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Abstract

Even though as a reader of this magazine you probably have a firm grasp of the concepts

of phase and phase delay, there may still be some extra facets which have not drawn your

attention yet. This article might shed a new light on them.

It’s a well known property of a linear circuit that when a sinusoidal voltage (or current) is applied
to it, all voltages and currents in the circuit will also be sinusoidal once the circuit has attained
steady state conditions. Let us consider as an example of such a linear circuit the trivial low pass
filter in figure 1.
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Figure 1: low pass filter

If ui(t) = AI cos (ωt) then uo (t) can be written as AO cos (ωt + ϕ) in which ϕ is called the
(relative) phase. An alternative expression is uo (t) = AO cos [ω (t − td)], td in the latter expression
is called the phase delay. As both expressions for uo (t) are equivalent, the connection between
relative phase and phase delay is given by:

ϕ = −ωtd ( ∀ω ∈]0,∞[ ) (1)

Notice the bracketed expression in equation 1, this may seem nitpicking at first sight but it is not.
If we would allow ω to become actually zero or infinity our definition of td would no longer make
sense as both uo(t) and ui(t) always have to stay sinusoidal voltages.

If you are rather a “hands on type of person” and you actually want to measure td with your
dual channel oscilloscope you will probably think of it as the time between two corresponding
successive zero crossings of uo (t) and ui (t) as shown in figure 2. You could of course also measure
between two successive maxima but measuring between zero crossings is usually easier and more
precise.
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Figure 2: measuring phase delay for figure 1

Now that all the main actors of our play are clearly present let us perform a little mind game.
Consider for yourself the following statements without reading further and mark them as either
true or false:

1. Two signals are in phase when their relative phase equals zero

• � true

• � false

2. Two signals are in phase when the phase delay between them equals zero

• � true

• � false

Let us look at our low pass filter once again. Its phase response is given by:

ϕ = − arctan (ωRC) (2)

If you lower the input frequency, the relative phase can get as near to zero as you wish i.e. you
can get both signals as close to “being in phase” as you want. What about the phase delay? Can
we get that also as close to zero as we want by lowering ω? To find that out let us calculate the
phase delay by combining formula 1 with formula 2:

td =
arctan (ωRC)

ω
(3)

When we lower ω then both the numerator and the denominator of the right side of equation 3
decrease. To see which value their ratio is getting at, let us use de L’Hôpital’s Rule:

lim
ω→0

arctan (ωRC)

ω
= lim

ω→0

RC

1+(ωRC)2

1
= RC (4)

Equation 4 shows that by lowering ω we cannot get td as close to zero as we want as RC acts
as a lower limit for this filter. So, if you answered both statements were true in our little quiz
above you fell in the trap I carefully set up for you. I have confronted quite a few people involved
in electronics with this quiz and I can tell you more than 50% thought both statements were
equivalent. Of course I would not have written this article if all this had not looked paradoxical
to me at first sight too.

Why are so many people thinking like this? I think there are a few plausible explanations.
First of all we are not as much used to the concept of phase delay as we might think. When people
are studying linear electronic circuits most attention goes to the amplitude characteristics and to
a lesser extent to phase characteristics because most of the time these are all you need to design
and understand them. Phase delay as such is seldom studied. Have you ever seen a phase delay

2



diagram? I guess not, I have drawn the phase delay diagram of our example low pass filter in
figure 3, it may look at first sight a bit like the corresponding phase diagram but its shape is in
reality not simular to it. Notice it is not symmetrical with respect to its inflection point as is the
case for the corresponding phase diagram. Its inflection point is also not situated at 1

2πRC
.

When it comes to measurement practice it is common to put the time base out of calibration
for measuring relative phase directly by making e.g. 9 horizontal divisions equal to 180◦, thus
making a calculation of ϕ via td unnecessary.
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Figure 3: phase delay diagram for figure 1

Another explanation finds its origins in equation 1 which misleadingly might suggest a linear
relationship similar to y = a ·x, this of course is not true as td itself is also a function of ω. A plot
of td (ω) as a function of ϕ (ω) for our low pass filter is shown in figure 4.
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Figure 4: ϕ as a function of phase delay for figure 1
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A final explanation for the confusion is our failing perception when seeing signals on an oscil-
loscope. When you display ui en uo both on a scope screen for low frequencies, the phase delay
may become unnoticeable on that scale of your time base, giving you the false impression that it
equals zero.

This does not conclude our story yet. A few extra questions may come to mind. Is it true the
time between two corresponding consecutive zero crossings of uo and ui for our low pass filter can
never become lower than RC? No, it is not, if we increase ω, td can become as close to zero as we
want, this corresponds to ϕ aiming at π

2 . This may also come as a surprise when you first realize
it. You can see this happen in the lower left corner of figure 4 which could be called a phase phase
delay diagram. You may also wonder now whether all low pass filters behave like this i.e. does td
never go to zero for all of them when ω → 0? Look for instance at the filter in figure 5 for which a
phase phase delay diagram is shown in figure 6. For this filter both ϕ and td go to zero as ω → 0.
This shows that the second statement of our quiz is not universally false.
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Figure 5: low pass for which both ϕ and td go to zero when ω → 0
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Figure 6: phase phase delay diagram for figure 5

As a final remark, notice that the low pass filter of figure 1 can come in handy to generate
a fixed delay for a signal as long as its frequency content is not too high. The low pass filter
thus acts as a replacement of a unidirectional delay line. If you want e.g. a delay of RC seconds
within a margin of error of 1% our low pass filter will fulfill its job as long as signal frequencies
are 6 843Hz, if a margin of error of 10% is good enough, the frequency limit equals 2906Hz as
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can be checked in figure 3. In the first case the delayed signal will not be attenuated more than
0.13dB, in the second case the attenuation is kept below 1.35dB.

I hope this article shows that there is more to say about relative phase and phase delay than
most electronics books usually do and that a tendency or property which holds for one of them
not necessarily is also true for the other.
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