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Introduction

One of the most fundamental characteristics of a nucleus is its shape. Nuclear
properties, ranging from electromagnetic moments and transition probabilities
to half-lives and energy levels, display a strong dependence on the nuclear defor-
mation. Various collective models, based on assuming a specific nuclear shape,
have been successful in explaining a wide variety of nuclear features. These
models, however, do not explain the origin of the deformation. The task of un-
raveling the microscopic mechanisms that cause deformation forms a large part
of modern nuclear structure research, both theoretically and experimentally.
The nuclear quadrupole moment is an excellent tool to investigate deforma-
tion and collective behavior in nuclei. It provides a direct link to the nuclear
deformation - contrary to the electric quadrupole transition strength B(E2) -
because it probes the charge distribution of a single nuclear state. Developing
reliable methods to measure quadrupole moments of exotic nuclear states can
therefore make a significant contribution to our insight into their structure.

The Time Differential Perturbed Angular Distribution (TDPAD) technique
is a hyperfine interaction method suitable for measuring the gyromagnetic ratio
(g factor) and the spectroscopic quadrupole moment eQs of isomeric states with
half-lives from typically 10 ns up to about 100 µs. It is based on the fact that
the hyperfine interaction perturbs the nuclear spin orientation, an effect which
manifests itself as a modulation of the anisotropy in the angular distribution of
the de-exciting γ-rays. Up to now, TDPAD has mainly been applied to isomers
populated in fusion-evaporation reactions. The high degree of spin alignment
produced in these reactions makes them particularly suited for TDPAD, but
they have the disadvantage that neutron-rich nuclei are not produced.

During the last two decades, advances in the production of radioactive ion
beams have led to the exploration of the uncharted territory of exotic neutron-
rich nuclei. One of the methods which has proven to be an indispensable tool for
experimental nuclear structure research is projectile-fragmentation, combined
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with in-flight mass separation. In a projectile-fragmentation reaction, the pro-
jectile nuclei undergo a peripheral collision with the target nuclei and break up
into a variety of lighter fragments. Employing this reaction mechanism, one
can produce nuclei in every mass region, including neutron-rich isotopes.

The discovery of spin orientation in projectile-fragmentation reactions [1, 2]
has caused a revival in nuclear moments1 measurements since the early nineties.
So far, the focus has been primarily on ground-state measurements with po-
larized beams via the β-NMR (Nuclear Magnetic Resonance) technique. The
application of TDPAD to projectile-aligned isomers has to date been very lim-
ited and prior to this work also restricted to g factor measurements.

A significant amount of spin alignment was observed in a first proof-of-
principle TDPAD experiment on a known isomer, produced in a high energy
projectile-fragmentation reaction at 500 MeV/u [3]. In a pioneering experiment
on exotic nuclei, populated in intermediate-energy projectile fragmentation at
60 MeV/u, the g factors of several isomers around 68Ni were measured [4]. Only
low amounts of alignment were observed however. A subsequent experiment,
dedicated to measuring the g factor of the 9/2+ isomer in 61Fe, implemented
several experimental improvements and enhanced the sensitivity by a factor of
10. The success of the latter experiment has motivated us to go a step further
and measure the quadrupole moment.

Perturbed angular distributions for quadrupole moment measurements with
spin-aligned ensembles can be calculated from the tables given in Ref. [5].
However, only the standard geometry is considered in that paper. This work
presents an in-depth treatment of the TDPAD formalism and derives general
formulas for the perturbed angular distributions. These can be used to ex-
plicitly calculate the influence of any deviations from the optimal geometry.
Moreover, they allow to investigate the feasibility of performing quadrupole
moment measurements with large detector arrays.

Projectile-fragmentation reactions also offer the possibility of selecting a
spin-polarized ensemble. In contrast with measurements on spin-aligned nuclei,
TDPAD experiments with polarized isomeric beams are also sensitive to the
sign of the spectroscopic quadrupole moment eQs. In certain cases, the sign
of the intrinsic quadrupole moment eQ0 can be derived from the sign of eQs,
thus allowing to establish the prolate or oblate character of the deformation.

1i.e. the g factor and the spectroscopic quadrupole moment eQs
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An experiment of this type has yet to be performed.
This work is divided into two parts. The first part aims to provide a de-

tailed description of the theoretical formalism, necessary to understand, plan
and interpret TDPAD experiments. Chapter 1 introduces the relevant physi-
cal concepts and develops the necessary framework. TDPAD experiments on
projectile-aligned isomers are treated in chapter 2 and a brief outlook on the
possibility of measurements with large detector arrays is presented. The feasi-
bility of using polarized isomeric beams to extract the sign of the spectroscopic
quadrupole moment is investigated in Chapter 3. The second part (chapter 4)
describes the quadrupole moment measurement of the intruder 9/2+ isomer in
61Fe and addresses the possible onset of deformation in the Fe isotopes when
approaching N = 40.





Part I

Time Differential Perturbed

Angular Distribution

experiments following

projectile-fragmentation

reactions





Chapter 1

Perturbed spin orientation and

angular distribution of γ-rays

This chapter starts by introducing the hyperfine interaction and nuclear spin
orientation. Next, the influence of the hyperfine interaction on the spin orien-
tation is described and the chapter concludes with a section on γ-ray angular
distributions. The treatment is rather detailed because these concepts form
the basis of the TDPAD formalism. Moreover, the differing conventions and
definitions found in the literature make it worthwhile to list all the necessary
formulas in order to have a consistent description and avoid mistakes.

Although this thesis is focused on quadrupole moment measurements, the
formalism for magnetic dipole TDPAD is also explained, both for the sake of
completeness and because it allows for a direct comparison between the two
cases.

1.1 The hyperfine interaction

Solving the nuclear eigenvalue problem for a specific nucleus yields a set of en-
ergy eigenvalues EI with corresponding eigenfunctions |Im〉1. The energy levels
EI are influenced by the interaction of the nuclear moments with the charge
and current distributions induced by the electronic environment surrounding
the nucleus. This is known as the hyperfine interaction. Only the perturba-
tion caused by the electric monopole, magnetic dipole or electric quadrupole
moment is sufficiently large to produce observable effects.

1The nuclear many-body wavefunctions are eigenfunctions of the total angular momentum

operators I2 and Iz : I2 |Im〉 = I(I + 1)h̄2 |Im〉 and Iz |Im〉 = mh̄ |Im〉.



8 Perturbed spin orientation and angular distribution of γ-rays

The electric monopole interaction merely causes a shift of the energy lev-
els EI . TDPAD experiments are only sensitive to the energy differences be-
tween the |Im〉-substates and the effect of the electric monopole interaction
can therefore not be measured. The magnetic dipole and electric quadrupole
interaction, on the other hand, lift the m-degeneracy of the nuclear energy
levels. The induced energy splitting is much smaller than the usual energy
differences between the nuclear levels and can be calculated using first order
perturbation theory for each level separately, i.e. the splitting of each nuclear
level EI can be obtained by diagonalizing 〈Im′|HB(Q)|Im〉, with HB(HQ) the
magnetic dipole (electric quadrupole) interaction Hamiltonian. The effect of
the combined interaction HB + HQ is of little practical interest for TDPAD
experiments and will not be considered.

1.1.1 Magnetic dipole interaction

The magnetic dipole moment operator for a nucleus consisting of A nucleons
with orbital angular momenta li and spin angular momenta si is

µ =
A∑
i=1

[
gl(i) li + gs(i) si

]
µN

h̄ , (1.1)

where

gl(π) = 1 gl(ν) = 0 (1.2)

are the free orbital gyromagnetic ratios,

gs(π) = 5.585694713 gs(ν) = −3.82608545 (1.3)

the free spin gyromagnetic ratios and µN is the nuclear magneton. Effective
geffl,s factors, differing from the free nucleon ones, are sometimes required to
obtain a better agreement between theory and experiment. Their actual values
are model dependent.

The magnetic dipole moment itself is defined as the expectation value of µz
in the state with maximum m-projection: µ = 〈II|µz|II〉.

The interaction of the nuclear magnetic dipole moment µ with a magnetic
field B is given by the Hamiltonian HB = −µ ·B [6]. In a reference frame with
the z-axis along the direction of B (B = B ez) the matrix elements simplify to
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〈Im′|HB |Im〉 = −〈Im′|µz|Im〉B. Using the Wigner-Eckart theorem2 (A.20),
the matrix elements of µz become

〈Im′|µz|Im〉 = δmm′
m 〈I||µ||I〉

[I(I + 1)(2I + 1)]1/2
= δmm′ gmµN , (1.4)

with the gyromagnetic ratio of a state with angular momentum I given by

g =
〈I||µ||I〉

[I(I + 1)(2I + 1)]1/2 µN
. (1.5)

The magnetic dipole moment can then simply be written as µ = gI µN and the
eigenvalues of HB as

Em = 〈Im|HB |Im〉 = h̄ωLm , (1.6)

with ωL = −gµNB
h̄

the Larmor angular frequency. The degeneracy in m

is completely lifted and the energy levels are Zeeman split with an energy
difference

∆E = Em − Em−1 = h̄ωL. (1.7)

For a lot of cases, a sizeable Zeeman splitting can be achieved with a moder-
ate magnetic field provided by an electromagnet. The nuclei of interest are then
implanted into a cubic lattice where no hyperfine fields are induced at the site
of the nucleus. Strictly speaking, this is not a hyperfine interaction anymore,
although the name is usually retained. If a high magnetic field is required, the
nuclei are implanted into a host that can produce a large magnetic hyperfine
field.

1.1.2 Electric quadrupole interaction

The electric quadrupole moment operator is given by

eQ2 =

√
16π
5

A∑
i=1

e(i)r2
iY 2(θi, ϕi) , (1.8)

with e(π) = 1e, e(ν) = 0e the nucleon charges and (ri, θi, ϕi) the spherical
coordinates of the nucleons. As a rule, effective charges eeff are again necessary
to obtain a good agreement between theory and experiment.

2The definitions and conventions used in this thesis, together with some useful relation-

ships are summarized in appendix A.
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The spectroscopic quadrupole moment eQs is defined as

eQs = 〈II|eQ0
2|II〉 =

√
I(2I − 1)

(2I + 1)(2I + 3)(I + 1)
〈I||eQ2||I〉 . (1.9)

The interaction of the quadrupole moment with a non-homogeneous electric
field is given by the Hamiltonian HQ =

√
π
5

∑
q(−1)qQq2V

q
2 [6], with V q2 the

spherical tensor components of the electric-field gradient tensor. In a Cartesian
axis system the electric-field gradient tensor at the site of the nucleus (x = 0)
is described by the 3× 3 traceless symmetric matrix

Vij = −∂Ej
∂xi

∣∣∣∣
x=0

=
∂2V

∂xi∂xj

∣∣∣∣
x=0

, (1.10)

where Ej is the j-component of the electric-field vector E and V is the elec-
trostatic potential. It is always possible to choose a reference frame, called
the principal axis system (PAS), where Vij becomes a traceless diagonal ma-
trix with |Vzz| ≥ |Vyy| ≥ |Vxx|. The electric-field gradient is then com-
pletely characterized by two parameters: Vzz and the asymmetry parameter
η = Vyy−Vxx

Vzz
∈ [0, 1]. In general, the Hamiltonian HQ has to be diagonalized

numerically. Most measurements, however, are performed with electric-field
gradients that are axially symmetric with respect to zPAS . This considerably
simplifies both the practical implementation of the experiment and its theoret-
ical description.

An axially symmetric electric-field gradient has η = 0 and is completely
determined by Vzz or V 0

2 =
√

5/16π Vzz. Using (1.9), the matrix elements of
HQ then become

〈Im′|HQ|Im〉 =
Vzz
4
〈Im′|eQ0

2|Im〉

=δmm′
Vzz
4

3m2 − I(I + 1)[
(2I − 1)I(2I + 1)(I + 1)(2I + 3)

]1/2 〈I||eQ2||I〉

=δmm′ eQsVzz
3m2 − I(I + 1)

4I(2I − 1)
. (1.11)

Introducing the quadrupole angular frequency

ωQ =
eQsVzz

4I(2I − 1)h̄
, (1.12)
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the eigenvalues can written in the form

Em = 〈Im|HQ|Im〉 = h̄ωQ[3m2 − I(I + 1)] , (1.13)

showing that the |I ±m〉-substates remain degenerate. The energy splitting
between adjacent |Im〉-states is no longer equidistant:

∆E = Em − Em−1 = 3h̄ωQ (2m− 1) , (1.14)

and the smallest non-zero energy splitting h̄ω0 is given by

3h̄ωQ for integer I

6h̄ωQ for half-integer I . (1.15)

The strength of the electric quadrupole interaction is usually indicated with
the quadrupole interaction frequency νQ, defined as

νQ =
eQsVzz
h

=
4I(2I − 1)

2π
ωQ . (1.16)

Electric-field gradients large enough to produce measurable quadrupole split-
tings cannot be produced artificially: only the electronic charge distributions
in non-cubic crystalline lattices can induce the required gradients.

1.2 Nuclear spin orientation

Hyperfine energy splittings are too small to be measured directly. For the
experiment described in chapter 4, for example, the quadrupole energy split-
ting h̄ω0 was about 6 neV. No detector can achieve the energy resolution re-
quired to measure energy differences that small and indirect methods have to
be employed. TDPAD experiments are based on the fact that the hyperfine
interaction changes the spin3 orientation of a nuclear ensemble. In this sec-
tion, the general formalism for the description of spin-oriented ensembles will
be introduced. The perturbation of the spin orientation due to the hyperfine
interaction will be treated in the next section.

3Total angular momentum is commonly abbreviated as spin.
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1.2.1 Description of a spin-oriented nuclear ensemble

An ensemble of nuclear states with spin I is called spin-oriented if the nuclear
spins have a preferential direction in space; in other words, if the different
|Im〉-states are not equally populated.

The density matrix

The most general wave function of a nuclear state with spin I is given by a
superposition of the different |Im〉-states. An ensemble of N nuclei can thus be
described by a set of wavefunctions |ΦI(i)〉 =

∑
m〈Im|ΦI(i)〉 |Im〉 (i = 1→ N).

Experimentally, only ensemble averages are observed and the expectation value
of an operator A is given by

〈A〉 =
1
N

∑
i

〈ΦI(i)|A|ΦI(i)〉 =
1
N

∑
i

∑
m,m′

〈Im|ΦI(i)〉〈ΦI(i)|Im′〉〈Im′|A|Im〉 .

(1.17)
Introducing the density matrix ρmm′ = 1

N

∑
i〈Im|ΦI(i)〉〈ΦI(i)|Im′〉 [7], this

can be written as

〈A〉 =
∑
m,m′

ρmm′ 〈Im′|A|Im〉 = Tr[ρA] . (1.18)

The density matrix ρmm′ completely specifies the |Im〉-state population of the
ensemble, since its knowledge allows to calculate the expectation value of any
operator. Using a density matrix to describe the ensemble has the advantage
that the individual nuclei do not appear explicitly anymore: averaging over the
ensemble is now included in the density matrix itself. The diagonal elements
ρmm = 1

N

∑
i〈Im|ΦI (i)〉〈ΦI(i)|Im〉 are simply the probabilities P (m) that the

ensemble will be in that particular |Im〉-state. The off-diagonal matrix elements
are called coherences and describe the coherence between the different |Im〉-
states. From ρmm = P (m), it follows immediately that Tr(ρ) =

∑
m P (m) = 1.

Orientation tensors

Applying equation (1.18) to a component of a spherical tensor operator Ak

gives

〈Ank 〉 =
∑
m,m′

ρmm′〈Im′|Ank |Im〉 =
(−1)k

k̂
ρnk (I)〈I||Ak||I〉 , (1.19)
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where k̂ =
√

2k + 1 and the statistical tensors4 ρnk (I) [9] are defined as

ρnk (I) = k̂
∑
m,m′

(−1)I+m
(

I I k
−m m′ n

)
ρmm′ (1 ≤ k ≤ 2I) . (1.20)

The statistical tensors ρnk (I) contain the same information as the density matrix
and thus provide an alternative way of describing the spin orientation of the
ensemble. This thesis follows the convention of Haroutunian et. al. [10] and
parametrizes the ensemble with the orientation tensors

Bnk (I) = Î ρnk (I)∗ , (1.21)

instead of the statistical tensors themselves. B0
0(I) is normalized to 1 by defi-

nition and does not provide any additional information. By inverting equation
(1.20), one can derive that

ρmm′ =
∑
k,n

k̂

Î
(−1)I+m

(
I I k
−m m′ n

)
Bnk (I). (1.22)

The advantage of the orientation tensors over the density matrix lays in their
simple transformation properties under rotations. The statistical tensors ρnk
are spherical tensors of rank k and the orientation tensors therefore transform
according to

Bnk (I)S2 =
∑
n′

Dk
n′n(α, β, γ)∗Bn

′

k (I)S1 , (1.23)

where (α, β, γ) are the Euler angles specifying the rotation of the reference
frame S1 into the reference frame S2 (see discussion in section A.2 for more
information).

Ensembles with axial symmetry

Most methods employed to orient nuclear spins produce ensembles that are
axially symmetric. The symmetry axis can then be chosen as the z-axis of
a reference frame - further called the orientation (OR) frame - in which the
density matrix becomes diagonal and all tensor components n 6= 0 vanish.

Axially symmetric ensembles are classified into aligned and polarized en-
sembles. An aligned ensemble has reflection symmetry with respect to a plane

4often also called state multipoles (e.g. in ref. [8])



14 Perturbed spin orientation and angular distribution of γ-rays

perpendicular to the symmetry axis zOR, which means that P (m) = P (−m).
If this reflection symmetry is broken, the ensemble is said to be polarized
and P (m) 6= P (−m). An example of the two possibilities is shown in figure
1.1. The odd-rank tensors vanish if the condition P (m) = P (−m) is im-
posed and an aligned ensemble is completely characterized by the set B0

k(I)
with 2 ≤ k = even ≤ 2I. A polarized ensemble, on the other hand, must be
described by orientation tensors of both odd and even rank and is therefore,
in general, also partly aligned. For example, the orientation tensors describ-
ing the two cases shown in figure 1.1 are B0

2 = 0.4 for the aligned ensemble;
B0

1 = −0.179, B0
2 = 0.4 and B0

3 = 0.089 for the polarized ensemble. In this
case, the two ensembles even have the same amount of alignment and would be
indistinguishable from each other in an experiment not sensitive to polarization.
The separation of the ensemble into a polarized and an aligned part is another
important advantage of using orientation tensors instead of a description in
terms of density-matrix elements.

zOR zOR

0

0.1

0.2

0.3

0.4

3/21/2-1/2-3/2

m

P
(m

)

3/21/2-1/2-3/2

m

Figure 1.1: Schematic representation of a prolate aligned (left) and a

polarized (right) ensemble. The length of the arrows is proportional to

the corresponding occupation probability P (m).

It is common practice to define the amount of polarization P and alignment
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A as [11]:

P =
∑
mmP (m)

I
(1.24)

A =
∑
m α2(m)P (m)
|α2(max)| , (1.25)

with α2(m) = 3m2 − I(I + 1). The value of the normalization |α2(max)|
depends on whether the alignment is oblate (A < 0) or prolate (A > 0). For
oblate alignment, the spins are preferentially oriented perpendicular to zOR

and |α2(max)| becomes

|α2(m = 0)| = I(I + 1) for integer spin and

|α2(m = ±1/2)| = I(I + 1)− 3/4 for half-integer spin.

A prolate ensemble has its spins mainly along zOR, so

|α2(m = ±I)| = I(2I − 1) for any spin.

Both the alignment and the polarization are normalized: |A(max)| = 1 and
|P (max)| = 1. Rewriting equations (1.24) and (1.25) in terms of the orientation
tensors gives

P = −
√
I + 1

3I
B0

1 (1.26)

A =

√
I(I + 1)(2I − 1)(2I + 3)√

5|α2(max)| B0
2 (1.27)

The higher-order orientation tensors B0
k with 2 < k ≤ 2I are not taken into

account when calculating the degree of orientation. They are a priori not
negligible, but in practice the spin orientation can often be parameterized by
B0

1 and B0
2 only.

1.3 Spin orientation perturbed by the hyperfine

interaction

The spin orientation of a nuclear ensemble will evolve in time under the influ-
ence of the hyperfine interaction. This makes it possible to deduce the Larmor
angular frequency ωL or the quadrupole angular frequency ωQ by observing the
time evolution of the spin orientation.
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1.3.1 The perturbation factors

The time evolution of the wavefunctions |ΦI(i)〉 is governed by the time-dependent
Schrödinger equation:

ih̄
∂

∂t
|ΦI(i)〉 = H |ΦI(i)〉 , (1.28)

with H the total Hamiltonian. The density matrix ρmm′ can be considered as
a representation of the density operator

ρ =
1
N

∑
i

|ΦI(i)〉 〈ΦI(i)| (1.29)

in the basis {|Im〉}: ρmm′ = 〈Im|ρ|Im′〉 = 1
N

∑
i〈Im|ΦI(i)〉〈ΦI(i)|Im′〉 . Com-

bining equations (1.28) and (1.29), the time evolution of the density operator
becomes

ih̄
∂ρ

∂t
= [H, ρ] , (1.30)

which is also known as the von Neumann equation [7]. For a time-independent
Hamiltonian, the formal solution is

ρ(t) = e−iHt/h̄ρ(0)e+iHt/h̄ (1.31)

and the density matrix can be written down explicitly as

〈m|ρ(t)|m′〉 =
∑
µ,µ′

N,N ′

〈Im|N〉〈N |Iµ〉〈Im′|N ′〉∗〈N ′|Iµ′〉∗e−iωNN′ t〈µ|ρ(0)|µ′〉,

(1.32)
where |N〉 and |N ′〉 are eigenstates of H with EN and E′N the corresponding
eigenvalues and ωNN ′ = (EN −E′N )/h̄; |Im〉,|Im′〉,|Iµ〉,|Iµ′〉 are eigenstates of
I2 and Iz. Combining this result with equations (1.20) and (1.22), the time
evolution of the orientation tensors can be written in the compact form

Bnk (t) =
∑
k′,n′

Gnn
′

kk′ (t)Bn
′

k′ (0) , (1.33)

with the perturbation factors Gnn
′

kk′ (t) given by

Gnn
′

kk′ (t) = k̂k̂′
∑
m,µ
N,N ′

(−1)m−µ
(

I I k
−m m′ n

)(
I I k′
−µ µ′ n′

)

× e−iωNN′ t〈Im|N〉〈N |Iµ〉〈Im′|N ′〉∗〈N ′|Iµ′〉∗. (1.34)
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A rotation D(α, β, γ) of the reference frame S1 into the reference frame S2

transforms the perturbation factors as:

Gnn
′

kk′ (t) =
∑
m,m′

Dk
mn(α, β, γ)∗Dk′

m′n′(α, β, γ)Gmm
′

kk′ (t) , (1.35)

as can be derived by combining equations (1.33) with (1.23).

1.3.2 Spin orientation perturbed by the magnetic dipole

interaction

The influence of a magnetic field on a spin-oriented ensemble of nuclear spins
can be calculated semi-classically: the spins precess about the magnetic field
B with the Larmor angular frequency ωL due to the torque exerted by B on
the magnetic moments µ.

Within the framework of quantum mechanics, the Larmor precession re-
sults from the energy differences between the |Im〉-substates. Substituting the
energy eigenvalues (1.6) into equation (1.34), the perturbation factors reduce
to

Gnnkk′(t) = δkk′ e−inωLt (n = m−m′) , (1.36)

due to the orthogonality (A.23) of the 3j-symbols. The time evolution of the
orientation tensors is given by

Bnk (t) = e−inωLtBnk (0) . (1.37)

Using equation (1.23) to transform this to a reference frame (ROT) that rotates
around B with an angular frequency ωL leads to

Bnk (t)ROT = einωLtBnk (t) = Bnk (0) , (1.38)

with (ωLt, 0, 0) the Euler angles specifying the transformation to the rotating
frame. The orientation tensors in the rotating reference frame are equal to the
initial orientation tensors Bnk (0). In other words, the nuclear ensemble as a
whole rotates around B with an angular frequency ωL.

Equation (1.37) shows that the time evolution results from the non-axial
tensors componentsBn 6=0

k (0), or equivalently, from the coherences 〈Im|ρ(0)|Im′〉
(m 6= m′), as can be seen from (1.22) or directly from (1.32):

〈Im|ρ(t)|Im′〉 = e−iωL(m−m′)t〈Im|ρ(0)|Im′〉 . (1.39)
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The occupation probabilities P (m, t) = 〈Im|ρ(t)|Im〉, i.e. the average projec-
tions of I onto B, remain constant.

1.3.3 Spin orientation perturbed by the electric quadrupole

interaction

The influence of the electric-field gradient on the spin orientation can only
be calculated quantummechanically. The perturbation is calculated for both
single-crystal and polycrystalline hosts.

Single-crystal host

From equations (1.13) and (1.15), it follows that the energy splittings are given
by

Em − Em′ = 3h̄ωQ(m2 −m′2) = ±qh̄ω0 , (1.40)

with

q =|m2 −m′2| and ω0 = 3ωQ for integer I (1.41)

q = 1
2 |m2 −m′2| and ω0 = 6ωQ for half-integer I . (1.42)

The time-evolution is again only determined by the coherences and the
perturbation factors for n > 0 are

Gnnkk′(t) = k̂k̂′
∑
m

(
I I k
−m m− n n

)(
I I k′
−m m− n n

)
e−iqω0t (1.43)

with

q = n(2m− n) for integer I

q = n
2 (2m− n) for half-integer I. (1.44)

The perturbation factors for n < 0 can be calculated from those with n > 0:

G−n−nk k′ (t)R = Gnnkk′(t)R and G−n−nk k′ (t)I = −Gnnkk′(t)I , (1.45)

where R (I) stands for the real (imaginary) part of the perturbation factor5.
For n = 0 there is no time evolution: G00

kk′ = δkk′ .
5This follows from the following general property of the perturbation factors:

Gnn
′

kk′
∗

= (−1)n−n
′
G−n−n

′

k k′ (1.46)

.
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Due to the non-equidistancy of the |Im〉-substates, the perturbation factors
are a superposition of several frequencies, which are all an integer multiple of
the basic frequency ω0. Note that the frequencies qω0 depend on m and that
it is no longer possible to transform the orientation tensors to a rotating frame
where they are time-independent.

It is more convenient to replace the summation over m with the equivalent
summation over q and rewrite the perturbation factors as

Gnnkk′(t) = k̂k̂′
∑
q≥0

(
I I k
−m m− n n

)(
I I k′
−m m− n n

)
×
[(

1 + (−1)k+k′ − δq0
)

cos(qω0t)− i
(

1− (−1)k+k′
)

sin(qω0t)
]

, (1.47)

with m now given by

m =
q

2n
+
n

2
for integer I (1.48)

m =
q

n
+
n

2
for half-integer I . (1.49)

Introducing the coefficients

Skk
′

qn = k̂k̂′ (2− δq0)
(

I I k
−m m− n n

)(
I I k′
−m m− n n

)
(n > 0) (1.50)

Skk
′

q0 = δkk′δq0 , (1.51)

the perturbation factors finally become

Gnnkk′(t) =
∑
q≥0

Skk
′

qn cos(qω0t) for k + k′ even (1.52)

Gnnkk′(t) = −i
∑
q≥0

Skk
′

qn sin(qω0t) for k + k′ odd . (1.53)

An extensive set of tables of the Skk
′

qn coefficients can be found in Ref. [5].
An advantage of the perturbation caused by the electric quadrupole inter-

action of a single-crystal host is the fact that it can change the rank of the
orientation tensors (k 6= k′). This means that a polarized ensemble can be-
come aligned and vice versa, something which is not possible with either the
magnetic dipole interaction or the electric quadrupole interaction of a poly-
crystal. This opens up the possibility to measure the sign of the spectroscopic
quadrupole moment by using polarized beams, since the resulting perturba-
tion depends on the sign of eQs, as can be seen from equation (1.53). In
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the past, signs of spectroscopic quadrupole moments have been extracted from
TDPAD experiments on isomers populated in fusion-evaporation reactions and
polarized via the tilted-foil polarization technique (see e.g. [12]). In chapter
3, the feasibility of performing such measurements with isomers polarized in
projectile-fragmentation reactions will be investigated.

Polycrystalline host

A polycrystal consists of a large number of small, randomly oriented single
crystals. Since the electric-field gradients of the micro-crystals are isotropically
distributed in space, the perturbation factors will be independent of the chosen
reference frame. Consequently, they can be calculated by transforming the
perturbation factors of each micro-crystal to an arbitrarily chosen reference
frame (by using equation (1.35)) and averaging over all micro-crystals. Using
the orthogonality of the Wigner rotation matrices (equation (A.13)), one then
obtains the attenuation coefficients Gkk(t):

Gkk(t) =
1

2k + 1

∑
n

Gnnkk (t) . (1.54)

In contrast with the previous two cases, the orientation is not basically changed.
Every tensor component is influenced in the same way, independent of n:

Bnk (t) = Gkk(t)Bnk (0) . (1.55)

From equations (1.45), (1.52) and (1.53), it follows that the attenuation coef-
ficients vanish for odd k, while for even k they can be written as

Gkk(t) =
∑
q≥0

skq cos(qω0t) , (1.56)

with
skq =

1
2k + 1

∑
n≥0

(2− δn0)Skkqn . (1.57)

1.4 Angular distribution of γ-rays as a probe

for perturbed spin orientation

The probability of emission of a γ-ray from an excited nuclear state depends
on the orientation of the nuclear spin with respect to the observation direction.
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Hence, when the spin orientation changes under the influence of the hyperfine
interaction, this will be reflected in the time evolution of the angular distribu-
tion.

1.4.1 Description of γ-ray emission in the density matrix

and statistical tensor formalism

Consider the decay of a nuclear state with spin Ii into a nuclear state with spin
If by emission of a γ-ray with momentum p and helicity τ6. The strength of
the electromagnetic interaction, responsible for inducing the transition, is weak
compared to the strong interaction and the decay process can be described by
solving the von Neumann equation (1.30) in first-order time-dependent pertur-
bation theory. This results in an expression for the final-state density matrix
〈pτIfmf |ρ(∞)|Ifm′fpτ〉 in terms of the multipole matrix elements and the
initial-state density matrix 〈Imi|ρ(0)|Im′i〉. From the density-matrix elements,
the corresponding statistical tensors in angular momentum space can be con-
structed according to equation (1.20). One then finally obtains a diagonal den-
sity matrix in helicity space whose elements are statistical tensors in angular
momentum space [9]:

〈τ |ρnf

kf
(If ,p)|τ〉 =

√
4πdΩ
8π

∑
k,ki
n,ni

(−1)ki−ni τk
Îi

Îf

(
kf k ki
nf n −ni

)

×Akfki

k (Ii → If )Y nk (θ, ϕ)∗ρni

ki
(Ii) . (1.58)

This equation describes the final states formed after the emission of a γ-
quantum with momentum p and helicity τ from the initial state ρni

ki
(Ii) into

the solid angle dΩ. The direction of p with respect to the reference frame in
which ρni

ki
(Ii) is represented, is given by the spherical polar angles (θ, ϕ) (see

figure 1.2); τ = +1(−1) corresponds to right (left) circular polarization. The
generalized directional distribution coefficients Akfki

k (Ii → If ) are given by

A
kfki

k (Ii → If ) =

∑
L,L′

π,π′
γ(πL, Ii → If )γ∗(π′L′, Ii → If )F kfki

k (LL′IfIi)∑
L,π |γ(πL, Ii → If )|2 ,

(1.59)

6Helicity is defined as the projection of the spin onto the propagation direction.



22 Perturbed spin orientation and angular distribution of γ-rays

with

F
kfki

k (LL′IfIi) = (−1)L
′+kf +ki+1ÎiÎf L̂L̂′k̂ik̂f k̂

(
L L′ k
1 −1 0

)If L Ii
If L′ Ii
kf k ki


(1.60)

the generalized F -coefficients and

γ(πL, Ii → If ) = iL+Λ(π)

[
8π(L+ 1)

h̄L [(2L+ 1)!!]2 (2Ii + 1)

(
ω

c

)2L+1
]1/2

× 〈If ||M(πL)||Ii〉 (1.61)

the multipole transition amplitudes7. L(L′) is the multipolarity of the γ-
transition and π(π′) stands for either an electric (E) or a magnetic (M) mul-
tipole transition with Λ(E) = 0 and Λ(M) = 1. M(πL) is the corresponding
electric or magnetic multipole operator. Note that the total transition prob-
ability for a transition Ii → If is given by TIi→If

=
∑
L,π |γ(πL, Ii → If )|2.

p

ϕ

z

y

θ

x

Figure 1.2: Definition of the spherical polar angles (θ, ϕ) that define

the direction emitted photon with respect to the reference frame in

which ρni
ki

(Ii) is represented.

1.4.2 Directional angular distribution of γ-rays

The diagonal matrix element 〈pτIfmf |ρ(∞)|Ifmfpτ〉 is the probability that a
γ-ray with helicity τ and momentum p has been emitted into the solid angle

7in the long-wavelength approximation ω � c
R

, with R the nuclear radius and h̄ω the

photon energy
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dΩ and that the final nuclear state |Ifmf 〉 has been formed. By summing over
mf , one obtains the total probability

W (θ, ϕ, τ) =
∑
mf

〈pτIfmf |ρ(∞)|Ifmfpτ〉 = Îf 〈τ |ρ0
0(If ,p)|τ〉 , (1.62)

where the identity ρ0
0(I) = Tr(ρ)/Î8 has been used. Substituting equation

(1.58) with kf = nf = 0, this leads to the following expression for the angular
distribution of γ-rays with helicity τ :

W (θ, ϕ, τ) =
√

4πdΩ
8π

∑
k,n

τk
Îi

k̂
Ak(Ii → If )ρnk (Ii)Y nk (θ, ϕ)∗ . (1.63)

The angular distribution coefficients Ak(Ii → If ) are given by

Ak(Ii → If ) =

∑
L,L′

π,π′
γ(πL, Ii → If )γ∗(π′L′, Ii → If )Fk(LL′IfIi)∑

L,π |γ(πL, Ii → If )|2 (1.64)

with the ordinary F -coefficients

Fk(LL′IfIi) =F 0k
k (LL′IfIi) (1.65)

=(−1)If +Ii+1ÎiL̂L̂′k̂
(
L L′ k
1 −1 0

){
L L′ k
Ii Ii If

}
. (1.66)

The spin of the oriented state should always be written last, i.e. Fk(LL′IfIi) 6=
Fk(LL′IiIf ). For two mixed multipoles L and L + 1, the angular distribution
coefficient reduces to

Ak(Ii → If ) =
Fk(LLIfIi) + 2δFk(LL+ 1IfIi) + δ2Fk(L+ 1L+ 1IfIi)

1 + δ2
,

(1.67)
with the multipole mixing ratio δ defined as

δ =
γ(π′L+ 1, Ii → If )
γ(πL, Ii → If )

. (1.68)

If the polarization of the γ-rays is not observed, one has to sum equation
(1.63) over the two helicity states τ = ±1. The terms with k = odd then vanish
and the directional angular distribution is given by

W (θ, ϕ) =
√

4πdΩ
4π

∑
k,n

k=even

Îi

k̂
Ak(Ii → If )ρnk (Ii)Y nk (θ, ϕ)∗ , (1.69)

8This follows from equation (1.20).
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or, in terms of the orientation tensors Bnk (I) = Î ρnk (I)∗:

W (θ, ϕ) =
dΩ
4π

[
1 +

∑
k,n

k=2,4,...

√
4π

k̂
Ak(Ii → If )Y nk (θ, ϕ)Bnk (Ii)

]
. (1.70)

Since only terms with even k contribute, a directional angular distribution mea-
surement is only sensitive to the spin alignment of the ensemble. For a nuclear
ensemble with randomly oriented spins, the orientation tensors Bnk≥2(Ii) vanish
and the angular distribution becomes isotropic: W (θ, ϕ) = dΩ/4π.

Directional angular distribution measurements can aid in assigning spins to
nuclear levels, since the shape of the angular distribution depends on the tran-
sition multipolarity through the angular distribution coefficients Ak. For pure
multipole transitions, the angular distribution coefficients Ak are insensitive
to the electric or magnetic character of the transition, making it impossible
to determine the parity of the nuclear states. For mixed transitions, on the
other hand, information on the parity can sometimes be obtained, since the Ak
coefficients depend on the multipole mixing ratio δ.

In general, the observed γ-rays are not emitted directly from the oriented
state Ii. The statistical tensor of any nuclear state in a γ-cascade can be
calculated by successive application of equation (1.58). For example, the final
state statistical tensor for the cascade Ii

γ1→ I1
γ2→ If can be calculated by

applying equation (1.58) twice. The directional angular distribution for the
transition I1

γ2→ If then becomes

W (θ1, ϕ1, θ2, ϕ2) =
dΩ1dΩ2

4π

∑
k,k′,ki,n,n

′,ni

k,k′=even

(−1)ki−ni
1

k̂

(
k k′ ki
n n′ ni

)

×Ak(I1 → If )Akki

k′ (Ii → I1)Y nk (θ2, ϕ2)Y n
′

k′ (θ1, ϕ1)Bni

ki
(Ii) (1.71)

and depends on the emission direction (θ1, ϕ1) of the first γ-ray9. If γ1 is
unobserved, one has to integrate over dΩ1 with the result

W (θ2, ϕ2) =
√

4πdΩ2

4π

∑
k,n

k=even

1

k̂
Uk(Ii → I1)Ak(I1 → If )Y nk (θ2, ϕ2)Bnk (Ii) .

(1.72)

9One usually calls W (θ1, ϕ1, θ2, ϕ2) the angular correlation of the two γ-rays.



1.4 Angular distribution of γ-rays as a probe for perturbed spin
orientation 25

Comparing this result with equation (1.70), it immediately follows that the
orientation tensor of the intermediate state I1 is given by

Bnk (I1) = Uk(Ii → I1)Bnk (Ii) , (1.73)

where the de-orientation factor Uk(Ii → I1) completely quantifies the change
in orientation due to the preceding, unobserved γ-transition. It is given by

Uk(Ii → If ) =Akki
0 (Ii → If )/k̂ (1.74)

=

∑
L,π |γ(πL, Ii → If )|2 Uk(IiIfL)∑

L,π |γ(πL, Ii → If )|2 , (1.75)

with the de-orientation coefficient

Uk(IiIfL) = (−1)Ii+If +k+LÎiÎf

{
Ii Ii k
If If L

}
. (1.76)

For two mixed multipoles L and L+ 1 the de-orientation factor simplifies to

Uk(Ii → If ) =
Uk(IiIfL) + δ2 Uk(IiIfL+ 1)

1 + δ2
, (1.77)

with the multipole mixing ratio δ given by equation (1.68).

1.4.3 Perturbed angular distribution of γ-rays

In a TDPAD experiment one observes the time evolution of the directional
angular distribution of the γ-rays de-exciting the isomeric state of interest. The
time evolution of the orientation tensors is given by (1.33) and the perturbed
angular distribution can therefore be written as

W (θ, ϕ, t) =
dΩ
4π

[
1+

∑
k,k′,n,n′

k=2,4,...

√
4π

k̂
Uk(Ii → I1) . . . Uk(In−1 → In)Ak(In → If )

× Y nk (θ, ϕ)Gnn
′

kk′ (t)Bn
′

k′ (Ii, 0)

]
. (1.78)

The angular distribution is a scalar and thus independent of the chosen ref-
erence frame. When calculating W (θ, ϕ, t) for a specific case, one just has to
make sure that Y nk (θ, ϕ), Gnn

′

kk′ (t) and Bn
′

k′ (Ii, 0) are all represented in the same
reference frame.
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To lighten the notation for the next two chapters, the factor

Ck = Uk(Ii → I1) . . . Uk(In−1 → In)Ak(In → If ) (1.79)

will be introduced and dΩ will be dropped:

4πW (θ, ϕ, t) = 1 +
∑

k,k′,n,n′

k=2,4,...

√
4π (k̂)−1Ck Y

n
k (θ, ϕ)Gnn

′

kk′ (t)Bn
′

k′ (Ii, 0) . (1.80)

Note that, for even k, detectors at angles (θ, ϕ) and (π−θ, π+ϕ) are equivalent
(see equation (A.3)).

For a polytropic perturbation, such as the one induced by the randomly ori-
ented electric-field gradients of a polycrystal, the angular distribution simplifies
to

4πW (θ, ϕ, t) = 1 +
∑
k,n

k=2,4,...

√
4π (k̂)−1Ck Y

n
k (θ, ϕ)Gkk(t)Bnk (Ii, 0) . (1.81)



Chapter 2

TDPAD on spin-aligned

projectile fragments

This chapter uses the general formalism derived in the previous chapter to
describe TDPAD experiments with aligned isomeric beams. First of all, the
aspect of spin orientation and more particularly spin alignment in projectile-
fragmentation reactions is discussed. Subsequently, the general form of the
angular distribution is derived and then applied to the specific case of in-flight
separated nuclei. The chapter concludes with an outlook on the possibility of
using large detector arrays to perform electric quadrupole TDPAD experiments.

2.1 Spin orientation in projectile-fragmentation

reactions

Predicting the amount of spin orientation induced in projectile-fragmentation
reactions poses a challenging problem. At present, a detailed description of the
underlying mechanism is still lacking and reliable quantitative predictions are
difficult to make. Asahi et. al. [1, 2] have shown, however, that the experimen-
tally observed behavior of the spin orientation can be explained qualitatively
by simple kinematical arguments based on the participant-spectator model of
projectile-fragmentation reactions.

In the participant-spectator model1 (see e.g. [13–15]), one assumes that a
cluster of nucleons from the projectile (”participant”) is sheared off by the tar-
get in a peripheral collision, while the motion of the nucleons in the rest of the

1also commonly called the abrasion-ablation model
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projectile (”spectator”) remains undisturbed. The spectator part of the projec-
tile subsequently de-excites by particle emission into the final fragment. The
spin orientation of the fragments results from the orbital angular momentum
imparted to the spectator part of the projectile during the abrasion stage. This
is illustrated in figure 2.1. The projectile collides with the target, resulting in

θdef θdef

θR

θR

x

y zy

zLABz

pp pp

(kx, ky)(kx, ky)

(pfx, pfy)
(pfx, pfy)

pp

pp

x

(a)

reaction plane

projectile

target

β

β

(b)

xyLAB-plane

(Rx, Ry)

(Rx, Ry)

Figure 2.1: Schematic drawing of the abrasion in the projectile rest

frame. The participant part of the projectile is colored in gray. The x-

axis is chosen along the direction of the projectile momentum pp (beam

direction) and the xy-plane is the reaction plane. The intersection

of the reaction plane and the horizontal (xyLAB) laboratory plane is

parallel to pp and the reaction plane makes an angle −90◦ < β ≤ 90◦

with the xyLAB-plane. (a) Head-on view. (b) Projected view of a far-

side collision in the reaction plane (Rz = 0): θR is the angle between

(Rx, Ry) and the y-axis; θdef the angle between (pfx, pfy) and pp. See

the text for more details.

the removal of a cluster of nucleons at position R and with momentum k. The
angular momentum transferred to the spectator, which eventually becomes the
fragment, is then given by L = −R × k. For each orientation of the reaction
plane, the abrasion can take place either on the right or on the left side of
the target. If the nucleon removal occurs uniformly in the overlap region be-
tween projectile and target, i.e. Rz = 0 and θR = 0◦/180◦, the orbital angular
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momentum of the fragment becomes

L = R(−kz, 0, kx) for a collision on the right (θR = 0◦)

L = R(kz, 0,−kx) for a collision on the left (θR = 180◦) , (2.1)

with R approximately equal to the radius of the projectile. Additionally, con-
servation of momentum implies that k = pp−pf and there thus exists a direct
link between the direction of the fragment spin (determined by the direction
of L) and the fragment momentum pf . Since k is at maximum a few per-
cent of pp, the fragments emerge from the reaction strongly forward focused
with momenta nearly equal to pp. In fact, the longitudinal momentum dis-
tribution2 is approximately Gaussian with mean pp and standard deviation

σ‖[MeV/c] = σ0

√
Af (Ap−Af )

(Ap−1) [16]. Here Af and Ap are the fragment and pro-
jectile mass numbers and the reduced width σ0 is about 85 MeV/c for projectile
energies greater than 40 MeV/u and decreases monotonically for lower ener-
gies [17, 18]. The longitudinal momentum width σ‖ is commonly known as the
Goldhaber width and essentially arises from the dispersion in kx (pfx = pp−kx).

The trajectory of the fragment is mainly determined by the interplay be-
tween the repulsive Coulomb potential and the attractive nucleon-nucleon po-
tential [1, 19]. For light targets, the nuclear attraction dominates and the reac-
tion occurs predominantly via a ’far-side’ collision. The fragment then scatters
towards the target: the deflection angle θdef is negative (positive) for a colli-
sion on the left (right) side of the target. This case is represented in figure 2.1.
If the Coulomb repulsion dominates (high-Z targets), most fragments follow a
’near-side’ trajectory and scatter away from the target (θdef opposite to that
of a far-side trajectory). The deflection angle also exhibits a certain spread
∆θdef due to the dispersion in the transverse momentum pfy (resulting from
the dispersion in ky). This angular straggling eventually causes the distinction
between near- and far-side trajectories to fade away at high beam energies,
since the ratio ∆θdef/θdef increases with increasing projectile momentum.

The production of either alignment or polarization depends on which frag-
ments are selected (see figure 2.2). If the fragments are selected symmetrically
around 0◦ with respect to the primary beam direction, the axial symmetry of
the reaction will be preserved and the fragment spins are aligned. Selecting
fragments at an angle breaks the axial symmetry and induces spin polariza-

2fragment yield as a function of the longitudinal momentum pfx (see also figure 2.3)
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tion. Spin alignment is explained in more detail in the next section, while spin
polarization is dealt with in chapter 3.

pp

target

pf

selection

θf = 0◦

pp

target

pf

θf

selection

Figure 2.2: Schematic drawing of the fragment selection in the xyLAB

plane. Forward selected fragments (θf = 0◦) are spin aligned (left) and

fragments selected at an angle θf with respect to the primary beam

direction are spin polarized (right).

Based on the kinematical ideas outlined above and existing fragmentation
models, a code was developed to simulate the spin orientation in projectile-
fragmentation reactions [1, 19]. Its predictions overestimate the magnitude of
the orientation (in some cases by a factor of 10 or more), but the experimentally
observed trends can be reproduced to a large extent. Due to the simplicity
of the model, the lack of quantitative predictive power is hardly surprising.
Taking into account the effect of both the projectile and target spin, the target
thickness and the orientation loss due to particle evaporation and γ-deexcitation
will undoubtedly improve the results. Moreover, at intermediate energies (20 -
200 MeV/u), other processes such as transfer, pick-up and knockout reactions
will compete with the fragmentation process. This may also influence the spin
orientation and more sophisticated models may be required.

2.2 Spin alignment in projectile-fragmentation

reactions

Figure 2.3 shows the qualitative trend of the alignment as a function of the
longitudinal fragment momentum. The left wing of the momentum distribu-
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tion (pfx � pp) consists of fragments where the momentum of the abraded
nucleons is parallel to the projectile momentum, i.e. k = (kx, 0, 0). From
equation (2.1), it then follows that the induced orbital angular momentum is
oriented perpendicular to the reaction plane: L = +(−)Rkxez for a right(left)-
sided collision. The projectile can hit anywhere on the periphery of the target
(−90◦ < β ≤ 90◦, figure 2.1) and the fragments are selected symmetrically
around 0◦ with respect to the beam direction. Hence, there is axial symme-
try with respect to the beam direction and the fragment spins form an oblate
aligned ensemble with the beam direction as the symmetry axis zOR. The same
holds true for the right wing (pfx � pp), where the momentum of the abraded
nucleons is now anti-parallel to the projectile momentum and L = −(+)Rkxez

for a right(left)-sided collision. At the center of the momentum distribution
(pfx = pp), the momentum of the removed nucleons is perpendicular to the
projectile momentum and the orbital angular momentum of the fragment is
oriented along the beam direction: k = (0, ky, kz) and L = −(+)Rkzex for a
right(left)-sided collision. In other words, the ensemble is now prolate aligned.
Note that whether the reaction occurs through a near- or a far-side collision
has no influence on the alignment because the fragments are selected at 0◦ with
respect to the beam direction.

The behavior of the alignment as a function of relative fragment momentum
has been investigated in Refs. [2, 3, 20]. All experiments confirm the occurrence
of prolate alignment in the center of the momentum distribution and oblate
alignment in the wings (see table 2.1 for a summary of the results). The
magnitude of the alignment depends quite critically on the fragment momentum
selection ∆pfx/pp. Especially in the center of the momentum distribution, it
is important not to take the momentum selection too wide as the amount of
prolate alignment will rapidly decrease when part of the wing is selected. This
is clearly reflected in the results from Ref. [2], where a sign change in the
alignment was observed after increasing the momentum window.

Due to the limited amount of data and the different experimental conditions
(beam energy, fragment spin, target thickness . . . ), it is difficult to draw general
conclusions regarding the magnitude of the alignment. There is a striking dif-
ference, however, between the results of Refs. [3] and [20]. In both experiments
about the same amount of oblate alignment was observed, while the prolate
alignment differs significantly. According to the kinematical model, a higher
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Figure 2.3: The longitudinal momentum distribution as a function

of the relative fragment momentum (pfx − pp)/pp is Gaussian with

σ = σ‖/pp (top). Forward selected fragments are oblate aligned in the

wing of the momentum distribution and prolate aligned in the center

(bottom).

beam energy should result in a lower amount of prolate alignment and a higher
amount of oblate alignment (see for example Ref. [23]); thus the opposite of
what is observed experimentally. This discrepancy may be in part explained
by differences in reaction mechanism owing to the much higher beam energy of
Ref. [3].

A too thick target can also cause a reduction in the amount of prolate
alignment in the center of the momentum distribution [24]. The projectile
loses energy when passing through the target, so the projectile momentum
depends on the depth t within the target: pp(t) (0 < t < d, with d the total
target thickness). The center of the total momentum distribution (i.e. for the
whole target) is then equal to pp(d/2). An infinitely thin target slice, located
at depth t, has a momentum distribution centered at pp(t). The further this
slice is removed from the middle of the target, the lower the alignment for
fragments produced at t and selected at pp(d/2) will be. This is schematically
represented in figure 2.4. Hence, the amount of prolate alignment in the center
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Table 2.1: Overview of the alignment observed in three different ex-

periments. See the text for more details.

[2] [3] [20]
projectile 18O @ 60 MeV/u 64Ni @ 54.7 MeV/u 46Ti @ 500Mev/u

target 9Be 284 mg/cm2 9Be 97.6 mg/cm2 9Be 1000 mg/cm2

fragment 14mB(Iπ = 2−) 61mFe(Iπ = 9/2+) 43mSc(Iπ = 19/2−)
A in center +3% / -2% +6% +35%
for ∆pfx/pp 2% / 4% 0.4% 0.75%
A in wing -8% -16% -15%

for ∆pfx/pp 1.1% 1.4% 0.75%
∆pp/σ‖a 1.35 1.1 0.18

acalculated with LISE++ [21, 22] (σ‖ calculated with a target thickness of 10−5 mg/cm2)

of the momentum distribution can become significantly lower than the value
predicted for an infinitely thin target. The alignment in the wing will be less
influenced because, as can be seen in figure 2.4, most target slices will contribute
fragments that are oblate aligned.

A

pp(t)

pp(0)pp(d)

pp(d/2)

Figure 2.4: Schematic representation of the influence of the target

thickness on the alignment. pp(t) represents the projectile momentum

as a function of target depth (0 < t < d, with d the total target thick-

ness). Shown here are the alignment curves for the middle and the

edges of the target. The alignment in the center of the momentum

distribution will be more influenced than the alignment in the wing.

If the mechanism explained above is to some extent responsible for the
observed differences in prolate alignment, one would expect that the alignment
decreases as the ratio ∆pp/σ‖ increases, with ∆pp = pp(0) − pp(d) the spread
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in the projectile momenta over the target thickness and σ‖ the longitudinal
momentum width for an infinitely thin target slice. Or, in other words, an
increase in ∆pp due to the target thickness induces a broadening of the total
longitudinal momentum distribution (σ‖(tot) > σ‖), which results in a decrease
of the amount of prolate alignment (see figure 2.4). As can be seen in table 2.1,
the alignment in the center indeed increases with decreasing ∆pp/σ‖, while in
the wing it is more constant. It would be worthwhile to develop a quantitative
understanding of the influence of ∆pp/σ‖ on the alignment. Hopefully, an
improved theoretical description, together with further experimental results,
will lead to a better optimization of the target thickness, taking into account
both the fragment yield and the alignment.

The kinematical model described above is strictly based on classical prin-
ciples and does not yield complete information on the density matrix of the
aligned ensemble: only the amount of alignment, which is proportional to B0

2(I)
can be calculated. Following the same approach as for fusion-evaporations re-
actions, a Gaussian distribution3 can be used to describe the occupation prob-
abilities in the OR-frame (with zOR along the beam direction):

P (m) =
e−m

2/2σ2∑
m′ e−m′2/2σ2 for oblate alignment, (2.2)

P (m) =
e−(I−|m|)2/2σ2∑
m′ e−m′2/2σ2 for prolate alignment. (2.3)

The orientation tensors B0
k(I)OR (2 ≤ k = even ≤ 2I) and the amount of align-

ment can then be calculated with the formulas (1.20), (1.21) and (1.25). Fig-
ures 2.5 and 2.6 show, respectively, the amount of alignment and the ra-
tio B0

4(I)OR/B0
2(I)OR as a function of σ/I. Higher-rank (k > 4) orienta-

tion tensors can be neglected. At high spin, the amount of alignment for a
fixed ratio σ/I becomes independent of I. For an oblate ensemble, the ratio
B0

4(I)OR/B0
2(I)OR is always negative and approaches zero for high values of

σ/I. A prolate ensemble, on the other hand, has a ratio B0
4(I)OR/B0

2(I)OR
which changes sign at σ/I ≈ 0.25 and approximately equals -0.5 at high σ/I.

Isomers populated in fusion-evaporation reactions are oblate aligned (easily
50% and more) with σ/I typically in the range 0.3 to 0.4 [26, chapt. 7]. The

3This parameterization has been verified experimentally for fusion-evaporation reac-

tions [25], but, at present, not enough data exists to do the same for projectile fragmentation.
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Figure 2.5: Plot of the amount of alignment A as a function of σ/I for

different spin values, top: oblate ensemble, bottom: prolate ensemble

maximum amount of oblate alignment so far observed in projectile fragmenta-
tion reactions is about 15%, which corresponds to σ/I ≈ 1. From figure 2.6,
it then follows that the fourth-order orientation tensor B0

4(I)OR is expected to
be negligible. For prolate alignment, on the other hand, B0

4(I)OR is negligi-
ble for a high amount of alignment and increases with decreasing alignment.
However, no B0

4(I)OR tensor component was present in the data of Ref. [20],
even though only 6% of prolate alignment was observed4. Due to the limited
amount of data, not much can be concluded from this at the moment. It could
be that B0

4(I)OR is not affected by the target thickness in the same way as
B0

2(I)OR or perhaps the Gaussian parameterization is simply not applicable.

4This can be seen from the Fourier transform of the R(t) function in the thesis of

I. Matea [27], where no peak was observed above background at the frequency 4ωL. With a

B0
4(I)OR component, as predicted with the Gaussian parameterization, the amplitude of the

peak at 4ωL should have been ∼ 25% of the one at 2ωL (see equation (2.17)).
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0
2(I)OR as a function of σ/I for different

spin values, top: oblate ensemble, bottom: prolate ensemble

During the in-flight separation of the fragments, the alignment axis zOR
will rotate over an angle θL = −ωLt due to Larmor precession (cf. 1.3.2) of the
spins in the separator dipole magnets. At the same time, the fragments with
mass m = Au and charge q = Ze are deflected by an angle θc = ωct, with
ωc = qB/m the cyclotron frequency. The angle between the beam direction
and the alignment axis is then given by [4, 11] (see figure 2.7)

γA = θL − θc = −θc
(

1− gµNAu

h̄Ze

)
≈ −θc

(
1− gA

2Z

)
. (2.4)

2.3 Orientation of B or Vzz with respect to zOR

In analogy with the electric quadrupole interaction, one can call the reference
frame with B as z-axis the principal axis system for the magnetic dipole inter-
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Figure 2.7: At the exit of the separator, the alignment axis will make

an angle γA with respect to the beam direction. See the text for more

details.

action, so that zPAS equals either B or Vzz.
In sections 1.3.2 and 1.3.3, it was shown that the time evolution of the spin

orientation is determined by the non-axial tensor components Bn 6=0
k (0)PAS .

Consequently, if the hyperfine interaction is axially symmetric with respect to
the alignment axis (i.e. zPAS coincides with zOR), the spin orientation will not
be perturbed.

The optimal orientation of zPAS with respect to zOR can be derived from
the expression of the orientation tensors in the PAS-frame. Due to the ax-
ial symmetry, both xOR and xPAS can be chosen in the zPASzOR-plane and
the transformation from the PAS-frame to the OR-frame is given by the Euler
angles (0, δ, 0), with δ the angle between zPAS and zOR. According to equa-
tion (1.23), the Bnk (0)PAS tensor components are then given by

Bnk (0)PAS = (−1)n
[

(k − n)!
(k + n)!

]1/2

Pnk (cos δ)B0
k(0)OR , (2.5)

with Pnk (cos δ) the associated Legendre functions (A.1).
The second-order terms dominate the angular distribution and the largest

anisotropy is obtained for the angle δ that maximizes the tensor components
B1,2

2 (0)PAS :

B1
2(0)PAS = −

√
6

4
sin(2δ)B0

2(0)OR (2.6)

B2
2(0)PAS =

√
6

4
sin2 δ B0

2(0)OR . (2.7)
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This leads to two possible geometries: δ = 45◦ or δ = 90◦. For δ = 90◦,
B1

2(0)PAS vanishes, while for δ = 45◦, B2
2(0)PAS only decreases to half its

maximum value. Note that the negative tensor components can be calculated
from the positive ones, using the following property of the orientation tensors:

Bnk
∗ = (−1)nB−nk . (2.8)

2.4 Perturbed angular distribution in the LAB-

frame

Consider the perturbed angular distribution given by equation (1.80) and a
general geometry as depicted in figure 2.8. The aligned ensemble at the mo-
ment of implantation is described in the OR-frame by the orientation ten-
sors B0

k≥2(0)OR; the perturbation factors in the PAS-frame are given by equa-
tions (1.36) and (1.52); the detector positions are specified in the LAB-frame
with the spherical polar angles (θ, ϕ). Transforming the orientation tensors to
the LAB-frame by means of equation (1.23) gives

Bn
′

k′ (0)LAB = (−1)n
′
[

(k′ − n′)!
(k′ + n′)!

]1/2

e−in
′γ Pn

′

k′ (cos ε)B0
k′(0)OR (2.9)

and the perturbation factors in the LAB-frame follow from equation (1.35):

Gnn
′

kk′ (t)LAB = eiα(n′−n)
∑
N

dknN (β)dk
′

n′N (β)GNNkk′ (t)PAS . (2.10)

Substituting both expressions into equation (1.80), leads to the result

4πW (θ, ϕ, t) = 1 +
∑
k,k,′N

CkB
0
k′(0)OR cNkk′ GNNkk′ (t)PAS , (2.11)

where the cNkk′ coefficients contain all the dependence on the geometry:

cNkk′ =
∑
n,n′

(−1)n+n′
[

(k − n)! (k′ − n′)!
(k + n)! (k′ + n′)!

]1/2

dk
′

n′N (β) dknN (β)

× Pn′

k′ (cos ε)Pnk (cos θ) ei[n(ϕ−α)+n′(α−γ)] . (2.12)
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Figure 2.8: Definition of the different reference frames. The xLAB-

axis is chosen in the direction of the secondary beam. The LAB-frame

transforms to the PAS-frame by rotation through the Euler angles

(α, β, 0) and to the OR-frame by a rotation through (γ, ε, 0). δ is the

angle between zPAS and zOR.

The optimal orientation of zPAS in the LAB-frame follows from the trigono-
metric identity

cos δ = cosβ cos ε+ sinβ sin ε cos(α− γ) . (2.13)

For spin-aligned projectile fragments ε = 90◦ and γ = γA, with γA given by
equation (2.4) and the two possible orientations of zPAS are:

• δ = 90◦ → α = γA±90◦ and zPAS lies in the plane perpendicular to zOR.

• δ = 45◦ → sinβ =
√

2
2 cos(α−γA) with α ∈ [γA−45◦, γA+45◦] and zPAS lies

on the surface of a cone with zOR as axis and an opening angle of 90◦.
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2.5 Magnetic dipole TDPAD

For a magnetic dipole TDPAD experiment, the most convenient choice for the
direction of the magnetic field is along zLAB (α = β = 0). For a non-zero-
degree separator, it is even the only choice, as all the other possibilities require
knowledge of the angle γA and, consequently, the g factor, which is the quantity
we want to measure in the first place.

Filling in the explicit expression for the perturbation factors (1.36), equa-
tion (2.11) reduces to

4πW (θ, ϕ, t) = 1 +
∑
k,n

CkB
0
k(0)OR

(k − n)!
(k + n)!

Pnk (cos θ)Pnk (0)ein(ϕ−ωLt−γA) .

(2.14)
Using the property (A.4), this can be rewritten as

4πW (θ, ϕ, t) = 1 +
∑
k

CkB
0
k(0)OR

[
P 0
k (cos θ)P 0

k (0) +
∑
n>0

2
(k − n)!
(k + n)!

× Pnk (cos θ)Pnk (0) cosn(ϕ− ωLt− γA)
]

. (2.15)

Neglecting the terms with k ≥ 4 this becomes

4πW (θ, ϕ, t) = 1 + C2B
0
2(0)OR

(
1− 3 cos2 θ

4
+

3
4

sin2 θ cos[2(ϕ− ωLt− γA)]
)
,

(2.16)

which shows that the anisotropy is highest for detectors placed in the horizontal
laboratory plane (θ = 90◦)5.

The angular distribution manifests itself as a time-dependent modulation
of the exponential decay of the isomer:

I(t, θ, ϕ) = I0e
−t/τW (θ, ϕ, t) , (2.17)

with I(t, θ, ϕ) the γ-ray intensity observed in the direction (θ, ϕ) at time t. The
perturbation itself can be visualized by constructing the ratio function

R(t) =
I(t, θ1, ϕ1)− I(t, θ2, ϕ2)
I(t, θ1, ϕ1) + I(t, θ2, ϕ2)

=
W (θ1, ϕ1, t)−W (θ2, ϕ2, t)
W (θ1, ϕ1, t) +W (θ2, ϕ2, t)

. (2.18)

5The contribution of the fourth-order term for θ = 90◦ is:

C4B
0
4(0)OR

„
9

64
+

5

16
cos[2(ϕ− ωLt− γA)] +

105

192
cos[4(ϕ− ωLt− γA)]

«
.
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For θ1 = θ2 = 90◦ this becomes

R(t) =
3CkB0

k(0)OR sin(ϕ1 − ϕ2) cos[2(ϕ1+ϕ2
2 + π

4 − ωLt− γA)]
4 + CkB0

k(0)OR + 3CkB0
k(0)OR cos(ϕ1 − ϕ2) cos[2(ϕ1+ϕ2

2 − ωLt− γA)]
.

(2.19)

The g factor can be derived from both the Larmor frequency and the initial
phase of the oscillation, which depends on g through the angle γA. It should be
noted, however, that the latter dependence is not sensitive enough to extract
an accurate value, but can rather be used to determine the sign of g.

Since the cosine is an even function, the sign of the g factor cannot always
be determined. Substituting the explicit expressions for ωL and γA into equa-
tion (2.19), one sees that if ϕ1 +ϕ2 + π/2 + 2θc is an integer multiple of π, the
R(t) function is not sensitive to the sign of g. For example, the LISE separator
has θc = π/2 and the sign of the g factor cannot be determined for detectors
positioned parallel and perpendicular to the beam axis (ϕ1 = 0 and ϕ2 = π/2).

The amplitude of the R(t) function depends on the angle ∆ϕ = |ϕ1 − ϕ2|
between the two detectors and is maximal at ∆ϕ = 90◦. In case ∆ϕ 6= 90◦, the
time-dependent term in the denominator also leads to a slightly asymmetric
R(t) function (see figure 2.9). In practice, the ratio [3CkB0

k(0)OR cos(ϕ1 −
ϕ2)]/4 is usually very small and the induced asymmetry of the R(t) function is
negligible.

One can also combine intensities measured in a single detector, but with
opposite signs of the magnetic field. This leads to

R(t) =
I(t, ωL)− I(t,−ωL)
I(t, ωL) + I(t,−ωL)

=
3CkB0

k(0)OR sin[2(ϕ− γA)] sin(2ωLt)
4 + CkB0

k(0)OR + 3CkB0
k(0)OR cos[2(ϕ− γA)] cos(2ωLt)

. (2.20)

The R(t) function now decreases in amplitude if the detector position deviates
from ϕ = γA± 45◦ and this method is not very suitable for measurements at a
non-zero-degree separator.
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Figure 2.9: R(t) function (equation (2.19)) for a magnetic dipole

TDPAD experiment with ωL = 10 MHz, γA = 0◦ and C2B
0
2(0)OR =

0.5. Detector positions are ϕ1 = 45◦, ϕ2 = 135◦ for the solid line and

ϕ1 = 90◦, ϕ2 = 135◦ for the dashed line. In order to better visualize

the asymmetric shape of the R(t) function for ∆ϕ 6= 90◦, the value of

C2B
0
2(0)OR is chosen higher than one would realistically expect.

Summary: optimal conditions for magnetic dipole TDPAD

• The most convenient orientation of B is along zLAB .

• The detectors should be placed perpendicular to B, i.e. θ = 90◦

(see equation (2.16)).

• The optimal R(t) amplitude is achieved for detectors at 90◦ with
respect to each other (see equation (2.19)).

• In order to determine the sign of g, the detector positions should
obey ϕ1 +ϕ2 +π/2+2θc 6= nπ with n an integer and ϕ1,2 the angle
between the detector and the beam axis (see equation (2.19)).

• The optimal detector position for an R(t) function, constructed by
using data taken with a single detector and both directions of the
magnetic field, is 45◦ or 135◦ with respect to the alignment axis:
ϕ = γA ± 45◦ or ϕ = γA ± 135◦ (see equation (2.20)).
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2.6 Electric quadrupole TDPAD

The optimal geometry for an electric quadrupole TDPAD experiment depends
on the properties of the isomeric state under investigation (spin, lifetime) and
the quadrupole interaction frequency νQ as defined by equation (1.16). More-
over, the deflection angle θc of the beam in the separator also has to be consid-
ered and may complicate the experiment. This section describes the optimal
detector positions and the structure of the R(t) function for each geometry.

2.6.1 Single-crystal host

Description in the LAB-frame

Using (1.45) and the fact that the perturbation factors are real for k+ k′ even,
the summation over N in equation (2.11) can be restricted to N ≥ 0

4πW (θ, ϕ, t) = 1 +
∑
k,k′

CkB
0
k′(0)OR

[
a0
kk′δkk′ +

∑
N>0

aNkk′GNNkk′ (t)PAS

]
, (2.21)

with aNkk′ = cNkk′ +c−Nkk′ . The explicit expression for the aNkk′ coefficients is given
in appendix B.

In 1979, Dafni et. al published tables of the Skk
′

qN , skq and aNkk′ coefficients
for I ≤ 20 [5]. The paper gives the explicit expressions for the Skk

′

qN and skq

coefficients, as here derived in chapter 1, but the aNkk′ coefficients are only
tabulated. The authors state that they were derived from the Time Integral
Perturbed Angular Correlation (TIPAC) formulas given in Ref. [28]. The ap-
proach used in the latter paper differs from the present one, however, and yields
a different analytical form for the aNkk′ coefficients, making a numerical compar-
ison necessary. Moreover, the aNkk′ coefficients are only given for a few chosen
(α, β) sets and for γ = 0◦, ε = θ = 90◦ and ϕ = 0◦(90◦), i.e. only detectors
in the horizontal laboratory plane and at 0◦ or 90◦ with respect to the beam
direction are considered. As will be shown later, this is the optimal geometry,
since the anisotropy of the angular distribution is highest for detectors at 0◦ or
90◦ with respect to zOR (which is equal to the beam direction for an in-beam
experiment).

Due to the fact that the alignment axis is, in general, not equal to the
beam direction, it may not always be possible to place the detectors at their
optimal positions. In addition, the high demand for beam time at large-scale
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facilities makes it hard for small, independent experiments to compete with
large collaborations. It is therefore worthwhile to investigate whether electric
quadrupole TDPAD experiments can be combined with other γ-spectroscopy
experiments using multidetector arrays. The more general expression of the
aNkk′ coefficients, derived in this section, allows to calculate R(t) functions for
any geometry.

As a cross-check, the aNkk′ coefficients for γ = 0◦, ε = θ = 90◦ and
ϕ = 0◦(90◦) were compared with those tabulated in Ref. [5]. For the aNkk′

coefficients with k 6= k′, there is a discrepancy between the tabulated values
and those calculated with equation (B.4) (see tables 2.2 and 2.3). All tabulated
values satisfy aNkk′ = aNk′k, while equation (B.4) clearly shows that this is not
a general property for k 6= k′. It does hold true, however, for detectors with
ϕ = 0◦ and the two optimal geometries (detectors positioned at ϕ = 0◦(90◦)
and β = 0◦ or β = 90◦, α = 45◦) and those tabulated values correspond to
ours.

Table 2.2: Comparison of the a1,2
24 coefficients obtained in this work

with those of Dafni et. al.

a1
24 a2

24

α β ϕ Dafni [5] this work Dafni [5] this work
15◦ 90◦ 0◦ 0.3022 0.3022 0.0120 0.0120
15◦ 90◦ 90◦ -0.0428 -0.3022 0.0756 0.16736
0◦ 75◦ 90◦ 0 0 -0.0735 -0.1794
30◦ 90◦ 0◦ 0.5777 0.5777 0.1286 0.1286
30◦ 90◦ 90◦ -0.1284 -0.5777 0.2269 0.3858
0◦ 60◦ 90◦ 0 0 -0.1967 -0.5144
45◦ 90◦ 0◦ 0.1712 0.1712 0.3026 0.3026
45◦ 90◦ 90◦ -0.1712 -0.1712 0.3026 0.3026
0◦ 45◦ 90◦ 0 0 -0.1816 -0.6052
60◦ 90◦ 0◦ -0.3209 -0.3209 0.2042 0.2042
60◦ 90◦ 90◦ -0.1284 0.3209 0.2269 0.0681
0◦ 30◦ 90◦ 0 0 0.0454 -0.2723
75◦ 90◦ 0◦ -0.2166 -0.2166 -0.2238 -0.2238
75◦ 90◦ 90◦ -0.0428 0.2166 0.0756 -0.0161
0◦ 15◦ 90◦ 0 0 0.3458 0.2399
90◦ 90◦ 0◦ 0 0 -0.4841 -0.4841
90◦ 90◦ 90◦ 0 0 0 0
0◦ 0◦ 90◦ 0 0 0.4841 0.4841
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Table 2.3: Comparison of the a1,2
42 coefficients obtained in this work

with those of Dafni et. al.

a1
42 a2

42

α β ϕ Dafni [5] this work Dafni [5] this work
15◦ 90◦ 0◦ 0.3022 0.3022 0.0120 0.0120
15◦ 90◦ 90◦ -0.0428 0.2166 0.0756 -0.0161
0◦ 75◦ 90◦ 0 0 -0.0735 0.0324
30◦ 90◦ 0◦ 0.5777 0.5777 0.1286 0.1286
30◦ 90◦ 90◦ -0.1284 0.3209 0.2269 0.0681
0◦ 60◦ 90◦ 0 0 -0.1967 0.1210
45◦ 90◦ 0◦ 0.1712 0.1712 0.3026 0.3026
45◦ 90◦ 90◦ -0.1712 -0.1712 0.3026 0.3026
0◦ 45◦ 90◦ 0 0 -0.1816 0.2421
60◦ 90◦ 0◦ -0.3209 -0.3209 0.2042 0.2042
60◦ 90◦ 90◦ -0.1284 -0.5777 0.2269 0.3856
0◦ 30◦ 90◦ 0 0 0.0454 0.3631
75◦ 90◦ 0◦ -0.2166 -0.2166 -0.2238 -0.2238
75◦ 90◦ 90◦ -0.0428 -0.3022 0.0756 0.1674
0◦ 15◦ 90◦ 0 0 0.3458 0.4517
90◦ 90◦ 0◦ 0 0 -0.4841 -0.4841
90◦ 90◦ 90◦ 0 0 0 0
0◦ 0◦ 90◦ 0 0 0.4841 0.4841

Substituting formula (1.52) for the perturbation factors, the angular distribu-
tion can be written as

4πW (θ, ϕ, t) = 1 +
∑
k

CkB
0
k(0)ORa0

kk

+
∑
q>0

[ ∑
k,k′

N>0

CkB
0
k′(0)ORSkk

′

qN a
N
kk′

]
cos(qω0t) , (2.22)

where the expression between brackets gives the amplitude of each harmonic
depending on the geometry, the amount of alignment and the details of the
decay scheme. The R(t) function can again be calculated by combining the
angular distributions for two detectors in the following way:

R(t) =
W (t, θ1, ϕ1)−W (t, θ2, ϕ2)
W (t, θ1, ϕ1) +W (t, θ2, ϕ2)

. (2.23)

The resulting expression is quite complex, which makes it difficult to investigate
the influence of the geometry. A description in the PAS-frame is better suited
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for that purpose, because the analytical form of the angular distribution is then
much simpler.

Description in the PAS-frame

In the PAS-frame the aNkk′ coefficients reduce to

aNkk′ = 2
[

(k −N)! (k′ −N)!
(k +N)! (k′ +N)!

]1/2

PNk′ (cos δ)PNk (cos θ) cos(Nϕ) , (2.24)

with δ the angle between zPAS and zOR and (θ, ϕ) the detector position. The
main characteristics of the angular distribution are determined by the second-
order contribution:

4πW (θ, ϕ, t) = 1 + C2B
0
2(0)ORa0

22 +
∑
q>0

[∑
N>0

C2B
0
2(0)ORS22

qNa
N
22

]
cos(qω0t) .

For δ = 90◦, this becomes

4πW (θ, ϕ, t) = 1 + C2B
0
2(0)OR

1− 3 cos2 θ

4

+
3
4
C2B

0
2(0)OR sin2 θ cos(2ϕ)

∑
q>0

S22
q2 cos(qω0t) . (2.25)

The shape of the angular distribution is determined by the S22
q2 coefficients,

which in turn depend only on the spin I. From equation (1.44), it follows that
q = 4(m − 1) for integer I and hence only harmonics with q divisible by four
contribute. For half-integer I, q = 2(m−1) and the angular distribution consists
only of harmonics with odd q. Note that the maximum number of harmonics
is given by q = 4(I − 1) for integer I and q = 2(I − 1) for half-integer I.

The detector position (θ, ϕ) only influences the amplitude of the perturba-
tion. The highest anisotropy is achieved for detectors in the plane perpendicular
to zPAS (θ = 90◦) and oriented parallel or perpendicular to zOR (ϕ = 0◦ or
90◦)6. Since zOR lies at a variable position in the horizontal laboratory plane
(ε = 90◦, γ = γA), this geometry is most easily realized for an electric-field gra-
dient Vzz oriented along zLAB and detectors placed at angles ϕ = γA (γA+90◦)
in the xyLAB-plane.

6Remember that zOR lies in the xzPAS plane.
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In what follows, the terms proportional to C2B
0
2(0)OR in the denominator

of the R(t) function will always be neglected, since they are too small to sig-
nificantly change its structure. The R(t) function in the xyLAB-plane can then
be written as

R(t) ≈ 3
4
C2B

0
2(0)OR sin(ϕL2 −ϕL1 ) sin(ϕL1 +ϕL2 −2γA)

∑
q>0

S22
q2 cos(qω0t) , (2.26)

where the index L indicates that the angle is given with respect to the LAB-
frame (see figure 2.10). The amplitude of the R(t) function depends on the
angle between the two detectors (which is optimal at 90◦) and on the detec-
tor positions with respect to zOR (preferentially parallel and perpendicular to
zOR: ϕL1 = γA and ϕL2 = γA + 90◦). This in contrast with a magnetic dipole
TDPAD experiment, where the detector positions with respect to zOR only
influence the initial phase of the oscillation (see previous section). The g factor
dependence of γA makes the optimal experimental geometry for a quadrupole
moment measurement case-dependent.

xLAB

yLAB

ϕ

ϕL

γA

zOR

ϕ = ϕL − γA

Figure 2.10: Relationship between the detector position ϕL in the

horizontal laboratory plane and the angle ϕ in the PAS-frame. Detec-

tors at 180◦ with respect to each other have the same angular distribu-

tion, so every possible configuration is equivalent with one where the

detectors and zOR lie in the first two quadrants of the LAB-frame, i.e.

0◦ ≤ ϕL, γA < 180◦.

Figures 2.11 and 2.12 display R(t) functions for the spins 3, 4, 7/2 and
9/2 and the three geometries discussed in this section. The period of the R(t)
function is equal to 2π/ω0 and increases with increasing spin if νQ is kept
constant.
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Figure 2.11: R(t) functions for zPAS = zLAB (top), zPAS in xyLAB-

plane at 45◦ with respect to zOR (middle) and for a polycrystalline host

(bottom). The two detectors are placed in the xyLAB-plane parallel and

perpendicular to zOR and ω0 = 9.35 MHz. The solid line corresponds

to I = 3 the dashed line to I = 4, all the other parameters are kept the

same for all plots.
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Figure 2.12: R(t) functions for zPAS = zLAB (top), zPAS in xyLAB-

plane at 45◦ with respect to zOR (middle) and for a polycrystalline host

(bottom). The two detectors are placed in the xyLAB-plane parallel and

perpendicular to zOR and ω0 = 9.35 MHz. The solid line corresponds

to I = 7/2 the dashed line to I = 9/2, all the other parameters are

kept the same for all plots.
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The angular distribution for δ = 45◦ is:

4πW (θ, ϕ, t) = 1 + C2B
0
2(0)OR

1− 3 cos2 θ

4

+
3
4
C2B

0
2(0)OR sin(2θ) cosϕ

∑
q>0

S22
q1 cos(qω0t)

+
3
8
C2B

0
2(0)OR sin2 θ cos(2ϕ)

∑
q>0

S22
q2 cos(qω0t) . (2.27)

It consists of two different perturbations and the structure of the pattern be-
comes considerably more complex. If I is an integer, the first term is a super-
position of only odd harmonics (q = 2m− 1), while for half-integer I both odd
and even harmonics contribute (q = m − 1

2 ). The highest possible harmonic
is given by 2I − 1 (I − 1

2 ) for integer (half-integer) spin. The second term
is the same as the perturbation for the previous case, but with only half the
amplitude.

The detectors should be placed in the plane formed by zOR and zPAS

(ϕ = 0◦ or 180◦) and at 45◦ with respect to zPAS (θ = 45◦). Since zOR

makes a 45◦ angle with zPAS in the xzPAS-plane, this again implies that the
detectors should be placed parallel or perpendicular to zOR. The most conve-
nient choice is to place the electric-field gradient in the xyLAB-plane and at 45◦

with respect to zOR. This poses an additional complication because it requires
a variable angle of 45◦− γA between the direction of Vzz and the surface of the
implantation host.

The shape of the angular distribution is also influenced by the detector
position, since the relative contribution of the two terms depends on the angles
θ and ϕ. Detectors at different positions in the horizontal laboratory plane now
display completely different perturbation patterns.

Neglecting the offset caused by the term proportional to 1 − 3 cos2 θ, the
shape of the R(t) function for detectors in the xyLAB plane and with ϕ = 0◦7

is determined by

R(t) ≈ C +
3
4
C2B

0
2(0)OR sin(ϕL2 − ϕL1 ) sin(ϕL1 + ϕL2 − 2γA)

∑
q>0

S22
q1 cos(qω0t)

+
3
16
C2B

0
2(0)OR sin(ϕL2 − ϕL1 ) cos(ϕL1 + ϕL2 − 2γA)

∑
q>0

S22
q2 cos(qω0t) ,

(2.28)
7Every detector with ϕ = 180◦ is equivalent to a detector with ϕ = 0◦.
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with C the offset and ϕLi as defined in figure 2.13.

xLAB

yLAB

γA

zOR

zPAS

θ
ϕL

xPAS

θ = ϕL − γA − 45◦

Figure 2.13: Relationship between the detector position ϕL in the

horizontal laboratory plane and the angle θ in the PAS-frame. The

detectors are positioned in the first and fourth quadrant of the PAS-

frame ϕ = 0◦ and zPAS is always at an angle of +45◦ with zOR.

The first term has the same angular dependence as for the perpendicular ge-
ometry. The influence of the second term is small if the detectors are close
to their optimal positions (ϕL1 + ϕL2 − 2γA = 90◦). Due to the interference
between the two terms the amplitude of the R(t) function now also depends on
the direction of the misalignment with respect to zOR. For two detectors at 90◦

with respect to each other, for example, a misalignment of |20◦| with respect
to zOR reduces the amplitude of the R(t) function with 23% for δ = 90◦. For
δ = 45◦, on the other hand, a deviation of +20◦ causes a reduction of 40%
(sin(50◦) + cos(50◦)/4), while a negative deviation only leads to an amplitude
that is 7% lower (sin(50◦)− cos(50◦)/4).

A few example R(t) functions can again be found in figures 2.11 and 2.12.

2.6.2 Polycrystalline host

Like a magnetic dipole TDPAD experiment, this case can be completely under-
stood from a description in the LAB-frame only. Substituting the attenuation
coefficients (1.56) and the orientation tensors (2.9) into equation (1.81) and
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using the identity (A.5) gives

4πW (θ, ϕ, t) = 1 +
∑
k,n

CkB
0
k(0)OR

(k − n)!
(k + n)!

Pnk (cos θ)Pnk (cos ε)ein(ϕ−γ)Gkk(t)

= 1 +
∑
k

CkB
0
k(0)OR Pk(cos Ψ)

∑
q

skq cos(qω0t) , (2.29)

where Ψ is the angle between the detector and zOR. Up to second order this
becomes

4πW (θ, ϕ, t) = 1 + C2B
0
2(0)OR

3 cos2 Ψ− 1
2

∑
q

skq cos(qω0t) . (2.30)

The anisotropy is the highest for a detector parallel to zOR (Ψ = 0◦), but only
reaches half its maximum value for a detector perpendicular to it (Ψ = 90◦).
This differs from the single-crystal case where the anisotropy is the same for
both detectors. For ε = 90◦ and γ = γA, the angle Ψ is determined by

cos Ψ = sin θ cos(ϕ− γA) (2.31)

and the R(t) function in the xyLAB-plane can be expressed as

R(t) ≈ 3
4
C2B

0
2(0)OR sin(ϕ1−ϕ2) sin(ϕ1 +ϕ2− 2γA)

∑
q

skq cos(qω0t) . (2.32)

This expression has the same angular dependence as the R(t) function for
a single crystal with an electric-field gradient oriented perpendicular to the
alignment axis (equation (2.26)). The amplitude of the R(t) function decreases
when the angle between the two detectors deviates from 90◦ and/or when the
detectors deviate from their optimal positions (parallel and perpendicular to
zOR). In addition, the shape of the R(t) function is again independent of the
detector positions.

Example R(t) functions are displayed at the bottom of figures 2.11 and 2.12.

2.6.3 Conclusion

There are three possible choices for the orientation of the electric-field gradient
Vzz: a randomly oriented Vzz (polycrystal), a single crystal with Vzz at 90◦

with respect to the alignment axis zOR and a single crystal with Vzz at an
angle of 45◦ to zOR.
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The optimal two-detector configuration for an electric quadrupole TDPAD
experiment consists of one detector placed parallel to zOR and another one
placed perpendicular to it, with its exact position depending on the orientation
of the electric-field gradient Vzz. For a non-zero-degree separator, this config-
uration is case-dependent since the angle γA between zOR and the direction of
the secondary beam depends on the g factor (equation (2.4)). The amplitude
of the R(t) function decreases if the detectors are misaligned with respect to
these optimal positions. For a polycrystal and a single crystal with Vzz oriented
perpendicular to zOR, the amplitude of the R(t) function depends only on the
absolute value of the deviation angle between the detectors and zOR (equa-
tion (2.26) and (2.32)), while for a single crystal with Vzz at an angle of 45◦ to
zOR, the direction of the misalignment plays a role as well (equation (2.28)).
For all cases, the amplitude of the R(t) function decreases if the angle between
the detectors deviates from 90◦.

If a polycrystal is used, the shape of the R(t) function is independent of the
detector positions (equation (2.32)), and moreover, all detectors in the plane
perpendicular to zOR are equivalent. The use of a single crystal imposes some
additional constraints on the optimal position of the second detector. For Vzz
perpendicular to zOR, the second detector should be placed perpendicular to
Vzz, while for Vzz at 45◦ with respect to zOR, it should make an angle of 45◦

with Vzz. The shape of the R(t) function is again independent of the detector
positions if Vzz is oriented perpendicular to zOR (equation (2.26)), while for
Vzz at 45◦ with respect to zOR, the shape of the R(t) function does depend on
the detector positions (equation (2.28)).

The best choice for the orientation of Vzz will depend on what part of
the R(t) period can be observed and should be investigated on a case-by-case
basis. Some general guidelines can be formulated however. If only a small
part of the full period can be observed before the isomer has decayed, it is
advantageous to have a distinct structure at the beginning of the period. This
can be accomplished by placing Vzz at 45◦ with respect to zOR (compare the
different cases in figures 2.11 and 2.12). If more than half of the period can
be observed, one should consider placing Vzz perpendicular to zOR. These
R(t) functions exhibit a very distinctive shape: a flat baseline with a peak-like
structure. Although the peaks are smaller than the largest effect that can be
obtained with Vzz at 45◦ with respect to zOR, they occur more frequently. This



54 TDPAD on spin-aligned projectile fragments

allows for an accurate determination of νQ, even if the full period cannot be
observed. However, if the amount of alignment is small, placing Vzz at 45◦ with
respect to zOR will sometimes be the better choice. Other than for practical
considerations (unavailability of a single crystal, orienting Vzz, . . . ) using a
polycrystal offers no advantage over a single crystal, as it exhibits an R(t)
function which is basically the intermediate of the two single-crystal cases.

Summary: optimal conditions for electric quadrupole TDPAD

• One detector should be placed parallel to the alignment axis zOR, i.e.
θ = 90◦ and ϕ = γA (γA + 180◦). For a non-zero-degree separator
γA depends on the g factor (see equation (2.4)).

polycrystal

• The second detector should make an angle of 90◦ with the first
one, i.e. be positioned anywhere in the plane perpendicular to the
alignment axis zOR.

single crystal

• The specific direction of the electric-field gradient Vzz reduces the
number of optimal detectors in the plane perpendicular to the align-
ment axis zOR:

– Vzz perpendicular to zOR: the second detector should be placed
perpendicular to both zOR and Vzz.

– Vzz at 45◦ to zOR: the second detector should be placed per-
pendicular to zOR and at 45◦ with respect to Vzz.

• Vzz at 45◦ with respect to zOR is the best choice if only a small part
of the R(t) period can be observed.

• If one half to a full period can be observed, Vzz perpendicular to
zOR will generally be the best choice. If the amount of alignment
is small however, Vzz at 45◦ with respect to zOR might be more
suitable for some cases.

• If several periods can be observed, Vzz at 45◦ with respect to zOR
is the optimal choice.
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2.7 Outlook: electric quadrupole TDPAD with

a large detector array

This section briefly touches on the possibility of performing electric quadrupole
TDPAD experiments with multidetector arrays. It is not meant to be general as
each array has to be investigated separately. As an example, the RISING (Rare
Isotope Investigations at GSI) Stopped Beam Array [29] is considered, which
was recently used in a campaign of γ-ray spectroscopy in the µs lifetime range.
The array is situated at the final focal plane of the FRagment Separator (FRS)
at GSI [30], which is a zero-degree separator, so no deviation of the alignment
axis needs to be taken into account. The array consists of fifteen seven-element
germanium cluster detectors from the former Euroball IV array [31], placed in
three angular rings of five detectors at 51◦, 90◦ and 129◦ with respect to the
beam direction zOR. The corresponding angles in the LAB-frame are given in
table 2.4 [32].

Table 2.4: Detector positions of the RISING Stopped Beam Array:

(θ, ϕ) are the detector angles in the LAB-frame and Ψ is the angle

between the detector and zOR, which is given by the beam direction.

detector θ ϕ Ψ
1 39◦ 0◦ 51◦
2 76◦ 310◦ 51◦
3 117◦ 315◦ 51◦
4 117◦ 45◦ 51◦
5 76◦ 50◦ 51◦
6 36◦ 270◦ 90◦
7 108◦ 270◦ 90◦
8 180◦ 0◦ 90◦
9 108◦ 90◦ 90◦
10 36◦ 90◦ 90◦
11 39◦ 180◦ 129◦
12 76◦ 230◦ 129◦
13 117◦ 225◦ 129◦
14 117◦ 135◦ 129◦
15 76◦ 130◦ 129◦

For a polycrystalline host, detectors 1-5 and 11-15 are all equivalent; the
same holds for detectors 6-10. Hence, an R(t) function can only be constructed
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by combining a detector from 6-10 with one from 1-5 or 11-15. This R(t)
function is shown in figure 2.14. The amplitude of the R(t) function is reduced
by more than a factor of two compared to the optimal case. This is due to the
fact that the anisotropy of the angular distribution for detectors perpendicular
to zOR is only have half of the maximum anisotropy (obtained for detectors
parallel to zOR, equation (2.30)). Due to the absence of detectors parallel to
zOR, a polycrystal is therefore not a very suitable choice for electric quadrupole
TDPAD experiments with this array.
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Figure 2.14: R(t) functions with a polycrystalline host for I = 9/2

and ω0 = 9.35 Mhz. (left) R(t) function for the optimal configuration

(θ = 90◦, ϕ = 0◦ and 90◦). (right) R(t) function as obtained with

the RISING Stopped Beam Array (detector 1 = 1 − 6, detector 2 =

1− 5, 11− 15).

A single crystal is better suited since detectors perpendicular to zOR then
do have the maximum anisotropy. For an electric field gradient along zLAB

(β = 0◦) or at 45◦ degrees with respect to the beam direction (β = 90◦, α = 45◦;
see figure 2.8), detectors 7 and 9 are rather close to their optimal positions and
the highest amplitude for the R(t) function is obtained for the detector pair
(1,7) (or equivalently (1,9), (7,11) and (9,11)). This R(t) function, together
with a few other examples, is shown in figure 2.16 for I = 4 and figure 2.17 for
I = 9/2.

If Vzz is chosen along zLAB , the shape of the R(t) function is independent
of the detector positions (equation (2.26)) and the maximum amplitude that
can be obtained is about 65% of the ideal one. For Vzz at 45◦ degrees with
respect to the beam direction, the angular distribution consists of two different
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Figure 2.15: Angular distributions for detector 1 (solid line) and

detector 7 (dashed line) with Vzz at 45◦ to the beam direction and for

ω0 = 9.35 Mhz. (left) I = 9/2, (right) I = 4.

perturbations (equation (2.27)) and the shape of the R(t) function depends on
the detector positions and on the spin I (through the coefficients Skk

′

qn ). Hence,
for a fixed pair of detectors, the largest obervable effect will not be the same
for all spins (see for example figure 2.15). For the detector pair (1,7), an effect
which is about 80% of the maximum one is observed for I = 4 (around t ∼ 0.5
µs), while for I = 9/2 the highest effect is only about half of the ideal one (see
figures 2.16 and 2.17). It is therefore difficult to draw general conclusions about
the feasibility of electric quadrupole TDPAD experiments with large detector
arrays and each case has to be investigated separately.
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Figure 2.16: Comparison of a few R(t) functions of the RISING

Stopped Beam Array with the optimal R(t) function. ω0 = 9.35 Mhz,

I = 4 and Vzz along zLAB (solid line) or oriented in the xyLAB-plane

and at 45◦ with respect to the beam direction (dashed line). (a) detec-

tors at their optimal positions (θ = 90◦, ϕ = 0◦ and 90◦), (b) detector

pair (1,7), (c) detector pair (9,13), (d) detector pair (8,9), (e) detector

pair (1,10) and (f) detector pair (2,10).
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Figure 2.17: Comparison of a few R(t) functions of the RISING

Stopped Beam Array with the optimal R(t) function. ω0 = 9.35 Mhz,

I = 9/2 and Vzz along zLAB (solid line) or oriented in the xyLAB-plane

and at 45◦ with respect to the beam direction (dashed line). (a) detec-

tors at their optimal positions (θ = 90◦, ϕ = 0◦ and 90◦), (b) detector

pair (1,7), (c) detector pair (9,13), (d) detector pair (8,9), (e) detector

pair (1,10) and (f) detector pair (2,10).





Chapter 3

TDPAD on spin-polarized

projectile fragments

The aim of this chapter is to explore the possibility of using spin-polarized
isomeric fragment beams to measure the sign of the spectroscopic quadrupole
moment. As a by-product of these experiments, more information on the spin-
orientation mechanism can be obtained as well.

The chapter starts with a brief explanation of the polarization induced
in projectile-fragmentation reactions, continuing the discussion of sections 2.1
and 2.2.

3.1 Polarization in projectile-fragmentation

reactions

The polarization will depend on whether the fragments follows a near- or a
far-side trajectory. Suppose that the fragments are selected under a positive
angle with respect to the beam direction, as shown in figure 2.21. If the re-
action occurs through a far-side collision (positive θdef , see figure 2.1), mainly
fragments coming from the right side of the target are selected. This right/left
asymmetry in turn induces an up/down asymmetry with respect to the z-axis
for fragments in the wings of the momentum distribution: for pfx � pp more
fragments with Lz = +Rkx than with Lz = −Rkx are detected, while for
pfx � pp the opposite is true. The right/left asymmetry becomes smaller as

1In practice, this is accomplished by deviating the primary beam by an angle θf before it

hits the target.
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|β| increases2, so the largest amount of polarization is created for reactions
occurring in the xyLAB-plane. The contribution of reactions with β 6= 0 will
lower the net amount of polarization with respect to zLAB .

far-side collision

near-side collision

pfx−pp

pp

0

pfx−pp

pp

0

yi
el

d
P

Figure 3.1: The longitudinal momentum distribution as a function

of the relative fragment momentum (pfx − pp)/pp is Gaussian with

σ = σ‖/pp (top). Selecting fragments at an angle θf (see figure 2.2)

with respect to the primary beam direction yields a polarized ensemble:

far-side and near-side reactions display opposite polarizations (bottom).

At the center of the momentum distribution (pfx = pp), the orbital angu-
lar momentum of the fragment is oriented along the beam direction for both
right- and left-sided reactions, so no asymmetry with respect to zLAB is cre-
ated. Hence, the polarization is positive for the left wing of the momentum
distribution, zero at the center and negative for the right wing. Near-side re-
actions display the opposite behavior. Both cases are represented in figure 3.1.

2Fragments formed in a collision with the the top or bottom of the target (β = 90◦) have

the same probability of being selected.
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Since near- and far-side reactions have opposite polarizations, one of the two
should be dominant in order to achieve a sizeable polarization. At high beam
energies, where the distinction between near- and far-side collisions fades away,
no polarization is expected.

The amount of spin polarization strongly depends on the extent of the
symmetry breaking, which is in turn influenced by the deviation angle θf of
the beam, the average deflection angle θdef and the angular acceptance of the
separator. The amount of polarization is typically a few percent, although
values of up to 15% percent have been observed [19].

An extensive investigation of the polarization induced in projectile frag-
mentation reactions was performed by Okuno et. al. [19]. They confirmed
the above described behavior for pure near- or far-side reactions. However,
for intermediate cases, where there is a strong interplay between the repulsive
Coulomb potential and the attractive nucleon-nucleon potential, the observed
trend does not agree with the predictions. In those reactions, a negative polar-
ization is observed at the center of the momentum distribution which vanishes
in the wings. This contradicts the simple spin-orientation mechanism described
above, which predicts that the polarization should always vanish at the center
of the momentum distribution, independently of the competition between near-
and far-side collisions3.

The occurrence of polarization at the center of the momentum distribution
can be explained by nucleon re-scattering through the projectile [19]. Projectile
nucleons hit by the target nucleons have a certain probability of traversing the
remaining part of the projectile before leaving it. This results in a back-shift
of the abrasion position, i.e. θR < 0◦ or θR < 180◦. The z-component of the
transferred angular momentum then has an additional term −Rky sin θR. If the
fragments are selected under a positive angle θf , larger than the average de-
flection angle |θdef |, most fragments will have a positive transverse momentum
ky (see figure 2.1). This results in a negative polarization at the center of the
momentum distribution for both near- and far-side reactions (−Rky sin θR is al-
ways smaller than zero). Consequently, the zero-crossing for a far-side collision
is shifted to momenta lower than pp, while for a near-side collision it occurs at
momenta higher than pp. Hence, a strong mixing of the two trajectories will
result in a negative polarization at the center of the momentum distribution

3because the zero-crossing of the polarization curves occurs at pp (see figure 3.1)
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which decreases when going to the wings.

This mechanism can also produce polarization at high beam energies since it
is independent of whether the reaction occurs via a near- or a far-side trajectory.
This was confirmed in an experiment by Schäfer et. al. [33], where a polarization
of about 1% was observed in a reaction at 500 Mev/u.

The possibility to obtain a substantial amount of polarization at the center
of the momentum distribution can increase the efficiency of measurements with
polarized beams. One has to bear in mind, however, that the target thickness
may also come into play again and reduce the effective amount of observed
polarization (see the discussion for an aligned ensemble in section 2.2).

An aligned ensemble is completely described by the componentsB0
k≥2(0)ORA

,
with ORA the orientation frame. The alignment axis zORA

lies in the xyLAB
plane at an angle γA with respect to the beam direction. Breaking the ax-
ial symmetry of the ensemble by deviating the beam before it hits the target,
induces polarization with respect to zLAB . Neglecting orientation tensors of
rank k > 2, the ensemble is then described by the following set of tensor com-
ponents: B0,1,2

2 (0)ORA
and B0,1

1 (0)LAB . In general, it is no longer possible to
choose a reference frame where one or more of these components vanish and the
angular distribution of a polarized ensemble can become very complex due to
the interference of the odd- and even-rank orientation tensors. The influence of
certain tensor components can be eliminated, however, by choosing a suitable
experimental geometry.

No experiments have yet been performed to simultaneously study both the
odd- and even-rank orientation tensors of an ensemble polarized in a projectile-
fragmentation reaction. Next to electric quadrupole TDPAD experiments, the
β-LMR (Level Mixing Resonance) technique can also be used for that purpose,
as was demonstrated in Ref. [34]. Up to now, however, no attempt has been
made to include the non-axial tensor components B1,2

2 (0)ORA
and B1

1(0)LAB
in the description of the β-LMR formalism. It seems reasonable to assume
that they are negligible compared to B0

2(0)ORA
and B0

1(0)LAB since usually
only a few percent of polarization is produced and the induced asymmetry is
therefore small. This still needs to be verified experimentally, however, and the
discussion in this chapter takes all tensor components into account in order to
investigate their influence on the R(t) function.
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3.2 Measuring the magnitude and sign of the

spectroscopic quadrupole moment

Since the time evolution in the PAS-frame is only determined by the non-axial
tensor components, the influence of theB0

2(0)ORA
component can be completely

eliminated by placing the electric-field gradient along zORA
(PAS-frame equal

to ORA-frame).
All our knowledge concerning polarization in projectile-fragmentation reac-

tions comes from β-NMR experiments, which are only sensitive to B0
1(0)LAB .

However, a B1
1(0)LAB tensor component may also be present. Introducing a

reference frame ORP, with zORP
= zLAB and which transforms into the PAS-

frame by rotation through the Euler angles (0, 90◦, 0), the polarization can be
described with B0,1

1 (0)ORP
. The orientation tensors in the PAS-frame then

follow from

Bn1 (0)PAS =
∑
n′

dk1n′(−90◦)Bn
′

1 (0)ORP
. (3.1)

Using the identity (2.8), this leads to

B0
1(0)PAS = − 2√

2
B1

1(0)RORP
(3.2)

B1
1(0)PAS =

√
2

2
B0

1(0)RORP
+ iB1

1(0)IOR . (3.3)

For an arbitrary orientation of Vzz, the transformation from the PAS-frame to
the ORP-frame is given by the Euler angles (0, δ, 0). The contribution of the
B0

1(0)ORP
component to B1

1(0)PAS is then given by

B1
1(0)PAS = −

√
2

2
sin(δ)B0

1(0)OR . (3.4)

Thus, the present configuration not only eliminates B0
2(0)ORA

, but also ensures
that the anisotropy caused by B0

1(0)ORP
is maximized.

The time evolution of the orientation tensors is given by

Bnk (t)RPAS =
∑
q

Sk2
qn cos(qω0t)Bn2 (0)RPAS +

∑
q

Sk1
qn sin(qω0t)Bn1 (0)IPAS (3.5)

Bnk (t)IPAS =
∑
q

Sk2
qn cos(qω0t)Bn2 (0)IPAS −

∑
q

Sk1
qn sin(qω0t)Bn1 (0)RPAS , (3.6)
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where the perturbation factors in the PAS-frame, given by equations (1.52)
and (1.53) have been used. The angular distribution in the PAS-frame can be
written up to second order as

4πW (θ, ϕ, t) = 1 + C2P2(cos θ)B0
2(0)RPAS + 2C2

∑
n>0

(−1)n
√

(2− n)!
(2 + n)!

Pn2 (cos θ)

×
([

cos(nϕ)Bn2 (0)RPAS − sin(nϕ)Bn2 (0)IPAS
]∑
q>0

S22
qn cos(qω0t)

+
[
cos(nϕ)Bn1 (0)IPAS + sin(nϕ)Bn1 (0)RPAS

]∑
q>0

S21
qn sin(qω0t)

)
. (3.7)

Using equation (3.3) and the fact that the PAS-frame equals the ORA-frame,
this becomes

4πW (θ, ϕ, t) = 1 +
3 cos2 θ − 1

2
C2B

0
2(0)RORA

−
√

6
2
C2 sin(2θ)

[
cosϕB1

2(0)RORA
− sinϕB1

2(0)IORA

]∑
q>0

S22
q1 cos(qω0t)

+
√

6
2
C2 sin2 θ

[
cos(2ϕ)B2

2(0)RORA
− sin(2ϕ)B2

2(0)IORA

]∑
q>0

S22
q2 cos(qω0t)

−
√

6
2
C2 sin(2θ)

[
cosϕB1

1(0)IORP
−
√

2
2 sinϕB0

1(0)RORP

]∑
q>0

S21
q1 sin(qω0t) .

(3.8)

For detectors in the xyLAB plane (ϕ = ±90◦4) at an angle of 45◦ with respect
to zORA

(θ = 45◦), the B1
1(0)IORP

component vanishes and the time evolution
due to the polarization of the ensemble results only from B0

1(0)RORP
.

The R(t) function between detectors at (45◦, ϕ = 90◦) and (45◦, ϕ = −90◦)
is given by

R(t) ≈
√

6
2
C2B

1
2(0)IORA

∑
q>0

S22
q1 cos(qω0t)−

√
3

2
C2B

0
1(0)RORp

∑
q>0

S21
q1 sin(qω0t) .

(3.9)
Figure 3.2 displays R(t) functions for a spin I = 9/2 and different ratios of
B1

2(0)IORA
/B0

1(0)RORp
. If the contribution of the alignment is negligible, the

4Due to the axial symmetry of the electric-field gradient, the yzPAS-plane is equal to the

xyLAB plane.
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sign of eQs can be directly derived from the sign of the amplitude of the R(t)
function, provided that the signs of Vzz, C2 and B0

1(0)RORp
are known. As the

ratio B1
2(0)IORA

/B0
1(0)RORp

increases, it becomes more difficult to distinguish
between positive and negative values of eQs. Both terms of the R(t) function
consist of odd harmonics for integer spin (q = 2m− 1) and both odd and even
harmonics for half-integer spin (q = 2m−1

2 ).
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Figure 3.2: R(t) functions for different ratios of B1
2(0)IORA

/B0
1(0)RORp

and for ±eQs (solid and dashed lines). The spin is 9/2, the amount of

polarization +5% and |ω0| = 9.35 MHz. The ratioB1
2(0)IORA

/B0
1(0)RORp

equals 0, -0.5, -1, 0.5 and 1 for figures (a), (b), (c), (d) and (e) respec-

tively.
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For a non-zero-degree separator, the g factor of the isomeric state has to
be known in order to be able to accurately align the electric-field gradient and
the detectors. If one places additional detectors at 45◦ with respect to zORA

in
the plane formed by zORA

and zLAB (ϕ = 0◦ or 180◦), the tensor components
B1

1(0)IORP
and B1

2(0)RORA
can be probed and more complete information on the

spin orientation of the ensemble can be gained.

In case the non-axial tensor components are negligible, the perturbation
caused by the odd-rank tensor components B0

k′(0)ORP
can be calculated for

any geometry in the same way as in the previous chapter. This leads to the
result

4πW (θ, ϕ, t) = 1− i
∑
q>0

[ ∑
kk′

N>0

CkB
0
k′(0)ORP

Skk
′

qN a
N
kk′

]
sin(qω0t) , (3.10)

where aNkk′ = cNkk′ − c−Nkk′ for k + k′ odd (see appendix B).

3.3 Probing the B0,2
2 (0)ORA tensor components

The component B0
1(0)ORP

can be eliminated by placing the electric-field gradi-
ent along zLAB (i.e. the PAS-frame is equal to the ORP-frame). The transfor-
mation from the ORA-frame to the PAS-frame is then described by the Euler
angles (0,−90◦, 0) and the even-rank orientation tensors in the PAS-frame can
be expressed as

B2
2(0)PAS =

√
6

4
B0

2(0)RORA
+

1
2
B2

2(0)RORA
− iB1

2(0)IORA
(3.11)

B1
2(0)PAS =

1
2
B2

2(0)RORA
−B1

2(0)RORA
. (3.12)
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The angular distribution (3.7) becomes

4πW (θ, ϕ, t) = 1 +
3 cos2 θ − 1

2
C2B

0
2(0)RORP

−
√

6
2
C2 sin(2θ) cosϕ

(
1
2
B2

2(0)RORA
−B1

2(0)RORA

)∑
q>0

S22
q1 cos(qω0t)

+
√

6
2
C2 sin2 θ

[
cos(2ϕ)

(√6
4
B2

2(0)RORA
+

1
2
B2

2(0)RORA

)
+ sin(2ϕ)B1

2(0)IORA

]∑
q>0

S22
q2 cos(qω0t)

−
√

6
2
C2 sin(2θ)

[
cosϕB1

1(0)IORP
− sinϕB1

1(0)RORP

]∑
q>0

S21
q1 sin(qω0t) . (3.13)

In the horizontal laboratory plane (θ = 90◦), only the second perturbation
term contributes and the R(t) function for detectors parallel or perpendicular
to zORA

(ϕ = 0◦ or ϕ = 90◦) is given by

R(t) ≈ 3
4
C2

(
B0

2(0)RORA
+
√

6
3
B2

2(0)RORA

)∑
q>0

S22
q2 cos(qω0t) . (3.14)

This R(t) function is exactly the same as the one for an aligned ensemble with
the same geometry (see equation (2.26)), but with an amplitude determined by
(B0

2(0)RORA
+
√

6
3 B

2
2(0)RORA

)
instead of B0

2(0)RORA
only.

3.4 Conclusion

Further experimental investigations are required in order to establish the feasi-
bility of measuring signs of spectroscopic quadrupole moments using polarized
fragments. A proof-of-principle experiment on a well produced isomer with
a known quadrupole moment will also lead to a better understanding of the
spin-orientation mechanism in projectile-fragmentation reactions.

Starting with an aligned ensemble and detectors placed parallel and perpen-
dicular to zORA

, the absolute value of eQs and the B0
2(0)RORA

tensor component
can be measured. After polarizing the beam, a measurement can be performed
with the electric-field gradient Vzz oriented either along zLAB or along zORA

.
The first possibility (Vzz parallel with zLAB), with detectors placed parallel and



70 TDPAD on spin-polarized projectile fragments

perpendicular to zORA
, probes the residual alignment components B0,2

2 (0)RORA

of the ensemble. For Vzz positioned along zORA
and the detectors in the xyLAB

plane at 45◦ with respect to zORA
, the angular distribution is sensitive to the

polarization component B0
1(0)RORp

and the sign of eQs can be determined if the
contribution of the non-axial alignment component B1

2(0)IORA
is small enough.

In both cases, it would be worthwhile to place additional detectors in order to
probe the other tensor components and gain more complete information on the
spin orientation.

With typical polarizations of only a few percent, TDPAD experiments with
polarized isomers are, without doubt, more challenging than with aligned iso-
mers. Hence, one should only measure the sign of eQs when it can be used
to distinguish between the prolate or oblate character of the intrinsic deforma-
tion, something which is not always possible (see for example the experiment
described in the next chapter).



Part II

Isomeric deformation in 61Fe: the

role of the νg9/2 orbital





Chapter 4

Quadrupole moment of an

intruder 9/2+ isomer in 61Fe

This chapter presents the first measurement of the quadrupole moment of a
fragmentation isomer by application of the TDPAD technique. It is based
upon a Rapid Communication published in Physical Review C, the full text of
which can be found in appendix D. In the present treatment, certain aspects
of the paper which are already explained in the previous chapters have been
omitted, while others are treated in a bit more detail.

4.1 Physics motivation

Neutron-rich nuclei have proven to be valuable testing grounds of nuclear struc-
ture models. The shell structure can change quite drastically when going from
the valley of β-stability towards the neutron dripline. This is reflected, for ex-
ample, in the erosion of the normal shell closures and the appearance of new
ones.

The evolution of the shell model orbitals as a function of isospin can in-
duce shape changes and generate new regions of deformation. An onset of
deformation has been suggested for the neutron-rich N ≈ 40 24Cr and 26Fe
isotopes, based on the lowering of the 2+ excitation energies when approaching
N = 40 [35, 36]. This suggestion is supported by shell-model calculations [37]
which predict that the removal of protons from the spherical 68

28Ni40 nucleus
generates deformation in 66

26Fe40 and 64
24Cr40. These calculations indicate that

deformation develops due to the coupling of 1f7/2 proton holes with neutrons in
the 1g9/2 orbital. However, in Refs. [38] and [39], the evolution towards a large
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static ground-state deformation in the 24Cr istopic chain has been questioned.
Instead, a decrease in deformation is proposed and the low-lying energy system-
atics of the neutron-rich 24Cr isotopes are explained in terms of an increased
softening of the nuclear shape.

Measuring quadrupole moments in this mass region will directly probe the
nuclear deformation and serve as a sensitive test for nuclear models. The
measured g factor of the 9/2+ isomer in 61

26Fe35 confirms that this isomer has
a dominant neutron 1g9/2 configuration [20], making it an ideal candidate to
study the influence of the neutron 1g9/2 orbital on the nuclear deformation.

4.2 Experimental details

4.2.1 Production and selection of the 61Fe isomers

The 61Fe isomers were populated in a projectile-fragmentation reaction at
GANIL1 (Grand Accélérateur National d’Ions Lourds) and in-flight selected
with the LISE [40] (Ligne d’Ions Super Epluchés) achromatic separator. An
overview of GANIL and the LISE beam line is shown in figure 4.1.

A primary beam of 64Ni was accelerated to an energy of 64.6 MeV/u by
the two segmented cyclotrons CSS1 and CSS2 (Cyclotrons à Secteurs Séparés)
and impinged with a mean intensity of 1.3 µA upon a rotating 9Be target of 96
mg/cm2. The two LISE dipoles, together with a 9Be wedge-shaped degrader
of 100 mg/cm2 were used to separate the fully stripped 61Fe fragments from
the other reaction products. To minimize the in-flight decay of the isomer
the experimental setup (figure 4.3) was placed at the first focal plane of the
separator. Identification and optimization of the 61Fe fragments was achieved
by energy-loss versus time-of-flight measurements using a 300 µm Si detector,
placed at the center of the experimental setup. After the selection, the Si
detector was retracted and replaced by a Cd host for the subsequent TDPAD
measurement.

During the preceding g factor measurement (see Ref. [20] and section 2.2),
the highest amount of alignment was observed in the wing of the momentum
distribution. Hence, the same momentum selection was used for the present ex-
periment. The selection (figure 4.2), corresponding to a momentum window of

1situated in Caen, France
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CSS1 CSS2

TDPAD setup

degrader
second LISE dipole

FH 31
first LISE dipole

9Be-target

Figure 4.1: Schematic overview of the GANIL facility and the LISE

beam line.
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∆pfx/pp = 2.7%, was realised with the slits FH 31 in the horizontal dispersive
plane (figure 4.1).
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Figure 4.2: Momentum selection of the 61Fe fragments (the dotted

line through the data points is only meant to guide the eye). The

positions of the slits FH 31 are indicated with vertical dashed lines.

4.2.2 Experimental setup

A schematic drawing of the experimental setup, designed especially for this
quadrupole moment measurement, is shown in figure 4.3. It consisted of a vac-
uum chamber, surrounded by four coaxial single crystal germanium detectors,
positioned in the horizontal plane at about 8 cm from the Cd host. Using
the known g factor of the 61Fe(9/2+) isomer [20], the angle between the beam
direction and the alignment axis zOR can be calculated: γA = −114◦ (equa-
tion (2.4)). The detectors were placed parallel and perpendicular to zOR, with
the exception of detector 2, which could not be placed that close to the beam
line. However, the misalignment of 11◦ is comparable to the angular coverage
of a detector and only caused a 5% reduction in the amplitude of the R(t)
function.

A 50 µm thin plastic scintillator, placed upstream of the vacuum chamber,
was used to monitor the implantation rate (≈ 1.5 × 104 pps) into the Cd host
and to determine the ion arrival time. Time and energy spectra of the γ-rays
were collected on an event-by-event basis during 36 hours, with the trigger for
a valid event given by an ion-γ coincidence within a 3 µs time window.
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Figure 4.3: Schematic drawing of the experimental setup (top view).

See the text for more details.

In order to maintain the spin alignment, it is important that the 61Fe frag-
ments remain fully stripped up to the implantation point. If they capture
electrons while passing through the separator, the atomic hyperfine interac-
tion between the randomly oriented electron spin J and the nuclear spin I will
reduce or even completely destroy the nuclear orientation. For the g factor
measurements described in Ref. [4], a 300 µm Si detector was used to provide
the t = 0 signal (i.e. the ion arrival time). The electron pickup when passing
through that detector was estimated to be about 40% to 60% [41], explaining
the low amount of observed alignment. One of the improvements implemented
in Ref.[20] consisted of replacing the Si detector with a thin plastic scintillator,
thereby reducing the electron pickup to about 2%.

The choice of the implantation crystal needs to be considered carefully as
well. Previous studies [12] have demonstrated that about 60% of the 61Fe-
isotopes are expected to occupy substitutonal sites in the Cd host and be sub-
jected to a unique electric-field gradient, oriented along the ĉ-axis of the crystal.
The value of the electric-field gradient is such that we expected to observe at
least one period of the R(t) function and we opted to place Vzz perpendicular
to the detector plane. The R(t) function then displays a peak-like structure on
a flat baseline (see figure 2.12), allowing for an accurate determination of the
quadrupole interaction frequency.
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4.2.3 R(t) analysis and determination of eQs
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Figure 4.4: Decay scheme of the 9/2+ (E∗ = 861 keV, T1/2 = 239(5)

ns) isomer in 61Fe [20] and experimental γ-spectrum showing the iso-

meric decay.

The 9/2+ isomer in 61Fe de-excites via a cascade of a 654 keV M2 tran-
sition and a 207 keV M1 transition (see figure 4.4). Time spectra, gated by
the two transitions, were constructed for each detector. The background was
determined by gating on the left and right side of the γ-peak and calculating
the average of the two spectra thus obtained. The background corrected time
spectra Ii(t) (i = 1→ 4) were then used to construct the R(t) functions

Rij(t) =
Ii(t)− εIj(t)
Ii(t) + εIj(t)

, (4.1)

where ε is a scaling factor to correct for the different relative efficiencies of the
detectors. Since the angular distributions of detectors at 180◦ with respect to
each other are the same, an R(t) function can also be obtained by summing
the intensities 2 by 2:

R(t) =
I13(t)− εI24(t)
I13(t) + εI24(t)

, (4.2)

with I13(t) = I1(t) + I3(t) and I24(t) = I2(t) + I4(t). These R(t) functions,
together with the result of the fits are shown in figure 4.1.

The R(t) functions were fitted by the theoretical expression calculated from
equation (2.22). The transitions de-exciting the isomer have pure M2 and M1
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Figure 4.5: R(t) functions (equation (4.2)) for the M2 (9/2+ → 5/2−)

and M1 (5/2− → 3/2−) transitions de-exciting the 9/2+ isomer.

multipolarities [20] and the Ak and Uk coefficients (Ck = AkUk) are calculated
based on that assumption. For the 207 keV M1 transition there is only an
A2 coefficient, while for the 654 keV M2 transition the A4 term contributes
as well. As can be seen in figure 4.5, the term proportional to A4B2 in the
angular distribution for the M2 transition leads to a broadening of the peaks as
compared to those for the M1 transition. Each order of the angular distribution
also needs to be corrected by a geometrical attenuation factor Qk, which takes
the solid angle substended by the detector into account. For a cylindrically
symmetric detector, these correction factors can be approximately calculated
by the formulas given in Ref. [9]. For our setup, we obtained Q2 = 0.91 and
Q4 = 0.72. Only the second-rank orientation tensor B0

2(0)OR was taken into
account in the fits, since the influence of the higher orders was found to be
negligible. The only free parameters in the fits are therefore νQ, B0

2(0)OR and
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the position of the baseline.
Fits were made for the two detector pairs and also the time-binning and

the time-range were varied in order to check the consistency of the obtained
results. The final results were obtained from fits of the R(t) functions with a
binning of 13 ns and a time-range from 200 ns to 1300 ns. The parameters
and their 1σ-errors were extracted from the χ2-fits as explained in appendix
C. In order to exclude any influence of the intermediate 5/2+ level, the results
obtained for the M2 transition are adopted as the final values:

|νQ| = 35.7(4) MHz , (4.3)

B0
2(0)OR = −0.127(11) . (4.4)

They were determined by taking the weighted average of the values obtained
from the fit of R14(t) and R23(t) and are consistent with the values |νQ| =
35.7(3) MHz and B0

2(0)OR = −0.126(9), obtained from the fit of the summed
R(t) function (equation (4.2)). The 11◦ misalignment of detector 2 leads to a
slight reduction (∼ 5%) of the fitted amplitude, but has no influence on the
fitted quadrupole frequency.

The amount of alignment, deduced from the fitted B0
2(t = 0)OR (equa-

tion (1.25)), is A = −11(1)%. This is 64% of the alignment observed in a g

factor measurement on the same isomer using a Cu host2. Assuming that all
nuclei are implanted into good lattice sites in the Cu host, this is in agreement
with the earlier observed 60% fraction of good implantations [12].

The obtained quadrupole interaction frequency for theM1 transition, |νQ| =
35.9(4) MHz, is consistent with the previous value. The A2 parameters of
the two transitions have opposite signs, resulting in opposite phases of the
corresponding R(t) functions. Due to electronic noise problems and a higher
background contribution, the quality of the data for the M1 transition was con-
siderably worse than for the M2 transition (see figure 4.6). The high amount
of scattering makes it impossible to fit a reliable value for B0

2(0)OR. The fit
results depend too much on the used time-binning and the chosen time range
for the fit. In figure 4.5 for example, one can clearly see that the amplitude of
the R(t) function for the M1 transition is higher than for the M2 transition.
However, in Ref. [20] it was observed that the ratio between between the two

2This measurement was performed just prior to the quadrupole moment measurement in

order to verify the presence of spin alignment.
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amplitudes is approxiamately 0.7 in agreement with the M2 and M1 character
of the two transitions.
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Figure 4.6: Summed timespectra for detectors 2 and 4 for the 207 keV

M1 transition and the 654 keV M2 transition. Note the pronounced

oscillations present in the 207 keV timespectrum. These resulted in

an increased scattering for the 207 keV R(t) function (see figure 4.5),

making it impossible to accurately fit the amplitude.

The spectroscopic quadrupole moment of the 61Fe(9/2+) isomer can be
derived relative to the spectroscopic quadrupole moment of the 57Fe(3/2−, 98
ns) isomer by comparing their quadrupole frequencies (νQ(57Fe in Cd, 3/2−) =
13.0(6) MHz [42]):

|eQs(
61Fe, 9/2+)

eQs(57Fe, 3/2−)
| = |νQ(61Fe, 9/2+)

νQ(57Fe, 3/2−)
| = 2.75(13). (4.5)

Comparison of electric field gradients, deduced from quadrupole frequency mea-
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surements on 57mFe in different Fe compounds, with ab-initio calculations for
these EFG’s, revealed that the earlier adopted quadrupole moment of 57Fe was
wrong [43]. This was recently confirmed by a combination of atomic and nu-
clear calculations [44], which conclude that the quadrupole moment for the
57Fe isomer is eQs = +15(2) efm2. With this value, we obtain |eQs(61Fe,
9/2+)| = 41(6) efm2. Although the quadrupole frequency could be measured
with a precision better than 1%, it is the poor knowledge of the reference
quadrupole moment which defines the final result.

4.3 Discussion

Large scale shell model calculations for 61
26Fe35 were performed by Matea et

al. [20]. The first 9/2+ state was obtained at 720 keV with a spectroscopic
quadrupole moment eQs = −58 efm2, slightly overestimating the deformation.
The same interaction and effective charges (eπ = 1.5e and eν = 0.5e) were used
successfully [37, 45] to reproduce the B(E2) transition strengths of neutron-
rich 28Ni isotopes up to N = 40. A systematic comparison between measured
and calculated quadrupole moments in this region would aid in checking the
validity of these effective charges and test the predictive power of the considered
effective interaction.

To gain an insight into the intrinsic deformation at low energy in 61
26Fe35,

mean-field based calculations have been performed using a new parametrization
of the Gogny force [46, 47], which yields a better fit of the neutron-matter equa-
tion of state [48]. The Hartree-Fock neutron single-particle energies, calculated
as a function of the deformation parameter β2 are represented in figure 4.7.
The [440]1/2+ and [431]3/2+ orbitals on the prolate side and the [404]9/2+ or-
bital on the oblate side are strongly down-sloping as a function of deformation.
This can potentially give rise to low-lying, deformed positive parity states of
neutron 1g9/2 origin coexisting with the negative parity fp states.

Hartree-Fock-Bogoliubov (HFB) axially symmetric solutions have been ob-
tained using the blocking procedure for all one-quasi-particle (qp) neutron
states originating from the 1f5/2, 2p1/2, 2p3/2 and 1g9/2 orbitals. Configuration
mixing calculations were then performed separately for each blocked configu-
ration using the Generator Coordinate Method (GCM) implemented with the
Gaussian Overlap Approximation (GOA) [50]. The predicted excitation ener-
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Figure 4.7: Hartree-Fock neutron single-particle energies as a function

of deformation parameter β2 [49].

gies and intrinsic charge quadrupole moments eQ0 of the obtained Kπ levels
are shown in figure 4.8. It should be noted that no effective charge is assumed
in these calculations.

The predictions cover a wide range of deformations from oblate to prolate
shapes. The Kπ = 3/2− ground state is predicted to have prolate deformation
with eQ0 = 51 efm2, corresponding to a weak deformation β2 = +0.11. This
result is at variance with the conclusions based on 2+ excitation energies and
B(E2) values in this mass region, which suggest a deformation close to β2 ≈
0.2 [51].

The positive parity states originating from the neutron 1g9/2 orbital are
predicted with either prolate (1/2 ≤ K ≤ 5/2) or oblate (7/2 ≤ K ≤ 9/2)
shapes, leading to two possible deformations for the observed 9/2+ isomeric
state. The 9/2+ isomer can either be the oblate Iπ = Kπ = 9/2+ band head of
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ments from GCM + GOA calculations. One-quasiparticle excitations,
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a deformation-aligned band (∆I = 1) or of a rotational-aligned band (∆I = 2),
built on the prolate Kπ = 1/2+ state with some mixing of the K = 3/2+ and
5/2+ states [52]. In the strong coupling limit, the spectroscopic quadrupole
moment for an Iπ = 9/2+ state built on the Kπ = 1/2+, 3/2+ or 9/2+ level is
eQs = −36,−30 or −46 efm2 respectively. Hence, both the prolate and oblate
possibility yield a spectroscopic quadrupole moment that is consistent with the
measured value, |eQs| = 41(6) efm2, thereby confirming that the 9/2+ isomer
is moderately deformed with β2 ≈ −0.21 or β2 ≈ +0.24.

Although the prolate or oblate character of the 9/2+ isomer can not be
established from the value of |eQs|, the lower excitation energy of the Kπ =
1/2+ and 3/2+ levels suggests that the isomeric state is prolate deformed. More
insight into the oblate or prolate nature of the 9/2+ isomer can be gained by
studying the band built on top of the isomer. Rotational-aligned bands have
been observed in 57,59Fe [53, 54] and 55,57Cr [38], favoring a prolate deformation
for the 9/2+ state in these isotopes. On the other hand, Deacon et al. [38]
proposed a prolate to oblate shape transition to appear at N = 35 for the 9/2+
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states in the Cr isotopic chain. However, the recent observation of a rotational-
aligned band on top of the 9/2+ isomer in 61Fe [55, 56] is consistent with a
prolate deformation and no shape transition seems to occur at N = 35 for the
Fe isotopes.

4.4 Conclusion and outlook

For the first time, it was possible to measure the spectroscopic quadrupole
moment of a neutron-rich isomeric state produced and spin-aligned in an inter-
mediate energy projectile fragmentation reaction. The extracted value of |eQs|
provides experimental proof for the moderate deformation of the 9/2+ isomer
in 61Fe and demonstrates the onset of deformation when the neutron 1g9/2 in-
truder orbital comes into play. This experiment illustrates the applicability of
the method to microsecond isomers (T1/2 = 200 ns - 10 µs), produced at rates
of a few thousands per second.

For the heavier Fe isotopes, the mean-field calculations predict a decreasing
deformation [57] in agreement with the results obtained in Refs. [38] and [39].
The same trend is also predicted by finite range droplet model (FRDM) [58]
and relativistic mean-field [59] calculations. In contrast, calculations performed
with the extended Thomas-Fermi plus Strutinski integral method (ETFSI) [60]
predict the deformation to rise to β2 = 0.30 for 65Fe consistent with the shell-
model calculations of Ref. [37].

Due to the deformation-driving nature of the neutron 1g9/2 orbital, the
possible development of a sizeable ground-state deformation will depend quite
critically on the evolution of the N = 40 sub-shell gap. For the mean-field
calculations described above, this gap does not significantly decrease with N ,
as evidenced by still rather high excitation energy (≈ 1 MeV) of the Kπ =
1/2+, 3/2+ and 9/2+ states in 65Fe. In this case, the occupancy of the neutron
1g9/2 orbital remains low and deformation does not set in. The position of the
9/2+ state in 63,65Fe remains as of yet unsure, making it difficult to comment
on the validity of the considered nuclear models. The rapidly decreasing ex-
citation energy of the 9/2+ state, from 2456 keV in 57Fe to 861 keV in 61Fe,
and the non-observation of a 9/2+ isomer in 63Fe are consistent with a low
excitation energy of the 9/2+ state in 63Fe. In addition, a long-lived isomeric
state, suggested to be a 9/2+ state, has recently been discovered at 402 keV in
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65Fe [61]. This implies an erosion of the N = 40 sub-shell gap with increasing
neutron number and an increased probability of neutron excitations into the
neutron 1g9/2 orbital, leading to a possible onset of deformation as predicted
in Ref. [37].

Clearly, further experimental and theoretical work is required in order to
elucidate the nuclear structure in this challenging region of the nuclear chart.



Conclusions

The goal of this thesis was to extend the applicability of the electric quadrupole
TDPAD technique.

The spectroscopic quadrupole moment of an isomeric state produced and
spin-aligned in an intermediate energy projectile fragmentation reaction was
measured for the first time. This illustrates the applicability of the method to
projectile isomers at rates of a few thousand particle-γ coincidences per second.
In combination with reliable ab-initio calculations of electric field gradients,
which are nowadays available, this opens the way for investigations on more
exotic cases. The extracted value of |eQs| provides experimental proof for
the moderate deformation of the 9/2+ isomer in 61Fe and demonstrates the
deformation driving nature of the νg9/2 orbital. Furthermore, it serves to test
the ability of current nuclear models to predict the nuclear deformation for
neutron-rich fp-shell nuclei whose structure is strongly influenced by the νg9/2

orbital.

A deeper understanding of the mechanism which induces spin orientation
in projectile-fragmentation reactions is an essential requirement for the contin-
ued successful application of the TDPAD technique on projectile isomers. In
particular, the dependence of the alignment on the target thickness needs to
be investigated further in order to verify if it can explain the inconsistencies
observed in the different experiments. In theory, it is also possible to use γ-ray
angular distributions following projectile-fragmentation reactions as a tool for
determining transition multipolarities. For this, a detailed knowledge of the
spin alignment, in particular its sign, is essential as well.

Due to the high competition for beam time, γ-ray spectroscopy experiments
are increasingly more performed in large collaborations using multidetector ar-
rays. Electric quadrupole TDPAD experiments can be easily integrated in
isomer spectroscopy campaigns as the only extra requirement is the choice of a
stopper with a suitable electric-field gradient. The general formulas necessary



88 Conclusions and outlook

for the implementation of electric quadrupole TDPAD experiments with large
detector arrays have been derived in this work. Since only a limited number
of detector pairs can be used to construct R(t) functions, one can think of
implanting a cocktail of several isotopes. That way, one can exploit the advan-
tage of using a detector array by combining the electric quadrupole TDPAD
experiment with conventional isomer spectroscopy.

This thesis also briefly touched upon the possibility of performing electric
quadrupole TDPAD experiments with polarized fragment beams. Such type of
experiments will yield additional information on the density matrix of the polar-
ized ensemble and contribute to a better understanding of the spin orientation
mechanism. In case the residual alignment components of the ensemble should
prove to be negligible, measuring signs of spectroscopic quadrupole moments
becomes feasible as well.
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Appendix A

Definitions, conventions and

useful identities

This appendix summarizes the definitions and conventions used in this work
and lists some identities that are often used.

A.1 Spherical harmonics and associated Legen-

dre functions

Using the Condon-Shortley phase convention the spherical harmonics can be
defined as [62, p. 788]:

Y ml (θ, ϕ) = (−1)m
[

(2l + 1)
4π

(l −m)!
(l +m)!

]1/2

eimϕ Pml (cos θ), (A.1)

with Pml (cos θ) the associated Legendre functions. For m = 0 these are equal
to the Legendre polynomials Pl(cos θ).
The following properties hold:

Y ml (θ, ϕ)∗ = (−1)m Y −ml (θ, ϕ) , (A.2)

Y ml (π − θ, π + ϕ) = (−1)l Y ml (θ, ϕ) , (A.3)

P−ml (cos θ) = (−1)m
(l −m)!
(l +m)!

Pml (cos θ) , (A.4)

Pl(cos γ) =
l∑

m=−l

(l −m)!
(l +m)!

Pml (cos θ1)Pml (cos θ2)eim(ϕ1−ϕ2) , (A.5)
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where γ is the angle between the two directions (θ1, ϕ1) and (θ2, ϕ2) and satisfies
the following trigonometric identity:

cos γ = cos θ1 cos θ2 + sin θ1 sin θ2 cos(ϕ1 − ϕ2) . (A.6)

The first few Legendre polynomials and associated Legendre functions are:

P0(cos θ) = 1 P 2
3 (cos θ) = 15 cos θ sin2 θ

P1(cos θ) = cos θ P 3
3 (cos θ) = 15 sin3 θ

P 1
1 (cos θ) = sin θ P4(cos θ) = 1

8 (35 cos4 θ − 30 cos2 θ + 3)

P2 = 1
2 (3 cos2 θ − 1) P 1

4 (cos θ) = 5
2 (7 cos3 θ − 3 cos θ) sin θ

P 1
2 (cos θ) = 3 cos θ sin θ P 2

4 (cos θ) = 15
2 (7 cos2 θ − 1) sin2 θ

P 2
2 (cos θ) = 3 sin2 θ P 3

4 (cos θ) = 105 cos θ sin3 θ

P3(cos θ) = 1
2 (5 cos3 θ − 3 cos θ) P 4

4 (cos θ) = 105 sin4 θ .

P 1
3 (cos θ) = 3

2 (5 cos2 θ − 1) sin θ

A.2 Euler angles and Wigner rotation matrices

The convention used here is that of Brink and Satchler [8, § 2.4]. The Euler
angles (α, β, γ) specifying the rotation of a reference frame S(x, y, z) into a
reference frame S′(x′, y′, z′) are defined as follows (see figure A.1):

• α is the angle between the y-axis and the intersection y1 of the xy-plane
with the x′y′-plane. Rotating by an angle α about the z-axis yields the
reference frame (x1, y1, z).

• Since y1 lies in the x′y′-plane, a rotation by an angle β about the y1-
axis transforms the z-axis into the z′-axis and places the x1-axis into the
x′y′-plane, giving the reference frame (x′1, y1, z

′).

• The third rotation by an angle γ about the z′-axis yields the reference
frame (x′, y′, z′).

The rotation operator corresponding to this rotation is

D(α, β, γ) = exp(−iγJz′) exp(−iβJy1) exp(−iαJz), (A.7)
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Figure A.1: Definition of the Euler angles (α, β, γ) that transform

S(x, y, z) to S′(x′, y′, z′). Counter-clockwise rotations are positive.

with Jz′ , Jy1 and Jz the corresponding components of the angular momentum
operator J . Expressing Jy1 and Jz′ in terms of Jy and Jz, one gets

D(α, β, γ) = exp(−iαJz) exp(−iβJy) exp(−iγJz). (A.8)

Using this expression, the matrix elements of D(α, β, γ) in the basis spanned
by the eigenvectors of J2 and Jz become

Dj
m′m(α, β, γ) = 〈jm′|D(α, β, γ)|jm〉

= 〈jm′|exp(−iαJz) exp(−iβJy) exp(−iγJz)|jm〉
= e−i(αm

′+γm)〈jm′|exp(−iβJy)|jm〉
= e−i(αm

′+γm)djm′m(β). (A.9)

The reduced rotation matrices djm′m(β) are real and can be expressed as

djm′m(β) =
∑
t

(−1)t
[(j +m′)! (j −m′)! (j +m)! (j −m)!]1/2

(j +m′ − t)! (j −m− t)! t! (t+m−m′)!
× (cos β/2)2j+m′−m−2t (sin β/2)2t+m−m′

. (A.10)
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The kets |jm〉 and the 2k+ 1 components of an irreducible spherical tensor T k
transform under the above defined rotation D(α, β, γ) according to

|jm′〉′ =
∑
m

Dj
mm′(α, β, γ) |jm〉 , (A.11)

(Tn
′

k )′ =
∑
n

Dk
nn′(α, β, γ)Tnk . (A.12)

Orthogonality of the Wigner rotation matrices

∫ 2π

0

dα

∫ π

0

sinβdβ
∫ 2π

0

dγDj′

m′n′(α, β, γ)∗Dj
mn(α, β, γ)

=
8π2

2j + 1
δjj′δmm′δnn′ (A.13)

Some more properties of Dj
m′m(α, β, γ) and djm′m(β):

Dj
m′m(α, β, γ)∗ = Dj

mm′(−γ,−β,−α) (A.14)

= (−1)m
′−mDj

−m′−m(α, β, γ) (A.15)

Dj
m′0(α, β, γ) =

√
4π

2j + 1
Y m

′

j (β, α)∗ (A.16)

djm′m(0) = δm′m (A.17)

djmm′(β) = dj−m′−m(β) (A.18)

djmm′(β) = (−1)m−m
′
djm′m(β) (A.19)

Explicit expressions for djm′m(β):

d1
11(β) = cos2(β/2) d2

2−1 = 1
2 sinβ(cosβ − 1)

d1
1−1 = sin2(β/2) d2

2−2 = sin4(β/2)

d1
01 = sinβ/

√
2 d2

11 = 1
2 (2 cosβ − 1)(1 + cosβ)

d1
00 = cosβ d2

1−1 = 1
2 (2 cosβ + 1)(1− cosβ)

d2
22 = cos4(β/2) d2

10 = −
√

3
2 sinβ cosβ

d2
21 = − 1

2 sinβ(1 + cosβ) d2
00 = 1

2 (3 cos2 β − 1)

d2
20 =

√
3
8 sin2 β
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A.3 Wigner-Eckart theorem

The Wigner-Eckart theorem factorizes the matrix element of an irreducible
spherical tensor operator into a reduced matrix element and a geometrical part:

〈αjm|Tnk |α′j′m′〉 = (−1)j−m
(

j k j′
−m n m′

)
〈αj||T k||α′j′〉 . (A.20)

A.4 Wigner 3j-symbols

Symmetry properties(
j1 j2 j3
−m1 −m2 −m3

)
= (−1) j1+j2+j3

(
j1 j2 j3
m1 m2 m3

)
(A.21)

The 3j-symbol gets a phase factor +1 for an even permutation and (−1) j1+j2+j3

for an odd permutation of the angular momenta, for example:(
j1 j2 j3
m1 m2 m3

)
= (−1) j1+j2+j3

(
j1 j3 j2
m1 m3 m2

)
=
(
j2 j3 j1
m2 m3 m1

)
. (A.22)

Orthogonality relation

∑
m1m2

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j′3
m1 m2 m′3

)
=

1
2j3 + 1

δ
j3j

′
3
δ
m3m

′
3

(A.23)





Appendix B

Expression for the aNkk′ coefficients

The aNkk′ coefficients are given by

aNkk′ = cNkk′ + cNkk′ for k + k′ even (B.1)

aNkk′ = cNkk′ − cNkk′ for k + k′ odd , (B.2)

with (see equation (2.12))

cNkk′ =
∑
n,n′

(−1)n+n′
[

(k − n)! (k′ − n′)!
(k + n)! (k′ + n′)!

]1/2

dk
′

n′N (β) dknN (β)

× Pn′

k′ (cos ε)Pnk (cos θ) ei[n(ϕ−α)+n′(α−γ)] . (B.3)

By using the properties (A.4), (A.18) and (A.19), this can be worked out as

aNkk′ =
∑

n,n′≥0

2
2− δn0

2
2− δn′0

2

[
(k′ − n′)!(k − n)!
(k′ + n′)!(k + n)!

]1/2

Pnk (cos θ)Pn
′

k′ (cos ε)

×
(

cos[n(ϕ−α)−n′(α−γ)]
[
(−1)ndknN (β)dk

′

−n′N (β) + (−1)n
′
dk−nN (β)dk

′

n′N (β)
]

+cos[n(ϕ−α)+n′(α−γ)]
[
(−1)n+n′

dknN (β)dk
′

n′N (β) + dk−nN (β)dk
′

−n′N (β)
])

for k + k′ even (B.4)
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and

aNkk′ = i
∑

n,n′≥0

2
2− δn0

2
2− δn′0

2

[
(k′ − n′)!(k − n)!
(k′ + n′)!(k + n)!

]1/2

Pnk (cos θ)Pn
′

k′ (cos ε)

×
(

sin[n(ϕ−α)−n′(α−γ)]
[
(−1)ndknN (β)dk

′

−n′N (β) + (−1)n
′+1dk−nN (β)dk

′

n′N (β)
]

+sin[n(ϕ−α)+n′(α−γ)]
[
(−1)n+n′

dknN (β)dk
′

n′N (β)− dk−nN (β)dk
′

−n′N (β)
])

for k + k′ odd . (B.5)



Appendix C

Errors extracted from χ2 fits to

the R(t) function

The 1σ error of a fitparameter is determined by the variation of that parameter
for which chi-square (χ2) increases by 1 from its minimum value (see for exam-
ple [63]). Since the error of νQ obtained in this way seems, at first glance, to be
quite small, the validity of this approach was verified by a simple Monte Carlo
simulation for the R(t) function of the 654 keV M2 transition. A thousand
different datasets were simulated with approximately the same total number
of γ-rays as obtained in the experiment and fitted using the same procedure
as for the experimental data. An example of such a simulated R(t) function is
shown in figure C.1. The fits yield a distribution in νQ with a standard devi-
ation of 0.10 MHz (see figure C.2). This standard deviation is consistent with
the mean fiterror of νQ, which is equal to 0.11 MHz. The same holds true for
the distribution in B0

2(0)OR. Since only statistical fluctuations are taken into
account, the average reduced chi-square (χ2

red) is, as expected, equal to 1.

The reduced chi-squares of the fits to the experimental R(t) functions are
consistently larger than 1 (χ2

red = 3 is a typical value), indicating that taking
only the statistical errors on the data points into account is not sufficient. Due
to the presence of an oscillating noise component in the time spectra (see fig-
ure 4.6), the data points of the R(t) functions exhibit an additional scattering.
In order to simulate this behavior, the Monte Carlo simulation was repeated,
but with an added random noise component (for simplicity assumed to be con-
stant in time). An example R(t) function is again displayed in figure C.1. The
mean χ2

red is now considerably larger than 1 and the standard deviation of νQ
almost doubles and is no longer equal to the mean fiterror (see figure C.2).
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Scaling the mean fiterror of νQ by a factor of
√
χ2
red (0.11×√3.49 MHz = 0.21

MHz) yields an error consistent with the standard deviation of the distribution
(0.18 MHz). Hence, all the errors extracted from fits to the experimental R(t)
functions were rescaled by a factor of

√
χ2
red.

statistics
+ noise

statistics

0
-0.02
-0.04
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0.04

R
(t

)
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time [ns]
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0
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R
(t

)

Figure C.1: Example of a simulated R(t) function for the 654 keV

M2 transition with νQ = 35.74 MHz and B0
2(0)OR = −0.126. (top)

Only the statistical fluctuation on the data points is taken into account.

(bottom) With added random noise.

Figure C.3 shows an example of a fit for the 654 keV M2 transition with the
intensity of the detectors summed two by two (see equation (4.2)). The 1σ, 2σ
and 3σ errors are determined by χ2

min + χ2
red, χ

2
min + 4χ2

red and χ2
min + 9χ2

red

respectively1. The bottom part of figure C.3 shows the 1, 2, 3σ contours of χ2

as a function of νQ and B0
2(0)OR, illustrating that the error on the deduced νQ

does not depend on B0
2(0)OR and vice versa. A simulated R(t) function with a

νQ that deviates 3σ from the fitted value is plotted as well. Up until 600 ns, the
two curves are practically identical and a fit in that time range increases the
error on νQ by a factor of 3. Hence, in order to extract a quadrupole interaction
frequency with a precision of about one percent, at least one full R(t) period
should be observed.

1This is equivalent to rescaling the 1, 2, 3σ errrors with
q
χ2
red, 2

q
χ2
red and 3

q
χ2
red.
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νQ = 35.73(10) MHz

νQ = 35.73(18) MHz
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Figure C.2: Distribution of νQ as obtained from simulating and fitting

a thousand different R(t) functions for the 654 keV M2 transition with

νQ = 35.74 MHz. (top) Only the statistical fluctuation on the data

points is taken into account. A fit of the histogram (solid line) gives

a mean νQ of 35.73 MHz with a standard deviation of 0.10 MHz. The

inset shows the distribution of the reduced chi-square (χ2
red) of the fits,

which has a mean value of 1. (bottom) A random noise component

was added to the simulation. The standard deviation of νQ is now 0.18

MHz and the mean χ2
red = 3.49.
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Figure C.3: (top) Fit (red line) of the R(t) function for the 654 keV

M2 transition (equation (4.2)): νQ = 35.74(28) MHz and B0
2(0)OR =

−0.126(9). The blue line is a simulation of the R(t) function with νQ =

νQ(fit) + 3σ = 36.58 MHz. (middle) Evolution of χ2 as a function νQ.

The 1σ, 2σ and 3σ errors are determined by χ2
min +χ2

red, χ
2
min + 4χ2

red

and χ2
min+9χ2

red respectively (χ2
red = 2.39). (bottom) 1, 2, 3σ contours

of χ2 as a function of νQ and B0
2(0)OR.
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This paper demonstrates the feasibility of quadrupole moment measurements on isomeric levels populated in
projectile fragmentation reactions. The neutron-rich 61Fe(9/2+) [E∗ = 861 keV, T1/2 = 239(5) ns] isomer was
produced and spin aligned by the intermediate energy fragmentation of a 64Ni beam and implanted in a Cd single
crystal. Its spectroscopic quadrupole moment |Qs | = 41(6) e fm2 agrees with mean-field based calculations
using the finite-range Gogny force, suggesting a moderately deformed shape characterized by an intrinsic charge
quadrupole moment Q0 = −85 e fm2 or Q0 = +115 e fm2. The present measurement paves the way for future
determinations of isomeric quadrupole moments in more exotic nuclei.
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One of the most fundamental characteristics of a nucleus
is its shape. Nuclear properties, ranging from electromagnetic
moments and transition probabilities to half-lives and energy
levels, display a strong dependence on the nuclear deformation.
Various collective models, based on assuming a specific
nuclear shape, have been successful in explaining a wide
variety of nuclear features. These models, however, do not
explain the origin of the deformation. The task of unraveling
the microscopic mechanisms that cause deformation forms a
large part of modern nuclear structure research, both theo-
retically and experimentally. The nuclear quadrupole moment
is an excellent tool to investigate deformation and collective
behavior in nuclei. It provides a direct link to the nuclear
deformation—contrary to the electric quadrupole transition
strength B(E2)—because it probes the charge distribution
of a single nuclear state. Developing reliable methods to
measure quadrupole moments of exotic nuclear states can
therefore make a significant contribution to our insight into
their structure.

The evolution of shell model orbits as a function of
isospin induces shape changes and leads to new regions of
deformation. An onset of deformation has been suggested
for the neutron-rich N ≈ 40 Cr and Fe (Z = 24,26) iso-
topes, based on the lowering of the 2+ excitation ener-
gies when approaching N = 40 [1,2]. Measuring quadrupole
moments in this mass region will directly probe the nu-
clear deformation and serve as a sensitive test for nuclear
models.

Previous studies of isomeric g factors [3–5] have shown
that the spin alignment, obtained from in-flight selected
fragmentation beams, offers the opportunity to investigate
nuclear moments of isomeric states. This paper presents the
first measurement of the quadrupole moment of an isomer,
populated in a fragmentation reaction, by application of
the time dependent perturbed angular distribution (TDPAD)
technique. Although the method is well known [6,7], its
application to fragment beams selected with a nonzero degree
separator requires a dedicated setup for each individual
isomeric state. As a first test case, the Iπ = 9/2+ isomer in
61Fe is investigated. It has a dominant νg9/2 configuration,
which was confirmed by a recent g factor measurement
[5]. Comparison of the measured g factor with large scale
shell model calculations in a fpg model space suggested a
large spectroscopic quadrupole moment and thus a deformed
structure for this intruder isomeric state [5].

The 61Fe isomers were populated and aligned following
the fragmentation of a 64.6 MeV/nucleon 64Ni beam (mean
intensity 1.3 µA) impinging on a 9Be target of 94.1 mg/cm2.
In order to get the highest possible alignment, the fully stripped
fragments were selected by the LISE [8] fragment separator in
the outermost wing of the longitudinal momentum distribution.
The experimental setup (Fig. 1), designed especially for this
quadrupole moment measurement, was placed at the first focal
plane of the separator. A 50 µm thin plastic scintillator was
used to monitor the implantation rate (≈1.5 × 104 pps) into
the Cd host and to determine the ion arrival time. The γ -rays
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FIG. 1. (Color online) Schematic drawing of the experimental
setup and definition of the laboratory (LAB) reference frame. See the
text for the explanation on the choice of the detector angles.

deexciting the isomer were recorded with four single crystal
germanium detectors, positioned in the horizontal plane at
about 8 cm from the Cd host. Time and energy spectra were
collected on an event-by-event basis during 36 h, with the
trigger for a valid event given by an ion-γ coincidence within
a 3 µs time window.

The 9/2+ isomer in 61Fe deexcites via a cascade of a
654 keV M2 transition and a 207 keV M1 transition (Fig. 2).
Time spectra Ii(t) (i = 1 → 4), gated by these two transitions,
were constructed and used to generate the ratio functions R(t)
(Fig. 2):

R(t) = I13(t) − εI24(t)

I13(t) + εI24(t)
, (1)

with Iij (t) = Ii(t) + Ij (t) representing the sum of the time
spectra of detectors i and j . The time spectra were normalized
by a scaling factor ε to correct for the different efficiencies of
the detectors.

The γ -ray intensity of the transitions depopulating the
isomeric state is given by Ii(t) = I0 e−t/τW (θi, φi, t), with
I0 the intensity at t = 0, τ the lifetime of the isomeric
state and (θi, φi) the spherical coordinates of detector i with
respect to the laboratory (LAB) reference frame as defined in

Fig. 1. The detectors are positioned in the horizontal plane,
thus θi = 90◦,

W (θi, φi, t) =
∑
k,n

k=even

√
4π

2k + 1
AkUkB

n
k (t)Yn

k (θi, φi) (2)

represents the perturbed angular distribution [9] and com-
pletely defines the R(t) function, since I0 e−t/τ cancels out
when taking the ratio in expression (1). Ak are the angular
distribution coefficients which depend on the multipolarity of
the observed γ -transition as well as on the initial and final
spins. The deorientation coefficients Uk quantify the orienta-
tion loss due to preceding transitions. All the information on
the perturbing interaction is contained in the orientation tensors
Bn

k (t), which describe the perturbed orientation of the nuclear
ensemble in the isomeric state. They can be calculated as a
function of the orientation at t = 0 (time of implantation) [9]:

Bn
k (t) =

∑
k′,n′

k′=even

Gnn′
kk′ (t)Dk′

n′0(α, 90◦, 0◦)B0
k′(t = 0)OR︸ ︷︷ ︸

Bn′
k′ (t=0)

. (3)

Gnn′
kk′ (t) are the perturbation coefficients and their specific form

is determined by the quadrupole interaction. The aligned
nuclear ensemble, produced in a fragmentation reaction,
is axially symmetric and completely characterized by the
orientation tensors B0

k′(t = 0)OR with k′ even. The index OR
(orientation) indicates that these tensors are described in a
reference frame with the alignment axis (i.e., the symmetry
axis of the aligned ensemble) as the Z-axis. The orientation
tensors in the LAB frame Bn′

k′ (t = 0) can be obtained by
the transformation Dk′

n′0(α, 90◦, 0◦), with α the rotation angle
of the alignment axis due to the Larmor precession in the
separator dipole magnets (see Fig. 1 and [4]). The rotation
matrix Dk′

n′0(α, 90◦, 0◦) is defined according to the convention
of [10]. The amplitude of a quadrupole perturbed R(t) function
depends on the position of the detectors with respect to
the alignment axis: combining detectors placed parallel and
perpendicular to the alignment axis leads to the highest
amplitude of the R(t) function. The g factor dependence of
α [4] therefore makes the optimal experimental geometry for
a quadrupole moment measurement case dependent. Using
the known g factor of the 61Fe(9/2+) isomer [5], we find
α = −114◦ (Fig. 1). The detectors were placed accordingly,

M1M2
(a) (b)

time [ns]
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time [ns]

400200 600 800 1000 1200 1400
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R
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FIG. 2. (Color online) (a) Decay scheme of the 61Fe(9/2+) isomer [5] (b) R(t) functions for the M2 (9/2+ → 5/2−) and M1 (5/2− → 3/2−)
transitions deexciting the 9/2+ isomer. The axially symmetric electric field gradient of the Cd host was oriented perpendicular to the detector
plane.

051302-2



RAPID COMMUNICATIONS

FIRST ISOMERIC QUADRUPOLE MOMENT MEASURED IN . . . PHYSICAL REVIEW C 75, 051302(R) (2007)

with the exception of detector 2, which could not be placed
that close to the beam line. However, the misalignment of 11◦
is comparable to the angular coverage of a detector and only
caused a 5% reduction in the amplitude and no change in the
shape of the R(t) function.

For the interaction between the spectroscopic nuclear
quadrupole moment Qs and an axially symmetric electric
field gradient, the perturbation coefficients Gnn′

kk′ (t) reduce to
a superposition of several harmonics with basic frequency
ω0 = n2πνQ

4I (2I−1) [9], where I is the spin and n = 3(6) for integer
(half-integer) spin. The period of the R(t) function depends
therefore on both the spin I and the quadrupole interaction
frequency νQ = eQsVzz/h, with Vzz the electric field gradient
(EFG) induced by the implantation host on the nuclei of
interest. The spin of the isomer fixes the maximum number of
contributing harmonics, while their relative amplitudes depend
on the orientation of Vzz. The shape of the R(t) function can
thus be optimized by selecting the best orientation of Vzz.
Previous studies [6] have demonstrated that Cd is a good
implantation host for Fe isotopes with a Vzz that allows us
to observe at least one R(t) period. Based on simulations,
it was established that one full R(t) period has the most
distinctive and thus the best measurable shape for Vzz oriented
perpendicular to the detector plane.

The R(t) functions are fitted by the theoretical expression
calculated from the perturbed angular distributions of the
detectors. A χ2-minimization procedure is used to determine
the parameters and their statistical errors. The transitions
deexciting the isomer have pure M2 and M1 multipolarities [5]
and the Ak and Uk coefficients are calculated based on that
assumption. For the 207 keV M1 transition there is only an
A2 coefficient, while for the 654 keV M2 transition the A4

term contributes as well. The term proportional to A4B2 in the
angular distribution for the M2 transition leads to a broadening
of the peaks as compared to those for the M1 transition
(Fig. 2). Only the second order orientation tensor B0

2 (t = 0)OR

is taken into account in the fit, since the influence of the higher
orders was found to be negligible. The only free parameters in
the fit are therefore B0

2 (t = 0)OR and νQ. It should be pointed
out that, for an aligned nuclear ensemble, it is not possible to
measure the sign of νQ and therefore only the absolute value
of Qs can be determined. The frequencies obtained from both
fits are consistent within their error bars. In order to exclude
any influence of the intermediate 5/2+ level, the result from the
M2 transition is adopted as the final value: |νQ(61Fe, 9/2+)| =
35.7(3) MHz. The amount of alignment, deduced from the
fitted B0

2 (t = 0)OR , is −10.5(9)%, normalized according to
the convention from [11]. This is about 64% of the alignment
observed in a g factor measurement, performed during the
same run, using a Cu host and in agreement with similar
observations for 54Fem [6].

The quadrupole moment of the 61Fe(9/2+) isomer can be
derived relative to the quadrupole moment of the 57Fe(3/2−,
98 ns) isomer by comparing their quadrupole frequencies
(νQ(57Fe in Cd, 3/2−) = 13.0(6) MHz [12]):

∣∣∣∣Qs(61Fe, 9/2+)

Qs(57Fe, 3/2−)

∣∣∣∣ =
∣∣∣∣νQ(61Fe, 9/2+)

νQ(57Fe, 3/2−)

∣∣∣∣ = 2.75(13). (4)

Comparison of electric field gradients, deduced from
quadrupole frequency measurements on 57Fe

m
in different

Fe compounds, with ab initio calculations for these EFG’s,
revealed that the earlier adopted quadrupole moment of
57Fem was wrong [13]. This was recently confirmed by a
combination of atomic and nuclear calculations [14], which
conclude that the quadrupole moment for the 57Fe isomer
is Qs = +15(2) e fm2. With this value, we obtain |Qs(61Fe,
9/2+)| = 41(6) e fm2. Although the quadrupole frequency
could be measured with a precision better than 1%, it is the
poor knowledge of the reference quadrupole moment which
defines the final result.

Large scale shell model calculations (LSSM) for 61Fe
were performed by Matea et al. [5]. The first 9/2+ state was
obtained at 720 keV with a spectroscopic quadrupole moment
Qs = −58 e fm2, slightly overestimating the deformation.
The same interaction and effective charges (eπ = 1.5e and
eν = 0.5e) were used successfully [15,16] to reproduce the
B(E2) transition strengths of neutron-rich Ni isotopes up to
N = 40. A systematic comparison between measured and
calculated quadrupole moments in this region would aid in
checking the validity of these effective charges and test the
predictive power of the considered effective interaction.

To gain more insight into the intrinsic deformation at
low energies in 61Fe, mean-field based calculations have
been performed using a new parametrization [17] of the
Gogny force [18]. Hartree-Fock-Bogoliubov (HFB) axially
symmetric solutions have been obtained using the block-
ing procedure for all one-quasiparticle (qp) neutron states
originating from the f5/2, p1/2, p3/2, and g9/2 orbits. The
axial HFB calculations were extended to investigate the
stiffness of the Kπ solutions against axial deformation and
it was found that this property very much depends upon
the blocked configurations. Configuration mixing calculations
were performed separately for each blocked configuration
using the Generator Coordinate Method (GCM) implemented
with the Gaussian Overlap Approximation (GOA) [19]. The
predicted excitation energies and intrinsic charge quadrupole
moments Q0 of the obtained Kπ levels are shown in
Fig. 3. It should be noted that no effective charge is assumed in
these calculations. The predictions cover a wide range of de-
formations from oblate (Kπ = 9/2+) to prolate (Kπ = 1/2+)
shapes. A good agreement is found with the experimental
spin-parity/assignments [5,20] of the lowest negative-parity
states. The Kπ = 3/2− ground state is predicted to have
prolate deformation with Q0 = 51e fm2, corresponding to
a weak deformation β2 = +0.11. The positive parity states
originating from the neutron g9/2 orbital are predicted with
either prolate (1/2 � K � 5/2) or oblate (7/2 � K � 9/2)
shapes, leading to two possible deformations for the observed
9/2+ isomeric state. In the strong coupling limit, the spec-
troscopic quadrupole moment for an Iπ = 9/2+ state built
on the Kπ = 1/2+, 3/2+, or 9/2+ level is Qs = −36,−30,
or −46 e fm2, respectively. All absolute values of these
spectroscopic quadrupole moments are consistent with the
measured value, |Qs | = 41(6)e fm2, thus confirming that the
9/2+ isomer is moderately deformed with β2 ≈ −0.21 or
β2 ≈ +0.24. The weak deformation predicted for the ground
state is at variance with the conclusions based on 2+ excitation
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FIG. 3. (Color online) Excitation energies and intrinsic charge
quadrupole moments from GCM + GOA calculations. One-
quasiparticle excitations, labeled by Kπ and their related spherical
orbital, are compared to the experimental level scheme (data taken
from [5,20]).

energies and B(E2) values in this mass region, which suggest
a deformation close to β2 ≈ 0.2 [21]. The measurement of
the ground state quadrupole moment would allow a direct
comparison of the isomeric and ground state deformation and
could eventually reveal the coexistence of different shapes at
low energy in 61Fe.

More insight into the oblate or prolate nature of the 61Fe
isomer can be gained by studying the band built on top of
the 9/2+ isomer. Such studies were performed already in the
57,59Fe isotopes [22,23], favoring a prolate decoupled band

on top of the 9/2+ state. On the other hand, Deacon et al.
[24] proposed a prolate to oblate shape transition to appear
at N = 35 for the 9/2+ states in the adjacent Cr isotopes. The
availability of such measurements for 61Fe would help to reach
a deeper understanding of this suggested shape transition.

In conclusion, it was possible for the first time to measure
the static quadrupole moment of a neutron-rich isomeric state
produced and spin-aligned in an intermediate energy projectile
fragmentation reaction. The extracted value of |Qs | provides
experimental proof for the moderate deformation of the 61Fem

isomer and demonstrates the onset of deformation when
the νg9/2 intruder orbital comes into play. This experiment
illustrates the applicability of the method to microsecond
isomers (T1/2 = 200 ns–10 µs), produced at rates of a few
thousands per second. In combination with reliable ab initio
calculations of electric field gradients, which are nowadays
available, this opens the way for investigations on more exotic
cases.
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Samenvatting

In het hart van het atoom, de bouwsteen van alle materie, ligt de atoomkern.
Die is zo’n 10000 keer kleiner dan het atoom zelf en bestaat uit twee soorten
deeltjes: protonen en neutronen. De meeste atoomkernen die op aarde voor-
komen zijn stabiel. Dit komt omdat het aantal protonen in evenwicht is met
het aantal neutronen. Een overschot aan protonen of neutronen leidt tot een
onstabiele of radioactieve atoomkern. Bij een overschot aan neutronen bijvoor-
beeld, zal de atoomkern spontaan een stabielere configuratie aannemen door
een neutron om te zetten in een proton en vice versa. Dit proces herhaalt zich
tot er een stabiele atoomkern gevormd wordt.

Door de grote technische vooruitgang van de laatste jaren, kan men ra-
dioactieve atoomkernen produceren met een steeds groter wordend overschot
aan protonen of neutronen. De structuur van zulke ’exotische’ atoomkernen
vertoont vaak verrassende eigenschappen die niet met de huidige theoretische
modellen kunnen voorspeld worden. Dit komt omdat onze kennis van de sterke
interactie - de kracht die de protonen en neutronen in de kern samenhoudt -
ontoereikend is. Exotische kernen zijn bijgevolg de studieobjecten bij uitstek
om de geheimen van de sterke interactie te ontrafelen en te komen tot een beter
begrip van de kernstructuur.

Een efficiënte manier om exotische atoomkernen te produceren is de zoge-
naamde projectiel-fragmentatie reactie. Daarbij worden stabiele atoomkernen
(projectielen) versneld met een deeltjesversneller en met hoge snelheid op een
trefschijf geschoten. Door botsing met de atoomkernen in de trefschijf wordt
een deel van de projectielkern afgeschuurd waardoor er een grote verscheiden-
heid aan radioactieve atoomkernen ontstaat. Met behulp van een massasepa-
rator worden er dan één of meerdere atoomkernen geselecteerd en naar een
experimentele opstelling geleid.

Begin jaren negentig werd vastgesteld dat atoomkernen die geproduceerd
worden in een projectiel-fragmentatie reactie een voorkeursrichting van hun
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kernspin vertonen (men zegt dat de kernen ’gealigneerd’ of ’gepolariseerd’ zijn).
Deze ontdekking heeft de studie van kernmomenten nieuw leven ingeblazen,
aangezien deze studies nu konden uitgevoerd worden op exotische kernen ge-
produceerd via dit reactiemechanisme. Tot het einde van de jaren negentig
werden vooral exotische kernen in hun grondtoestand bestudeerd door middel
van de β-NMR (Nuclear Magnetic Resonance) methode. Om de kernmomenten
van exotische kernen in hun aangeslagen isomere toestanden te bestuderen, is
TDPAD (Time Differential Perturbed Angular Distribution) de meest geschik-
te methode. Tot nog toe werd TDPAD enkel nog maar toegepast om g factoren
van projectiel-gealigneerde isomere kerntoestanden te meten. In het kader van
deze thesis werd voor het eerst een kwadrupoolmoment van een isomere toe-
stand, geproduceerd via projectiel-fragmentatie, opgemeten met behulp van
TDPAD.

Het kwadrupoolmoment weerspiegelt de vervorming en het collectieve ge-
drag van een kern. Het onverwacht optreden van vervorming in atoomkernen
duidt op een dramatische verandering van de kernstructuur en kwadrupoolmo-
menten zijn dan ook uitstekende parameters om de huidige kernmodellen te
testen. Het kwadrupoolmoment kan afgeleid worden door de isomeren te im-
planteren in een kristal en de interactie te bestuderen van het kwadrupoolmo-
ment met de elektrische veldgradiënt van het kristal. Deze interactie verstoort
de spinoriëntatie met als gevolg dat de intensiteit van de uitgezonden γ-straling
in de tijd evolueert. Door deze evolutie op te meten, kan het kwadrupoolmo-
ment afgeleid worden.

In het eerste deel van deze thesis wordt een diepgaande behandeling van
het TDPAD formalisme gepresenteerd. Tot op de dag van vandaag, worden
deze experimenten nog altijd uitgevoerd met slechts 3 à 4 detectoren. De grote
vraag naar bundeltijd maakt het de moeite waard om TDPAD te integreren
met andere γ-spectroscopie experimenten. Met dit doel voor ogen werden er
daarom in dit werk analytische uitdrukkingen afgeleid voor de beschrijving van
TDPAD experimenten in een algemene geometrie.

Projectiel-fragmentatie reacties bieden ook de mogelijkheid om gepolari-
seerde kernen te selecteren. In tegenstelling tot metingen met gealigneerde
kernen, zijn TDPAD experimenten met gepolariseerde kernen ook gevoelig aan
het teken van het kwadrupoolmoment. Het meten van het teken van het kwa-
drupoolmoment kan interessant zijn omdat dit soms toelaat om een onderscheid
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te maken tussen het prolate of oblate karakter van de intrinsieke vervorming.
De haalbaarheid van zulke experimenten hangt sterk af van bepaalde, tot nog
toe onbekende, eigenschappen van het gepolariseerd ensemble en verder expe-
rimenteel onderzoek is noodzakelijk.

Het tweede deel van deze thesis beschrijft de eerste toepassing van de TD-
PAD techniek voor het bepalen van het kwadrupoolmoment van een isomere
toestand, geproduceerd in een projectiel-fragmentatie reactie. De onderzochte
isomere toestand is de 9/2+ (E∗=861 keV, T1/2= 239 ns) toestand in 61Fe, die
een neutron 1g9/2 configuratie bezit. Er is een verschil van mening in de litera-
tuur of de groter wordende bezettingswaarschijnlijkheid van het neutron 1g9/2

orbitaal verantwoordelijk is voor het ontstaan van een aanzienlijke vervorming
in de neutron-rijke Fe isotopen bij het naderen van het neutrongetal N = 40.
Het meten van kwadrupoolmomenten in dit massagebied zal toelaten om de
vervorming te bepalen en bijdragen tot het ontrafelen van de kernstructuur in
dit uitdagend gebied van de kernkaart.

Het experiment werd uitgevoerd in GANIL, waar de 61Fe isomeren gepro-
duceerd en gealigneerd werden door de fragmentatie van een 64Ni bundel. De
isomeren werden geselecteerd door de LISE massaseparator en gëımplanteerd
in een Cd éénkristal met een loodrecht georiënteerde veldgradiënt. Uit de ver-
storing van het uitgezonden γ-vervalpatroon werd een kwadrupoolmoment van
41(6) efm2 afgeleid. Aangezien het experiment werd uitgevoerd met een gealig-
neerde bundel, kon het teken van het kwadrupoolmoment niet bepaald worden.

Gemiddeld-veld berekeningen, gebruik makend van een nieuwe parameteri-
satie van de Gogny kracht, voorspellen dat de 9/2+ isomeer prolaat of oblaat
kan zijn. Beide mogelijkheden geven aanleiding tot een kwadrupoolmoment
dat consistent is met de experimentele waarde. Dit bevestigt dat de 9/2+ iso-
meer een matige vervorming heeft met β2 = −0.21 of β2 = +0.24. Volgens
dezelfde berekeningen is de grondtoestand quasi sferisch, dus het vervorm-
de karakter van de isomere toestand kan inderdaad worden toegewezen aan
het ’deformatie-drijvende’ effect van het neutron 1g9/2 orbitaal. Het meten
van kwadrupoolmomenten van grondtoestanden en isomere toestanden van de
meer neutron-rijke Fe isotopen zal toelaten om de evolutie van de deformatie
te volgen en zal licht werpen op een mogelijke vormcoëxistentie van sferische
en vervormde kerntoestanden bij lage excitatie energie.
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[27] I. Matea, Décroissance β et moments magnétiques comme outils pour son-
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