck [111]
are the most efficient. In the present work, the latter algorithm is considered.

The Aitken factor µnb+1
(k+1), defined as:

µnb+1
(k+1) = µnb+1

(k) +
(

µnb+1
(k) − 1

)

(

∆Qnb+1
b2(k) −∆Qnb+1

b2(k+1)

)T

∆Qnb+1
b2(k+1)

(

∆Qnb+1
b2(k) −∆Qnb+1

b2(k+1)

)2 (5.76)

with µnb+1
(1) = 0 and ∆Qnb+1

b2(k+1) = Qnb+1
b2(k)−Q̄

nb+1

b2(k+1) is computed in every iteration
step. The relaxation parameter is found as

ωrnb+1
(k+1) = 1− µnb+1

(k+1) (5.77)

and the relaxed solution yields:

Qnb+1
b2(k+1) = ωrnb+1

(k+1) Q̄
nb+1

b2(k+1) + (1 − ωrnb+1
(k+1) )Qnb+1

b2(k) (5.78)

Because µnb+1
(1) = 0, the first iteration is not accelerated. In the case of nonlinear,

incremental calculations, Irons and Tuck [111] suggest to take the last value of the
previous iteration as the start value for a new iteration. In a dynamic calculation,
the initial Aitkin-factor µnb+1

(1) is alternatively chosen as the factor from the last

iteration in the previous time step, µnb+1
(1) = µnb

(imax) instead of µnb+1
(1) = 0.

5.5 Applications

5.5.1 Wave scattering problem

The wave scattering problem from section 4.4 is reconsidered, employing the hybrid
frequency-time domain method. First, the frequency domain flexibility matrix is
studied. Figure 5.3 shows the elements [F̂b2b2(ω)](129,129) and [F̂b2b2(ω)](10,10)

of the dynamic soil flexibility matrix F̂b2b2(ω). Theoretically, the dynamic soil
flexibility matrix tends to zero for limiting high frequencies. However, at a
frequency of 500 Hz, the flexibility curves have hardly decreased.

The elements [F̂QQ(ω)](5,5) and [F̂QQ(ω)](20,20) of the modal flexibility matrix

F̂QQ(ω) are plotted on figure 5.4. In contrast to the flexibility F̂b2b2(ω), the modal
flexibility has decreased at the end of the frequency interval. This is related to
the characteristic wavelength of the modes. Besides the reduced computational
effort, this is a major reason to use the modal flexibility matrix instead of the full
flexibility matrix F̂b2b2(ω). For the solution of the wave scattering problem, the
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Figure 5.3: Real (black line) and imaginary part (gray line) of the components (a)
[F̂b2b2 (ω)](129,129) and (b) [F̂b2b2 (ω)](10,10) of the frequency domain
flexibility matrix.
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Figure 5.4: Real (black line) and imaginary part (gray line) of the components (a)
[F̂QQ(ω)](5,5) and (b) [F̂QQ(ω)](20,20) of the frequency domain modal
flexibility matrix.

same finite element model as in section 4.4 is used. The response at the points B
and C (figure 4.5) due to a vertical force at the point A is computed by means of
the hybrid method. A modal decomposition is used on the interface. The time
history of the force is considered to be the Ricker pulse in equation (3.40) with
a characteristic period TR = 0.02 s and a time shift ts = 0.05 s. A time step
∆t = 10−3s is selected.

Figure 5.5 shows the vertical displacement in the points B and C. The results,
obtained with 20 and 40 interface modes correspond, but there is a significant
difference with the reference solution obtained with the direct stiffness method.
This difference is attributed to the cut-off error at the upper frequency bound
500 Hz of the integrals in equation (5.51) or (5.53).
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Figure 5.5: Vertical displacement at the points B and C due to a vertical Ricker
load at the point A. The results obtained with the coupled hybrid
frequency-time domain approach using 20 (black line) and 40 (gray
line) modes are compared with the Green’s function computed with
the direct stiffness method (dashed line).

5.5.2 Surface foundation

The iterative boundary element – finite element coupling approach is demonstrated
by means of the example outlined in figure 5.6. A square surface foundation is
considered with a side d = 1 m. The foundation has a thickness tf = 0.25 m and
consists of concrete with a Young’s modulus Ec = 33300MPa, a Poisson’s ratio
νc = 0.20, and a density ρc = 5000 kg/m

3
. The foundation rests on a half-space

with a shear wave velocity Cs = 150 m/s, a dilatational wave velocity Cp = 300 m/s,

and a density ρ = 1800 kg/m
3
. The foundation is modelled with a uniform mesh

of 10 × 10 finite shell elements and is conformally coupled a 10 × 10 boundary
element mesh of square linear elements. The foundation is loaded with a vertical
load P = 1N (figure 5.6) that is instantaneously applied at the time t = 4 s.

The sequential Dirichlet-Neumann algorithm is applied, where the time step for
the boundary element is chosen ∆ts = 4 × 10−4 s. Half the time step is selected
for the finite element model. Figure 5.7 shows the vertical displacement at the
center of the foundation, as computed with the iterative approach with and
without relaxation, and as computed with a direct coupling approach. An absolute
accuracy of 1 × 10−16m is selected for the iterative computations. Figure 5.8
compares the number of iterations required for the iterative computation with and
without interface relaxation. The number of iterations for the interface relaxation
is about half the number of iterations for nonrelaxed solution. The number of
iterations decreases as the time progresses, as the initial value for the iteration is
taken as the solution in the previous time step and the solution tends to a static
value. The computation of the direct solution takes about 34 s, while it takes 27 s
for the nonrelaxed iterative solution and 22 s for the relaxed solution. While this
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Figure 5.6: Rigid square surface foundation: problem outline.
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Figure 5.7: Vertical foundation displacement as computed with a direct coupling
approach (solid line) and with the sequential Dirichlet-Neumann
algorithm (crosses) (a) without relaxation and (b) with relaxation.

gain in computational time is negligible, it is expected to be more advantageous
in the case of a large number of degrees of freedom on the interface. Furthermore,
the most important feature of the iterative methods is the fact that a different
time step can be selected in both subdomains, which is beneficial for the general
stability of the coupled finite element – boundary element scheme.

5.6 Conclusion

In this chapter, different dynamic soil-structure interaction techniques in the
time domain have been considered. The solution of the dynamic soil-structure
interaction problem is based on the subdomain formulation in the time domain.
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Figure 5.8: Number of iterations per time step (a) for the sequential Dirichlet-
Neumann algorithm (crosses) (a) without relaxation and (b) with
relaxation.

The equilibrium of the structure involves the evaluation of dynamic soil-structure
interaction problems in the time domain.

The soil-structure interaction forces are found directly through the application
of the time domain boundary element method or indirectly by means of the
application of a hybrid frequency-time domain method, that is based on the
frequency domain boundary element method.

For the solution of the equilibrium equation of the structure, two common
techniques are available. In a direct coupling approach, the dynamic equilibrium
equations for both subdomains are combined, resulting in a global coupled system
of equations. The same time discretization is considered for the finite and boundary
element domain. Furthermore, an iterative coupling scheme has been considered
for the coupling of the boundary and finite element domains, which has two
main advantages over the direct coupling method: (1) a dedicated solver can
be used for the boundary and finite domains, and (2) a different time step can be
employed for both domains. The iterative coupling scheme is particularly suited
for nonlinear computations, as the interface iterations can be combined with the
Newton-Raphson iteration for the structure. In order to accelerate the convergence,
an interface relaxation is employed. Instead of selecting a constant relaxation
parameter, an optimal relaxation parameter is approximated by means of Aitken’s
method. As no computationally expensive Schur complements or eigenvalues of
the operator matrix have to be computed, this method is applicable to large soil-
structure interaction problems.

The hybrid evaluation of soil-structure interaction forces has been demonstrated
by the solution of a wave scattering problem. This shows the importance of using
a modal decomposition in combination with the hybrid method, as the flexibility
matrix tends more rapidly to zero for limiting high frequencies. This is beneficial
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for the accuracy of the flexibility matrix. However, the use of the hybrid method
for the current example of the wave scattering problem is related to a significant
error on the flexibility matrix related to the cut-off of the integrals at the upper
frequency bound of the analysis.

The iterative boundary element – finite element coupling approach has been
demonstrated by means of a surface foundation. While this gain in computational
efficiency due to the use of the iterative scheme is negligible, the main advantage
of the method is the fact that a different time step can be selected in both
subdomains.



Chapter 6

The response of a masonry

structure to ground vibrations

6.1 Introduction

In this chapter, the dynamic response of a masonry structure due to a traffic
induced incident wave field and a wave field induced by pile driving is studied.
The main objective is to investigate whether these wave fields are prone to cause
structural damage. This is an important issue, as both vibration sources are often
indicated as possible causes of structural damage. However, impact pile driving
causes wave fields of much larger amplitude than traffic, which results in a large
dynamic structural response of nearby structures. The occurrence of structural
damage is related to the constitutive behaviour of the building materials under the
dynamic loading. The structural response is governed by dynamic soil-structure
interaction effects, while its large amplitude necessitates to account for possible
nonlinear constitutive behaviour.

First, a linear approach is followed. The frequency domain subdomain formulation
is applied to compute the response due to a traffic induced wave field and due to
impact pile driving. Subsequently, a time domain calculation is performed where
the nonlinear behaviour is accounted for.

This chapter is organized as follows. In section 6.2, the geometry and material
properties of the structure are outlined, and the general solution method in the
frequency and time domain are introduced. Section 6.3 considers the response of
the masonry structure due to the passage of a truck on a nearby traffic plateau.
For the computation of the traffic induced wave field, a 2.5-dimensional coupled
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finite element – boundary element model is used. This source model is first
concisely introduced. The structural response is next studied in detail, where
the SBR guideline is applied for a first assessment of the structural response.
The response of the masonry structure due to impact pile driving is discussed
in section 6.4. A similar approach as for the traffic induced wave field is followed,
allowing for a thorough comparison of the effects of both wave fields. In order to
assess the likeliness of structural damage, the response of the masonry structure
is reconsidered in section 6.5. A nonlinear constitutive behaviour is used for the
masonry, employing a time domain soil-structure interaction technique. Only the
response due to pile driving is recomputed, as the traffic induced vibrations are
related to much smaller vibration levels.

6.2 The masonry structure

6.2.1 The geometry of the building

α

β

γ

xyy

z

12 m

6 m

6 m

Figure 6.1: Geometry of the hypothetical masonry building.

Figure 6.2 shows the geometry of the hypothetical masonry structure with
dimensions 12 m×6 m×6 m. The structure has two stories, each subdivided into 4
rooms. The interior and exterior walls have a thickness tw = 0.10 m, and consist of
clay brick masonry. The floors are concrete slabs with a thickness tf = 0.20 m. All
floors are simply supported, corresponding to hinged joints at the slab edges. The
structure is founded on a concrete strip foundation with a width wfound = 0.60 m
and a thickness tfound = 0.20 m.

Masonry is composed of bricks and mortar and is characterized by an anisotropic
mechanical behaviour, even in the case where its constituents are isotropic. As
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Figure 6.2: Plan view of (a) the first and (b) the second floor of the masonry
building. The dimensions are given in centimeters.

an alternative to a heterogeneous model, discretizing each individual brick unit
and joint [132], a homogenized orthotropic continuum is considered, which can
effectively predict masonry behaviour [130, 133]. The field of application of such
a macro model for masonry are large structures subjected to boundary conditions
and loading such that the stresses and strains along the macro scale can be assumed
uniform. The masonry is characterised by Young’s moduli Eα = 2.5 GPa, Eβ =
5 GPa and Eγ = 3.75 GPa, Poisson’s ratios ναβ = νβγ = νγα = 0.20, shear moduli

µm
αβ = µm

βγ = µm
γα = 1 GPa, and a density ρm = 1200 kg/m

3
[130]. The material
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axis α is parallel to the bed joints, the material axis β parallel to the head joints
and the material axis γ is perpendicular to the wall (figure 6.2).

For the concrete floors, an isotropic behaviour is considered, with a Young’s
modulus Ec = 33.3 GPa, a Poisson’s ratio νc = 0.20 and a density ρc =
2500 kg/m3.

Furthermore, the structure is built on a soft homogeneous half-space with a
shear wave velocity Cs = 200 m/s, a longitudinal wave velocity Cp = 400 m/s,

a density ρ = 1750 kg/m
3

and a material damping ratio β = 0.02 in deviatoric and
volumetric deformation.

The structure is modelled with finite elements. The finite element program ANSYS
is used. The finite element mesh, depicted in figure 6.2, consists of 4-node shell
elements with six degrees of freedom at each node, accounting for both in-plane
deformations and out-of-plane bending. The ANSYS element type SHELL181 is
employed for the walls, the floors and the foundation.

The global element size is chosen such that the model is accurate up to an upper
frequency bound fmax = 100 Hz. At this frequency, the wavelength of the bending
waves in the masonry walls equals λ =

√
2π 4
√

D/ρmtw/
√
fmax = 1.9 m, where

D = Emt
3
w/12(1 − ν2

m) is the bending stiffness of the masonry walls. A rule of
thumb of six elements per wavelength results in an element size le = 0.30 m. The
resulting model is intended to predict the global structural behavior. As a result, it
is rather course and not well suited to accurately predict local stress concentrations
e.g. around the window corners. This would require a local mesh refinement.

6.2.2 Craig-Bampton decomposition

For the computation of the structural response in the frequency domain, a Craig-
Bampton decomposition is used [47], that is based on a decomposition of the
structure Ωb into a foundation Ωb1 and the superstructure Ωb2 . The equilibrium
equation of the coupled soil-structure system, equation (4.17), is written as:

([

Kb1b1 Kb1b2

Kb2b1 Kb2b2

]

− ω2

[

Mb1b1 Mb1b2

Mb2b1 Mb2b2

]

+

[

0 0

0 K̂s
b2b2

(ω)

]){

ˆ
¯
ub1

(ω)

ˆ
¯
ub2

(ω)

}

=

{
ˆ
¯
fb1

(ω)
ˆ
¯
fb2

(ω)

}

+

{

0

ˆ
¯
f

s

b2
(ω)

}

(6.1)

where the stiffness and mass matrices Mbb and Kbb are subdivided into block
matrices according to the degrees of freedom ûb2 (ω) of the foundation and the
degrees of freedom ûb1(ω) of the superstructure. The decomposition (6.1) differs
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from the decomposition (4.23) in the sense that different degrees of freedom are
considered in the vectors ˆ

¯
ub1

and ˆ
¯
ub2

. In the case of equation (4.23), the vector
ûb2 are the degrees of freedom uniquely on the interface Σ. In the present case
of equation (6.1), the vector ûb2 involves all degrees of freedom of the foundation,
i.e. only the degrees of freedom on the interface Σ.

The structural displacement vector is decomposed into Q1 modes ψb1m of the
superstructure clamped at its base and Q2 free foundation modes ψb2m quasi-
statically transmitted in the structure:

{

ˆ
¯
ub1

(ω)

ˆ
¯
ub2

(ω)

}

=

[

ψb1 ψs
b1

0 ψb2

]{

α̂b1 (ω)

α̂b2 (ω)

}

= ψbα̂b(ω) (6.2)

where the corresponding modal coordinates are collected in the vectors α̂b1(ω)
and α̂b2 (ω). The eigenmodes ψb1 of the superstructure clamped at the base are
found as the solution of the following generalized eigenvalue problem:

Kb1b1ψb1 − λMb1b1ψb1 = 0 (6.3)

Figure 6.3 shows the second, fifth and fourteenth mode of the structure clamped
at its base at the frequencies 19.29 Hz, 22.13 Hz, and 37.31 Hz, respectively.

(a) (b) (c)

Figure 6.3: Eigenmodes of the structure clamped at the base: (a) mode 2 at
19.29 Hz, (b) mode 5 at 22.13 Hz, and (c) mode 14 at 37.31 Hz.

Similarly, the free foundation modes ψb2 are the solution of the generalized
eigenvalue problem:

K′b2b2
ψb2 − λM′

b2b2
ψb2 = 0 (6.4)

The matrices K′b2b2
and M′

b2b2
are the stiffness and mass matrices of the free

foundation not connected to the structure. These matrices differ from the matrices
Kb2b2 and Mb2b2 and require an additional finite element assembly. The quasi-
static transmissionψs

b1
of the foundation modes ψb2 into the structure is computed
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as:

ψs
b1

= −K−1
b1b1

Kb1b2ψb2 (6.5)

Figure 6.4 shows the free quasi-static transmission of the seventh, eighth and ninth
foundation modes at the frequencies 8.74 Hz, 10.60 Hz, and 16.52 Hz, respectively.

(a) (b) (c)

Figure 6.4: Quasi-static transmission of foundation modes in the structure: (a)
mode 7 at 8.74 Hz, (b) mode 8 at 10.60 Hz, and (c) mode 9 at 16.52 Hz.

Introduction of the decomposition (6.2) into equation (6.1) results in:

([
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(6.6)

where ΛQ1Q1 = diag(ω2
j ) is a diagonal matrix of size Q1 × Q1 containing the

squares of the eigenfrequencies ωj (j = 1, . . . , Q1) of the superstructure clamped
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at the base. The matrix IQ1Q1 is a unit matrix of size Q1 × Q1 reflecting the
orthogonality of the modes ψb1 with respect to the mass matrix Mb1b1 .

The projection ψT
b2

K̂s
b2b2

(ω)ψb2 of the dynamic soil stiffness matrix on the free
foundation modes is written as:

ψT
b2

K̂s
b2b2

(ω)ψb2 =

∫

Σbs

(Nb2ψb2)T
t̂

n
e
s

s (ud (Nb2ψb2)) dΣ (6.7)

Similarly, the force ψT
b2¯

f̂ s
b2

(ω) is written as:

ψT
b2¯

f̂b2(ω) = −
∫

Σbs

(ψb2Nb2 )
T

t̂
n

e
s

s (ui + ud0)dΣ (6.8)

Equations (6.7) and (6.8) are evaluated by means of the frequency domain
boundary element method elaborated in chapter 3. Hereto, the boundary elements
are derived from the finite element mesh of the foundation (figure 6.5). This is a
convenient choice, as it will simplify the finite element – boundary element coupling
in section 6.5 for the analysis in the time domain. For the same reason, linear
boundary element shape functions are used. The element size equals le = 0.30 m.
The shear wave velocity in the soil equals 200 m/s. As a result, 6.66 elements per
wavelength are used at a frequency of 100 Hz.

Figure 6.5: Boundary element mesh for the computation of the response of the
masonry structure.

As the modes ψb1m correspond to zero displacements on the soil-structure interface
Σ, the dynamic soil stiffness matrix only contains non-zero terms for m = 1 . . .Q1.
As a result, the present substructuring technique offers the advantage that the
foundation and the superstructure can be analysed independently. In particular,
the recomputation of the dynamic soil stiffness matrix ψT

b2
K̂s

b2b2
(ω)ψb2 and

the load vector ψT
b2¯

f̂b2(ω) associated with the incident wave field are avoided
whenever the properties of the superstructure are changed. Hence, the Craig-
Bampton technique is favourable in the case where the eigenmodes contain a
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high number of local modes, e.g. local floor bending modes. It allows for a
modification of the superstructure without a recomputation of the soil stiffness
matrix ψT

b2
K̂s

b2b2
(ω)ψb2 .

The number of modes is based on Rubin’s criterion [179], selecting all eigenmodes
of the structure with a corresponding eigenfrequency smaller than 1.5 times the
highest frequency in the analysis. Based on this rule of thumb, 200 modes of the
structure clamped at the base and 50 free foundation modes are selected. Mode
200 of the structure clamped at the base occurs at 64.19
mathrmHz, while mode 50 of the foundation corresponds to an eigenfrequency
of 116.35 Hz. Hence, the model should be certainly accurate up to a frequency of
40 Hz.

A Rayleigh damping is used, where the damping matrix Cbb of the structure is
written as Cbb = a0Mbb + a1Kbb [43]. The constants a0 and a1 are the mass
and stiffness proportional damping factors, respectively. Rayleigh damping results
in a modal damping ratio ξ = a0/(2ω) + a1ω/2 (figure 6.6). The factors a0 and
a1 are determined so that the modal damping ratio is equal to a known value
at two frequencies ω1 and ω2. The first frequency is commonly chosen equal
to the first eigenfrequency of the structure. The second control frequency is a
higher eigenfrequency corresponding to a mode that significantly contributes to
the response. In this case, a modal damping ratio of ξ = 0.03 is chosen at the
frequencies 6 Hz and 50 Hz. The mass and stiffness proportional factors are found
as a0 = 2.0196 s−1 and a1 = 1.7052× 10−4 s, respectively.

0 20 40 60 80 100
0

0.01

0.02

0.03

0.04

0.05

0.06

Eigenfrequency [Hz]

D
am

pi
ng

 r
at

io
 [−

]

Figure 6.6: Modal damping ratio as a function of the eigenfrequency for the
Rayleigh damping. The frequencies ω1 and ω2 are indicated with
circles.

Modes with eigenfrequencies between the two control frequencies have somewhat
lower values of the damping ratio (figure 6.6). All modes with eigenfrequencies
greater than the second control frequency at 50 Hz have damping ratios that
increase monotonically with frequency. As a result, the contribution to the
response of modes with high eigenfrequencies are effectively eliminated by their
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high damping ratios. In the frequency range of interest up to 100 Hz, the modal
damping ratio is limited to ξ = 0.06.

The main reason of the use of Rayleigh damping is that the finite element model
of the structure is used for both an analysis in the frequency and time domain. As
the damping matrix is the same in both cases, this allows for a comparison of the
structural response.

For the Craig-bampton analysis, the damping matrix Cbb is projected on the
Craig-Bampton basis. As a result, the term:

iω

[

ψb1 ψs
b1

0 ψb2

]T [

Cb1b1 Cb1b2

Cb2b1 Cb2b2

] [

ψb1 ψs
b1

0 ψb2

]{

α̂b1 (ω)

α̂b2 (ω)

}

(6.9)

is added to the left hand side of equation (6.6), employing a subdivision into block
matrices according to the degrees of freedom ûb2 (ω) of the foundation and the
degrees of freedom ûb1(ω) of the superstructure.

6.3 Response due to a traffic induced wave field

6.3.1 Introduction

In this section, the response of the masonry building due to the passage of a truck
on a nearby traffic plateau is considered. Figure 6.7 shows the location of the road
and the structure. Linear constitutive relations are considered for the structure,
for which equation (6.6) is applied.

The road has a width 2B = 4 m and consists of three layers: an asphalt top layer,
a layer of crushed stone and a crushed concrete subbase layer (table 6.1). A traffic
plateau with a top length L = 10 m, a height H = 0.12 m and sine-shaped ramps
with a length l = 1.2 m is located on the road surface. The road is supported by a
homogeneous half-space with a shear wave velocity Cs = 200 m/s, a longitudinal

wave velocity Cp = 400 m/s, a density ρ = 1750 kg/m
3
, a Poisson’s ratio ν = 1/3

and a material damping ratio β = 0.025 in deviatoric and volumetric deformation.

6.3.2 The traffic induced wave field

For the computation of the incident wave field, the model described in appendix A
is used. The main difference between the present model and the model proposed by
Lombaert [123] is that the bending of the road in the (x, z)-plane is accounted for,
whereas the original model assumed a rigid cross section for the road. Secondly, the
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Figure 6.7: Traffic induced vibrations in a structure.

Layer Type d E ν ρ

[m] [MPa] [-] [kg/m
3
]

1 Asphalt 0.15 9150 1/3 2100

2 Crushed stone 0.20 500 1/2 2000

3 Crushed concrete 0.25 200 1/2 1800

Table 6.1: The material properties of the road.

current plate model is fully welded to the soil as all three displacement degrees of
freedom are coupled to the soil domain. The original formulation assumed relaxed
boundary conditions, only transferring vertical tractions between the road and the
soil. While these two assumptions are well acceptable for the problem at hand,
the proposed methodology is more flexibly extended to similar 2.5-dimensional
problems such as embedded or elevated roads or railway tracks or tunnels.

The road is modelled with 40 2.5 dimensional shell elements, with 4 degrees of
freedom per node. The thickness and material properties are derived from an
equivalent model for the layered road in table 6.1. The plate has a thickness
tr = 0.59 m, a Young’s modulus Er = 15 Gpa, a Poisson’s ratio νr = 1/3, and a

density ρr = 1854.23 kg/m
3
.

A two-axle VOLVO FE7 truck with a wheel base of 5.2 m passes at a vehicle speed
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v = 50 km/h on the traffic plateau. At the time t = 0, the front axle of the vehicle
is located at xS = 1 m, y = 0 m and zS = 0 m. The axle loads are derived from a
two-dimensional 4DOF vehicle model [123] and are applied at xS = B/2 = 1 m.

Figures 6.9 and 6.8 show the Fourier transform and time history of the rear and
front axle loads g1(t) and g2(t) due to the passage of the truck on the traffic
plateau. The frequency content of the axle loads is dominated by the pitch and
bounce mode of the front and the rear axle at 1.9 Hz and 1.4 Hz and the axle hop
modes at 10.8 Hz and 12.4 Hz.
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Figure 6.8: a) Time history and (b) modulus of the Fourier transform of the rear
axle load g1(t) due to a passage of the truck on a traffic plateau at a
speed of 14 m/s.
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Figure 6.9: (a) Time history and (b) modulus of the Fourier transform of the front
axle load g2(t) due to a passage of the truck on a traffic plateau at a
speed of 14 m/s.

The computation of the response in the free field requires the transfer function
ĥzi(x, ky, z, ω) between the road and the free field. Hereto, the road-soil interaction
problem is solved by means of equation (A.3). Figure 6.10 shows the transfer
function ĥzi(x = 8 m, ky, z = 0 m, ω) in the free field. The transfer function shows
a peak at a dimensionless wavenumber k̄y = 1, indicating that the scattered wave
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Figure 6.10: Modulus of the transfer function ĥzi(ky , ω) between the road and
the point {x = 8 m, kym, z = 0 m}T in the free field as computed
with the 2.5-dimensional coupled finite element – boundary element
model.

field is dominated by Rayleigh waves at the surface of the half-space. Furthermore,
the transfer function shows an oscillation with ω as a result of the interference
between longitudinal and shear waves for dimensionless wavenumbers k̄y < 0.5
[123]. Finally, the free field response due to the passage of the truck over the traffic
plateau is computed by means of equation (A.13). Figure 6.11 shows the Fourier
transform and the time history of the displacement at the point {x = 8 m, y =
0 m, z = 0 m} in the free field. The time history shows four peaks corresponding
to the passage of the vehicle axles on the two ramps of the traffic plateau. The
frequency content of the free field response is mainly dominated by the axle hop
modes.

Furthermore, the results of the fully coupled 2.5-dimensional finite element –
boundary element model are compared with the model of Lombaert [123]. For the
vertical displacement component, both solutions correspond very well, certainly at
lower frequencies. For the horizontal displacement components, the difference is
more pronounced which is attributed to the use of the relaxed coupling conditions
in the model of Lombaert [123]. In the frequency range under consideration, the
assumptions of a rigid cross-section and relaxed coupling of the road to the soil
are valid. The usefulness of the fully coupled 2.5-dimensional finite element –
boundary element model is its possibility to model more complex geometries, such
as embedded roads, railway tracks or tunnels.
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Figure 6.11: Time history (left) and modulus of the Fourier transform (right) of
the free field displacements (a) ux(t), (b) uy(t) and (c) uz(t) at the
point {x = 8 m, y = 0 m, z = 0 m} due to a passage of the truck on a
traffic plateau at a speed of 14 m/s. The results obtained with the
fully coupled 2.5-dimensional approach (black line) are compared to
results obtained with the model of Lombaert (gray line) [123].

6.3.3 The structural response

In this section, the response of the masonry structure due to the traffic incident
wave field is considered. The response is found through the solution of equation
(6.6).
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Considering the response of the structure during the passage of the truck on the
traffic plateau, it is instructive to first compare the incident wave field and the
predicted response at the soil-foundation interface. Figure 6.12 compares the time
history of the vertical displacements at the points A and B (figure 6.7). The
predicted displacements at these points clearly differ from the incident wave field
that would occur if the structure were not present. Similarly, figure 6.13 compares
the vertical displacements along the edge AB between the foundation and the
structure (figure 6.7) to the incident wave field at times t = 0 s and t = 0.20 s.
The predicted displacements along the edge AB clearly differ from the incident
wave field. The response turns out to be smaller, as the global building motion is
dominated by the large in-plane stiffness of the structural walls and the rigid body
kinematics of the foundation.
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Figure 6.12: Time history of the vertical displacement (black line) in the points
(a) A and (b) B. The incident wave field is plotted in gray.
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Figure 6.13: Vertical displacement along the wall-foundation edge AB (black line)
at the times (a) t = 0 s and (b) t = 0.20 s. The incident wave field is
also indicated (gray line).
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Figure 6.14: Time history (left) and modulus of the Fourier transform (right) of
the velocities (a) u̇x(t) and (b) u̇x(t) at the point A and the velocities
(c) u̇x(t) and (d) u̇z(t) at the point B.
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Figure 6.15: Time history (left) and modulus of the Fourier transform (right) of
the velocities (a) u̇x(t), (b) u̇y(t) and (c) u̇z(t) at the point C and
(d) the velocity u̇x(t) at the point D.
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Figures 6.14 and 6.15 shows the velocity in the points A, B, C and D as defined
on figure 6.7. The horizontal velocities vx(t) and vy(t) in the point C on the
roof are clearly larger than the corresponding values in the points A and B at
foundation level. This indicates that the structural response is dominated by rigid
body rocking of the structure on the foundation. Furthermore, the horizontal
velocity vx(t) in the point D at the center of the masonry wall at ground level is
also significantly larger than the horizontal velocity in the point A at the bottom
of the wall. This is due to the out-of-plane resonance of the wall, triggered by the
global rocking of the structure. As a result, the frequency content of the horizontal
velocity show a peak around 9 Hz.

6.3.4 Evaluation of structural damage

In order to assess the possibility of structural damage due to the traffic induced
incident wave field, the Dutch SBR guideline [198] is applied. The SBR guideline
is similar to the German DIN norm [56] and is based on the assessment of the
peak particle velocity as a function of dominant frequency at different points in
the structure (figure 6.7). The points must be chosen in rigid edges and corners
(points A, B, and C) and in the center of floors or walls where an excessive response
is expected (point D). Based on the number of receiver points, the measurement is
referred to as an indicative measurement, a limited measurement or an extensive
measurement. Dependent on the measurement type, different factors of safety are
applied to the threshold values for the peak particle velocity. No safety factors are
employed in the present study.

The threshold value for the peak particle velocity differs for points on the ground
floor and points located at higher floors. Furthermore, a distinction is made
between the construction type and the state of the structure. The first category
includes reinforced concrete or wooden structures in good state. The second
category comprises unreinforced concrete or masonry structures. Finally, the third
category covers old and monumental buildings of great historical importance or
masonry structures in a poor state.

Figure 6.16 shows the evaluation of the SBR guideline for structural damage at
the ground floor and at the first floor. The corresponding threshold values are
plotted on figures 6.24 and 6.25. The peak particle velocities in all points is
significantly lower than the threshold value, even for the most strict threshold
value. The evaluation in figure 6.16 is related to structural damage induced
by an excessive structural response. In addition to this evaluation, the SBR
guideline presents an additional criterion related to damage caused by differential
foundation settlements. This evaluation is only requested if the foundation is
prone to settlements. A threshold value is defined for points on the foundation, as
depicted in figure 6.17. The threshold value decreases with the dominant frequency
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Figure 6.16: Evaluation of the SBR guideline for structural damage (a) at the
ground floor and (b) at the first floor for the road traffic induced
vibrations.

of the excitation, as it is expected that higher loading frequencies generate more
soil compaction as the number of load cycles is generally higher. For both points
A and B, the peak particle velocities remain well below the threshold value.
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Figure 6.17: Evaluation of the SBR guideline for excessive foundation settlements.

While the SBR guideline is based on observations in the field rather than on a
thorough physical insight in the deformation of the structure during the dynamic
load event, the above assessment of structural damage by means of the SBR
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guideline indicates that vibration induced damage due to the traffic induced wave
field is unlikely to occur.

6.4 Response of a structure due to impact pile driving

6.4.1 The incident wave field

In this section, the response of the masonry building due to a wave field induced
by pile driving is studied and compared with the results obtained for the traffic
induced wave field. Figure 6.18 shows the location of the pile and the structure.
The distance d = 5 m between the house and the pile is chosen very small, as
to consider a worst-case scenario. In this section, a linear constitutive behaviour
is considered for the structure. and equation (6.6) is applied. In section 6.5,
the structural response will be reconsidered, assuming a nonlinear constitutive
behaviour for the masonry.

5 m

A

B

C

D

Figure 6.18: Vibrations induced by pile driving.

For the computation of the incident wave field induced by pile driving, use is made
of the results of an existing source model developed by Masoumi et al. [141]. In
this source model, the dynamic pile-soil interaction problem is solved by means of
the subdomain formulation as described in chapter 4. The calculation has been
performed for a concrete pile with a circular section with a radius rp = 0.25 m
with a penetration depth of ep = 2 m. The impact force is generated by means of
a 2DOF model for the hammer-pile interaction [52]. Figure 6.19 shows the time
history and frequency content of the vertical displacement at the surface of the
half-space.
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Figure 6.19: (a) Time history and (b) Fourier transform of the vertical
displacement due to impact pile driving at the surface of the half-
space at a distance of r = 20 m (black line) and r = 40 m (gray
line).

6.4.2 Structural response

Figure 6.20 compares the incident wave field to the time history of the vertical
displacement in points A and B. As for the traffic induced wavefield, the difference
between both curves is due to dynamic soil-structure interaction. Figure 6.21
shows both displacement fields along the line AB at the times t = 0.56 s and
t = 0.60 s. As in the previous case, the predicted displacements along the edge AB
clearly differ from the incident wave field that would occur if the structure were
not present.

The main difference between this result and the result in previous section is that
the wavelength of the wave front generated by impact pile driving is much smaller
than the length of the structure. This results in a significant deformation of the
masonry walls at ground level.

Figures 6.22 and 6.23 show the velocities in the points A, B, C and D (figure
6.18). The horizontal velocities vx(t) and vy(t) in the point C on the roof is clearly
larger than the corresponding values in the points A and B at foundation level.
This indicates that the structural response is dominated by rigid body rocking of
the structure on the foundation. Furthermore, the horizontal velocity vx(t) in the
point D at the center of the masonry wall at ground level is also significantly larger
than the horizontal velocity in the point A at the bottom of the wall. This is due
to the out-of-plane resonance of the wall, triggered by the global rocking of the
structure.



134 THE RESPONSE OF A MASONRY STRUCTURE TO GROUND VIBRATIONS

(a)
0.5 0.6 0.7 0.8 0.9 1

−5

0

5

x 10
−4

Time [s]

D
is

pl
ac

em
en

t [
m

]

Az

(b)
0.5 0.6 0.7 0.8 0.9 1

−5

0

5

x 10
−4

Time [s]

D
is

pl
ac

em
en

t [
m

]

Bz

Figure 6.20: Time history of the vertical displacement (black line) in the points
(a) A and (b) B. The incident wave field is plotted in gray.
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Figure 6.21: Vertical displacement along the wall-foundation edge AB (black line)
at the times (a) t = 0.56 s and (b) t = 0.60 s. The incident wave field
is also indicated (gray line).
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Figure 6.22: Time history (left) and modulus of the Fourier transform (right) of
the velocities (a) u̇x(t) and (b) u̇x(t) at the point A and the velocities
(c) u̇x(t) and (d) u̇z(t) at the point B.
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Figure 6.23: Time history (left) and modulus of the Fourier transform (right) of
the velocities (a) u̇x(t), (b) u̇y(t) and (c) u̇z(t) at the point C and
(d) the velocity u̇x(t) at the point D.
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6.4.3 Assessment of structural damage

The SBR guideline [199] for the assessment of vibration induced structural damage
is also applied to the current example. Figure 6.24 shows the evaluation of the
SBR guideline in the points A, B, C and D (figure 6.18). The threshold values
are exceeded for the all building categories, indicating the likeliness of structural
damage. Mainly the peak particle velocity in point A is excessively large.
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Figure 6.24: Evaluation of the SBR guideline for structural damage (a) at the
ground floor and (b) at the first floor. The criterion is shown for
building categories 1 (black line), 2 (light gray line), and 3 (dark
gray line).

Figure 6.25 shows the evaluation of the guideline for excessive foundation
settlements. The threshold values are exceeded for both the points A and B,
indicating that foundation settlements may occur as a result of impact pile driving.
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Figure 6.25: Evaluation of the SBR guideline for excessive foundation settlements.
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6.5 Nonlinear computation of the structural response

due to impact pile driving

In this section, the response of the structure due to impact pile driving is
considered, where a nonlinear constitutive behaviour for the masonry is assumed.
A direct time integration procedure is used in combination with a time domain
boundary element procedure. The boundary element mesh is plotted in figure
6.5. A direct finite element – boundary element coupling algorithm is used. For
this purpose, an ANSYS user programmable feature has been implemented that
allows for the solution of the time domain soil-structure interaction (equation
(5.64)) problem in ANSYS, where a large number of nonlinear material models
are available.

The structural response is computed by means of the Newmark direct time
integration scheme with parameters α = 0.25 and δ = 0.50, corresponding to
the constant average acceleration method. A constant time step ∆t = 0.005 s is
selected.

In order to validate the solution using direct time integration, a first calculation
is performed assuming a linear constitutive behaviour for the masonry. Figure
6.26 compares the displacements in the points A and B obtained through a direct
time integration with the frequency domain solution. The peak in the time history
due to the wave front of the incident wave field is reproduced with a satisfactory
accuracy.
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Figure 6.26: Time history of the vertical displacement in the points (a) A and (b)
B. The solution using direct time domain integration (black line) is
compared with the solution obtained in the frequency domain using
the Craig-Bampton decomposition (gray line).
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6.5.1 The plasticity model

Advanced material models, accounting for the compressive, tensile and shear
failure regimes of masonry, are not available in ANSYS. Therefore, a simple Hill
type criterion is selected. This anisotropic yield criterion is similar to the von
Mises yield criterion but considers different material strengths along the different
material axes. This is commonly expressed in terms of the ratios rij of the yield
stress for specified stress components σij to the yield uniaxial yield stress of the
Von Mises criterion. In the present case, the ratios rxx = 1, rββ = 0.25 and
rαβ = 0.25 are selected for the masonry, reflecting the different strengths along
the material axes α and β in figure 6.2. This rudimentary model for masonry can
only be used for an indicative computation, as the difference in compressive and
tensile strength is completely disregarded.

Two different types of masonry are considered: masonry with a high and a low
tensile strength. The strong masonry has a tensile strength ftα = 1 MPa along
the material axis α and a strength ftβ = 4 MPa along the material axis β. The
weak masonry has a tensile strength ftα = 0.5 MPa along the material axis α and
a strength ftβ = 2 MPa along the material axis β.

An isotropic hardening law with a tangent modulus Et = 1GPa is selected. For this
practical application, this hardening formulation is chosen rather arbitrarily as the
available experimental data on hardening are rather scarce [130]. Furthermore, the
present model assumes a smeared crack approach, where the hardening parameter
depends on a length scale that is mesh dependent.

6.5.2 The structural response

The response of the structure due to impact pile driving is computed by means of
equation (4.29), considering the nonlinear Hill criterion for both the low and high
strength masonry.

The gravity is properly taken into account. Hereto, the displacements at the
soil-structure interface are initially fixed. After a first static calculation, only
considering gravity loads, the boundary conditions on the foundation degrees of
freedom are removed and replaced by the static reaction forces. In the second
calculation step, the dynamic response of the structure due to the wave field
induced by pile driving is computed.

For the structure with the high strength masonry, no plastic flow occurs after the
application of the gravity load nor during the dynamic load event. As a result, the
constitutive behaviour remains linear during the entire calculation.

For the structure with the low strength masonry, figure (6.27) shows the equivalent
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plastic strain after the application of gravity, during and after the passage of the
wave front. Due to gravity, a small amount of plastic strains are observed at
corners of windows and door openings, reflecting the poor state of the masonry
walls. During the passage of the wave front underneath the foundation, the plastic
strains progressively develop. At the time t = 0.60 s, the wave front has reached
the center of the structure (figure 6.21) and the plastic strains have increased
mainly left from the door opening (figure 6.27), where the wave has passed. After
the passage of the wave front, the plastic strains have increased at the corners of
the window and door openings at ground level. This indicates that the main part
of the plastic deformation of the walls is related to the quasi-static deformation
induced by the ground motion. The out-of-plane resonance of walls and floors does
not invoke plastic strains.
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(a)

(b)

(c)

0 10−4

Figure 6.27: Equivalent plastic strains in the masonry walls (a) after the
application of the gravity load, (b) during the passage of the wave
front at the time t = 0.60 s and (c) after the passage of the wave
front.
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6.6 Conclusion

In this chapter, the frequency and time domain soil-structure interaction
techniques have been applied for the computation of the response of a masonry
structure due to vibrations induced by traffic and pile driving.

The traffic induced wave field has a low frequency content. As a result, the
corresponding wavelengths are larger than the foundation length. As the incident
wave field impinges on the foundation, the structural response mainly consists of
a rigid body motion of the building on the foundation combined with out-of-plane
bending modes of floors and walls.

On the other hand, impact pile driving causes a wave front with a higher frequency
content and a corresponding smaller wavelength. The stiffer soil imposes its
displacements to the structure. As a result, the structural displacements consist of
a significant deformation of the walls at ground level, combined with out-of-plane
bending resonances of walls and floors.

These observations are in correspondence with previous observations [80], where
two general situations are distinguished. First, for a building resting on a soft
soil, no wall deformation occurs. The global structural response is dominated by
rigid body kinematics. Second, if the soil is stiff with respect to the structure,
the walls deform in a quasi-static way, following the ground motion. Additionally,
the presence of a (stiff) foundation prevents wall deformations. The present study
shows that the frequency content and corresponding wavelength of the incident
wave field play a crucial role.

For both the traffic induced vibrations and the vibrations induced by pile driving,
the possibility of structural damage has been assessed by application of the SBR
guideline [198]. For the traffic induced vibrations, the peak particle velocity at
the dominant frequency remains far below the threshold values, even in the worst-
case scenario of a building in a poor condition. For impact pile driving, the SBR
guideline indicates that structural damage is likely to occur, for all building types.
However, the SBR guideline can only be used as a simple indicator for structural
damage. A practical assessment of vibration induced structural damage should be
based on well-founded considerations on deformations, accounting for the relative
stiffness of the soil and the structure and the frequency content and wavelength of
the vibrations.

As the vibrations induced by impact pile driving result in a structural response
of large amplitude, a nonlinear analysis is performed where an anisotropic Hill
criterion is considered for the masonry. A time domain boundary element
formulation is used for the computation of the dynamic soil-structure interaction
in combination with a direct time integration for the structure. Two different types
of masonry are considered: masonry with a high and a low tensile strength. For the
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high quality masonry, no plastic strains are developed during impact pile driving.
For the low quality masonry, plastic strains develop in the walls at ground level as
a result of the quasi-static deformation induced by the ground motion. The plastic
strains develop progressively as the wave front passes underneath the structure.

It should be stressed that the current homogenized approach for masonry, in
combination with a rather course mesh, can only be used for an indicative
computation. The present plasticity model is known to be mesh-sensitive and
is unable to represent the propagation of cracks. For a detailed study of the crack
propagation and local stress effects, more advanced material models are required.





Chapter 7

Behaviour of granular soils

under repeated small

amplitude loading

7.1 Introduction

Soils are generally characterized by a strong nonlinear behaviour. However, at very
small strain levels, soil exhibits a nearly elastic behavior. The elastic threshold
value is about 10−5, depending on the soil type. Vibrations below the elastic
threshold value are referred to as low level vibrations and allow for the use
of elastic constitutive laws. This assumption has been the basis for the wave
propagation models and the dynamic soil-structure interaction problems in the
previous chapters.

Both field observations and laboratory tests have shown that a significant
permanent deformation may result from the recurrence of low level vibrations.
An example of such repeated low level vibrations are traffic induced vibrations
or vibrations from machine foundations that are characterized by a large number
of load cycles or load events. In the following, the term “single load event” is
used to indicate a representative short term dynamic load. For repeated transient
excitations, e.g. traffic induced vibrations, this is typically the entire transient
event such as the single passage of a truck on an uneven road. For a harmonic
source, e.g. vibrations from machine foundations, this is a single load cycle.

Only little attention has been paid to strain accumulation in literature so far.
Nevertheless, it is considered as the most important cause of vibration induced

145
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structural damage. Low amplitude vibrations are unlikely to cause immediate
failure of the ground. On the other hand, strain accumulation causes differential
settlements of the foundations and leads to a redistribution of stresses both in the
soil and structure. This can initiate damage and cause a reduction of serviceability.

Numerical modelling provides a proper understanding of the mechanical behaviour
of the structure and the soil in the vicinity of the foundation and allows for
the prediction of foundation settlements. Such a model should account for the
constitutive behaviour of the soil and of building materials, the static soil-structure
interaction and the dynamic response of the soil and the structure during a single
load event.

As the permanent deformations are only observed after a large number of load
events, a constitutive model is formulated that only describes the accumulation of
the average permanent deformation per load cycle (figure 7.1). This approach has
originally been used to model metal fatigue [84, 122] and has also been adopted
to compute settlements of roads [1, 9, 94] and railway tracks [203, 204] under a
large number of vehicle passages. This method is preferred above a step-by-step
integration of the complete loading history as the numerical integration would
suffer from an accumulation of numerical errors. Furthermore, the calculation of a
large number of dynamic load events for problems of moderate size would require
a large computational time.

t

ε

Response
envelope

Average
deformation

Single
load event

Figure 7.1: Long term and short term strain history for soils under low amplitude
cyclic loading.

The aim of the present chapter is to formulate an accumulation model for granular
soils under low amplitude cyclic loading that is well suited for implementation in
a finite element framework, where it is assumed that the cyclic part of the loading
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is small with respect to the static part, reflecting the stress conditions in the soil
underneath a structure loaded by a low amplitude incident wave field.

This approach involves a double time scale. The first time scale is the short term
time scale, where the dynamic response of the structure and the soil due to a
single load event, e.g. a single passage of a vehicle on a nearby road, is calculated.
In the second time scale, the long term behaviour of the soil and the structure is
considered in a quasi-static calculation. The cyclic stress amplitude of the short
time scale is used as an input parameter for the constitutive model: a larger cyclic
loading amplitude results in a larger incremental permanent strain per load cycle.
In this sense, the two time scales are weakly coupled. The accumulation model is
implemented in a three-dimensional nonlinear finite element framework, allowing
for the solution of general boundary value problems and the rigorous computation
of static soil-structure interaction effects.

The chapter is organized as follows: in section 7.2, the long term soil behaviour
is studied. Based on experimental observations, a constitutive model to describe
accumulation of soil deformation is proposed. Realistic material parameters are
determined by means of a calibration procedure described in section 7.3. In
section 7.4, the constitutive model is employed in a three-dimensional finite element
framework and the numerical aspects of the finite element integration are discussed.
Section 7.5 presents three applications. In a first example, a triaxial test is
modelled, allowing for a validation of the numerical implementation and a study
of the stability and accuracy of the integration scheme. Second, the settlement of
a circular foundation is studied. Third, the foundation settlement of a building
under repeated nearby vehicle passages is computed.

7.2 Granular soils under repeated small amplitude

cyclic loading

7.2.1 Introduction

The amount of strain accumulation under low amplitude vibrations is influenced
by a large number of parameters. In general, the strain accumulation depends on
the current stress condition of the soil and the characteristics of the recurrent
loading. Wichtmann [219] has performed extensive laboratory tests to study
various influencing parameters. An elaborate overview of the state-of-the-art on
the influence parameters is given by Karg [115].

A first group of influence factors is related to the soil characteristics. In general,
loose soils are easier to compact than dense soils as higher void ratios result in
larger strain accumulation rates [139, 190, 227]. Further on, the granulometric
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composition, such as the grain size distribution and uniformity, the grain shape,
the sphericity and roughness, has significant influence on the densification potential
of a soil [54]. The soil fabric, including properties as cementation, orientation of
grains and homogeneity, also plays an important role [150].

A second group of influence factors is related to the characteristics of the repeated
low-amplitude vibrations. In general, a larger cyclic load amplitude results
in higher accumulation rates [139, 190, 227]. Furthermore, there is a strong
dependency of the accumulation rate on the average stress condition in the soil,
which is expressed in terms of the mean effective hydrostatic stress and the mean
effective deviatoric stress. A higher mean effective hydrostatic stress results in a
decreasing strain accumulation rate as the soil stiffness increases proportionally.
In contrast, a higher mean effective deviatoric stress results in a larger deviatoric
deformation of the soil. Sudden changes in the characteristics of the cyclic load,
such as the load direction, lead to temporarily higher strain accumulation rates
[220, 226]. After several thousands of load cycles, the soil is reconditioned and
adapted to the new loading and the strain accumulation rate returns to the
previous level. The shape of the load cycle and the loading frequency are of
crucial importance and can influence the intensity of accumulation significantly
[167]. Up to now, it is still unclear how the shape of the cycle is linked to the
accumulation rate and whether a higher loading frequency generates a different
accumulation.

Another interesting and unsolved question is whether a limit load amplitude exists,
below which the material does not accumulate further deformations [85]. This
phenomenon is often termed shakedown. On the other hand, ratcheting refers to
the progressive accumulation of soil deformation. Among others, Wichtmann [219]
states that there is always accumulation of strain, no matter what kind of loading
is applied. The compaction occurs until a minimum void ratio is achieved. In
contrast, Suiker [203] distinguishes three possible states: up to a certain shakedown
level all deformations are assumed to be purely elastic and no accumulation takes
place. Above this threshold accumulation happens until either failure occurs or
the soil is compacted and stiffened in a way that the cyclic loading becomes purely
elastic. It is very difficult to assess the correctness of these assumptions: their
validation requires an unreasonable amount of load cycles to achieve a level of
stabilisation.

7.2.2 Modelling of strain accumulation

Suiker [203, 204] proposed a methodology for granular materials under small
amplitude cyclic loading to assess deterioration of ballast material in railway
tracks under the repeated passage of train axles. The long term constitutive
behaviour of ballast is based on a shakedown concept [166], where it is assumed
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that no permanent deformations occur if the cyclic load level is sufficiently
small. If this elastic limit is exceeded, the permanent deformations may gradually
decrease (shakedown) or increase (ratcheting). Suiker formulated the constitutive
model in a form that shows analogies with the Perzyna viscoplastic model [164].
Furthermore, it is assumed that the permanent deformation is caused by two
separate mechanisms, frictional sliding and volumetric compaction, which are
accounted for through the use of two state variables in a classical plasticity
framework.

The model of Suiker can only be applied if the cyclic loading amplitude is computed
as the quasi-static response of the subgrade due to the axle loads. The static
stresses due to gravity loads are neglected. These assumptions are admissible
for the computation of the response of the track structure, but are not applicable
further away from the track where the cyclic loading amplitude is governed by wave
propagation. For the computation of vibration induced foundation settlements,
gravity loads are not negligible, but large with respect to the cyclic loading
amplitude.

Niemunis et al. [154] formulated an accumulation model for granular materials
under low amplitude cyclic loading. In contrast to the model of Suiker, a tensorial
formulation is used that aims to account for anisotropic effects during settlement
such as a change of the loading direction. Furthermore, the accumulation of
deformation is nonvanishing and no shakedown behaviour is encountered. The
model depends on a large number of parameters, for which an extensive amount
of laboratory tests has been performed [219]. In order to obtain information
on the anisotropic soil behaviour, a torsional shear device and a cyclic multi-
dimensional simple shear device have been developed in addition to a cyclic
triaxial test apparatus. Besides the need for a large number of model parameters,
the incorporation of this model into a consistent finite element framework is not
straightforward.

7.2.3 Cyclic triaxial tests

In laboratory tests, the accumulation behaviour of soils is quantified, where a soil
sample is subjected to well defined static and dynamic stress conditions. This
allows to study the influence of various influence parameters on the amount of
accumulation. Laboratory tests form the basis of the development of constitutive
models, which intend to predict accumulation of soil deformation under more
complicated stress conditions.

The most appropriate laboratory test to investigate the accumulation behaviour
of soils is the cyclic triaxial test performed on cylindrical soil samples. The
possibility of applying a very large number of load cycles under a wide range
of load conditions allows to extract a large amount of data, where the evolution of
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the strain accumulation and the elastic parameters can be investigated. Shaking
table tests and resonant column tests are rarely used for the investigation of
strain accumulation. Shaking table tests usually are applied at larger strains in
liquefaction studies of sand layers under earthquake loading. Resonant column
tests are mainly used for determination of the secant stiffness of the stress-strain
hysteresis loop at various strain levels. Nevertheless, these tests may be used
for investigation of strain accumulation in the future. Piezoelectric bender and
compression element tests are considered as a good completion for numerous
test devices, as they can detect changes in the elastic properties of the soil from
variations in the wave speed of compression and shear waves, respectively.

The constitutive model developed in this chapter is based on the cyclic triaxial test.
In a cyclic triaxial test, a sample of loose granular soil is contained in a cylindrical
latex membrane enclosed by circular metal plates at the top and bottom ends
(figure 7.2). The soil sample is submerged in a pressurized water-filled plexiglas
container. The water pressure (cell pressure) results in a hydrostatic stress σc that
confines the soil sample (figure 7.3). An additional vertical stress σv is applied
by means of a load piston acting on the top plate. The stress state in the sample
is axisymmetric around the vertical axis and is characterized by the hydrostatic
stress p = σc + 1

3σv and the deviatoric stress invariant q = |σv|.

Figure 7.2: Cyclic triaxial test device
at the KHBO in Ostend.

σc σc

σc + σv

r

z

Figure 7.3: Stress conditions in the soil
sample.

During the cyclic triaxial test, the stress σc is kept constant whereas the stress
σv is cyclically varied around an average value. The stress σc could theoretically
also be cyclically varied, but in practice it is difficult to independently vary both
stresses σc and σv [115].
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As a result of the application of these load cycles, a permanent vertical deformation
εzz and radial deformation εrr are observed. These deformations are also
characterized by the volumetric strain εkk = εzz + 2εrr and the deviatoric strain
invariant κ = 2

3 |εzz− εrr| that are energetically conjugate to the hydrostatic stress
p and the deviatoric stress invariant q, respectively.

Figure 7.4 shows the accumulated volumetric strain εkk and the deviatoric strain
invariant κ during a cyclic triaxial test [219], characterized by a mean effective
stress p̄ = −200 kPa and a mean deviatoric stress q̄ = 100 kPa, while the cyclic
load amplitude equals q̄cyc = 60 kPa. A large initial accumulation rate can be
observed, referred to as the conditioning phase. After a large number of cycles,
the growth becomes linear.
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Figure 7.4: (a) Accumulated volumetric strain and (b) accumulated deviatoric
strain invariant during a cyclic triaxial test at p = −200 kPa and
q = 100 kPa.

In the following, only average deformations and stresses are considered and the bar
above the variables is omitted for brevity. In order to describe the accumulation
of deformation in a three-dimensional continuum mechanics framework, the strain
tensor εij is decomposed into:

εij = εe
ij + εacc

ij (7.1)

where εe
ij is the recoverable, elastic strain tensor and εacc

ij is the irrecoverable,
accumulated or plastic strain tensor after the application of N load cycles.

The accumulation of deformation is a result of particle rearrangements. Suiker
[203, 204] distinguishes two distinct mechanisms: frictional sliding and volumetric
compaction of soil particles. Two state variables κacc,f and εacc,c

kk are introduced for
frictional sliding and volumetric compaction, respectively. Besides a considerable
deviatoric deformation, frictional sliding of soil particles results in a volumetric
deformation of the soil, as a result of dilation. Correspondingly, the volumetric
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part of the accumulated strain dεacc
ij /dN is related to both volumetric compaction

and frictional sliding:

dεacc
kk

dN
=
dεacc,c
kk

dN
+ df

dκacc,f

dN
(7.2)

where the parameter df controls the dilation induced by deviatoric deformation.
The deviatoric part of the accumulated strain is entirely due to the frictional
mechanism:

dκacc

dN
=
dκacc,f

dN
(7.3)

Because of this equality, the superscript f will be omitted in the following.

The accumulation rate dεacc
ij /dN is decomposed into a part generated by frictional

sliding and a part generated by volumetric compaction:

dεacc
ij

dN
=
dκacc

dN
mf
ij +

dεacc,c
kk

dN
mc
ij (7.4)

where the unit tensors mf
ij and mc

ij represent the accumulation direction for both
mechanisms. The accumulation direction is derived from a yield function, as in
classical creep calculations. For frictional sliding, the accumulation direction is
derived from the Drucker-Prager criterion, which is in correspondence with triaxial
test results [152, 153, 203, 219]:

mf
ij =

∂q

∂σij
+ df

∂p

∂σij
=

3

2

sij
q

+ df
δij
3

(7.5)

For volumetric compaction, the deformation is purely volumetric:

mcij =
δij
3

(7.6)

Upon substitution of equations (7.5) and (7.6) into equation (7.4), the accumulated
strain becomes:

dεacc
ij

dN
=
dκacc

dN

3

2

sij
q

+

(

df
dκacc

dN
+
dεacc,c
kk

dN

)
δij
3

(7.7)

A phenomenological law is put forward for the accumulation rates dκacc/dN and
dεacc,c
kk /dN . In cyclic triaxial tests, an initial logarithmic growth of the deviatoric

strain invariant is observed as a function of the number of load cycles (figure 7.4).
After a certain number of load cycles, the growth becomes linear. This corresponds
to an initial exponential decrease of the deviatoric accumulation rate to a constant
accumulation rate at a large number of cycles. The following phenomenological
law is well suited to describe this behaviour:

dκacc

dN
= αf exp (−ηfκ

acc) + βf (7.8)
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in which αf and ηf prescribe the initial exponential decrease of the accumulation
rate and βf corresponds to the final value of the accumulation rate after a large
number of cycles. For the volumetric strains, a similar law is proposed:

dεacc,c
kk

dN
= −αc exp (+ηcε

acc,c
kk )− βc (7.9)

where αc, ηc, and βc are model parameters. As the current model aims to predict
settlements of soils under compressive stresses, the accumulated volumetric strain
as well as the accumulation rate are negative. On the other hand, the deviatoric
strain invariant and the deviatoric accumulation rate are positive. Because positive
model parameters are preferred, different signs are employed in equations (7.8) and
(7.9).

The accumulation of deviatoric deformation, determined by the model parameters
αf , ηf , and βf , strongly depends on the stress ratio q/p. This dependency is
accounted for implicitly:

αf(p, q, qcyc) = α0
f (qcyc)ff(p, q) (7.10)

and:

ηf(p, q, qcyc) =
η0

f (qcyc)

ff(p, q)
(7.11)

as well as:

βf(p, q, qcyc) = β0
f (qcyc)ff(p, q) (7.12)

where α0
f , η0

f and β0
f are reference values and ff(p, q) is a function that depends on

p and q. The following law is considered for this function, assuming an increasing
accumulation rate for an increasing stress ratio q/p, as observed in experiments
[153, 219]:

ff = − q
p

(7.13)

In a similar way, the accumulated volumetric deformation and the corresponding
model parameters αc, ηc and βc depend on the hydrostatic stress p. The following
law accounts for this dependency:

αc(p, q) = α0
c(qcyc)fc(p) (7.14)

and:

ηc(p, q) =
η0

c (qcyc)

fc(p)
(7.15)
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as well as:

βc(p, q) = β0
c (qcyc)fc(p) (7.16)

A larger volumetric compaction is observed at low hydrostatic stresses. Therefore,
the following law is proposed for the function fc(p):

fc(p) = exp (+Cpp) (7.17)

where Cp is a model parameter.

The accumulation model is combined with a nonlinear elastic law for the elastic
part of the strain tensor (7.1), governed by the constitutive relation:

σij = Cijklε
e
kl (7.18)

where Cijkl is the fourth-order constitutive tensor. In order to account for the
increase in material stiffness for an increasing pressure [203, 204, 210], a pressure
dependent elastic power law is adopted. The incremental relation between the
hydrostatic stress increment and the incremental volumetric elastic strain equals:

dp

dN
= Kt

dεekk
dN

(7.19)

The tangent bulk modulus Kt equals:

Kt = Kref
p

pref
(7.20)

where Kref is the reference bulk modulus and pref is a (negative) reference stress.
Together with a constant Poisson ratio ν, this power law determines the elastic
material behaviour. The pressure dependent constitutive tensor reads as:

Cijkl =
3Kt

2(1 + ν)
((1− 2ν) (δikδjl + δilδjk) + 2νδijδkl) (7.21)

7.3 Model calibration

Under triaxial conditions, the mean stress tensor is constant and the accumulation
law can be integrated analytically. For the deviatoric strains, this becomes:

κacc =
1

ηf
ln

(

exp (+ηfβfN)

(
αf

βf
+ exp (+ηfκ

acc
0 )

)

− αf

βf

)

(7.22)

The volumetric strain εacc,c
kk equals:

εacc,c
kk = − 1

ηc
ln

(

exp (+ηcβcN)

(
αc

βc
+ exp (+ηcε

acc,c
kk )

)

− αc

βc

)

(7.23)
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Equations (7.22) and (7.23) are employed in an updating procedure to determine
realistic values for the model parameters. To this end, use is made of cyclic triaxial
test data on sand from the Ruhr University of Bochum [152, 153, 219]. The
material is a uniform medium dense sand with an average grain size d̄ = 50 mm,
void ratio’s between emin = 0.577 and emax = 0.876 and a density ρs = 2650 kg/m

3
.

The samples were prepared by pluviating dry sand out of a funnel into a cylindrical
mould and subsequently fully saturated. The updating procedure is based on
21 cyclic triaxial tests performed at mean effective stresses p = −100 kPa, p =
−200 kPa and p = −300 kPa with q/p ratios ranging from 0 to −1.5.

The updating procedure consists of a two-stage procedure. First, a nonlinear least-
squares procedure is employed to fit equations (7.22) and (7.23) to the experimental
data. As a result, every cyclic triaxial test corresponds to a single value for αf , ηf ,
βf , αc, ηc, and βc. Figure 7.5 compares experimental and updated curves for all
triaxial tests.
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Figure 7.5: (a) Deviatoric strain κacc and (b) volumetric strain εacc
kk as a function

of the number of load cycles N for a uniform medium dense sand. The
calibrated strains (solid line) are compared with the measured strains
(circles).

The second step of the updating procedure is the characterisation of the parameter
Cp in equation (7.17), the dilation df , as well as the reference values αf0, βf0, ηf0,
αc0, βc0, ηc0. The model parameters are identified from the values αf , βf , ηf , αc,
βc and ηc for each cyclic triaxial test as determined in the first step of the updating
procedure. The resulting model parameters are listed in table 7.1 and are used in
the subsequent applications.
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Parameter Value

αf0 5.0 × 10−4

βf0 6.0 × 10−8

ηf0 1000

df -0.25

αc0 1.2 × 10−4

ηc0 1600

βc0 4.5 × 10−8

Cp 5 × 10−6Pa−1

Table 7.1: Accumulation model parameters for a uniform medium dense sand.

7.4 Numerical integration of the accumulation law

In order to evaluate foundation settlements caused by long term cyclic loading, the
accumulation model is employed in a three-dimensional finite element framework.
Figure 7.6 shows a structure Ωb resting on a soil domain Ωs. The structure
and the soil are loaded by static body forces and tractions on the boundary
Γ. Furthermore, the soil and the structure are cyclically loaded by an incident
wave field, characterized by the strain tensor εcyc in every point of the domain
Ω = Ωs ∪ Ωb. For an increasing number of load cycles, an accumulation of
deformation in the soil domain Ωs results in an overall stress redistribution.

Ωs

ΩbΓ

ρb

εcyc

Figure 7.6: Structure Ωb resting on a soil domain Ωs.



NUMERICAL INTEGRATION OF THE ACCUMULATION LAW 157

The domain Ω is modelled with finite elements. The accumulation model is used
for the soil, while any other linear or nonlinear material model can be used
for the structure. Only the static body forces and tractions on the boundary
are considered as external forces, whereas the cyclic load events are implicitly
accounted for in the accumulation model.

The numerical formulation and solution of nonlinear finite element equations
can be found in a number of reference works [23, 191, 231] and the general
procedure will not be repeated here. The load vector consists of all static forces
on the structure and is constant throughout the finite element calculation. The
application of load cycles is implicitly accounted for through the constitutive
model. The finite element procedure is schematized in figure 7.7. The displacement
solution uN after the application of N load cycles is supposed to be in equilibrium
with the external load vector f (point ➀). Subsequently, an additional number of
∆N load cycles is applied. If the same displacement vector solution uN+∆N

(0) = uN

is assumed, the internal and external forces are not in equilibrium as a result
of stress relaxation (point ➁). This disequilibrium is denoted by the residual
Ψ(0) = f−P(uN+∆N

(0) ) where P(uN+∆N
(0) ) is the vector of internal forces. A Newton-

Raphson iteration is initiated, where both a residual Ψ(k) and the tangential

matrix KT
(k) are evaluated for every iteration k. The Newton-Raphson iteration

is terminated if the condition Ψ(n) ≈ 0 is satisfied with a prescribed accuracy

(point ➂). The displacement solution uN+∆N after the application of N + ∆N
load cycles is assumed equal to the displacement uN+∆N

(n) at the last iteration step
n.

A stable and accurate integration of the nonlinear finite element equations is based
on the application of a consistent tangent operator KT in the Newton-Raphson
iterative procedure [160, 191, 192]. Heeres [102] extended the original formulation,
developed for standard elastoplasticity, to a unified framework generally applicable
to more complicated constitutive models such as hypoplasticity, viscoplasticity and
generalized plasticity. This unified framework is adopted here for the integration
of the accumulation law.

The numerical integration requires the solution of the constitutive equations at
every integration point of the finite element model. This update of the material
state is represented as:

{

σ
N , κacc,N , εacc,c,N

kk , εN ,∆εN+∆N
}

7−→
{

σ
N+∆N , κacc,N+∆N , εacc,c,N+∆N

kk , εN+∆N
}

(7.24)

which involves the solution of the material state after the application of ∆N load
cycles from a known material state after the application of N load cycles. The
local problem is driven by the incremental total strain ∆εN+∆N which determines
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Figure 7.7: The Newton-Raphson iteration for the solution of the finite element
equation.

the total strain εN+∆N = εN +∆εN+∆N . The update of the material state should
satisfy the equations (7.3)-(7.9) governing the accumulation of deformation as well
as the elastic constitutive equation (7.18) and the strain decomposition (7.1).

Equation (7.8) is discretized by means an implicit backward Euler scheme [34]:

∆κacc = ∆N
(

αN+∆N
f exp

(

−ηN+∆N
f κaccN+∆N

)

+ βN+∆N
f

)

(7.25)

where all model parameters αN+∆N
f , ηN+∆N

f and βN+∆N
f , as well as the accumu-

lated deviatoric strain invariant κaccN+∆N are evaluated after the application of
N + ∆N load cycles. In a similar way, the accumulation rate of the volumetric
strain (equation (7.9)) is discretized as:

∆εacc,c
kk = ∆N

(

−αN+∆N
c exp

(

+ηN+∆N
c εacc,cN+∆N

kk

)

− βN+∆N
c

)

(7.26)

where all model parameters αN+∆N
c , ηN+∆N

c and βN+∆N
c , as well as the

accumulated volumetric strain εacc,cN+∆N are evaluated after the application of
N + ∆N load cycles.
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The direction of accumulation (equation (7.3)) relates the incremental accumulated
deviatoric strain ∆eacc to the incremental deviatoric strain invariant ∆κacc as
follows:

∆eacc = ∆κacc 3

2

RsN+∆N

qN+∆N
(7.27)

where the matrix R = diag {1, 1, 1, 2, 2, 2}. Similarly, the incremental accumulated
volumetric strain equals:

∆εacc
kk = df∆κ

acc + ∆εacc,c
kk (7.28)

Next, the elastic constitutive equation is integrated analytically during the update
of the material state for a load cycle increment ∆N :

∫ N+∆N

N

pref

p

dp

dN
dN =

∫ N+∆N

N

Kref
dεekk
dN

dN (7.29)

Using the strain decomposition (7.1), equation (7.29) is elaborated as:

pN+∆N = pN exp

(

+
Kref

pref
(∆εkk −∆εacc,c

kk + df∆κ
acc)

)

(7.30)

Equation (7.30) allows to compute the hydrostatic stress pN+∆N for a given
elastic volumetric strain increment ∆εekk. Subsequently, the secant bulk modulus
is computed as:

KN+∆N
S =

pN+∆N − pN
∆εekk

(7.31)

As a constant Poisson ratio is assumed, the secant shear modulus is equal to:

µN+∆N
S =

3

2

1− 2ν

1 + ν
KN+∆N

S (7.32)

Finally, the updated deviatoric stress vector becomes:

sN+∆N = sN + 2µN+∆N
S R−1∆ee (7.33)

The discretized equations (7.25), (7.26), (7.30) and (7.33) for the solution of the
stress state in an integration point are nonlinear, and an iterative scheme is used to
solve them. For this purpose, the variables pN+∆N , qN+∆N , µN+∆N

S , κaccN+∆N ,

ε
acc,cN+∆N
kk , ∆κacc, ∆εacc,c

kk are considered as primary unknowns and equations
(7.25), (7.26), (7.30) and (7.33) are recast into a discrete residual form:

rN+∆N
p = pN+∆N − pN exp

(

+
Kref

pref
(∆εkk −∆εacc,c

kk − df∆κ
acc)

)

(7.34)
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rN+∆N
q = qN+∆N + 3µN+∆N

S ∆κacc

−
√

3

2

(

sN + 2µN+∆N
S R−1∆e

)T

R
(

sN + 2µN+∆N
S R−1∆e

)

(7.35)

rN+∆N
µs

= µN+∆N
S − 3

2

1− 2ν

1 + ν

pN+∆N − pN
∆εkk − df∆κacc −∆εacc,c

kk

(7.36)

rN+∆N
κacc = κaccN+∆N − κaccN + ∆κacc (7.37)

rN+∆N
ε

acc,c
kk

= ε
acc,cN+∆N
kk − εacc,cN

kk + ∆εacc,c
kk (7.38)

rN+∆N
∆κacc = ∆κacc

−∆N
(

αN+∆N
f exp

(

−ηN+∆N
f κaccN+∆N

)

+ βfN+∆N

)

(7.39)

rN+∆N
∆ε

acc,c
kk

= ∆εacc,c
kk

−∆N
(

−αN+∆N
c exp

(

+ηN+∆N
c εacc,cN+∆N

kk

)

− βN+∆N
c

)

(7.40)

The residuals (7.34) to (7.40) are collected in a vector rN+∆N :

rN+∆N =
{

rN+∆N
p , rN+∆N

q , rN+∆N
µs

, rN+∆N
κacc , rN+∆N

ε
acc,c
kk

, rN+∆N
∆κacc , rN+∆N

∆ε
acc,c
kk

}

(7.41)

whereas the primary unknowns are collected in a vector aN+∆N :

aN+∆N

=
{

pN+∆N , qN+∆N , µN+∆N
S , κaccN+∆N , εacc,cN+∆N

kk ,∆κacc,∆εacc,c
kk

}

(7.42)

The system of equations (7.34) to (7.40) is solved by imposing the residual vector
to be equal to zero:

rN+∆N = 0 (7.43)

To this end, a Newton-Raphson iterative procedure is employed, based on a
linearization of the residual rN+∆N

(k+1) :

rN+∆N
(k+1) = rN+∆N

(k) +
drN+∆N

daN+∆N
∆a (7.44)
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The subscripts k and k+1 refer to the previous and current iterations, respectively.
The Newton-Raphson iteration converges if rN+∆N

(k+1) ≈ 0 within a prescribed

accuracy. The elements of the material Jacobian matrix drN+∆N/daN+∆N are
derived analytically [78].

For the solution of the residual equations, it seems attractive to eliminate the
residuals rN+∆N

κacc and rN+∆N
ε

acc,c
kk

by substituting κaccN+∆N and ε
acc,cN+∆N
kk in

equations (7.39) and (7.40), respectively. However, such a condensation would
lead to a slower convergence rate of the Newton-Raphson iteration. A similar
effect is observed for the consistency parameters in generalized plasticity [102].

For the iteration on the finite element equations, a consistent tangent approach
is formulated that is consistent with the local update algorithm. Therefore, the
stresses are differentiated as [102]:

dσN+∆N

dεN+∆N
=
∂sN+∆N

∂εN+∆N
+

(
∂sN+∆N

∂aN+∆N
+ m

∂pN+∆N

∂aN+∆N

)
daN+∆N

dεN+∆N
(7.45)

where the deviatoric and hydrostatic stress contributions are treated sepa-
rately. The term daN+∆N/dεN+∆N can be directly related to the Jacobian
drN+∆N/daN+∆N as:

daN+∆N

dεN+∆N
= −

(
drN+∆N

daN+∆N

)−1
∂rN+∆N

∂εN+∆N
(7.46)

Finally, the consistent tangent operator is computed as:

dσN+∆N

dεN+∆N
=
∂sN+∆N

∂εN+∆N

−
(
∂sN+∆N

∂aN+∆N
+ m

∂pN+∆N

∂aN+∆N

)(
drN+∆N

daN+∆N

)−1
∂rN+∆N

∂εN+∆N
(7.47)

The consistent tangent matrix is nonsymmetric, as a result of the asymmetry of
the Jacobian drN+∆N/daN+∆N . This requires the use of a nonsymmetric sparse
solver.

7.5 Applications

7.5.1 Triaxial test

A cyclic triaxial test is considered as a first example. The analytical solution
(equations (7.22) and (7.23)) allows to validate the numerical result.
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The soil sample has a height h = 0.20 m and a radius r = 0.05 m. The sample is
loaded by an average confining stress σc = −0.2333 MPa and an additional vertical
stress σv = −0.05 MPa, corresponding to a mean effective stress p = −0.2611 MPa
and a deviatoric stress invariant q = 0.1833 MPa. The sample is cyclically loaded,
and the accumulation parameters in table 7.1 are assumed.

As the stress is constant throughout the soil sample, use is made of a single square
4-node axisymmetric element. The accumulation model is implemented as a user
material by means of user programmable features (UPF) in the finite element
program ANSYS [12].

A small load cycle increment is used at the onset of loading as a large initial
accumulation of deformation is expected. A logarithmically spaced load cycle
sampling is selected from N = 0 to N = 10000 load cycles.

Figure 7.8 compares the accumulated deviatoric and volumetric strain computed
with the finite element model with the analytical reference solution (equations
(7.22) and (7.23)). The finite element solution is performed using 3, 5 and 100
load cycle increments in a logarithmically spaced load sampling. In all cases,
the finite element solution is stable. The finite element solution converges to the
analytical reference for an increasing number of load cycle increments.

Figure 7.9 shows the relative global error of the accumulated deviatoric and
volumetric strains after the application of N = 10000 load cycles, as a function
of the number of load cycle intervals. The error is inversely proportional to the
number of load cycle increments, illustrating the first-order accuracy of the implicit
backward Euler scheme [34].
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Figure 7.8: Accumulated (a) deviatoric and (b) volumetric strain during a cyclic
triaxial test at p = −0.2611 MPa and q = 0.1833 MPa. The numerical
result employing 3 (light gray line), 5 (dark gray line) and 100 (black
line) load cycle increments in a logarithmically spaced load sampling
are compared with the analytical reference solution (dashed line).
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Figure 7.9: Absolute value of the relative error on the accumulated (a) deviatoric
and (b) volumetric strain during a cyclic triaxial test at p =
−0.2611 MPa and q = 0.1833 MPa after N = 10000 load cycles
as a function of the number of load cycle increments ∆N using a
logarithmically spaced load sampling.

7.5.2 Settlement of a circular foundation

As a second example, the settlement of a concrete circular foundation with a
radius R = 2 m and a thickness t = 0.20 m is considered. The concrete has a
Young’s modulus Ec = 30000 MPa and a Poisson ratio νc = 0.2. The foundation
is loaded with a uniform vertical hydrostatic stress p = 0.05 MPa. The constitutive
parameters for the soil are listed in table 7.1. Furthermore, an elastic bulk modulus
Kref = 110 MPa is considered at a reference stress pref = −0.10 MPa, whereas the
Poisson’s ratio equals 0.20. The soil has a density ρ = 1800 kg/m3.

The foundation and the surrounding soil are modelled with axisymmetric finite
elements (figure 7.10). Only a part of the unbounded soil is considered, for which
the boundary condition ur = 0 is applied at the boundary r = Lr and the boundary
condition uz = 0 is applied at the boundary z = Lz. The pressure on the circular
foundation as well as the gravity in the soil are considered as external forces.

First, the initial static response of the foundation and the soil under the vertical
pressure and gravity load is computed, before any cyclic load event has taken
place. Figure 7.11a shows the distribution of vertical stresses σzz in the soil. As
a result of static soil-structure interaction effects, the vertically applied pressure
is distributed over the entire soil-foundation interface and shows a peak near the
foundation edge. The vertical stress increases with depth, as a result of the gravity
load.

Next, cyclic load events are applied. It is assumed that the cyclic stress amplitude
is constant over the entire soil domain. Initially, the stress distribution under the
foundation shows a peak near the foundation edge. This peak results in a local
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Figure 7.10: Geometry of the circular foundation problem.

reduction of the accumulation of volumetric deformation, as a result of the pressure-
dependent nature of the accumulation law; the stress concentration near the edges
has a local prestressing effect on the soil. If the number of cyclic load events is
increased, the stress distribution shifts towards the foundation edge (figure 7.11b).
This effect is also observed in figure 7.12 where the vertical interface traction on
the soil-structure interface after the application of 500 load cycles and after the
application of 10000 load cycles is plotted. The largest stress redistribution is
observed during the first 500 load cycles, referred to as the conditioning phase. At
the foundation edge, the result is mesh sensitive due to the stress singularity in
the theoretical solution.

Figure 7.13 shows the accumulated deviatoric and volumetric strains after the
application of 10000 load cycles. The stress peak near the foundation edge involves
a large value of the deviatoric stress invariant q, which results in a large deviatoric
accumulation underneath the foundation edge, mainly corresponding to a local
shear deformation of the soil.

The accumulated volumetric strain is decreasing for larger depths, as the gravity
has a prestressing effect on the soil. In agreement with the observations made
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Figure 7.11: Vertical stress distribution in the soil (a) before the application of
load cycles and (b) after the application of 10000 load cycles.
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Figure 7.12: Vertical traction tz on the foundation-soil interface before the
application of load cycles (black line), after the application of 500
load cycles (dark gray line) and after the application of 10000 load
cycles (light gray line).

above, the accumulated volumetric strain is small at the foundation edge.

7.5.3 The settlement of a masonry building

In this section, the accumulation model is used to asses the settlement of a masonry
building due to repeated passages of vehicles on a nearby traffic plateau. Figure
7.14 shows the structure, located at a distance lr = 10 m from the road. The
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Figure 7.13: Accumulated (a) deviatoric and (b) volumetric strain after the
application of 10000 load cycles.

computation consists of two parts: first, the passage of a truck on the road is
studied in order to assess the distribution of the cyclic load amplitude over the
soil domain. Secondly, the accumulation model is applied for the computation
of the differential settlement of the structure due to a large number of vehicle
passages.

For the study of the passage of the truck over the traffic plateau, the linear
dynamic calculation is considered as elaborated in chapter 6. Figure 7.15 shows
the peak particle velocity of the vertical free field response along the x-axis due
to a passage of a truck over a traffic plateau. The peak particle velocity decays
as 1/

√
x, as a result of geometric attenuation of Rayleigh waves [2]. Actually,

the time history of strains should serve as an input for the computation of the
differential settlement of the structure due to a large number of vehicle passages.
As the time history of the strain is complex and significantly differs from the two-
dimensional stress conditions in a cyclic triaxial test, the following simplifications
are made: it is assumed that the strain amplitude decays as 1/

√
x, with x the

horizontal coordinate perpendicular to the road. As observed in cyclic triaxial tests
[152, 153, 219], the accumulation rate increases quadratically with the peak strain
amplitude. Therefore, the accumulation parameters are assumed to decay inversely
proportional to x as αf = αref

f0 (xref/x), ηf = ηref
f0 (xref/x), and βf = βref

f0 (xref/x)
and similarly αc = αref

c0 (xref/x), ηc = ηref
c0 (xref/x), and βc = βref

c0 (xref/x). The
reference distance xref is considered to be 10 m and the reference accumulation
parameters αref

f0 to βref
c0 correspond to the values listed in table 7.1. These

parameters are used for the calculation of the settlement of the building.

After the application of the gravity load, a total number of N = 106 vehicle
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Figure 7.14: The masonry building excited by traffic induced vibrations.
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Figure 7.15: Peak value of the vertical velocity (PPV) along the x-axis due to a
passage of a truck over a traffic plateau at a speed of 50 km/h.

passages is considered, and the quasi-static response of the soil and the structure
is computed with the finite element package ANSYS. The load cycle increment
∆N is varied with the automatic time stepping algorithm, available in the finite
element package ANSYS, from ∆N = 1 to ∆N = 5000. The selection of the time
step is based on the number of global equilibrium iterations needed for convergence
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at the previous time step, which acts as a global measure of all active nonlinearities
[13].

Figure 7.16 shows the deformation of the line AB (figure 7.14) after the application
of the gravity load, and after the passage of 10000, 500000 and 1000000 vehicles.
The initial vertical displacement is much smaller than the vertical displacement
after the load events have taken place. Furthermore, most of the soil deformation
takes place during the first 10000 load events, which is in correspondence with the
logarithmic shape of accumulation curves of cyclic triaxial tests.
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Figure 7.16: Vertical displacement along the line AB before accumulation (dashed
line), and after 10000 vehicle passages (light gray line), 500000
vehicle passages (dark gray line) and 1000000 vehicle passages (black
line).

As a result of the differential foundation settlement, the stress distribution in the
structure is modified. Figure 7.17a shows the first principal stress in wall I (figure
7.14) after the application of the gravity load, and figures 7.17b and 7.17c show
the first principal stress after the passage of 10000 and 1000000 vehicles. The
differential foundation settlement causes a global bending of the wall. At the
bottom of the wall, the principal stress increases to reach a maximum value of
about 0.25 MPa and may result in cosmetic damage. In the case of structures
susceptible to differential foundation settlements, e.g. for a structure where static
foundation loads vary, the differential foundation settlement is expected to be more
important and may result in more considerable structural damage. Figure 7.18
shows the accumulated deviatoric strains after the passage of 1000000 vehicles.
A maximum can be observed near the road at the soil surface, whereas a local
maximum occurs near the foundation edge.
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(a)

(b)

(c)
0 0.25 MPa

Figure 7.17: First principal stress in wall I (a) after the application of the gravity
load and after the passage of (b) 10000 and (c) 1000000 vehicles.
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Figure 7.18: Accumulated deviatoric strains in the soil domain after 1000000
vehicle passages.

7.6 Conclusion

A numerical model for vibration induced foundation settlements of structures has
been formulated that accounts for the long term constitutive behaviour of the soil
and the dynamic response of the soil and the structure during a single load event.
It is assumed that the cyclic part of the loading is small with respect to the static
part, reflecting the stress conditions in the soil underneath a structure loaded by
a low amplitude incident wave field. As the permanent deformations are only
observed after a large number of load events, only the average plastic deformation
per load cycle is considered. The accumulation model accounts for the dependency
of the deformation on the stress conditions and the cyclic loading amplitude. The
model parameters have been determined by means of cyclic triaxial test data.

The accumulation model has been implemented in a three-dimensional finite
element framework. The time integration is based on a first-order accurate implicit
backward Euler scheme. The evaluation of the constitutive equations employs a
tangent operator that is derived by consistent linearization of the updated stress
and results in a quadratic convergence of the stress point algorithm.

The triaxial test has been considered as a first application. The deformation of the
soil sample corresponds to the analytical solution for this problem. The accuracy
of the backward Euler scheme has been demonstrated.
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The accumulation model has been applied to compute the differential settlement
of the two-story building founded on uniform medium dense sand under repeated
passages of a truck on a nearby traffic plateau. As a result of the differential
foundation settlement, the stress distribution in the structure is modified. The
global bending of the walls may result in cosmetic damage. In the case
of structures susceptible to differential foundation settlements the differential
foundation settlement is expected to be more important and may result in more
considerable structural damage. An example of a structure sensitive to differential
settlements due to accumulation of strain, is a structure where the static loads
strongly vary along the foundation. A large static load prestresses the soil and
prevents accumulation, while a large accumulation occurs where the static load is
small.





Chapter 8

Conclusions and

recommendations for further

research

8.1 Conclusions

This thesis addresses the modelling of the response of structures due to ground
vibrations. Numerical models are developed that account for the dynamic soil-
structure interaction and the (nonlinear) constitutive behavior of the soil and of
building materials. Both the dynamic response of structures due to single load
events (e.g. the passage of a single truck on a nearby road) as well the effects over
a large number of load events, denoted as long term behavior, are addressed.

The prediction of ground-borne vibrations in buildings involves the solution of
dynamic soil-structure interaction problems both at the source and the receiver
side. The study of dynamic soil-structure interaction problems is difficult because
of the semi-infinite extent of the soil, where the transmission of elastodynamic
waves should be accounted for. The boundary element method [30, 58, 137] is
well suited to model the dynamic soil-structure interaction problem, as the infinite
extent of the soil domain is straightforwardly accounted for. Only the interface
between the soil and the structure is modelled. As a result, the problem dimension
is reduced by one and the cost of preprocessing and mesh generation decreases.

The Green’s functions, which form the basis of the boundary element method, are
computed by means of the direct stiffness method in the frequency-wavenumber
domain, and subsequently transformed to the frequency-space and time-space

173
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domain. For these transformations, use is made of an algorithm developed by
Talman, which employs a logarithmic sampling [182]. The use of a logarithmic
sampling is advantageous for both transforms, as the Green’s functions are required
on different length scales: the Green’s function exhibits high-frequent variations
close to the source and low-frequent variations further away, which requires a
dense sampling at small time values and a courser sampling at later times. The
proposed methodology has been validated by considering two benchmark problems.
The fundamental displacements and stresses for a homogeneous full-space (Stokes
solution) were compared with the analytical reference solution. Second, the half-
space displacement solution has been validated by comparison with the undamped
semi-analytical refence solution of Bode [28, 29]. Some general rules of thumb have
been derived for the sampling of the frequency axis. The number of samples is
related to the minimum and maximum distance at which the fundamental solution
is computed and to the amount of material damping.

The use of the direct stiffness method for the computation of time domain
Green’s functions for direct boundary element computations requires a substantial
amount of computer time, much larger than for the frequency domain boundary
element method: first, the frequency content of the fundamental solutions span
a large frequency band which requires to be densely sampled. Second, the time
domain boundary element method requires a large number of integration points
per element, due to the presence of sharp wave fronts in the Green’s function.
Consequently, this results in a dense sampling of the radial coordinate r and a
large number of vertical receivers z.

The evaluation of time domain Green’s functions with the direct stiffness method
is responsible for the major part of the overall computational time in the boundary
element analysis, in contrast to the use of the analytical full-space solution. This
disadvantage is more apparent in the case of (deeply) embedded foundations, or
in the case of a large number of boundary element receiver at different depths.

In order to limit the computational effort related to the time domain boundary
element method, a hybrid frequency-time domain method has been considered for
the evaluation for the dynamic soil-structure interaction forces for time domain
soil-structure interaction computations. A reduced kinematic basis is used for
the boundary element method, while the full kinematic basis for the structure is
retained. However, spurious reflections may occur at the interface Σ for frequencies
higher than the eigenfrequency of the of the highest interface mode that is taken
into account. The application of interface modes should therefore be applied
prudently.

The dynamic soil-structure interaction techniques were used to study the dynamic
response of a masonry structure due to a traffic induced incident wave field and a
wave field induced by pile driving. The traffic induced incident wave field has a
low frequency content. As a result, the corresponding wavelengths are larger than
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the foundation length. As the incident wave field impinges on the foundation, the
structural response mainly consists of a rigid body motion of the building on the
foundation combined with out-of-plane bending modes of floors and walls. On
the other hand, impact pile driving causes a wave front with a higher frequency
content and a corresponding smaller wavelength. The stiffer soil imposes its
displacements to the structure. As a result, the structural displacements consist of
a significant deformation of the walls at ground level, combined with out-of-plane
bending resonances of walls and floors. These observations are in correspondence
with previous observations [80], where two general situations are distinguished.
First, for a building resting on a soft soil, no wall deformation occurs. The
global structural response is dominated by rigid body kinematics. Second, if the
soil is stiff with respect to the structure, the walls deform in a quasi-static way,
following the ground motion. Additionally, the presence of a (stiff) foundation
prevents wall deformations. The present study shows that the frequency content
and corresponding wavelengths of the incident wave field play a crucial role.

For both the traffic induced vibrations and the vibrations induced by pile driving,
the possibility of structural damage has been assessed by application of the SBR
guideline [198]. For the traffic induced vibrations, the peak particle velocity at the
dominant frequency remains far below the threshold values, even in the worst-case
scenario of a building in a poor condition. For impact pile driving, the application
of the SBR guideline indicates that structural damage is likely to occur. However,
the SBR guideline can only be used as a simple indicator for structural damage.
A practical assessment of vibration induced structural damage should be based on
well-founded considerations on deformations, accounting for the relative stiffness
of the soil and the structure and the frequency content and wavelengths of the
incident wave field.

As the vibrations induced by impact pile driving result in a structural response of
large amplitude, an additional nonlinear analysis is performed where an anisotropic
Hill criterion is considered for the masonry. A time domain boundary element
formulation is used for the computation of the dynamic soil-structure interaction
in combination with a direct time integration for the structure. Two different types
of masonry are considered: masonry with a high and a low tensile strength. For the
high quality masonry, no plastic strains are developed during impact pile driving.
For the low quality masonry, plastic strains develop in the walls at ground level as
a result of the quasi-static deformation induced by the ground motion. The plastic
strains develop progressively as the wave front passes underneath the structure.

In order to assess the effects of repeated low amplitude dynamic loading, a
numerical model for vibration induced foundation settlements of structures has
been formulated that accounts for the long term constitutive behaviour of the soil
and the dynamic response of the soil and the structure during a single load event.
It is assumed that the cyclic part of the loading is small with respect to the static
part, reflecting the stress conditions in the soil underneath a structure loaded by
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a low amplitude incident wave field. As the permanent deformations are only
observed after a large number of load events, only the average plastic deformation
per load cycle is considered. The accumulation model accounts for the dependency
of the deformation on the stress conditions and the cyclic loading amplitude. The
model parameters have been determined by means of cyclic triaxial test data.

The accumulation model has been implemented in a three-dimensional finite
element framework. The time integration is based on a first-order accurate implicit
backward Euler scheme. The evaluation of the constitutive equations employs a
tangent operator that is derived by consistent linearization of the updated stress
and results in a quadratic convergence of the stress point algorithm.

The accumulation model has been applied to compute the differential settlement of
a two-story building founded on loose sandy soil under repeated passages of a truck
on a nearby traffic plateau. As a result of the differential foundation settlement,
the stress distribution in the structure is modified. The global bending of the walls
may result in cosmetic damage. In the case of structures susceptible to differential
foundation settlements, e.g. for a structure where static foundation loads vary,
the differential foundation settlement is expected to be more important and may
result in more considerable structural damage.

8.2 Recommendations for further research

Suggestions for further research are divided in two main subtopics. First, there is a
need for more efficient dynamic soil-structure interaction techniques. Second, more
advanced material models are required for the constitutive behaviour of building
materials and soils under dynamic load events.

Dynamic soil-structure interaction techniques

The rigorous boundary element techniques are very expensive and are hence
limited to problems of moderate size. Transient time domain calculations are
even more challenging, as both the time and the spatial domain are discretized
which results in costly matrix convolutions. A significant research effort has
recently been performed to overcome this disadvantage through the development
of fast boundary element methods. A promising alternative is the fast multipole
boundary element method [138, 155, 205] that is based on multilevel clustering
of the boundary element mesh and employs a multipole series expansion for
the evaluation of the fundamental solution. A drawback of the fast multipole
method is that no multipole series expansion is available for the half-space
geometry, requiring a large mesh for soil-structure interaction problems. Current
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international research involves the development of multipole series expansion for
the half-space geometry.

As an alternative to boundary elements, approximating techniques have been
developed that absorb waves at the boundary of the domain. These techniques
include local absorbing boundary techniques. Because local absorbing boundaries
cause spurious reflections at the edge of the computational domain in a general
three-dimensional case, perfectly matched layers have been developed [40]. A layer
of an artificial strongly damping material is added to the edge of the computational
domain. Classically, use is made of a stress-velocity formulation that is not easy
to incorporate in a finite element framework. Therefore, displacement based
perfectly matched layers have recently been developed [22, 25]. Perfectly matched
layers are a promising alternative to the boundary element method as the waves
are (almost) perfectly absorbed at the edge of the domain, and formulations for
different geometries in the time and the frequency domain are available. While
this is a good alternative for the solution of the source problem, the question
remains how to account for an incident wave field, as the subdomain formulation
of chapters 4 and 5 is no longer applicable.

Constitutive behaviour of masonry

In the present thesis, a continuum approach was followed to model nonlinear
masonry behaviour. In order to properly represent the constitutive behaviour
of masonry, a mesoscale model can be used where the bricks and the mortar layers
are modelled separately. The determination of the material parameters shifts from
the macro the mesoscale, where realistic experimental data are available or readily
determined. A first type of mesomodel is an interface model [131] where possible
cracks are represented by interfaces (commonly the mortar layer) that includes all
nonlinearities. An advantage of such a model is that suitable solution techniques,
such as return mapping and a consistent tangent operator, lead to an accurate
and efficient calculation. In a second approach, both the bricks and the masonry
are modelled with finite elements. In order to properly represent the localisation
of damage, an isotropic damage model is combined with a gradient damage model
[162]. This approach may lead to locking of the finite element solution.

A mesomodel can be further used in a multiscale approach [142], where a numerical
homogenisation technique couples the macroscale and the mesoscale during the
entire computation. An alternative for the multiscale method is the substructuring
approach where a part of the structure, where damage is likely to occur, is modelled
on the mesoscale.

The current international research on the constitutive behaviour of masonry
focusses on some problems related to the use of a classical homogenisation. Mainly
the occurrence of localisation of damage may lead to numerical problems. To solve
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this problem, an extended finite element technique (X-FEM) can be applied [21],
where the crack is represented at the macroscale as a jump in the displacement
field. Unsolved issues, however, are the proper representation of crack initiation
and propagation.

The development of a multiscale model for the masonry should lead, in combination
with the current soil-structure interaction techniques, to a better assessment of the
mechanisms that govern vibration induced damage, e.g. induced by pile driving.

Constitutive behaviour of granular material under cyclic loading

Although there is wide experimental evidence about accumulation of permanent
deformation under cyclic loading, it is not clear whether this effect remains for
small loading amplitudes, or wheter the material behaves perfectly elastic under
certain circumstances. Furthermore, it is still not clearly understood what the role
is of the micro-mechanical processes such as sliding, crushing and wearing of the
grains, in the accumulation of plastic deformation with the number of cycles.

Another unsolved issue related to strain accumulation in granular soils is the
incorporation of non-harmonic, dynamic load events with three-dimensional stress
states. These stress conditions occur e.g. in the case of vibrations arising from
traffic and construction activities. These complex three-dimensional load cycles are
presently represented as an equivalent, one-dimensional harmonic load. The shape
of the cycle and the loading frequency are also of crucial importance as they can
significantly influence the intensity of accumulation [167]. Up to now it is not clear
how the shape of the loading cycle is linked to the accumulation rate and whether
high loading frequencies generate a different settlement behaviour. Further
investigation on accumulation phenomena in granular soils is needed. Especially
complex (random and multi-dimensional) cycles at high loading frequencies are of
interest.

A micro-mechanical approach, commonly applied for the study of granular
materials under monotonic static loads [151], can be applied to the analysis of
granular soils under repeated dynamic loading. This has the potential to give
answers to the above questions.

Such a micro-mechanical approach considers an assembly of grains, randomly
generated based on a statistical distribution of grain size and shape. This allows
to assess micro-structural properties such as the porosity, but requires that the
location of each particle can be determined at each stage of the loading program.
Discrete element methods meet this requirement, as the equations of motion are
solved over time for each particle [221].

Another essential feature of granular media is the non-homogeneous distribution of
contact forces. High contact forces usually propagate along more or less rectilinear
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contact or force chains, whereas small or moderate contact forces prevail in the
remainder of the soil specimen. The set of force chains constitutes the strong
phase, which plays an essential role to ensure the transmission of stresses within
the medium and is responsible for its stiffness and strength. The ideas developed
for monotonic static loading of grain assemblies should therefore be extended to
repeated cyclic loading. This requires an extensive understanding of the behaviour
of intergranular contact and the redistribution of contact chains under repeated
cyclic loading. These mechanisms form the main source of material damping under
low amplitude cyclic loading.

The above micro-mechanical model approach is limited to small grain assemblies.
An appropriate homogenisation technique, similar to the homogenisation for
masonry structures, can be used to relate macro-mechanical stresses and strains
to their micro-mechanical counterparts. This could allow for the use of micro-
mechanical constitutive models for the solution of practical geotechnical problems,
i.e. the settlement of structures due to repeated dynamic loads.
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Paris VI, 1984. Thèse d’Etat.
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E. Oñate, and B. Schrefler, editors, Computational Methods for Coupled Problems
in Science and Engineering, Santorini, Greece, May 2005. CD-ROM.

G. Lombaert, G. Degrande, J. Kogut, S. François, W. Haegeman, and L. Karl.
An experimental validation of a numerical model for railway induced vibrations at
different levels. In D. Thompson and C. Jones, editors, 8th International Workshop
on Railway Noise, volume 1, pages 97–106, Buxton, UK, September 2004.

S. François, L. Pyl, H.R. Masoumi, and G. Degrande. Parametric study on
determining factors for traffic induced vibrations in buildings. In ISMA2004
International Conference on Noise and Vibration Engineering, Leuven, Belgium,
September 2004.

J. Kogut, G. Lombaert, S. François, G. Degrande, W. Haegeman, and L. Karl. High
speed train induced vibrations: in situ measurements and numerical modelling. In
10th International Congress on Sound and Vibration, pages 1689–1696, Stockholm,
Sweden, July 2003. CD-ROM.

National conference papers

H.R. Masoumi, S. François, and G. Degrande. A hybrid formulation for the
prediction of ground vibration due to pile driving. In Proceedings of the 7th
National Congress on Theoretical and Applied Mechanics, Mons, Belgium, May
2006. National Committee for Theoretical and Applied Mechanics.

S. François, H.R. Masoumi, and G. Degrande. A time domain coupled boundary
element - finite element method for the dynamic response of structures. In
Proceedings of the 7th National Congress on Theoretical and Applied Mechanics,
Mons, Belgium, May 2006. National Committee for Theoretical and Applied
Mechanics.

G. Lombaert, G. Degrande, and S. François. Isolation of ground-borne vibrations
from railway traffic by means of continuous floating slabs. In Proceedings of the
7th National Congress on Theoretical and Applied Mechanics, Mons, Belgium, May
2006. National Committee for Theoretical and Applied Mechanics.

G. Lombaert, S. François, G. Degrande, and J. Kogut. Validation of a numerical
model for railway induced vibrations. In Proceedings of the 6th National Congress
on Theoretical and Applied Mechanics, Ghent, Belgium, May 2003. National
Committee for Theoretical and Applied Mechanics.



206 CURRICULUM VITAE

Internal reports

G. Degrande, J. Carmeliet, B. Sluys, J. Vantomme, W. Haegeman, H.R. Masoumi,
S. François, S. Gupta, P. Moonen, H. Derluyn, S. Mertens, C. Karg, B. Desmet,
O. Lloberas, and M. Schevenels. Structural damage due to dynamic excitations:
a multi-disciplinary approach. Fourth annual report BWM-2008-02, Department
of Civil Engineering, K.U.Leuven, February 2008. SBO Project IWT 03175.

M. Schevenels, G. Degrande, and S. François. EDT: Elastodynamics Toolbox
for MATLAB. Version 2.1. User’s manual BWM-2007-11, Department of Civil
Engineering, K.U.Leuven, November 2007.

S. François, M. Schevenels, and G. Degrande. Applicabiliby of the MASW method
on dykes. Report BWM-2007-06, Department of Civil Engineering, K.U.Leuven,
March 2007. Report to Geotomographie Gmbh.

G. Degrande, J. Carmeliet, B. Sluys, J. Vantomme, W. Haegeman, H.R. Masoumi,
S. François, S. Gupta, H. Janssen, P. Moonen, H. Derluyn, S. Mertens, C. Karg,
and M. Schevenels. Structural damage due to dynamic excitations: a multi-
disciplinary approach. Third annual report BWM-2007-04, Department of Civil
Engineering, K.U.Leuven, January 2007. SBO Project IWT 03175.

S. François, C. Karg, G. Degrande, and W. Haegeman. Formulation and
implementation of a long-term accumulation model for soils under low-amplitude
cyclic loading. Report BWM-2007-03, Department of Civil Engineering,
K.U.Leuven, January 2007. SBO Project IWT 03175.

H.R. Masoumi, S. François, and G. Degrande. Solution of dynamic soil-
structure interaction problems using a hybrid frequency-time domain approach:
application to foundation pile driving. Report BWM-2007-02, Department of Civil
Engineering, K.U.Leuven, January 2007. SBO Project IWT 03175.

S. François, H.R. Masoumi, and Degrande. Trillingsmetingen in een woning
aan de Loverstraat 53 te Sint-Baafs-Vĳve. Report to F. Dooms BWM-2006-10,
Department of Civil Engineering, K.U.Leuven, May 2006.

G. Degrande, J. Carmeliet, B. Sluys, J. Vantomme, W. Haegeman, H.R. Masoumi,
S. François, S. Gupta, H. Janssen, P. Moonen, O. Lloberas, S. Mertens,
K. De Proft, and C. Karg. Structural damage due to dynamic excitations: a
multi-disciplinary approach. Second annual report BWM-2006-01, Department of
Civil Engineering, K.U.Leuven, January 2006. SBO Project IWT 03175.

G. Degrande, J. Carmeliet, B. Sluys, J. Vantomme, W. Haegeman, H.R. Masoumi,
S. François, S. Gupta, H. Janssen, P. Moonen, O. Lloberas, S. Mertens,
K. De Proft, and C. Karg. Structural damage due to dynamic excitations: a
multi-disciplinary approach. First annual report BWM-2005-01, Department of
Civil Engineering, K.U.Leuven, January 2005. SBO Project IWT 03175.



CURRICULUM VITAE 207

S. François and G. Degrande. Non-linear dynamic soil-structure interaction in
the time domain: response of a structure with a disk foundation. Technical
Report BWM-2005-03, Department of Civil Engineering, K.U.Leuven, January
2005. Research assistantship FWO Flanders.

S. François, G. Lombaert, and G. Degrande. Trillingsmetingen in een woning
Jan Van Heelustraat 1 te Zoutleeuw. Report BWM-2003-19, Department of Civil
Engineering, K.U.Leuven, December 2003.





Appendix A

The computation of the traffic

induced wave field

A.1 Introduction

This appendix presents a model for the computation of the traffic induced wavefield.
The proposed model shows a strong similarity to the model presented by Lombaert
[79, 123, 125, 126, 127]. Figure A.1 shows the road and the soil-structure interface
Σrs. The origin of the Cartesian frame of reference is located at the center of the
road in the middle of the traffic plateau.

The main difference between the present model and the model proposed by
Lombaert [123] is that the bending of the plate in the (x, z)-plane is accounted for,
whereas the original model assumed a rigid cross section for the road. Secondly, the
current plate model is fully welded to the soil as all three displacement degrees of
freedom are coupled to the soil domain. The original formulation assumed relaxed
boundary conditions, only transferring vertical tractions between the road and the
soil. While these two assumptions are well acceptable for the problem at hand,
the proposed methodology is more flexibly extended to similar 2.5-dimensional
problems such as embedded or elevated roads or railway tracks or tunnels.

As the road-soil interaction problem is invariant with respect to the longitudinal
coordinate y, a Fourier transform from the longitudinal coordinate y to the
wavenumber ky is performed. This computationally efficient approach is
commonly employed for the calculation of three-dimensional wave propagation
in longitudinally invariant structures such as roads [123], railway tracks [128, 129],
and tunnels [188].
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Ωr

Ωs
Ar

Σrs

xy

z

Figure A.1: Coupled 2.5-dimensional finite element – boundary element model for
the solution of the coupled road-soil interaction problem.

A.2 Solution of the road-soil interaction problem

For the solution of the road-soil interaction problem, the subdomain formulation
described in section 4.2 is used, where the road Ωr is considered as the (generalized)
the structure. The aim of the analysis is to compute the wave field scattered by the
road due to the axle loads on the road. As a result, the displacement field in the
soil us is equal to the wave field ud radiated by the interface Σrs. The virtual work
equation (4.16), rewritten for the current road-soil interaction problem, yields:

∫

Ωr

ε(v) : σr(ur) dΩ− ω2

∫

Ωr

v · ρrur dΩ +

∫

Σ

v · tn
e
s

s (us) dΣ

=

∫

Γrσ

v · t̄nr
r dΓ +

∫

Ωr

v · ρrbr dΩ (A.1)

For the discretization of the virtual work equation, a 2.5-dimensional approach is
followed. The displacements are discretized by means of shape functions in the
(x, z)-plane, maintaining the dependency on the longitudinal coordinate y (figure
A.2). The road is modelled as a plate. The vertical deformation of the road satisfies
Kirchhoff plate theory and is discretized by means of cubic shape functions in the
(x, z)-plane. The horizontal deformation of the road is a two-dimensional plane
stress state in the (x, y)-plane. The horizontal deformations in the (x, y)-plane
are discretized by means of linear shape functions along the x-axis. The resulting
two-node shell element has four degrees of freedom per node, i.e. the displacements
ux, uy and uz and the rotation φy around the y-axis. Collecting the degrees of
freedom in a vector

¯
ur(y, t), the discretization is written as:

ûr(x, y, z, ω) = Nr(x, z)
¯
ûr(y, ω) in Ωr (A.2)
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Upon introduction of the discretization (A.2) into the virtual work equation (A.1)
for the road, a Galerkin approach yields the following discretized equation:

− ω2Mrr
¯
ûr (y, ω) + K0

rr¯
ûr (y, ω) + K1

rr

∂
¯
ûr

∂y
(y, ω) + K2

rr

∂2

¯
ûr

∂y2
(y, ω)

+ K3
rr

∂3

¯
ûr

∂y3
(y, ω) + K4

rr

∂4

¯
ûr

∂y4
(y, ω) + K̂s

rr(y, ω)
¯
ûr (y, ω) =

¯
f̂r (y, ω) (A.3)

The stiffness matrices K̂0
rr to K4

rr involve integrals of products of the constitutive
tensor and (derivatives) of the shape function. All system matrices are independent
of the frequency ω and the longitudinal coordinate y. K0

rr and Mrr correspond
to the classical two-dimensional finite element stiffness and mass matrices. The
vector

¯
f̂r(y, ω) represents the nodal load vector.

The dynamic soil stiffness matrix:

K̂s
rr(y, ω) =

∫

S(y)

NT
r ts (us) dS (A.4)

is computed with a 2.5-dimensional boundary element method as elaborated in
the next section.

Equation (A.3) shows that the 2.5-dimensional finite element method partially dis-
cretizes the governing equations, maintaining the dependency on the longitudinal
coordinate y. The differential equation (A.3) is solved by a Fourier transform from
the longitudinal coordinate y to the horizontal wavenumber ky:

(

− ω2M + K0 − ikyK1 − k2
yK2 − ik3

yK3 + k4
yK4

+ K̃s
rr(y, ω)

)

˜
¯
ur(ky, ω) = ˜

¯
f r(ky , ω) (A.5)

where a tilde above a variable indicated its representation in the wavenumber-
frequency domain. Equation (A.5) represents the equilibrium equation of the
coupled road-soil system in the wavenumber-frequency domain.

A.3 The 2.5-dimensional boundary element equation

The solution of the coupled road-soil interaction problem, equation (A.5), requires
the dynamic soil stiffness matrix K̃s

rr(y, ω). Hereto, a 2.5-dimensional boundary
integral approach is followed, where the boundary integral equation (3.44) is
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elaborated in the wavenumber domain. As the road-soil interface is located at
the surface of the layered half-space, equation (3.44) is written as:

ûi(x
′, ω) =

∫

Σrs

uG
ij(x

′,x, ω)tnj (x, ω)dΣ (A.6)

In the following, the three coordinates x, y, z and x′, y′, z′ of the receiver x and
the source x′ are represented explicitly:

ûi(x
′, y′, z′, ω) =

∫

Σrs

uG
ij(x

′, y′, z′, x, y, 0, ω)tnj (x, y, 0, ω) dΣ (A.7)

The integral equation (A.7) is rewritten as [123]:

ûi(x
′, y′, z′, ω) =

∫ +B

−B

∫ +∞

−∞

uG
ij(x

′, y′, z′, x, y, 0, ω)tnj (x, y, 0, ω) dx dy (A.8)

Lombaert [123] shows that the integral equation (A.8) can be transformed to the
wavenumber domain ky, considering the invariance of the road-soil interface in the
y-direction, as:

ũi(x
′, ky, 0, ω) =

∫ +B

−B

ũGji(0, 0, 0, x
′ − x, ky, 0, ω)t̃nj (x, ky , 0, ω) dx dy (A.9)

xy

z

x′
x

Figure A.2: Three-dimensional representation of the 2.5-dimensional Green’s
functions. The displacements along the line {x, y = 0, z}T are due to
a spatially sinusoidal varying load along the line {x′, y = 0, z′}T.

The displacements and tractions are discretized as:

u(x, y, z, t) = Ns(x, z)us(y, t) on Σrs (A.10)

where the vector us collects all nodal displacements. For the tractions, the same
shape functions are employed:

tn(x, y, z, ω) = Ns(x, z)ts(y, ω) on Σrs (A.11)
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where the vector ts collects all nodal tractions. After introduction of the
discretizations (A.10) and (A.11) in the boundary integral (A.9), the following
discretized boundary element system is obtained:

ũs(ky , ω) = U(ky , ω)t̃s(ky , ω) (A.12)

The boundary element integration is very similar to classical two-dimensional
boundary element integration. The only difference is the number of components in
the Green’s displacement function which corresponds to three degrees of freedom
per node. The boundary integrals are at most weakly singular and are integrated
by means of a classical Gaussian integration.

The free field response ûi(x, y, z, ω) due to a vertical moving load in the y-direction
is obtained through an inverse wavenumber transform [123]:

ûi(x, y, z, ω) =
1

2π

∫ +∞

−∞

ĝk(ω − kyv)ĥzi(x, ky, z, ω)e−iky(y−yk) dky (A.13)

Hence, the computation of the traffic induced wavefield requires the computation
of the axle loads and the transfer function ĥzi(x, ky , z, ω) between the road and
the free field.

A.4 2.5-dimensional Green’s functions

The 2.5-dimensional boundary integral equation involves Green’s functions in the
wavenumber-frequency domain (x, ky , z, ω). A first approach to compute these
Green’s functions would be to transform the Green’s functions from the spatial
domain (x, y, z) to the single Fourier transformed domain (x, ky , z) through the
use of a Fourier transform. However, as the Green’s functions are computed by
means of the direct stiffness approach, this involves two integral transforms: one
Hankel transform from the radial wavenumber domain kr to the spatial domain
(equations (A.14)-(A.22)) followed by a Fourier transform from the spatial domain
to the single Fourier transformed domain (x, ky , z).

A computationally more attractive approach is to derive a relationship between the
two-dimensional Green’s functions and the three-dimensional Green’s functions in
the double Fourier transformed domain kx, ky. With these relations, elaborated
in the following, only a single inverse Fourier transform is required for the
computation of the Green’s functions in the wavenumber domain (x, ky, z).

For the Green’s displacements, this relation is deduced from the following
representation of the three-dimensional Green’s functions ûG3D in terms of inverse
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Hankel transforms of the two-dimensional Green’s functions ûG2D [182]:

ûG3D
xx =

1

4π

(

H−1
0

[
ũG2D
xx + ũG2D

yy ; r
]
−H−1

2

[
ũG2D
xx − ũG2D

yy ; r
]

cos(2θ)
)

(A.14)

ûG3D
xy = − 1

2π
H−1

2

[
ũG2D
xx − ũG2D

yy ; r
]

sin θ cos θ (A.15)

ûG3D
xz = − 1

2π
H−1

1

[
iũG2D
xz ; r

]
cos θ (A.16)

ûG3D
yx = − 1

2π
H−1

2

[
ũG2D
xx − ũG2D

yy ; r
]

sin θ cos θ (A.17)

ûG3D
yy =

1

4π

(

H−1
0

[
ũG2D
xx + ũG2D

yy ; r
]

+H−1
2

[
ũG2D
xx − ũG2D

yy ; r
]

cos(2θ)
)

(A.18)

ûG3D
yz = − 1

2π
H−1

1

[
iũG2D
xz ; r

]
sin θ (A.19)

ûG3D
zx = − 1

2π
H−1

1

[
iũG2D
zx ; r

]
cos θ (A.20)

ûG3D
zy = − 1

2π
H−1

1

[
iũG2D
zx ; r

]
sin θ (A.21)

ûG3D
zz =

1

2π
H−1

0

[
ũG2D
zz ; r

]
(A.22)

where the three-dimensional spatial Green’s functions ûG3D
ij are written as Hankel

transforms of the wavenumber domain two-dimensional Green’s functions ũG2D
ij .

The equations (A.14)-(A.22) are Fourier transformed from the spatial domain to
the horizontal wavenumber domain in terms of integrals in the radial and azimuthal
direction [194]:

˜̃uG3D
ij (z′, kx, ky, z, ω) =

∫ ∞

−∞

∫ ∞

−∞

ûG3D
ij (z′, x, y, z, ω)eikxx+ikyy dx dy (A.23)

As the Green’s functions (A.14)-(A.22) are written in terms of cylindrical
coordinates, it is convenient to rewrite the Fourier transform (A.23) as [165]:

˜̃uG3D
ij (z′, kx, ky, z, ω) =

∫ ∞

0

∫ 2π

0

rûG3D
ij (r cos θ, r sin θ)eirkr cos(θ−φ) dθ dr (A.24)

where the relationships kx = kr cosφ and ky = kr sin φ or equivalently kr =
√

k2
x + k2

y have been introduced. The inner integral in equation (A.24) over the
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azimuthal direction is solved by applying the integral representation of the ordinary
Bessel function Jn of order n [165]:

Jn(r) =
1

2πin

∫ 2π

0

einθeir cos θ dθ (A.25)

which allows to prove the following identities:

∫ 2π

0

sin θ eiz cos (θ−φ) dθ = 2πi sinφJ1(z) (A.26)

∫ 2π

0

cos θ eiz cos (θ−φ) dθ = 2πi cosφJ1(z) (A.27)

∫ 2π

0

sin2 θ eiz cos (θ−φ) dθ = π cos (2φ)J2(z) + πJ0(z) (A.28)

∫ 2π

0

cos2 θ eiz cos (θ−φ) dθ = −π cos (2φ)J2(z) + πJ0(z) (A.29)

∫ 2π

0

sin θ cos θ eiz cos (θ−φ) dθ = −π sin (2φ)J2(z) (A.30)

The remaining integral in the radial direction is subsequently identified as a
forward Hankel transform, which cancels the inverse Hankel transform in the
integrand. Finally, the following expressions for the Fourier transformed Green’s
functions are finally obtained:

˜̃uG3D
xx =

1

2

(
ũG2D
xx + ũG2D

yy

)
+

1

2

(
ũG2D
xx − ũG2D

yy

)
cos (2φ) (A.31)

˜̃uG3D
xy =

1

2

(
ũG2D
xx − ũG2D

yy

)
sin (2φ) (A.32)

˜̃uG3D
xz = ũG2D

xz cosφ (A.33)

˜̃uG3D
yx =

1

2

(
ũG2D
xx − ũG2D

yy

)
sin (2φ) (A.34)

˜̃uG3D
yy =

1

2

(
ũG2D
xx + ũG2D

yy

)
− 1

2

(
ũG2D
xx − ũG2D

yy

)
cos (2φ) (A.35)

˜̃uG3D
yz = ũG2D

xz sin φ (A.36)

˜̃uG3D
zx = ũG2D

zx cosφ (A.37)

˜̃uG3D
zy = ũG2D

zx sin φ (A.38)
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˜̃uG3D
zz = ũG2D

zz (A.39)

Equations (A.40)-(A.39) provide a simple relationship between the two-dimensional
wavenumber domain Green’s displacements ũG2D

ij and the wavenumber domain

three-dimensional Green’s displacements ˜̃uG3D
ij . The Green’s functions ũG2D

ij are
computed by means of the direct stiffness method [117, 182] and yield, without
the use of any integral transform, the Green’s functions ˜̃uG3D

ij . Only a single inverse

Fourier transform is required for the computation of the Green’s functions ũG3D

ij

in the single Fourier transformed domain (x, ky , z).

The inverse Fourier transform from the wavenumber kx to the coordinate x is
performed numerically by means of the algorithm of Talman [206] as discussed
in section 2.3.3, yielding the Green’s displacements ũG3D

ij and stresses σ̃G3D

ijk in
the single Fourier transformed domain (x, ky , z). The equations (A.40)-(A.39),
including the transformation from to the single Fourier transformed domain
(x, ky , z) are implemented in the MATLAB toolbox EDT2.1.

In a similar way, the wavenumber tractions ˜̃tG3Dez

ij are related to the tractions

t̃G2Dez

ij :

˜̃tG3Dez

xx =
1

2

(
t̃G2Dez

xx + t̃G2Dez

yy

)
+

1

2

(
t̃G2Dez

xx − t̃G2Dez

yy

)
cos (2φ) (A.40)

˜̃tG3Dez
xy =

1

2

(
t̃G2Dez
xx − t̃G2Dez

yy

)
sin (2φ) (A.41)

˜̃tG3Dez

xz = t̃G2Dez

xz cosφ (A.42)

˜̃tG3Dez

yx =
1

2

(
t̃G2Dez

xx − t̃G2Dez

yy

)
sin (2φ) (A.43)

˜̃tG3Dez

yy =
1

2

(
t̃G2Dez

xx + t̃G2Dez

yy

)
− 1

2

(
t̃G2Dez

xx − t̃G2Dez

yy

)
cos (2φ) (A.44)

˜̃tG3Dez
yz = t̃G2Dez

xz sinφ (A.45)

˜̃tG3Dez

zx = t̃G2Dez

zx cosφ (A.46)

˜̃tG3Dez

zy = t̃G2Dez

zx sinφ (A.47)

˜̃tG3Dez

zz = t̃G2Dez

zz (A.48)
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The strains ˜̃εG3D
ixx , ˜̃εG3D

iyy and ˜̃εG3D
ixy are computed from the displacements as:

˜̃εG3D
ixx (kx, ky) = −ikx ˜̃uG3D

ix (A.49)

˜̃εG3D

iyy (kx, ky) = −iky ˜̃uG3D

iy (A.50)

˜̃εG3D
ixy (kx, ky) = − i

2

(

ky ˜̃u
G3D
ix + kx ˜̃u

G3D
iy

)

(A.51)

Finally, the remaining unknown components of the Green’s stress and strain
tensors are obtained by means of the constitutive equations.


	Voorwoord
	Samenvatting
	Summary
	List of Symbols
	Contents
	List of Figures
	List of Tables
	Introduction
	Vibrations in the built environment
	Prediction models
	Modelling of vibration sources
	Modelling of the response of nearby structures
	Modelling of structural damage
	Modelling of soil behavior under cyclic loading
	Further needs

	Focus of the thesis
	Methodology
	Original contributions

	Organisation of the text

	Wave propagation in the soil
	Introduction
	Governing equations
	Fundamental solutions
	Introduction
	The direct stiffness method
	The inverse wavenumber transform
	The transformation from the frequency to the time domain
	Applications

	Conclusion

	The boundary element method in elastodynamics
	Introduction
	The boundary integral equation
	Dynamic reciprocity identity
	Integral representation

	Time domain boundary elements
	Discretization
	Collocation
	The corner problem
	Evaluation of the displacement inside the domain
	Computation of the element integrals
	The stability issue
	Applications

	Frequency domain boundary elements
	Discretization
	Collocation
	Evaluation of the displacement inside the domain
	Fictitious eigenfrequencies
	Applications

	Conclusion

	Dynamic soil-structure interaction in the frequency domain
	Introduction
	Subdomain formulation
	The structural subdomain
	The soil subdomain
	The interaction problem

	Computation of the soil stiffness
	Application
	Conclusion

	Dynamic soil-structure interaction in the time domain
	Introduction
	Subdomain formulation
	The structural subdomain
	The soil domain
	The interaction problem
	Direct time integration

	The evaluation of the soil-structure interaction forces
	Direct evaluation of the interaction forces
	Hybrid frequency-time domain evaluation of the interaction forces

	Finite element -- boundary element coupling
	Direct finite element -- boundary element coupling
	Iterative coupling
	Sequential Neumann-Dirichlet algorithm

	Applications
	Wave scattering problem
	Surface foundation

	Conclusion

	The response of a masonry structure to ground vibrations
	Introduction
	The masonry structure
	The geometry of the building
	Craig-Bampton decomposition

	Response due to a traffic induced wave field
	Introduction
	The traffic induced wave field
	The structural response
	Evaluation of structural damage

	Response of a structure due to impact pile driving
	The incident wave field
	Structural response
	Assessment of structural damage

	Nonlinear computation of the structural response due to impact pile driving
	The plasticity model
	The structural response

	Conclusion

	Behaviour of granular soils under repeated small amplitude loading
	Introduction
	Granular soils under repeated small amplitude cyclic loading
	Introduction
	Modelling of strain accumulation
	Cyclic triaxial tests

	Model calibration
	Numerical integration of the accumulation law
	Applications
	Triaxial test
	Settlement of a circular foundation
	The settlement of a masonry building

	Conclusion

	Conclusions and recommendations for further research
	Conclusions
	Recommendations for further research

	Bibliography
	Curriculum vitae
	The computation of the traffic induced wave field
	Introduction
	Solution of the road-soil interaction problem
	The 2.5-dimensional boundary element equation
	2.5-dimensional Green's functions


