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Abstract

Analysis and proof of whether programs terminate is an important concern in the
development of software. In particular in the context of declarative programming
languages, where one often uses a declarative programming style for specifying,
rather than implementing software, termination analysis has a vital role.

As a result, much research has been devoted to the study of the termination
of declarative programs, in particular for Logic Programs (LP) and Term Rewrite
Systems (TRS). However, the termination analysis research for these two program-
ming paradigms has been done quite independently. For each of the paradigms
a very different collection of techniques exist, without much cross-fertilization or
even without a reasonable understanding of the techniques on the other side of
the paradigm border.

This thesis is devoted to crossing the paradigm border. More specifically, it
presents a number of results, techniques and tools based on these techniques, which
were obtained by porting well-known termination analysis approaches from TRS
to LP.

A first contribution is to port the use of polynomial interpretations - one of
the most used approaches for TRS - to obtain a new technique for termination
analysis of definite LP. The work is based on the framework of order-acceptability
of De Schreye and Serebrenik. I specialize this framework to the context of poly-
nomial interpretations and provide a new termination condition based on them. It
is shown how this generalizes the traditional techniques in termination analysis of
LP, based on linear norms and linear level mappings. The thesis further presents
a constraint based approach for automatically generating polynomial interpreta-
tions that satisfy the termination conditions. Then, it reports on the development
of an automated tool, Polytool, for proving termination of LP based on polyno-
mial orders. It presents different components of the tool, reports on extensive
experimentation and compares it with other tools.

A second technique that is ported from TRS to LP is termination analysis
based on dependency pairs and dependency graphs, as proposed by Arts and
Giesl. This technique as well has been very successful for TRS. The main idea of
the approach is that termination conditions for a program are established based
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on the decomposition of its dependency graph into its strongly connected com-
ponents. These conditions can then be analyzed separately by possibly different
well-founded orders. As a result, a modular framework for termination analysis
of LP is obtained. The thesis also describes an implementation of this technique,
which was integrated in Polytool. The experiments show that it is by far the best
performing direct termination analyzer for LP.

Finally, the thesis presents initial results on porting some other techniques from
TRS to LP. The popular technique of argument filtering for TRS is reformulated
for LP, taking the issue of rigidity - important in LP to deal with unification,
rather than matching - into account. The thesis also presents refinement of the
order-acceptability framework in order to deal with other types of orders. In
particular, it refines the translation of the order-acceptability for general orders
into Diophantine constraints, so that the technique becomes practical for other
orders. As an example, it is shown how this will allow to use matrix interpretations.
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Chapter 1

Introduction

The aim of this chapter is to provide a general picture of research on termination
analysis and to explain how it motivates our research. In the motivation section,
we discuss the work on termination analysis in the two most active paradigms,
Logic Programming (LP) and Term Rewriting System (TRS), and the oportunity of
“bridging the gap” between these research areas, by porting termination techniques
from one paradigm to another. In Section 1.2, we give an overview of the thesis.

1.1 Motivation and State of the Art

The study of termination of programs has been an important concern in formal
investigations on total correctness of programs. While proving and disproving
termination of a given program on a given input is undecidable in general (Turing
1936), developing systematic or - in more recent work - automatic techniques for
proving termination for a large set of programs has received much attention and has
been successful since the early days of computer science (see e.g. (Floyd 1967, Katz
and Manna 1975)).

Proving termination is a requirement for a number of verification problems.
For example, total correctness, which verifies whether a program coincides with
its specification, additionally requires the program to be terminating1. In process
verification, liveness problems can also be reduced to termination problems (Giesl
and Zantema 2003). In industry, termination analysis has been recently used to
verify the correctness of device drivers (Cook et al. 2005).

In the last 20 years, research on termination analysis has been most active
in the domain of declarative programming languages, with an emphasis on two
specific paradigms: LP and TRS. For LP, a survey of work until 1994 can be

1For ideal logic programs, the logic component is often considered to coincide with the spec-
ification, and the total correctness can be reduced to termination proving.
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2 CHAPTER 1. INTRODUCTION

found in (De Schreye and Decorte 1994), and one can find more recent work in
(De Schreye 2004, Bruynooghe et al. 2007, Codish et al. 2005, Mesnard and Stuckey
2003, Mesnard and Serebrenik 2008, Mesnard and Ruggieri 2001, Smaus 2004,
Serebrenik and Schreye 2005). For TRS, (Zantema 2003, Hirokawa and Middeldorp
2005, Contejean et al. 2005, Endrullis et al. 2008, Giesl, Thiemann, Schneider-
Kamp and Falke 2006, Fuhs et al. 2007) provide a comprehensible overview of
work. In both areas, the work has been extensive and successful; many powerful
techniques have been developed and automated tools for these techniques became
available. However, termination analysis research has evolved very independently
for these two paradigms. This has led to two collections of techniques and tools
that co-exist with neither a reasonable level of cross-fertilization between them,
nor an acceptable understanding of the portability of these techniques from one
paradigm to the other. It motivates us to acquire a deeper understanding of each
approach, and to consider the possibility of porting techniques from one paradigm
to another, particularly from TRS to LP. Some central questions are:

• To what extent are techniques for termination analysis of TRS useful and
portable to LP?

• Can we obtain more powerful systems for LP by integrating the strongest
concepts and techniques from both fields? Which parts of the problem and
the currently proposed solutions are paradigm-specific and which are not?

• Which of the current benchmarks of one paradigm provide new challenges
for the other?

On a more general, methodological level, porting termination techniques from
TRS to LP could be organized using two alternative routes: a transformational
approach and a direct approach. With a transformational approach, the starting
point is the design of program transformations from one paradigm to the other,
such that the transformation preserves the termination behavior. After a trans-
formation, termination analysis techniques for the target language are used on the
transformed program in an attempt to establish a termination proof for the origi-
nal program. This line of thought has been successfully used by several researchers
(for an overview of work in the past, see (Ohlebusch 2001), for more recent work,
see (Schneider-Kamp et al. to appear)).

A disadvantage of the transformational approach is that it somewhat obscures
the intuitions regarding the termination argument. Often, one is not merely inter-
ested in finding a proof of termination as such, but it is more helpful if the proof
- or the absence of it - helps us in better understanding the termination behavior
of the program at hand. In our research, we therefore study the alternative to
port termination arguments directly from TRS to LP, without relying on a trans-
formation. In this context, a first basic result that allows for the direct porting of
orderings to the LP setting is presented in (De Schreye and Serebrenik 2002). This
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work provides a new termination condition for logic programs based on general
term orderings. As such, it can be used as a framework in which different orderings
considered in TRS could be ported to LP directly and could be evaluated.

1.2 Overview of the thesis

This thesis describes the research the author performed at the Department of
Computer Science, Katholieke Universiteit Leuven between October 2004 and De-
cember 2008. We start by an introduction which puts termination analysis for
TRS and LP in perspective and provides a motivation for our research.

Chapter 2 provides technical background, which is essential for understanding
the thesis. We introduce briefly the basic notions of logic programming, and the
work on termination analysis of logic programming which provides the background
for our research.

Chapter 3 presents the first contribution of this thesis. In the context of ter-
mination analysis of LP, previous work is usually done by using linear ranking
functions that map computation states to a well-founded domain of natural num-
bers. However, restricting ourself to linear ranking functions limits the power of
termination analysis considerably, since a lot of examples require more powerful
ranking functions to verify their termination. In TRS, a variety of well-founded
domains has been be used. One of the most popular and successful techniques
is the use of polynomial interpretations (Lankford 1979) in (automated) termina-
tion analysis of term rewriting. This chapter is dedicated to the development of a
polynomial interpretation technique for termination analysis of LP. We start by
extending the basic termination notions and concepts stated in Section 2.3 to the
context of the interpretation framework in general (Section 3.2), and discuss how
these concepts can be applied to polynomial interpretations in particular (Section
3.2.1). The theoretical results show that the polynomial interpretation frame-
work is indeed a generalisation of the termination techniques that are based on
linear ranking functions. In Section 3.3, we show how this approach can be auto-
mated by embedding it with the constraint-based approach developed in (Decorte
et al. 1999), and by combining it with a type inference system and a Diophantine
constraint solver. A remarkable point in this section is that, different from most
current termination approaches in LP that only work with mode-based queries,
our approach focuses on type-based queries, which are proved to be more gen-
eral and powerful than the former approaches. Before concluding the chapter, we
discuss the implementation and the experimental result of our tool (Polytool) in
comparison with other LP termination tools. The experimental results show that
our tool is the best direct termination tool for LP.

In Chapter 4, we develop a local constraint-based framework for termination
analysis of logic programming. We start this work by an observation that tech-
niques in termination analysis of LP can be separated into two groups: (1) the
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global approach which uses a unique ranking function to evaluate program points
in all loops in the computation (De Schreye et al. 1992, Decorte et al. 1999, Nguyen
and De Schreye 2005), and (2) the local approach, which can apply different rank-
ing functions for different loops (Bruynooghe et al. 2007, Codish and Taboch 1999,
Dershowitz et al. 2001). The global approaches can be fully automated using the
constraint-based framework in (Decorte et al. 1999) to search for a suitable rank-
ing function. However, if a complex well-founded ordering is needed for the proof
(e.g., lexicographical ordering), it is often difficult to find such an ordering in the
constraint-based framework. On the other hand, most local techniques use a given
set of ranking functions, and then try to prove that (a combination of) these rank-
ing functions can be applied to derive termination of the program. However, it
is unclear whether a search for arbitrary ranking functions in the local approach
could also be automated using the constraint-based approach. In TRS, a similar
distinction exists. However, a very important and influential approach of recent
years is the dependency pair method (Arts and Giesl 2000) which seems to hold
the middle between a global and a local approach. It brings us to the idea of
porting the dependency pair method to LP. We start Section 4.2 by defining the
basic notions of the dependency graph method, an LP counterpart of the depen-
dency pair method in TRS. Based on this technique, proving termination of a
program can be done by recursively decomposing it into more simple problems.
An interesting property is that each of these problems can be handled indepen-
dently, using different kinds of well-founded orderings. In Section 4.3, we show how
polynomial interpretations can be plugged into this framework as a component to
search for suitable well-founded orderings. We also automate this technique using
the constraint-based approach. We have implemented a tool (Polytool-2) based
on this technique. The experimental results show that this advanced version of
Polytool outperforms its predecessor and is very close to the best termination tool
for LP: AProVE, a tool that proves termination of logic programs by transforming
them to term rewriting systems.

In Chapter 5, we develop a new framework for termination analysis of LP with
general reduction pairs. We show that different well-founded ordering techniques,
such as matrix interpretations, can also be adapted to LP easily. We also show how
this work extends the work in (De Schreye and Serebrenik 2002), where termination
problems are formulated as a set of implication constraints w.r.t. term orderings
(Section 5.3). In Section 5.4, we port the argument filtering technique to LP. We
discuss how rigidity of the call set can be reformulated as an argument filter. With
these new techniques, we present the potential to use matrix interpretations for
termination analysis of LP in Section 5.5. We also discuss how the constraint-based
approach can be used to search for suitable matrix interpretations automatically.
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1.2.1 Published and New Contributions

Most of the results presented in this thesis are joint work with Danny De
Schreye, Jürgen Giesl, and Peter Schneider-Kamp. Parts of them have already
been previously published. The theoretical work on the polynomial interpretation
technique discussed in Section 3.2 and in particular Section 3.2.1 appeared as a
full paper in ICLP2005 (Nguyen and De Schreye 2005). Another version of this
paper, with a prototype implementation, appeared in LOPSTR2006 (Nguyen and
De Schreye 2007). The most complete version, including full automation and ex-
periments in sections 3.3 and 3.4, have been submitted to the TPLP in 2008, and
is currently under review (Nguyen, De Schreye, Giesl and Schneider-Kamp 2008).

The first results on the dependency graph framework discussed in Chapter 4
were presented at LOPSTR2007 (Nguyen, Giesl, Schneider-Kamp and De Schreye
2008).

The results on termination analysis with reduction pairs (Chapter 5) is novel
and has not yet been published.
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Chapter 2

Preliminaries

In this chapter, we present the basic concepts and definitions of ordering theory,
logic programming, and termination analysis of logic programming. Concepts and
definitions which are only relevant to a specific chapter will be introduced in that
chapter. Further details on logic programming can be found in (Apt 1990, Lloyd
1987).

2.1 Logic Programming

Logic programming (LP) refers to programming languages based on the syntax
of first order logic. In our research, we focus on definite logic programming, a
popular subclass of LP. Within this scope, LP consists of an alphabet, a first order
language, a set of axioms and a set of inference rules. The alphabet includes sets
of variables, constants, function symbols, predicate symbols and connectives. To
denote variables, we use uppercase characters, e.g., X, Y , Z. When there is no
confusion possible, we denote them also by lowercase characters such as x, y, z.
Usually, function symbols are denoted f, g, h, and predicate symbols are denoted
p, q, r. Each function or predicate symbol f is associated with a natural number
n, the arity of f . We often write f/n to denote that a function or a predicate
symbol f (a functor) has arity n. Constant symbols are function symbols with
arity 0, denoted by lowercase letters in the beginning of the alphabet, e.g., a, b, c.
Connectives are ← (implication) and ∧ (conjunction).

Terms and atoms, two basic components of logic programming, are defined
based on variables, constants, function and predicate symbols. A term is either a
variable, a constant, or f(t1, . . . , tn) if t1, . . . , tn are terms and f/n is a function
symbol. Similarly, p(t1, . . . , tm) is an atom if p/m is a predicate symbol and
t1, . . . , tm are terms. A term or an atom, that is variable free, is called ground.
Otherwise, it is called non-ground. For a term or atom t, we use the notation

7
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Var(t) to denote the set of all variables occurring in t. We sometimes write t to
denote a tuple of terms t1, . . . , tn.

A definite clause is of the form H ← B1 ∧ . . . ∧ Bn where all H and Bi are
atoms. For our convenience, we denote it by H :− B1, . . . , Bn. H is called the
head of the clause, the sequence B1, . . . , Bn is called the body of the clause, and
each of the Bi’s is called a subgoal. The informal semantics of H :− B1, . . . , Bn is
“for each assignment of each variable occurring in H and in Bi (i ∈ {1, . . . , n}),
if B1, . . . , Bn is true, then H is true”. A unit clause (or a fact) is a clause with
an empty body, i.e., H ←. The informal semantics of a fact H ← is “for any
assignment of each variable in H, H is true”. A clause with empty head and with
non-empty body is a query, i.e., ← B1, . . . , Bn, and each Bi is called a sub-query
of the query. For a query ← B1, . . . , Bn, the informal semantics is “there does
not exist any variable assignment such that B1, . . . , Bn is true”. A clause with an
empty head and empty body is the empty clause, denoted by �. This clause is
understood as a “contradiction”.

A definite program is a finite set of definite clauses (i.e., a conjunction of
them), denoted by P. We use VP , ΣP , and ∆P to respectively denote the sets
of variables, function symbols, and predicate symbols constructed from L, the
language underlying P. T (ΣP ,VP) and A(ΣP ,∆P ,VP) respectively denote the
sets of all terms and atoms that can be constructed from L. We use the notation
T (ΣP ,∆P ,VP) to denote T (ΣP ,VP) ∪ A(ΣP ,∆P ,VP), the set of all terms and
atoms. The Herbrand universe UP (Herbrand base BP) is the set of all ground
terms (atoms) that can can be constructed from L. Given an atom A, rel(A)
denotes the predicate symbol of A. Let p, q be predicates occurring in the program
P. We say that p refers to q if there is a clause in P such that p is in its head and
q is in its body. We say that p depends on q if (p, q) is in the transitive closure
of the relation “refers to”. If p depends on q and vice versa, p and q are called
mutually recursive, denoted by p w q.

In the following paragraph, we discuss the procedural semantics of LP. First,
we introduce the notion of unification. Formally, a substitution θ is a finite set of
the form {v1/t1, . . . , vn/tn}, where v1, . . . , vn are distinct variables and t1, . . . , tn
are terms such that ti is distinct from vi. Each ti is called a binding for vi, and
θ is called a ground substitution if t1, . . . , tn are all ground. We usually denote
substitutions by Greek letters such as α, θ, γ. A substitution given by the empty
set is called the identity substitution, denoted by ε. We define an expression to be
either a term, an atom, a conjunction of terms or a conjunction of atoms. Given
an expression E and a substitution θ = {v1/t1, . . . , vn/tn}, we call Eθ the instance
of E by θ which is the expression obtained from E by simultaneously replacing
each occurrence of the variable vi in E by the term ti. If Eθ is ground, we call it a
ground instance of E. Let α = {u1/t1, . . . , un/tn} and θ = {v1/s1, . . . , vm/sm} be
two substitutions, the composition αθ of α and θ is a substitution obtained from
the set {u1/t1θ, . . . , un/tnθ, v1/s1, . . . , vm/sm} by deleting any binding vi/si from
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the set if vi ∈ {u1, . . . , un}, and by deleting any binding ui/tiθ if ui = tiθ. It can be
shown that the set of substitutions, together with the composition operator, form
a monoid i.e., the composition is associative and ε is the identity element. Let E
and F be two expressions, we say E and F are variants of each other if there exist
substitutions α and θ such that E = Fθ and F = Eα. A substitution θ such that
Eθ is a variant of E is a variable renaming for E. Let S be a set of expressions. A
substitution θ is called a unifier for S if Sθ is a singleton. θ is called a most general
unifier for S if θ is a unifier for S and for each unifier α, there exists a substitution
γ such that α = θγ. Given two expressions E and F , we denote by mgu(E,F )
their most general unifier. A number of works on computing most general unifiers
for a sets of expressions can be found in the literature (Robinson 1965, Martelli
and Montanari 1982, Lloyd 1987, Apt 1996).

The procedural semantics of definite logic programs is based on SLD-resolution,
a central concept in LP. SLD-resolution stands for SL-resolution for Definite logic
programs. SL-resolution stands for Linear resolution with Selection rule (Kowalski
and Kuehner 1971), in which the selection rule is used to select a sub-query from
a given query for the next resolution step.

Definition 1 (SLD-resolvent). Let Qi = ← Q1, . . . , Qj , . . . , Qn be a query and
C = H :− B1, . . . , Bm be a definite clause. Let R be a selection rule. Then
Qi+1 is derived from (an SLD-resolvent of) Qi and C using mgu θ if the following
conditions hold:

• R selects the sub-query Qj from Qi.
• θ = mgu(Qj , H).

• Qi+1 = (Q1, . . . , Qj−1, B1, . . . , Bm, Qj+1, . . . , Qn)θ

Definition 2 (SLD-derivation). Let P be a program, Q be a query, and R a se-
lection function. An SLD-derivation of P ∪ {Q} consists of a (possibly infinite)
sequence Q0 = Q,Q1, . . . of queries, a sequence C1, C2, . . . of renamed apart vari-
ants of program clauses of P and a sequence θ1, θ2, . . . of mgu’s such that each
Qi+1 is an SLD-resolvent of Qi and Ci+1 using θi+1.

Given a program P, an initial query Q and a selection function R, we define
an SLD-tree, a compact representation of all SLD-derivations from P and Q w.r.t.
R as follows.

Definition 3 (SLD-tree). Let P be a program. Let Q be a query and R be a
selection rule. An SLD-tree for P and {Q} w.r.t. R is a tree such that:

• Each node of the tree is a (possibly empty) query.

• {Q} is the root of the tree.
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• Let A = ← A1, . . . , Am, . . . , Ak be a node in the tree and suppose the
function R selects the sub-query Am from A. Then for each clause H :
− B1, . . . , Bn, renamed apart with fresh variables, such that θ = mgu(H,Am)
exists, the node has a child ← (A1, . . . , Am−1, B1, . . . , Bn, Am+1, . . . , Ak)θ.

Note that leaves of the tree are nodes with either an empty query (�, complet-
ing a successful derivation, i.e., a refutation) or nodes where the selected sub-query
does not unify with any clause head (finite failure node). An infinite branch indi-
cates non-termination of the program w.r.t. the query. The selection rule plays an
important role in the termination behavior of the program. In this thesis, we focus
our attention only on SLD-derivations where the selection function always selects
the left-most sub-query from a given query (left-to-right selection rule)1. This is a
common selection rule implemented in most Prolog systems. Such derivations are
referred to as LD-derivations; the corresponding derivation tree, which is formed
from all LD-derivations, is called an LD-tree.

2.2 General Orderings

In this section, we present the basic notions of orderings. We focus more on the or-
derings on terms, and the properties of orderings which are needed for termination
analysis. First, we define the notion of orderings.

A quasi-ordering on a set S is a reflexive and transitive binary relation %
defined on elements of S. We define the associated equivalence relation ≈ as s ≈ t
if and only if s % t and t % s for any t, s ∈ S. A strict ordering2 on a set S is
a transitive and irreflexive binary relation � defined on elements of S. A well-
founded ordering on S is a strict ordering � such that there is no infinite sequence
s0 � s1 � . . . for any si ∈ S. If for all t, s ∈ S, we have either t % s or s % t, %
is called a total quasi-ordering, otherwise it is a partial quasi-ordering. Similarly,
if we have either t � s or s � t, � is call a total strict ordering, otherwise it is a
partial strict ordering.

Let T be a set such that S ⊆ T . Let % be a quasi-ordering on S. A quasi-
ordering ≥ defined on T is called a proper extension3 of % if t1≥t2 ⇔ t1%t2 for
all t1, t2∈S. Similarly, let � be a strict ordering on S. A strict ordering > on T is

1By fixing the selection rule, methods for termination analysis can exploit this and become
much stronger. This is similar to termination analysis of term rewriting (in particular, when using
dependency pairs). Here, termination of innermost rewriting is easier to show than termination
of full rewriting.

2Unlike the notion of strict ordering in (De Schreye and Serebrenik 2002), in our work we
do not define the strict ordering as an associated ordering of the quasi-counterpart, i.e., t � s
if and only if t % s but not s % t. But in general, every strict ordering � induces a quasi-
ordering, i.e., t � s ⇔ t % s ∧ ¬(t ≈ s), and every quasi-ordering induces a strict ordering, i.e.,
t % s⇔ t � s ∨ t ≈ s.

3In contrast to our notion of proper extension, in (De Schreye and Serebrenik 2002) the
authors only require t1≥t2 ⇒ t1%t2 for any t, s ∈ S.
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called a proper extension of � if t1>t2 ⇔ t1�t2 for all t1, t2∈S. We also call the
pair of orderings (≥, >) a proper extension of (%,�).

Definition 4 (reduction pairs). A reduction pair4 (%,�) on a set T consists of
a quasi-ordering % and a well-founded ordering � on T that are compatible (i.e.,
t1 % t2 � t3 implies t1 � t3 and t1 � t2 % t3 implies t1 � t3).

While orderings can be on any kind of sets in general, in our context we consider
the orderings on sets of terms T (ΣP ,VP), of atoms A(ΣP ,∆P ,VP), or of both
terms and atoms T (ΣP ,∆P ,VP) of a program P.

2.3 Termination of Logic Programs

In this section, we present basic concepts of termination analysis of definite logic
programs which are necessary for the thesis. Detailed information about this topic
can be found in (Plümer 1990, De Schreye and Decorte 1994). For more recent
work, we refer to (Serebrenik 2003, Schneider-Kamp 2008, Bruynooghe et al. 2007).
In the following, we define the notion of termination, a central concept of the thesis.

Definition 5 (Termination). Let P be a program and Q be a query. P LD-
terminates w.r.t. Q if the LD-tree for P and {Q} is finite.

In short, we usually speak of termination instead of LD-termination. If a
program P terminates for all elements of a set of queries S, we say P terminates
for S. One can easily verify that if a program P terminates for S, then P terminates
for all S ′ ⊆ S. Also, for all P ′ ⊆ P, P ′ terminates for S. In classical termination
analysis, one usually has to identify a ranking function that maps program states
to elements of a well-founded domain such that their sizes decrease as the execution
progresses (Floyd 1967, Katz and Manna 1975). In termination analysis for LP,
an intuitive option for the well-founded domain is the set of natural numbers. The
ranking function is commonly characterised by a tuple of a level-mapping and a
norm, the central concepts in termination analysis of LP. The level-mapping is
defined as a function that maps atoms to natural numbers, |.| : BP → N, and the
norm is defined as a function that maps terms to natural numbers ‖.‖ : UP → N.
In functional programming, the ranking function is usually called the measure
function (Brauburger and Giesl 1998, Brauburger and Giesl 1999). The most
commonly used norms and level-mappings in LP-termination analysis are semi-
linear norms and semi-linear level-mappings, which are defined as

‖t‖ =
{
cf +

∑n
i=1 a

f
i ‖ti‖ if t = f(t1, . . . , tn)

0 otherwise,

4In contrast to the definition of “reduction pair” in TRS (Kusakari et al. 1999), in our work
we do not require % and � to be “closed under substitutions.”
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and

|p(t1, . . . , tm)| = cp +
m∑
i=1

api ‖ti‖

respectively, in which cf , a
f
i , a

p
i are natural numbers. Two well-known representa-

tives of semi-linear norms are the list-length norm5 and term-size norm6.
To extend the usability of other well-founded domains for LP termination anal-

ysis, the first attempt is to provide a new termination condition for LP based on
general term orderings (De Schreye and Serebrenik 2002). As this work plays an
important role in our research, in the following we will present the basic notions
and concepts of the work. For more information, we refer to (De Schreye and
Serebrenik 2002). First, we define the notion of the call set.

Definition 6 (call set). Let P be a program and S be a set of atomic queries.
The call set, Call(P,S), is the set of all atoms A, such that a variant of A is the
selected atom in some derivation for P and a query Q, Q ∈ S.

In practice, the query set S is specified as a query pattern. Then, the set
Call(P,S) can be over-approximated as a set of call patterns by using a type
inference technique (e.g., (Bruynooghe et al. 2005, Gallagher et al. 2005, Janssens
and Bruynooghe 1992)).

The following definition provides a sufficient and necessary criterion for termi-
nation.

Definition 7 (order-acceptability (De Schreye and Serebrenik 2002)). Let S be a
set of atomic queries. A program P is order-acceptable w.r.t. S if there exists a
reduction pair (%,�) on A(ΣP ,∆P ,VP), such that:

1. for any A ∈ Call(P,S),

2. for any clause H :− B1, . . . , Bn in P, such that mgu(A,H) = θ exists,

3. for any atom Bi such that rel(Bi) w rel(A),

4. for any computed answer substitution σ for :− (B1, . . . , Bi−1)θ:

A � Biθσ
5The list-length norm is defined as

‖ t ‖`=


1+ ‖ t2 ‖` if t = [t1 | t2],
0 otherwise.

6The term-size norm is defined as

‖ t ‖s=


1 +
Pn
i=1 ‖ ti ‖s if t = f(t1, . . . , tn),

0 otherwise.
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The following theorem establishes the link between order-acceptability w.r.t.
a set of queries and termination of a program.

Theorem 1 ((De Schreye and Serebrenik 2002) termination criterion with or-
der-acceptability ). A program P terminates for any query in S if and only if P
is order-acceptable w.r.t. S.

A disadvantage of order-acceptability is that for Condition (4) of Definition
7, one has to regard all computed answer substitutions σ. In order to obtain a
termination criterion that is suitable for automation, one usually estimates the
effect of the body atoms B1, . . . , Bi−1 by suitable interargument relations. These
are in fact abstractions, specifying relations that hold among arguments of the
atoms, that can be derived from the program. Interargument relations have ini-
tially been studied in (Ullman and Van Gelder 1988, Plümer 1990, Verschaetse
and De Schreye 1991). In this thesis, we use the definition from (De Schreye and
Serebrenik 2002).

Definition 8 (interargument relation (De Schreye and Serebrenik 2002)). Let
P be a program, p/n be a predicate in P, and (%,�) be a reduction pair on
T (ΣP ,VP). An interargument relation for p/n w.r.t. (%,�) is a relation Rp/n =
{p(t1, . . . , tn) | ti ∈ T (ΣP ,VP) ∧ ϕp}, where:

• ϕp is an arbitrary boolean combination of inequalities,

• each inequality in ϕp is either s % s′ or s � s′, where s, s′ are constructed
from t1, . . . , tn by applying function symbols from ΣP .

Rp/n is a valid interargument relation for p/n w.r.t. (%,�) if and only if for every
p(t1, . . . , tn) ∈ A(ΣP ,∆P ,VP): P |= p(t1, . . . , tn) implies p(t1, . . . , tn) ∈ Rp/n.

The following classical theorem establishes a sufficient condition for verifying
the validity of interargument relations syntactically at the clause level. It follows
trivially from the basic theory of LP (Lloyd 1987).

Theorem 2. If we have for every clause q(t) :− q1(t1), . . . , qm(tm) in P (m ≥ 0)
that t1 ∈ Rq1 ∧ . . . ∧ tm ∈ Rqm

⇒ t ∈ Rq, then for every predicate symbol p in P,
Rp is a valid interargument relation of p.

Proof. Consider the set I = ∪p∈PRp. We have that TP(I) ⊆ I. Indeed, for
any clause q(t) :− q1(t1), . . . , qm(tm), if the body is true, then ti ∈ Rqi

⊆ I,
(1 ≤ i ≤ m). Hence t ∈ Rq ⊆ I and the head is also true. Therefore, by
(Lloyd 1987, Theorem 26.3), I contains the least model of P. Thus, all Rp are
valid.

Definition 8 states a requirement for an interargument relation to be valid.
Another problem with order-acceptability is that, by checking the inequality

A � Biθσ, one has to work entirely at the call level i.e., both A and Biθσ are in
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the call set Call(P,S) (Condition (1) of Definition 7). It makes the automation of
order-acceptability impossible because Call(P,S) may be infinite. To avoid this,
one usually imposes the requirement of rigidity which can also be reformulated
w.r.t. reduction pairs.

Definition 9 (rigidity (De Schreye and Serebrenik 2002)). A term or atom A ∈
T (ΣP ,∆P ,VP) is called rigid w.r.t. a reduction pair (%,�) if A ≈ Aσ holds for
any substitution σ. A set of terms (or atoms) S is called rigid w.r.t. (%,�) if all
its elements are rigid w.r.t. (%,�).

Example 1 (rigidity). The list [X|t] (X is a variable, t is a ground term) is
rigid w.r.t. the reduction pair (%`,�`) which is imposed by the list-length norm
‖.‖`. For any substitution σ, we have ‖[X|t]σ‖` = 1 + ‖t‖` = ‖[X|t]‖`. Therefore,
[X|t]σ ≈` [X|t].

However, [X|t] is not rigid w.r.t. the reduction pair (%s,�s) imposed by the
term-size norm ‖.‖s. Recall that [X|t] is a short notation for the term .(X, t) and
[ ] is another notation for the empty list nil. For instance, with σ1 = {X/a1}, a1 is
a constant, ‖[X|t]σ1‖s = ‖.(a1, t)‖s = 1+‖a1‖s+‖t‖s = 2+‖t‖s, while with σ2 =
{X/[a1, a2]}, a1, a2 are constants, ‖[X|t]σ2‖s = ‖.([a1, a2], t)‖s = 1+‖[a1, a2]‖s+
‖t‖s = 1 + ‖.(a1,.(a2, [ ]))‖s + ‖t‖s = 6 + ‖t‖s. That implies [X|t]σ2 �s [X|t]σ1.
�

The following notion of rigid order-acceptability w.r.t. a set of atoms no longer
generates inequalities for all elements of Call(P,S) as in Condition (1) of Defi-
nition 7. Instead, the call set is only considered in a rigidity condition and we
only build inequalities from the clauses of the program. Furthermore, Condition
(4) of Definition 7 on computed answer substitutions is replaced by one on valid
interargument relations.

Definition 10 (rigid order-acceptability (De Schreye and Serebrenik 2002)). Let
S be a set of atomic queries. A program P is rigid order-acceptable w.r.t. S if
there exists a reduction ordering (%,�) on T (ΣP ,∆P ,VP) such that Call(P,S)
is rigid w.r.t. (%,�) and such that for each predicate p/n in P, there is a valid
interargument relation Rp/n, such that:

• for any clause H :− B1, B2, . . . , Bn in P,

• for any atom Bi such that rel(Bi) w rel(H),

• for any substitution θ such that the atoms B1θ, . . . , Bi−1θ are elements of
their associated interargument relations Rrel(B1), . . . ,Rrel(Bi−1):

Hθ � Biθ.

Similar to Theorem 1, one can show that rigid-order acceptability is sufficient
for termination.
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Theorem 3 (termination criterion with rigid order-acceptability (De Schreye
and Serebrenik 2002)). If P is rigid order-acceptable w.r.t. S, then P is order-
acceptable w.r.t. S and hence, is terminating for any query in S.

In (De Schreye and Serebrenik 2002), De Schreye and Serebrenik also showed
that rigid order-acceptability is not a necessary condition for order-acceptability,
and hence for termination. With Definition 10 and Theorem 3, proving termination
of a program now requires verifying the rigidity of the call set and verifying the
valid interargument conditions for predicates and the decrease conditions for the
(mutually) recursive clauses.
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Chapter 3

Polynomial Interpretations

In this chapter, we introduce a new technique for termination analysis of LP based
on interpretations. The principle of this technique is to map each function and
predicate symbol to a function over some domain equipped with a well-founded
ordering, like it has been done in proving termination of TRS. We extend the
standard concepts and results on termination analysis introduced in Section 2.3
to the context of interpretations. We then adapt polynomial interpretations, a
popular interpretation technique in termination analysis of TRS, to LP. Such
polynomial interpretations can be seen as a direct generalisation of the classical
techniques in termination analysis of LP, where linear norms and level mappings
are used. Our extension generalises these to arbitrary polynomials. We propose a
constraint based approach for automatically generating polynomial interpretations
that satisfy the termination conditions. Based on this approach, we implement a
new tool, called Polytool-1, for automatic termination analysis of logic programs.

3.1 Introduction

Until now, most termination techniques in LP are based on the use of linear norms
and linear level mappings, which measure the size of each term or atom as a linear
combination of the sizes of its subterms. For example, the Hasta-La-Vista sys-
tem (Serebrenik and Schreye 2003) infers one specific linear norm and linear level
mapping. The analysers TermiLog (Lindenstrauss and Sagiv 1997), TerminWeb
(Codish and Taboch 1999), and cTI (Mesnard and Bagnara 2005) use a concrete
linear norm (TermiLog, cTI) or a combination of several linear norms (TerminWeb)
to obtain an approximation of the program and then infer a linear level mapping
for termination analysis of the latter. However, the restriction to linear norms and
level mappings limits the power of termination analysis considerably, since a lot of
examples require more powerful norms or level mappings to verify their termina-

17
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tion. To illustrate this point, consider the following example, der, that formulates
rules for computing the repeated derivative of a function in some variable u. This
example, introduced in (De Schreye and Serebrenik 2002), is inspired by a similar
term rewriting example from (Dershowitz 1995).

Example 2 (der).

d(der(u), 1). (3.1)

d(der(X + Y ),DX + DY ) :− d(der(X),DX ), d(der(Y ),DY ). (3.2)

d(der(X ∗ Y ), X ∗DY + Y ∗DX ) :− d(der(X),DX ), d(der(Y ),DY ). (3.3)

d(der(der(X)),DDX ) :− d(der(X),DX ), d(der(DX ),DDX ). (3.4)

We are interested in proving termination of this program w.r.t. the set of queries
S = { d(t1, t2) | t1 is a ground term and t2 is an arbitrary term}. We consider the
first argument of d/2 as an input argument and the second as an output.

Doing this on the basis of a linear norm and level mapping is impossible. The
function symbol der/1 expresses a non-linear relation between the input and output
of the original derivative function. To see this, assume that there exists a linear
norm ‖.‖ and level mapping |.| such that ‖u‖ = c, ‖t1 + t2‖ = f+

0 + f+
1 ‖t1‖ +

f+
2 ‖t2‖, ‖t1 ∗ t2‖ = f∗0 + f∗1 ‖t1‖+ f∗2 ‖t2‖, ‖der(t)‖ = fd0 + fd1 ‖t‖, |d(t1, t2)| = d0 +
d1‖t1‖+ d2‖t2‖ where t, t1, t2 are terms and c, f+

0 , f
+
1 , f

+
2 , f

∗
0 , f

∗
1 , f

∗
2 , f

d
0 , f

d
1 , d0, d1,

and d2 are non-negative integers. Applying the general constraint based method in
(Decorte et al. 1999) shows a contradiction: the system of inequalities that is set
up from the acceptability condition is unsolvable. A complete proof can be found
in (Nguyen and De Schreye 2005). Of course this only proves that one particular
approach is unable to prove termination on the basis of linear mappings. �

In this chapter, we propose a general framework for termination proofs of LP
based on interpretations, and particularly on polynomial interpretations. Using
polynomial interpretations as a basis for ordering terms in TRS was first introduced
by Lankford in (Lankford 1979). It is currently one of the best known and most
widely used techniques in TRS termination analysis.

We develop the approach within an LP context. We redefine and extend several
known concepts and results from LP termination analysis to polynomial interpre-
tations. We show how polynomial interpretations can be seen as a direct general-
isation of currently used techniques in LP termination based on linear norms and
linear level-mappings. Classical approaches in LP termination use interpretations
that map to natural numbers (using linear polynomial functions). In contrast,
we will use interpretations that map to polynomials (using arbitrary polynomial
functions). The concepts that link the two approaches are those of the “abstract
norm” and “abstract level mapping”. We show that under this approach, examples
as the above can be solved.

We also developed an automated tool (Polytool) for termination analysis based
on this approach (Nguyen and De Schreye 2007). We embedded this within the
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constraint-based approach developed in (Decorte et al. 1999) and combined it
with the non-linear Diophantine constraint solver developed by Fuhs et al. (Fuhs
et al. 2007) (implemented in the AProVE system (Giesl, Schneider-Kamp and
Thiemann 2006)) to provide a completely automated system.

The chapter is organised as follows. In Section 3.2, we discuss the use of the
interpretation methods in termination analysis of LP, and apply it to the case
of polynomial interpretations. In Section 3.3, we discuss the automation of the
polynomial interpretation approach. In Section 3.4, we provide and discuss the
results of our experimental evaluation. We end with a conclusion in Section 3.5.

3.2 Interpretation Methods

In interpretation methods, one has to determine a norm and a level-mapping that
map terms and atoms in T (ΣP ,∆P ,VP) of a program P, to elements of another
set of terms T (ΣD,V) . In principle, D is a non-empty carrier set equipped with
a quasi-ordering ≥D and a strict ordering >D, and ΣD is a set of functions such
that ∀fD/n ∈ ΣD, fD/n : Dn → D. We impose that such fD/n and ΣD satisfy
the D-closedness condition (ΣD is sometimes called a D-closed set).

Definition 11 (interpretations for LP). An interpretation for a set of terms and
atoms T (ΣP ,∆P ,VP) consists of

• a D-closed set of functions ΣD, where D is a non-empty carrier set equipped
with a quasi ordering ≥D and a strict ordering >D,

• an assignment φ associating each function or predicate symbol f/n ∈ ΣP ∪
∆P with a function fD/n ∈ ΣD.

We denote the interpretation for T (ΣP ,∆P ,VP) by a tuple I(ΣD, φ).

In contrast to the standard notion of interpretation in LP (Lloyd 1987), we do
not map predicate symbols to relations on the domain D. Instead, we map them to
functions over D, similar to the mapping of function symbols. Moreover, different
from the standard interpretations, we require the carrier set D of the interpre-
tation to be equipped with a pair of orderings (%D,�D) which are compatible.
Every interpretation induces an abstract norm and abstract level-mapping which
associate with each term and atom in T (ΣP ,∆P ,VP), a term in T (ΣD,V).

Definition 12 (abstract norm). The abstract norm associated with an interpre-
tation I(ΣD, φ) is a mapping ‖.‖I : T (ΣP ,VP) → T (ΣD,V), which is defined
recursively as:

• ‖X‖I = X if X is a variable in VP ,

• ‖f(t1, . . . , tn)‖I = fD(‖t1‖I , . . . , ‖tn‖I) where fD/n = φ(f/n).
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Definition 13 (abstract level-mapping). The abstract level mapping associated
with an interpretation I(ΣD, φ) is a mapping |.|I : A(ΣP ,∆P ,VP) → T (ΣD,V),
which is defined as

|q(t1, . . . , tn)|I = qD(‖t1‖I , . . . , ‖tn‖I)

where qD = φ(q/n) and n ≥ 0.

In general, VP ⊆ V. However, it is sufficient to choose VP = V.

Example 3 (interpretation for the example der). Let I(ΣD, φ) be an interpretation
for Example 2 consisting of the following elements:

• A set of D-closed functions ΣD where D = {x ∈ N | x ≥ 2}.

• An assignment φ : ΣP ∪∆P → ΣD such that φ(X1 + X2) = P+(X1, X2) =
X1 +X2,
φ(der(X)) = Pder (X) = X2, φ(X1 ∗X2) = P∗(X1, X2) = X1 ∗X2,
φ(u) = φ(1) = 2, and φ(d(X1, X2)) = Pd(X1, X2) = X1.

Obviously P+, P∗, Pder, Pu, Pd are D-closed. The size of the atom d(der(X +
Y ), DX +DY ) w.r.t. I is:

|d(der(X + Y ), DX +DY )|I = Pd(‖der(X + Y )‖I , ‖DX +DY ‖I)
= ‖der(X + Y )‖I
= Pder (‖X + Y ‖I)
= (‖X + Y ‖I)2

= (P+(X,Y ))2

= (X + Y )2

In the following, we define the orders on T (ΣD,VP) associated with the inter-
pretation.

Definition 14 (orderings on interpretations). Let I(ΣD, φ) be the interpretation of
T (ΣP ,∆P ,VP). Let t1 and t2 be two arbitrary terms in T (ΣD,VP) and X1, . . . , Xn

be all variables occurring in t1 or t2. An ordering %D on T (ΣD,VP) is defined as
t1 %D t2 if and only if t1θ ≥D t2θ for all instantiations θ = {X1/x1, . . . , Xn/xn},
x1, . . . , xn ∈ D. Similarly, another ordering �D on T (ΣD,VP) is defined as
t1 �D t2 if and only if t1θ >D t2θ for all instantiations θ = {X1/x1, . . . , Xn/xn},
x1, . . . , xn ∈ D.

The following proposition establishes the relation between the orders %D and
�D on T (ΣD,V) and the orders ≥D and >D on D.
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Proposition 1. The ordering %D defined in Definition 14 is a quasi-ordering.
Similarly, �D is a strict ordering. Moreover, if >D is a well-founded ordering,
�D is also well-founded and (%D,�D) is a reduction pair on T (ΣD,VP).

Proof. Since ≥D is a quasi-ordering and >D is a strict ordering, it is obvious that
%D is a quasi-ordering and �D is a strict ordering. In the following we show that
if >D is a well-founded ordering, then �D is also a well-founded ordering. This is
needed to prove that (%D,�D) is a reduction pair if (≥D, >D) is a reduction pair.
The proof is by contradiction. Suppose that p1 �D p2 �D . . . is an infinite sequence
of terms in T (ΣD,VP). Let θ be a substitution which assigns an element of D to
each variable occurring in those terms and let p1θ, p2θ, . . . be the corresponding
instantiations of p1, p2, . . .. Definition 14 implies that p1θ >D p2θ >D . . . is an
infinite decreasing sequence of elements in D, which contradicts the fact that >D
is a well-founded ordering on D.

The orderings %I and �I on T (ΣP ,∆P ,VP) are then defined based on the
orderings %D and �D as follows:

Definition 15 (orderings on terms and atoms). Let I(ΣD, φ) be an interpretation.
We define the relations %I and �I on T (ΣP ,∆P ,VP) as follows:

• s %I t if and only if ‖s‖I %D ‖t‖I for any s, t ∈ T (ΣP ,∆P ,VP).

• s �I t if and only if ‖s‖I �D ‖t‖I for any s, t ∈ T (ΣP ,∆P ,VP).

Again, the pair of orderings (%I ,�I) induced by the interpretation is a reduc-
tion pair if the pair of orderings (%D,�D) is a reduction pair.

Corollary 1. If the strict ordering �D on T (ΣD,VP) is well-founded, the ordering
�I on T (ΣP ,∆P ,VP) defined in Definition 15 is also well-founded. If (%D,�D)
is a reduction pair, (%I ,�I) is also a reduction pair.

It is immediate from Proposition 1 and Corollary 1 that (%I ,�I) is a reduction
pair if (≥D, >D) is a reduction pair. From now on, we assume that (≥D, >D) is a
given reduction pair on D. Based on it, we can re-state Definition 7 and Theorem
1 on the basis of interpretation methods.

Corollary 2 (order-acceptability based on interpretations). Let P be a program
and let S be a set of atomic queries. If there exists an interpretation I(ΣD, φ)
such that

• for any A ∈ Call(P,S),

• for any clause A′ :− B1, . . . , Bn in P such that mgu(A,A′) = θ exists,

• for any atom Bi such that rel(Bi) w rel(A),

• for any computed answer substitution σ for :− (B1, . . . , Bi−1)θ:
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A �I Biθσ,

then P terminates for any query in S.

Proof. The corollary follows immediately from Theorem 1, since�I is well-founded
by Corollary 1.

Example 4 (applying Corollary 2 to the der-program). Reconsider Example 2.
We prove termination of the program for the following set of queries S = {d(t1, t2) |
t1 is a ground term and t2 is an arbitrary term}.

We choose the same interpretation I(ΣD, φ) as in Example 3. Observe that
Call(P,S) = S. Suppose A = d(t, s) is a selected atom in Call(P,S). There are 3
cases to consider: clauses (3.2), (3.3), and (3.4). Moreover, each clause gives rise
to two kinds of inequalities (corresponding to the two recursive calls in its body).
We present only the inequalities that correspond to the first recursive call in clause
(3.2).

Then we have A = d(der(t1 + t2), t3 + t4) where t1 and t2 are ground terms.
Let θ be a substitution such that θ = mgu(A, d(der(X + Y ), DX + DY )). This
implies Xθ = t1, Y θ = t2, DXθ = t3, and DY θ = t4. Therefore:

|d(der(t1 + t2), t3 + t4)|I
= (‖t1‖I + ‖t2‖I)2

�D ‖t1‖2I
= |d(der(t1), t3)|I

With a similar verification for the second recursive call in (3.2) and for the clauses
(3.3) and (3.4), P is order-acceptable w.r.t. S and P is terminating for any query
in S. �

Now we again present a termination condition with interargument relations
and rigidity in order to avoid the disadvantages of a criterion based on order-
acceptability, i.e. the discussion on the disadvantages of (1) and (4) in Definition
7.

Instead of interargument relations for arbitrary orderings, we now use interar-
gument relations w.r.t. interpretations.

Definition 16 (interargument relation w.r.t. interpretation). Let P be a program,
p/n be a predicate in P, and I(ΣD, φ) be an interpretation. Rp/n is an interar-
gument relation for p/n w.r.t. I(ΣD, φ) if and only if Rp/n is an interargument
relation for p/n w.r.t. (%I ,�I).

Instead of rigidity w.r.t. general orderings as in Definition 9, we define rigidity
w.r.t. interpretations.
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Definition 17 (rigidity w.r.t. interpretation). A term or atom A ∈ T (ΣP ,∆P ,VP)
is called rigid w.r.t. an interpretation I(ΣD, φ) if and only if A is rigid w.r.t.
(%I ,�I), i.e., if and only if A ≈I Aσ holds for any substitution σ. A set of terms
(or atoms) S is called rigid w.r.t. I(ΣD, φ) if all its elements are rigid w.r.t.
I(ΣD, φ).

Rigidity can also be characterized in an alternative way using relevant variables.

Definition 18 (relevant variables). Let I(ΣD, φ) be an interpretation and A be a
term or atom. A variable X in A is called relevant w.r.t. I(ΣD, φ) if there exists
a substitution {X/t} of a term t for X such that A{X/t} 6≈I A.

Example 5 (relevant variables). Let A = [X|Y ] and I(ΣD, φ) be the interpretation
imposed by the list-length norm ‖.‖`, i.e., ‖[H|T ]‖I = 1 + ‖T‖I . Then the only
relevant variable of A is Y . �

Proposition 2 (alternative characterisation of rigidity). Let I(ΣD, φ) be an in-
terpretation and A be a term or atom. Then A is rigid w.r.t. I(ΣD, φ) if and only
if A has no relevant variables w.r.t. I(ΣD, φ).

Proof. Obvious from Definitions 17 and 18.

Using the notions of interargument relations and rigidity w.r.t. an interpreta-
tion, instead of Definition 10 we obtain:

Corollary 3 (rigid order-acceptability based on interpretation). Let S be a set
of atomic queries and P be a program. Let I(ΣD, φ) be an interpretation where
Call(P,S) is rigid w.r.t. I(ΣD, φ) and where for each predicate p/n in P, there
is a valid interargument relation Rp/n w.r.t. I(ΣD, φ) such that

• for any clause A :− B1, B2, . . . , Bn in P,

• for any atom Bi such that rel(Bi) w rel(A),

• for any substitution θ such that the atoms B1θ, . . . , Bi−1θ are elements of
their associated interargument relations Rrel(B1), . . . ,Rrel(Bi−1):

Aθ �I Biθ,

then P is terminating for any query in S.

Proof. Similar to the proof that Corollary 2 follows from Theorem 1, one can show
that this corollary follows from Theorem 3.

Corollary 3 provides a framework from which different interpretation methods
can be applied. For example, interpretation techniques in TRS such as polynomial
interpretations and matrix interpretations, can be easily applied to LP by re-stating
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Corollary 3 in the form of the selected interpretation. In the next section, we show
how polynomial interpretations can be used in this framework. In Section 3.3, we
discuss how to automate the polynomial interpretation approach. In Chapter 5,
we present the use of another interpretation method, matrix interpretations.

3.2.1 Termination Analysis based on Polynomial Interpre-
tations

The approach presented in the previous section can be considered a theoretical
framework for termination analysis of logic programs based on interpretation meth-
ods. In this section, we specialise it to orderings based on polynomial interpreta-
tions.

We briefly introduce the basic idea of polynomial interpretations. We start by
recalling some basic notions from polynomial theory. A polynomial is a function in
one or more variables consisting of a sum of monomials of the form c·Xe1

1 ·. . .·Xen
n ,

each of which is a product of powers of variables multiplied by a coefficient c.
In this work, we only consider polynomials with natural coefficients (i.e., c ∈
N = {0, 1, 2, . . .}). A polynomial P is sometimes also written as P (X1, . . . , Xn)
if X1, . . . , Xn include all variables occurring in P . For numbers x1, . . . , xn let
P (x1, . . . , xn) denote the number which results from replacing the variables Xi

in the polynomial P by the numbers xi. Operations on a set of polynomials are
subtraction, addition, and multiplication.

Example 6. Let P1(X,Y ) = XY + 2X + 4 and P2(X,Y ) = 2X + 2 be two
polynomials with variables over N and the coefficients also in N. Then we have:

• P1(1, 3) denotes the value P1(1, 3) = 1 ∗ 3 + 2 ∗ 1 + 4 = 9.

• P3(X,Y ) = P1(X,Y )+P2(X,Y ) = (XY +2X+4)+(2X+2) = XY +4X+6.

• P4(X,Y ) = P1(X,Y )− P2(X,Y ) = (XY + 2X + 4)− (2X + 2) = XY + 2.

• P5(X,Y ) = P1(X,Y ) ∗ P2(X,Y ) = (XY + 2X + 4) ∗ (2X + 2) = 2X2Y +
4X2 + 2XY + 12X + 8.

Note that P3(X,Y ), P4(X,Y ), and P5(X,Y ) are also polynomials with coefficients
in N and variables over N.

We consider the interpretation I(ΣD, φ) in which the carrier set D ⊆ N is
equipped with an ordering pair (≥D, >D), which is the usual ordering pair (≥, >)
in N, and ΣD is a set of D closed polynomials. We call such interpretation a
polynomial interpretation. Because (≥D, >D) is a reduction pair, it is clear from
Proposition 1 and Corollary 1 that both (%D,�D) on T (ΣD,VP) and (%I ,�I)
on T (ΣP ,∆P ,VP) are also reduction pairs. For the rest of this chapter, abstract
norms and abstract level-mappings associated with polynomial interpretations are
called polynomial norms and polynomial level-mappings respectively.
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Example 7 (polynomial orderings). Let P (X,Y ) = XY + X and Q(X,Y ) =
2X + 2 be two polynomials. It is easy to see that for any carrier set D = {x ∈
N | x ≥ m}, for any m ≥ 0, both P , Q are D-closed polynomials. We have the
following cases:

• D = N: Because P (0, 0) = 0 < 2 = Q(0, 0) and P (1, 4) = 5 > 4 = Q(1, 4),
we have P 6%D Q and Q 6%D P .

• D = {x ∈ N | x ≥ 2}: For all x, y ∈ D, we have P (x, y) = xy+x ≥ 2x+ 2 =
Q(x, y). Therefore, P %D Q. But since P (2, 2) = 6 = Q(2, 2), we have
P 6�D Q.

• D = {x ∈ N | x ≥ 3}: For all x, y ∈ D, we have P (x, y) = xy+x > 2x+ 2 =
Q(x, y). Therefore, P �D Q.

Using the notions of interargument relations and rigidity w.r.t. a polynomial
interpretation, instead of Corollary 3 we obtain:

Corollary 4 (rigid order-acceptability w.r.t. polynomial interpretations). Let S
be a set of atomic queries and P be a program. Let I(ΣD, φ) be a polynomial in-
terpretation where Call(P,S) is rigid w.r.t. I(ΣD, φ) and where for each predicate
p/n in P, there is a valid interargument relation Rp/n w.r.t. I(ΣD, φ) such that

• for any clause A :− B1, B2, . . . , Bn in P,

• for any atom Bi such that rel(Bi) w rel(A),

• for any substitution θ such that the atoms B1θ, . . . , Bi−1θ are elements of
their associated interargument relations Rrel(B1), . . . ,Rrel(Bi−1):

Aθ �I Biθ,

then P is terminating for any query in S.

Corollary 4 can be applied to verify termination of a logic program w.r.t. a
set of queries. More precisely, we have to check that all conditions in the follow-
ing termination proof procedure are satisfied by some polynomial interpretation
I(ΣD, φ). In Section 3.3 we will then discuss how to find such an interpretation
automatically.

Procedure 4 (a procedure for automatic termination analysis). The termination
proof procedure derived from Corollary 4 contains the following four steps:

i. The call set Call(P,S) must be rigid w.r.t. I(ΣD, φ). In other words, no
query A in the call set may have a relevant variable w.r.t. I(ΣD, φ).
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ii. The polynomial interpretation I(ΣD, φ) must be valid, i.e., all polynomials
associated with function and predicate symbols have to be in ΣD. In other
words, one has to verify the D-closedness for all those polynomials. So for
any polynomial Pf/n = φ(f/n) with f/n a function or predicate symbol in
the program, a1, . . . , an ∈ D must imply pf (a1, . . . , an) ∈ D.

iii. For a clause that has intermediate body-atoms between the head and a (mutu-
ally) recursive body-atom, valid interargument relations of those atoms w.r.t.
I(ΣD, φ) need to be inferred. Intuitively, the condition for a valid interar-
gument relation for a predicate p can be stated as follows: For any answer
substitution θ of the program w.r.t. a query p(t1, . . . , tn), the corresponding
interargument relation among the arguments t1θ, . . . , tnθ must hold. Follow-
ing the approach proposed in (Decorte et al. 1999), we can verify the validity
of interargument relations by first checking if they are correct for the facts in
the program. Then for every clause, if the interargument relations hold for
all body-atoms, the relation for the head should also hold.

iv. For every clause, the polynomial level mapping of the head w.r.t. I(ΣD, φ)
should be larger than that of any (mutually) recursive body-atom, given that
interargument relations for intermediate body-atoms hold.

Example 8 (applying Corollary 4 to the der-program). Consider the der-program
from Example 2 again. We were interested in proving termination of the program
w.r.t. the set of queries S = {d(t1, t2) | t1 is a ground term and t2 is an arbitrary
term} where Call(P,S) coincides with S. Let I(ΣD, φ) be the interpretation from
Example 3. It is obvious that this interpretation is a polynomial interpretation.

Also, it is clear that all polynomials associated with function and predicate
symbols are D-closed:

• ∀X ≥ 2⇒ Pder (X) = X2 ≥ 2,

• ∀X1, X2 ≥ 2⇒ P+(X1, X2) = X1 +X2 ≥ 2,

• ∀X1, X2 ≥ 2⇒ P∗(X1, X2) = X1 ∗X2 ≥ 2,

• φ(u) = φ(1) = 2 ≥ 2,

• ∀X1, X2 ≥ 2⇒ Pd(X1, X2) = X1 ≥ 2.

It is also clear that no A ∈ Call(P,S) has a relevant variable w.r.t. I(ΣD, φ).
This means that Call(P,S) is rigid w.r.t. I(ΣD, φ).

Let Rd/2 = {d(t1, t2) | t1, t2 ∈ T (ΣP ,VP), t1 �I t2} be an interargument rela-
tion for the predicate d/2. Checking the validity of Rd/2 is equivalent to verifying
the correctness of the following conditions for any substitution θ:
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der(u) �I 1

der(X)θ �I DX θ and der(Y )θ �I DY θ implies
der(X + Y )θ �I (DX + DY )θ

der(X)θ �I DX θ and der(Y )θ �I DY θ implies
der(X ∗ Y )θ �I (X ∗DY + Y ∗DX )θ

der(X)θ �I DX θ and der(DX )θ �I DDX θ implies
der(der(X))θ �I DDX θ.

To prove termination, we also need the following decrease conditions for any
substitution θ:

d(der(X + Y ),DX + DY )θ �I d(der(X),DX )θ

d(der(X),DX )θ satisfies Rd/2 implies
d(der(X + Y ),DX + DY )θ �I d(der(Y ),DY )θ

d(der(X ∗ Y ), X ∗DY + Y ∗DX )θ �I d(der(X),DX )θ

d(der(X),DX )θ satisfies Rd/2 implies
d(der(X ∗ Y ), X ∗DY + Y ∗DX )θ �I d(der(Y ),DY )θ

d(der(der(X)),DDX )θ �I d(der(X),DX )θ

d(der(X),DX )θ satisfies Rd/2 implies
d(der(der(X)),DDX )θ �I d(der(DX ),DDX )θ

The conditions above are equivalent to the following inequalities on the variables
X,Y,DX ,DY ,DDX . For the conditions on the valid interargument relation, we
obtain:

4 > 2

∀X,Y,DX ,DY ∈ D : X2 > DX ∧ Y 2 > DY ⇒ (X + Y )2 > DX + DY

∀X,Y,DX ,DY ∈ D : X2 > DX ∧ Y 2 > DY ⇒ (X ∗ Y )2 > X ∗DY + Y ∗DX

∀X,DX ,DDX ∈ D : X2 > DX ∧DX 2 > DDX⇒X4 > DDX

And for the decrease conditions we obtain:

∀X,Y ∈ D : (X + Y )2 > X2

∀X,Y,DX ∈ D : X2 > DX ⇒ (X + Y )2 > Y 2

∀X,Y ∈ D : (X ∗ Y )2 > X2

∀X,Y,DX ∈ D : X2 > DX ⇒ (X ∗ Y )2 > Y 2

∀X ∈ D : X4 > X2

∀X,DX ∈ D : X2 > DX ⇒ X4 > DX 2
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Since D = {x ∈ N | x ≥ 2}, the above inequalities are easily verified1 and the
program terminates. �

�

3.3 Automating the Termination Proof

A key question is how to automate the search for a polynomial interpretation
and for interargument relations. In other words, to prove termination of a logic
program, one has to synthesize the coefficients of the polynomial associated with
each function and predicate symbol as well as the formulas defining the interar-
gument relations. In the philosophy of the constraint-based approach in (Decorte
et al. 1999), we do not choose particular polynomial interpretations and interar-
gument relations. Instead, we introduce a general symbolic form for the poly-
nomial associated with each function and predicate symbol and for the inter-
argument relations. As an example, assume that polynomials of degree 2 are
selected for the interpretation. Then instead of assigning a specific polynomial,
e.g. pq(X,Y ) = X2 + 2XY to a predicate symbol q(X,Y ), we would assign
pq(X,Y ) = q00 + q10X + q01Y + q11XY + q1X

2 + q2Y
2, where the qi and qij are

unknown symbolic coefficients ranging over N. The strategy of the analysis is to:

� introduce symbolic versions of the polynomials associated with each function
and predicate symbol,

� express all conditions resulting from Corollary 4 as constraints on the coef-
ficients (e.g. q00, q10, q01, . . .),

� solve the resulting system of constraints to obtain values for the coefficients.

Each solution for this constraint system gives rise to a concrete polynomial inter-
pretation and to a concrete valid interargument relation such that all conditions
of Corollary 4 are satisfied. Therefore, each solution gives a termination proof.

To assign symbolic polynomials to the function and predicate symbols, we
have to restrict ourselves to fixed types of polynomials, since there does not exist
a finite symbolic representation for all possible kinds of polynomials. Specifically,
we will associate linear polynomials to predicate symbols and linear or simple-
mixed polynomials to function symbols. These classes of polynomials are defined
as follows:

• The linear class: each monomial of a polynomial in this class contains at
most one variable of at most degree 1:
p(X1, . . . , Xn) = p0 +

∑n
k=1 pk ∗Xk

1E.g. (X ∗ Y )2 = X2 ∗ Y 2/2 +X2 ∗ Y 2/2 ≥ X ∗ Y 2 +X2 ∗ Y > X ∗DY +DX ∗ Y .



3.3. AUTOMATING THE TERMINATION PROOF 29

• The simple-mixed class: each monomial of a polynomial in this class consists
of either a single variable of at most degree 2 or several variables of at most
degree 1:
p(X1, . . . , Xn) =

∑
jk∈{0,1} pj1...jnX

j1
1 . . . Xjn

n +
∑n
k=1 pkX

2
k

The above classes of polynomials have proved to be particularly useful for auto-
mated termination proofs of TRS. For more details on these classes of polynomials
we refer to (Contejean et al. 2005, Steinbach 1992).

We also impose a restriction on the domain D of the polynomial interpretation.
According to the definition of polynomial interpretations, function and predicate
symbols may only be mapped to D-closed polynomials from ΣD. In order to
automate the search for polynomial interpretations, we need to restrict ourselves
to a fixed type of set D. Then an obvious option for this set is D = {x ∈ N | x ≥ µ},
where µ ∈ N is a symbolic parameter.

Theoretically, the selection of µ does not influence the power of the termination
proof procedure and we can give µ an arbitrary fixed value. The reason for this
is stated in (Contejean et al. 2005): if termination can be proved by a polynomial
interpretation with some µ ∈ N, then for any natural number n, a termination
proof is also possible with another polynomial interpretation where µ = n. Al-
though this observation is formulated for TRS in (Contejean et al. 2005), it can
be done in a similar way for LP. So, in the remainder of this chapter, we fix µ = 0
2. Then D = N and ΣD = ΣN.

In sections 3.3.1, 3.3.2 we first reformulate the conditions of our termination
criterion in Corollary 4 using the above symbolic forms of polynomials. Then in
Subsection 3.3.3, we transform these symbolic conditions into constraints on the
symbolic coefficients of the polynomials. Afterwards, in Section 3.3.4 we show how
these resulting Diophantine constraints can be solved automatically.

3.3.1 Reformulating the Rigidity (step i of Proc. 4)

Corollary 4 requires that all elements of the call set Call(P,S) for some initial
set of queries must be rigid w.r.t. I(ΣD, φ). Proposition 2 characterises rigidity
of a term or an atom A by demanding that A has no relevant variables. Since
we sometimes want to check termination of a program w.r.t. a (possibly infinite)
set of queries rather than an individual one, we need to represent it in a finite
and efficient manner. Furthermore, since there can be large (or even infinite)
number of elements in the call set, it is impossible to verify the rigidity condition
by checking every element in the set. Therefore, for the purpose of automation, it
is useful to present Call(P,S) by a (finite) set of call patterns of symbolic form.
The principle is as follows: first we present the initial set of queries as a pattern,
and then we use some inferencing algorithm to infer a set of call patterns which

2In Examples 3 and 8, we used µ = 2. It was for convenience since it allowed us to use a
simple polynomial interpretation while proving termination of the der-program.
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over-approximates Call(P,S). Checking the absence of relevant variables can then
be done syntactically on the patterns, resulting in a finite set of symbolic rigidity
constraints.

There are several ways to approximate Call(P,S) (Bruynooghe et al. 2005,
Gallagher et al. 2005, Heaton et al. 2000, Janssens and Bruynooghe 1992, Codish
and Demoen 1995). The most simple one is by means of modes. Modes measure
the instantiation level of terms. A very simple mode analysis distinguishes between
(definitely) ground terms (ground), and (possibly) non-ground terms. Since mode
analysis is not a focused topic of this thesis, we only present here the main idea of
the use of modes to capture rigidity conditions of Call(P,S).

Definition 19 (mode of predicate). Let P be a logic program and p/n be a predi-
cate in P. A mode for p/n is a mapping mp: {1, . . . , n} → {g, ng} in which mp(i)
(1 ≤ i ≤ n) defines the mode of the ith argument of p/n, and g and ng respectively
denote ground and non-ground. We call p(mp(1), . . .mp(n)) the mode of p/n.

First, the query set S is approximated by some top-level call mode mp; i.e., S
is the set of atoms that have the mode mp. Since logic programs do not have
specified modes, we need some mode inference algorithm to derive the mode
for the predicates occurring in the program. Based on it, a call inference algo-
rithm can be applied to infer a set of mode-based call patterns approximating
Call(P,S). Let mq = {q1, . . . , qm} be an inferred call pattern for a set of calls
Sq in Call(P,S). Applying Proposition 2, the symbolic condition for Sq to be
rigid w.r.t. an polynomial interpretation I(ΣD, φ), in which the predicate q/m
is associated with the polynomial Pq(X1, . . . , Xm) =

∑
pk1...kmX

k1
1 . . . Xkm

m , is
{∑ki>0 pk1...km

= 0 | mq(i) = {ng}}.
Example 9 (permute). Let us consider the following permute program

perm([ ], [ ]).
perm([H|U ], [X|W ]) :− del(X, [H|U ], V ), perm(V,W ).
del(H, [H|T ], T ).
del(X, [H|T ], [H|T1]) :− del(X,T, T1). (3.5)

and a set of queries S = {perm(t1, t2) | t1 is a ground list and t2 is an arbitrary
term}. The call set, Call(P,S), is S ∪S1, in which S1 = {del(t1, t2, t3) | t1, t3 are
free variables, and t2 is a ground list}. We approximate S by the mode-based pat-
tern perm(g, ng). Using for example the mode inference technique in (Heaton et al.
2000), we derive the set of mode-based call patterns {perm(g, ng), del(ng, g, ng)}
that over-approximates Call(P,S). Suppose Pperm(X,Y ) and Pdel(X,Y, Z) are
the two polynomials associated with respectively the predicates perm/2 and del/3 in
the polynomial interpretation I(ΣD, φ). Applying Proposition 2, we derive that the
coefficients of all monomials relating to the variable Y in Pperm(X,Y ) must be 0,
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and the coefficients of all monomials relating to the variables X,Z in Pdel(X,Y, Z)
must be 0. �

However, the expressive power of modes is limited. Because it uses ground to
approximate fully instantiated terms and non-ground to approximate terms that
contain variables, it is unable to capture structural information of terms that are
only partially instantiated.

Example 10 (permute continued). We reconsider Example 9. It is obvious that
the program terminates w.r.t. to the query set S = {perm(t1, t2) | t1 is a nil-
terminated list, t2 is an arbitrary term}. Here, a “ [ ]-terminated” or “ bounded”
list is a term of the form

.(s1,.(s2, . . . .(sn, [ ]) . . . )), (3.6)

where n ≥ 0 and where the si are arbitrary terms. Thus, t1 is not an arbi-
trary term, but it could still contain variables in the first arguments of the symbol
“./2”. The call set corresponding to the above set of queries is S ∪ S1, where
S1 = {del(t1, t2, t3) | t2 is a [ ]-terminated list and t1, t3 are variables}.

If we use modes to approximate S and the call set Call(P,S), the following set
of mode-based call patterns is derived: {perm(ng, ng), del(ng, ng, ng)}. However,
this approximation is too general and is unable to capture the information that the
first argument of any call to the predicate perm/2 or the second argument of any
call to the predicate del/3 in Call(P,S) is a fixed-length list of arbitrary terms.
It includes also atoms which are not in the Call(P,S) such as perm(X,Y ) where
both X and Y are free variables. Those atoms are not terminating w.r.t. the
program. Hence, we fail to verify termination of the example.

In the following section, we discuss the use of regular types as a basis to ap-
proximate Call(P,S).

3.3.1.1 Type-based Call Analysis

Another way to approximate the call set is to use types (Bruynooghe et al. 2005,
Gallagher et al. 2005, Janssens and Bruynooghe 1992). The basic idea is that types
are used to represent sets of terms, and predicate signatures to represent sets of
atoms. Similar to the approach with modes, we represent the query set by some
pattern in the form of a predicate signature. Then, we apply some call inference
technique to derive a set of type-based call patterns for the call set Call(P,S)3.
First, we need the notion of regular types. We denote by Στ the set of type
symbols. The following definition is equivalent to the definitions in (Dart and
Zobel 1992, Gallagher and Henriksen 2004).

3Note that since a pure logic program has no typing, such kind of type can only be given
to the program as a type denotation. However, some type inference techniques can be used to
automatically generate types for a given logic program (e.g., the type inference in (Bruynooghe
et al. 2005)).
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Definition 20 (regular types). Let P be a logic program. A type rule for a type
symbol h ∈ Στ is of the form h → f1(τ1); . . . ; fk(τk) (k ≥ 1) where f1, . . . , fk ∈
ΣP are function symbols associated with h, and τi (1 ≤ i ≤ k) are tuples of
corresponding type symbols from Στ . A type definition is finite set of type rules
where there are no two rules with the same left hand size, and for each type symbol
occurring in the type definition, there is a type rule defining it.

A regular type recursively defines a set of ground terms. Intuitively, a ground
term t is of type τ , written as t : τ , if t is a constant and there is a type rule τ → t,
or if t = f(t1, . . . , tn) and there is type rule τ → f(τ1, . . . , τn) such that t1 : τ1,
. . . , tn : τn.

Definition 21 (predicate signature). Let P be a logic program and p/n be a pred-
icate in P. Let Sτ be a set of regular types defined for P. A predicate signature for
p/n is a mapping sp: {1, . . . , n} → Sτ in which i corresponds to the ith argument
position of p/n. We denote p(sp(1), . . . sp(n)) the type of p/n.

Similar to the definition of regular types, a predicate signature p(τ1, . . . , τm)
defines the set of all ground atoms p(t1, . . . , tn) such that t1 : τ1, . . . , tn : τn. Note
that a function symbol can be overloaded, i.e., it can have multiple occurrences,
not only in different type rules, but also in a single type rule. However, we do
not allow predicate symbols to be overloaded, i.e., each predicate has an unique
predicate type.

Example 11. Consider the following example Sum, that calculates the sum of
two odd or even numbers in the first and second arguments of the function symbol
add/2.

p(add(0, 0), 0). (3.7)
p(add(s(0), s(0)), s(s(0))). (3.8)
p(add(s(s(X)), Y ), s(s(Z))) : −p(add(X,Y ), Z). (3.9)
p(add(X, s(s(Y ))), s(s(Z))) : −p(add(X,Y ), Z). (3.10)

Let us consider the following type definition, in which τ2 represents the set of even
numbers, τ3 represents the set of odd numbers, and τ0 represents the set of all
ground terms add(t1, t2) such that t1, t2 are both odd numbers or even numbers.

τ0 → add(τ2, τ2) ; add(τ3, τ3).
τ2 → 0 ; s(τ3).
τ3 → s(τ2).

The predicate type p(τ0, τ0) defines the set of all atoms p(t1, t2) where both t1, t2
are terms of type τ0.
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Regular types, as formalised in Definition 20, can only present ground terms
constructed from the set of function symbols ΣP . To capture information about
the occurrences of variables, we extend UP to include also non-ground terms by
adding to ΣP a special constant symbol v , which approximates the occurrence of
variables in the terms. Based on it, we can also approximate non-ground terms by
regular types. For example, in order to approximate the set of term variables by
some type, we can simply add a special type var and a type rule var → v to the
type definition. With this extension, a non-ground term t is of a extended regular
type τ , denoted by t : τ , if the term t′ which is constructed from t by replacing
any variable occurrence in t by v , is of type τ . This extended definition of regular
types is equivalent to the notions of regular types in (Aiken and Lakshman 1994),
and coincides with the notion in (Gallagher and Henriksen 2004).

Example 12. The following extended regular type ”list” represents the set of all
nil-terminating lists, whose elements are of the type ”any”:

list→ [ ] ; [any | list].
any → v ; [ ] ; [any|any].

Definition 20 shows that modes are actually regular types (Gallagher and
Henriksen 2004), i.e., we can represent the sets of ground terms, non-ground terms,
and any terms by some regular types. For instance, in Example 2, the query set
S = {d(t1, t2)| t1 is a ground term, t2 is an arbitrary term} can be represented by
the pattern d(τg, τa), where τg and τa are regular types defined as following:

τg → u ; 1; τg + τg ; τg ∗ τg ; der(τg).
τa → v ; u ; 1 ; τa + τa ; τa ∗ τa ; der(τa).

in which v presents any variable occurrence, as discussed above. Therefore, for
a call inference technique that works with arbitrary regular types, we can handle
examples with modes as well, by giving appropriate type definition for the modes
of the predicates in the examples.

3.3.1.2 Type Graphs

One of the first attempts to use types for termination analysis of logic programs
is in (Decorte et al. 1999), where parameterized linear norms and level mappings
are used to formulate the termination conditions. Recently, in (Nguyen and De
Schreye 2005), we also applied this idea and extended it to the case of symbolic
polynomial interpretations. More precisely, it first specifies the query set as a
finite set of type-based patterns in the form of type graphs. Then, the type
inference algorithm in (Janssens and Bruynooghe 1992) is applied to compute a
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finite set of type-based call patterns approximating Call(P,S). Finally, based on
the polynomial interpretations, we can infer symbolic rigidity constraints from the
call patterns.

Definition 22 (type graph (Janssens and Bruynooghe 1992)). A rigid type graph
T is a 5-tuple, (Nodes, ForArcs, BackArcs, Label, ArgPos), where

• Nodes is a finite, non-empty set of nodes.

• ForArcs ⊆ Nodes ×Nodes such that (Nodes,ForArcs) is a tree.

• BackArcs ⊆ Nodes×Nodes such that for every arc (m,n) ∈ BackArcs, node
n is an ancestor of node m in the tree (Nodes,ForArcs).

• Label is a function Nodes → ΣP ∪ {v ,OR}.
• If a node n is labelled with f/k ∈ ΣP , then it has exactly k outgoing arcs

(counting both ForArcs and BackArcs). These arcs are labelled with the
numbers 1, . . . , k. For every such arc (n,m), ArgPos(n,m) returns the cor-
responding label from {1, . . . , k}.

It is proved in (Janssens and Bruynooghe 1992) that regular types can be
fully represented by type graphs and we can easily transform any type in a type
definition to a type graph that represents the same set of terms. We describe the
transformation in the following algorithm:

1. Find the rule defining the transformed type in the type definition.

2. If that type rule has only one alternative f(τ) in the right hand side:

2.1. Create a node with the label f/n, where n is the arity of the function
symbol. Mark the node with its corresponding type.

2.2. For each type τ an element of the tuple τ :

2.2.1. If τ is one of the marked types in some node in the path from the
root to the current node, create a backward arc from the current
node to that node.

2.2.2. Otherwise, create a forward arc from the node, go back to step 1
and continue with the new type τ .

3. If that type rule has more than one alternatives, create an ‘OR’ node. Mark
the node with the corresponding type.

3.1. For each alternative f(τ) of the type rule:

3.1.1. Create a forward arc.
3.1.2. At the other end of the arc, create a node with the label f/n, where

n is the arity of the function symbol.
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3.1.3. For each type τ of the tuple τ :
3.1.3.1. If τ is one of the marked types in some node in the path from

the root to the current node, create a backward arc from the
current node to that node.

3.1.3.2. Otherwise, create a forward arc from the node, go back to step
1 and continue with the new type τ .

Example 13. The regular type list in Example 12 can be represented by the type
graph in Figure 3.1. For the type τ0 in Example 11, it is represented in Figure
3.2.

OR

[ ]
./2

OR

[ ] ./2v

list

any

Figure 3.1: The type graph representing the regular type list.

However, for efficiency reasons, the call pattern inference algorithm in (Janssens
and Bruynooghe 1992) infers rigid type graphs, type graphs that satisfy two extra
restrictions, namely the principal label restriction and the depth restriction. Due
to them, it is not always possible to construct for a given regular type τ , a rigid
type graph that represents the same set of atoms as τ does. The constructed rigid
type graph is an over-approximation of τ instead.
To give the definitions of principal label restriction and depth restriction, we first
need the following notions of the function for principal nodes and the function for
principal labels.

Definition 23 (principal nodes, principal labels). The function prnd(n) denotes
the set of principal nodes of a node n is defined as:

• prnd(n) =
⋃k

1 prnd(n/i) if Label(n) = OR, and k is the number of sons i of
n, (n/i is the ith son of n).

• prnd(n) = {n} otherwise.
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OR

add/2

OR OR

0 s/1

s/1

0 s/1

s/1

add/2

OR OR

s/1 s/1

s/1

s/1 s/1

s/10 0

Figure 3.2: The type graph representing the regular type τ0.

The function prlb(n) denotes the set of the principal labels of a node n and is
defined as prlb(n) = {lb(ni) | ni ∈ prnd(n)}.
Definition 24 (principal label restriction). The principal label restriction states
that each pair of sons of an OR-node must have non-overlapping sets of the prin-
cipal labels.

Definition 25 (depth restriction). The depth restriction states that the number
of occurrences of the same functor on each path of forward arcs in a type graph
must be bounded by a constant.

The principal label restriction guarantees that there is no function symbol
occurring in two different branches of an OR node as its first non-OR descendant.
Intuitively, it restricts to the corresponding regular type definition which has no
rule with a function symbol occurring more than once in the right hand side. The
depth restriction, in the other hand, limits the number of occurrences of a function
symbol in a branch of the type graph. With a given constant for the restricted
depth, a type graph that satisfies both restrictions is called a rigid type graph.
The algorithm in (Janssens and Bruynooghe 1992) infers the call patterns (type
graphs) with these restrictions (rigid type graphs). The main idea is to replace
the expected type graphs that violate the restrictions by rigid type graphs that
possibly denote larger sets of terms but is easier to compute. Although it makes the
algorithm more efficient, it sometimes over-approximates the call set and makes
the termination analysis become less precise.

Example 14. Reconsider Example 11. Remind that the regular type τ0 and the
type graph in Figure 3.2 represent the set of all terms add(t1, t2) in which t1, t2 are
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both odd or even. The type graph in Figure 3.2 does not satisfy the principal label
restriction because the function symbol add/2 occurs as the sons of the root OR
in both left and right branches. However, due to the principal label restriction the
algorithm in (Janssens and Bruynooghe 1992) finds another type graph in Figure
3.3. The basic idea is to integrate both left and right branches of the root node OR
in Figure 3.2, to make a single occurrence of add/2. Note that the new type graph

OR OR

s/10 s/10

add/2

Figure 3.3: The type graph representing the regular type τ ′0.

in Figure 3.3 represents the set of terms of the form add(t1, t2), where t1, t2 are
arbitrary natural numbers. The corresponding regular type τ ′0 for this type graph
is:

τ ′0 → add(τ ′1, τ
′
1).

τ ′1 → 0 ; s(τ ′1).

and that the set of terms represented by the original type graph is only a proper
subset of the set of terms represented by τ ′0.

We consider a new program Sum′ constructed from the program Sum in Ex-
ample 11 by adding two new clauses:

p(add(s(0), 0), Y ) : −p(add(s(0), 0), Y ). (3.11)
p(add(0, s(0)), Y ) : −p(add(0, s(0)), Y ). (3.12)

and the following query set to Sum′: S = {p(add(t1, t2), t3) | t1 and t2 are both odd
or even numbers, t3 is a free variable}. We add to the type definition in Example
3.3 an additional type rule var → v . The set S can be represented by the type-based
pattern p(τ0, var) and obviously, the program is terminating w.r.t. p(τ0, var).

However, if we use the type inference algorithm in (Janssens and Bruynooghe
1992), the call set Call(P,S) will be approximated by a single call pattern p(τ ′0, var),
where τ ′0 is the regular type explained above. Since τ ′0 includes also call atoms of
the form p(add(t1, t2), V ) where t1 is an odd number and t2 is an even number, or
t1 is an even number and t2 is an odd number, termination of the program w.r.t.
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p(τ ′0, var) does not hold because of the infinite recursion through clauses 3.11 and
3.12.

Example 15. Consider the following example that calculates the quotient of an
even number by two. The even number is given in the first argument of the predi-
cate div/2 and the quotient is in the second argument.

div(0, 0). (3.13)
div(s(0), Y ) : −div(s(0), Y ). (3.14)
div(s(s(X)), s(Y )) : −div(X,Y ). (3.15)

The regular type τ2, defined as

τ2 → 0 ; s(τ3).
τ3 → s(τ2).
var → v .

represents the set of all even numbers. The type graph corresponding to this type
is in Figure 3.4(a). Obviously, the program terminates w.r.t. the query pattern
div(τ2, var) and the only inferred call pattern should also be div(τ2, var). If we

OR

0 s/1

s/1

(a) τ2

OR

0 s/1
(b) τ ′2

Figure 3.4: The type graphs representing the regular type τ2 and τ ′1.

apply the depth restriction with the maximum depth 1, then the type graph in
Figure 3.4(a) is not a rigid type graph because s/1 appears twice in the right
path of the OR node. The heuristic in (Janssens and Bruynooghe 1992) finds
the approximated rigid type graph in Figure 3.4(b) that satisfies the restriction,
then infers the call pattern div(τ ′2, var), in which τ ′2 is defined as τ ′2 → 0 ; s(τ ′2).
However, the program does not terminate w.r.t. this call pattern because it includes
also calls such as div(t1, t2) where t1 is an odd number and t2 is a variable, which
give rise to infinite loops in Clause 3.14.
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In the next paragraph, we introduce another representation of regular types
based on finite tree automata. This presentation, together with the type analy-
sis technique in (Gallagher and Henriksen 2004, Gallagher et al. 2005) allows to
overcome the two restrictions described above.

3.3.1.3 Finite Tree Automata

There is a close link between regular types and finite tree automata (FTAs)
(Frühwirth et al. 1991, Gallagher and Henriksen 2004, Gallagher et al. 2005).
In (Gallagher and Henriksen 2004, Gallagher et al. 2005), FTAs are used to rep-
resent types and to construct type-based abstract interpretations which are then
used for a number of purposes, including inference of call patterns.

Definition 26 (finite tree automata). A finite tree automaton (an FTA) is a
quadruple 〈Q,Qf ,Σ,∆〉, where Q is a finite set of states, Qf ∈ Q is a set of
accepting states, Σ is a finite set of function symbols and ∆ is a finite set of
transitions of the form f(q1, . . . , qk) → q, where f ∈ Σ, q, q1, . . . , qk ∈ Q with
k ≥ 0. An FTA is complete if for all function symbols f/n ∈ Σ (n ≥ 0), and for
all states q1, . . . , qn ∈ Q, there exists a q ∈ Q such that f(q1, . . . , qn) → q is a
state transition of the FTA.

An FTA can also be easily extended to a complete FTA by adding a new state
qc into Q and adding any state transition f(q1, . . . , qn)→ qc to ∆ if f(q1, . . . , qn)
does not appear in the left-hand size of any state transition of ∆.

Similar to the regular types, an FTA can be used to represent sets of terms.
Specifically, it is used to recognise terms with a certain property. An FTA F
reads a term t by replacing some subterm s of t which is in the left hand side of
some transition in ∆ by the term in its right-hand size. The process is continued
until there is no more applicable transition. A term is accepted by F if in the
last transition, the whole running term is replaced by one of the accepting states.
Each accepting state, therefore, defines a set of terms which are accepted by F at
this state.

It is not difficult to transform a regular type (or a set of regular types) of a
type definition to an FTA. For example, we can construct an FTA 〈Q, {qf},Σ,∆〉
such that the set of function symbols Σ is the set of function symbols in the
type definition, the set of states Q is the set of type symbols, and the accepting
state qf corresponds to the regular type that needs to be transformed. Finally,
we transform any type rule of the form hτ → f1(τ1); . . . ; fk(τk) to corresponding
transitions {f1(τ1)→ hτ , . . . , fk(τk)→ hτ} in ∆.

Example 16. Reconsider Example 15. The following FTA 〈Q,Qf ,ΣP ,∆〉 cor-
responds to the type definition in the example, in which the accepting state corre-
sponds to the regular type τ2 in the definition: ΣP = {0, s/1, v} the set of function
symbols, Q = {τ2, τ3, var} the set of states, and Qf = {τ2} the set of accepting
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states, ∆ = {0→ τ2, s(τ2)→ τ3, s(τ3)→ τ2, v → var} the set of transitions. This
automaton corresponds to the regular type τ2, and accepts all and only terms which
are represented by τ2.

Two important applications of FTAs are bottom-up deterministic finite tree
automata (BU-FTA) and top-down deterministic finite tree automata (TD-FTA).
An FTA is an BU-FTA if the set of transitions ∆ contains no two rules with
the same left-hand size. If an FTA has no two transition rules with the same
right-hand side and the same function symbols in the left-hand side, it is called an
TD-FTA.
Obviously, both BU-FTAs and TD-FTAs have less expressive power than FTAs.
For an FTA, in general, a term can be accepted at more than one accepting
state. This is not the case for an BU-FTA. The sets of terms accepted at different
accepting states are disjoint, i.e., a term can only be accepted at exactly one state
due to the fact that there are no two transitions with the same left-hand side.
However, we can transform an FTA to an BU-FTA that accepts the same set of
terms (Gallagher and Henriksen 2004). It is an useful property for our termination
analysis; it allows us to re-classify the call set in order to know what class of calls
causes termination and what does not. We will discuss this issue in detail later in
the next section.

For an TD-FTA, the regular type corresponding to it cannot have a rule with a
function symbol occurring more than once in the same right-hand side. The TD-
FTA, therefore, is equivalent to the type graph with the principal label restriction.

Example 17. The following FTA, which corresponds to the regular type τ ′0 in
Example 14, is an TD-FTA because there are no two transitions which have the
same right hand side and same function symbol in the left-hand side: Q = {τ ′0, τ ′1},
Qf = {τ ′0}, ΣP = {0, s/1, add/2}, ∆ = {0 → τ ′1, s(τ

′
1) → τ ′1, add(τ ′1, τ

′
1) → τ ′0}.

Example 18. Consider the FTA F in Example 16. We construct an FTA F ′
from F by adding a new state “any” to Q, new accepting states τ3, var, any to
Qf , and new transitions 0 → any ; v → any ; s(any) → any to ∆. F ′ is not an
BU-FTA since there are transitions sharing the same left-hand side, i.e., 0 → τ2
and 0 → any, or v → var and v → any. However, using the inference algorithm
in (Gallagher and Henriksen 2004, Gallagher et al. 2005), we can transform F ′
to an BU-FTA F1 = 〈Q1,Q1f ,ΣP ,∆1〉: Q1 = Q1f = {q{2,a}, q{3,a}, q{v,a}, q{a}}
such that q{2,a} represents the terms which belong to τ2 and any but not τ3 or
var, q{3,a} represents the terms which belong to τ3 and any but not τ2 or var,
q{v,a} represents the terms which belong to var and any but not τ2 or τ3, q{a}
represents the terms which belong to any but not τ2, τ3 or var. The corresponding
regular types to q{2,a}, q{3,a}, q{v,a}, q{a} are denoted by τ{2,a}, τ{3,a}, τ{v,a},
τ{a} respectively. Finally, the set of transitions is ∆1 = {0 → q{2,a}, s(q{2,a}) →
q{3,a}, s(q{3,a})→ q{2,a}, v → q{v,a}, s(q{v,a})→ q{a}, s(q{a})→ q{a}}.
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It is easy to see that F1 accepts all terms recognised by F ′, and the sets of
terms accepted by its different states are disjoint.

Note that any combination of states in the state set of the initial FTA can
form a new state of the transformed BU-FTA. However, if the selected states are
already disjoint, the new state then represents the empty set of terms and can be
safely removed from the transformed BU-FTA. For instance, in Example 18, the
types τ2 and τ3 are already disjoint. Therefore, we can safely remove the state
q{2,3} which is formed from the combination of τ2 and τ3.

The type var is a special type. Because it is defined by the unique rule v → var,
then for any other type τ in the type definition either var and τ are disjoint, or var
is a part of τ (the set of terms defined by var is a subset of the set of terms defined
by τ). Therefore, when we combine var with other types in the type definition
to form a new state for the BU-FTA, either the new one represents an empty set
and will be removed, or it coincides with var. For example, in Example 18, τ{v,a}
is equivalent to var. For simplicity, for any combination of var with other types
that represents a non-empty set, we can simply rewrite it as var.

Interestingly, in (Gallagher and Henriksen 2004, Gallagher et al. 2005), a com-
plete BU-FTA based on regular types can be considered a pre-interpretation for
some bottom-up abstract interpretation framework of a logic program. The corre-
spondence between the BU-FTA and the pre-interpretation is trivial: the set of the
states Q of the BU-FTA corresponds to the domain of the pre-interpretation and
the set of state transitions is regarded as the assignment of the pre-interpretation.
Therefore, a set of regular types in a type definition can be used to construct
the domain of the pre-interpretation of some abstract interpretation, i.e., first, we
transform the set of types to a complete FTA, and then the FTA is transformed
to a complete BU-FTA. Finally, we construct a pre-interpretation equivalent to
the BU-FTA, with the domain as the set of the states of the BU-FTA.

A bottom-up abstract interpretation framework for logic programming was first
formalised in (Marriott and Søndergaard 1988) and has been extensively used as
a basis for many kinds of program analysis. In (Gallagher and Henriksen 2004), it
is applied for binding time analysis to derive call patterns from the program and
the query pattern. This approach consists of the following steps:

i. Given a logic program and a regular type definition, compute the complete
FTA based on the type definition. It is then transformed to a complete
BU-FTA, and the pre-interpretation based on the transformed BU-FTA is
derived.

ii. Construct an abstract interpretation based on the pre-interpretation. Based
on it, the abstract versions of the program and the queries are calculated.

iii. Apply the query-answer transformation technique in (Codish and Demoen
1995) to the abstract program and abstract goal to derive a program whose
least model is the set of all type-based call patterns.



42 CHAPTER 3. POLYNOMIAL INTERPRETATIONS

iv. Apply the bottom-up abstract interpretation technique in (Marriott and
Søndergaard 1988) to compute the least model of the new program.

Example 19. Reconsider examples 15, 16 and 18. Given the query pattern
div(τ2, any) and the program div, the algorithm in (Gallagher and Henriksen 2004,
Gallagher et al. 2005) infers the following set of call patterns S:
{div(τ{2,a}, τ{2,a}), div(τ{2,a}, τ{3,a}), div(τ{2,a}, τ{v,a}), div(τ{2,a}, τ{a})}.
Note that in the transformation from FTAs to BU-FTAs, the source FTA and the
target BU-FTA both represent the same set of terms. This property is important,
because it guarantees that the set of derived call patterns in the final phase is a
safe approximation of the original call set Call(P,S). In other words, any call in
the call set is represented by an unique call pattern.

In the next section, we will describe how to infer the symbolic constraints for
rigidity conditions from the set of call patterns based on FTAs.

3.3.1.4 Symbolic Rigidity Constraints

The previous section shows that we can approximate Call(P,S) by a finite set
of call patterns in the form of some BU-FTA. It is a safe approximation because
any call in Call(P,S) is mapped to some BU-FTA. Since any variable occurrence
in a call is presented by the special symbol v , checking whether a variable occur-
rence is relevant w.r.t. a given polynomial interpretation can be performed in the
corresponding BU-FTA instead. As we discussed in the previous section, sets of
terms that end at different states of the BU-FTA are disjoint. Therefore, v can
only end at the state var in the BU-FTA (if it exists), and we can verify whether
v is relevant by searching for the state var in the BU-FTA.

In the following, we show how rigidity can be established by a syntactical
criterion based on the use of BU-FTAs.

Definition 27 (critical path). Let F be an BU-FTA and qi, qe be two states of
F . A sequence of states (qi, q1, . . . , qn, qe) is a path from qi to qe if:

• case n = 0: there is some state transition f(qf1, . . . , qe, . . . , qfm)→ qi ∈ ∆.
(qi, qe) is also called an arc from i to e.

• case n > 0: (q1, . . . , qn, qe) is a path from q1 to qe and there is some state
transition f(qf1, . . . , q1, . . . , qfm)→ qi ∈ ∆.

A path from an accepting state q to the state var is a critical path from q if there
is no state which appears more than once in the path.

The following proposition provides a method to generate rigidity constraints
from a critical path. It is the counterpart of Proposition 35 in (Nguyen and
De Schreye 2007). However, in (Nguyen and De Schreye 2007) the critical path is
defined on rigid type graphs, instead of on BU-FTAs.
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Proposition 3 (checking rigidity by critical paths). Let P be a program and
F be an BU-FTA with an accepting state q representing a set of terms S. Let
I(ΣD, φ) be a polynomial interpretation with, for any function or predicate symbol
f /k, φ(f) = pf . Let pf (X1, . . . , Xk) =

∑
0≤j1,...,jk≤Mf

fj1...jkX
j1
1 . . . Xjk

k with
Mf ≥ 0 is the largest power of the variables in pf (X1, . . . , Xk) be the polynomial
associated with f/k. The set S is rigid w.r.t. I(ΣD, φ) if and only if on every
critical path of F from q to var, there exists an arc (qu, qv) and a state transition
f(qv1 , . . . , qi−1, qv, qi+1, . . . qvk

)→ qu such that
∑
ji>0 fj1...jk = 0.

Proof. Since we only regard polynomials with non-negative coefficients fj1...jk ,
the condition

∑
ji>0 fj1...jk = 0 is equivalent to the requirement that fj1...jk = 0

whenever ji > 0. This in turn is equivalent to the condition that Xi is not involved
in pf (X1, . . . , Xk). Hence, the condition in the above proposition is equivalent
to the requirement that there is at least one function f on the critical path for
which the argument position corresponding to the path is not involved in pf . So
equivalently, the terms in the set S have no relevant variables w.r.t. I(ΣD, φ).
According to Proposition 2, this is equivalent to rigidity w.r.t. I(ΣD, φ).

Note that this proposition applies for arbitrary polynomial interpretations.
Thus, it also holds for polynomial interpretations where each function symbol is
associated with a linear or simple-mixed polynomial and each predicate symbol is
associated with a linear polynomial, as in this section.
The following corollary shows how to express the above rigidity check as a con-
straint on the coefficients of the polynomial interpretation. To this end, we express
the existence condition of an appropriate arc (n,m) by a suitable multiplication.

Corollary 5 (symbolic condition for checking rigidity). Let P be a logic program
and F be an BU-FTA with a state q representing a set of terms S. Let I(ΣD, φ) be
a polynomial interpretation of P. Let CP be a critical path of F from q to var. Let
(n1,m1), . . . , (ne,me) be all arcs in CP and let the state transition corresponding
to the arc (nd,md) be fd(qfd

1
, . . . , qfd

id−1
,md, qfd

id+1
, . . . , qfd

kd

) → nd. If for any

such CP we have
e∏
d=1

(
∑
jid

> 0

fdj1...jkd
) = 0, (3.16)

then S is rigid w.r.t. I(ΣD, φ).

Example 20 (critical paths). Reconsider Example 18. Regarding to the accepting
state q{a} of the BU-FTA, there is only one critical path (q{a}, var) from q{a} to
var. It contains a single arc (q{a}, var) whose corresponding state transition is
s(q{v,a}) → q{a} (the type τ{v,a} is equivalent to var). Let I(ΣD, φ) be a polyno-
mial interpretation and Ps(X) =

∑n
i=0 siX

i be the polynomial associated with the
function symbol s/1. Then, the condition for any term accepted by the BU-FTA
at state q{any} to be rigid is:

∑n
i=1 si = 0.
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The rigidity condition on Proposition 3 and Corollary 5 can also be extended
to atoms. We can check rigidity of an atom by simply checking the rigidity of its
term arguments. The following proposition allows us to check rigidity of a set of
atoms based on its predicate type.

Proposition 4. Let P be a program and I(ΣD, φ) be a polynomial interpretation
of P.

Let q(τ1, . . . , τn) be the predicate signature of q/n which represents a set of
atoms S. S is rigid w.r.t. I(ΣD, φ) if for any i ∈ {1, n}, we have:

• if τi = var then
∑
ji>0 qj1...jn = 0.

• if τi 6= var, then for any critical path of τi:∑
ji>0

qj1...jn ∗
e∏
d=1

(
∑
jid

> 0

fdj1...jkd
) = 0.

Example 21. Reconsider Example 19. Let I(ΣD, φ) be a linear symbolic polyno-
mial interpretation of the form:

φ(0) = c0,
φ(s(X)) = s0 + s1X,
φ(div(X1, X2)) = div0 + div1X1 + div2X2.

The rigidity condition for Call(P,S) can be inferred from the set of call patterns
Sp. According to Proposition 4, we derive the following rigidity constraints from
two call patterns div(τ{2,a}, τ{v,a}) and div(τ{2,a}, τ{a}):

div2 = 0 (3.17)
div2 ∗ s1 = 0 (3.18)

For the other call patterns, no constraint is derived.
We will not elaborate the example further in this work, but just mention that

the implementation of our approach in the system Polytool is able to prove its
termination.

Example 22 (symbolic polynomial interpretation and rigidity constraints for the
der-program). For the der-program (Example 2), we define the symbolic form for
the polynomial interpretation I(ΣD, φ) in which:

• D = N is the carrier set and ΣD is the set of D-closed polynomials,

• an assignment φ with simple-mixed polynomials for function symbols and
linear polynomials for predicate symbols:
φ(X1 +X2) = p1X

2
1 + p2X

2
2 + p11X1X2 + p10X1 + p01X2 + p00,
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φ(X1 ∗X2) = m1X
2
1 +m2X

2
2 +m11X1X2 +m10X1 +m01X2 +m00,

φ(der(X)) = der2X
2 + der1X + der0,

φ(u) = cu,
φ(1) = c1,
φ(d(X1, X2)) = d0 + d1X1 + d2X2.

We will reformulate the termination conditions for this example in symbolic form.
We will not give all polynomial constraints. Instead, to illustrate the main ideas,
in each subsection we will present one constraint from each class of constraints. In
this section, we consider the symbolic constraints for the rigidity condition. In fol-
lowing sections, we will establish constraints for the other termination conditions.

Instead of checking termination of the der-program w.r.t. the set of queries
S = {d(t1, t2) | t1 is a ground term, t2 is an arbitrary term} as in Example 2, we
now regard the set of queries S1 = {d(t1, t2) | t1 is of the form der(t′1), where t′1
is a ground term constructed from the function symbols u, +/2, ∗/2 and der/1,
and t2 is an arbitrary term}. Obviously, termination of the program w.r.t. S1

also implies termination w.r.t. S. This can be proved easily by showing that for
any query Q ∈ S \ S1 (i.e. Q ∈ S and Q 6∈ S1), the program trivially terminates
by finite failure. Furthermore, as we discussed previously, modes are subsets of
regular types and regular types (or the corresponding FTAs) can represent richer
sets of queries or calls that cannot be represented by using modes. Moreover, one
can use a simple and safe transformation to transform a mode-based pattern to a
type-based pattern: each ground argument of the mode-based pattern is replaced by
the regular type corresponding to this ground argument.
In our example, first we need to represent the set of queries by the predicate type
d(τ2, any), where τ2 and any are types given in the following type definition:

τ1 → u ; 1 ; τ1 + τ1 ; τ1 ∗ τ1 ; der(τ1).
τ2 → der(τ1).
var → v .
any → v ; 1 ; u ; any + any ; any ∗ any ; der(any).

Applying the algorithm in (Gallagher and Henriksen 2004, Gallagher et al. 2005),
we obtain the following disjoint regular types which are equivalent to the BU-FTAs
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computed from the type definition:

τ{1,a} → u ; 1 ; τ{1,a} + τ{1,a} ; τ{1,a} ∗ τ{1,a}
; τ{1,a} + τ{1,2,a} ; τ{1,2,a} + τ{1,a}
; τ{1,a} ∗ τ{1,2,a} ; τ{1,2,a} ∗ τ{1,a}
; τ{1,2,a} + τ{1,2,a} ; τ{1,2,a} ∗ τ{1,2,a}
; der(τ{1,2,a}).

τ{v,a} → v .
τ{1,2,a} → der(τ{1,a}).
τ{a} → τ{1,a} ∗ τ{v,a} ; τ{v,a} + τ{1,a}

; τ{1,a} ∗ τ{v,a} ; τ{v,a} ∗ τ{1,a}
; τ{v,a} + τ{v,a} ; τ{v,a} ∗ τ{v,a}
; τ{a} + τ{a} ; τ{a} ∗ τ{a}
; τ{a} + τ{1,a} ; τ{1,a} + τ{a}
; τ{a} ∗ τ{1,a} ; τ{1,a} ∗ τ{a}
; τ{1,2,a} + τ{a} ; τ{a} + τ{1,2,a}
; τ{1,2,a} ∗ τ{a} ; τ{a} ∗ τ{1,2,a}
; der(τ{v,a}) ; der(τ{a}).

and the following set of call patterns based on the BU-FTA:

{d(τ{1,2,a}, τ{1,2,a}), d(τ{1,2,a}, τ{1,a}), d(τ{1,2,a}, τ{v,a}), d(τ{1,2,a}, τ{a})}
Based on it, the following rigidity constraints are inferred:

d2 = 0 (3.19)
d2 ∗ (p1 + p2 + p10 + p01 + p11) = 0 (3.20)

d2 ∗ (m1 + m2 + m10 + m01 + m11) = 0 (3.21)
d2 ∗ (der2 + der1) = 0 (3.22)

3.3.2 Reformulating Termination Conditions Symbolically

In the previous section, we generated symbolic rigidity constraints from the rigidity
condition. In this section, we reformulate the other termination conditions in
Corollary 4, (and hence in Procedure 4). They are D-closedness (step iiO), the
valid interargument relations (step iiiO), and the decrease conditions (step ivO).
The reformulation results in symbolic constraints, based on the symbolic forms of
the polynomial interpretations. We will show that they all take the form

∀X ∈ D : p1 ≥ q1 ∧ . . . ∧ pn ≥ qn ⇒ pn+1 ≥ qn+1,
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where n ≥ 0 and pi, qi are polynomials with natural coefficients. Recall that we
imposed the restriction that µ = 0,D = N. Then, the above constraint becomes

∀X ∈ N : p1 ≥ q1 ∧ . . . ∧ pn ≥ qn ⇒ pn+1 ≥ qn+1 (3.23)

3.3.2.1 D-closedness (Procedure 4, step ii)

First, let us consider D-closedness. For a polynomial p/n, the requirement of
N-closedness is

∀X1, . . . , Xn ∈ N : p(X1, . . . , Xn) ≥ 0

which is of Form (3.23). Of course, if we fix D = N and restrict ourselves to
polynomials with natural coefficients, then this requirement is always fulfilled.

Example 23 (der -program: symbolic constraint for N-closedness). Let us con-
tinue with Example 22. For the polynomial associated with the function symbol
der/1, we have the following symbolic constraint derived from the N-closedness
condition:

∀X ∈ N : der2X
2 + der1X + der0 ≥ 0

�

3.3.2.2 Valid Interargument Relations (Procedure 4, iii)

The condition of valid interargument relations can also be represented symbol-
ically. There are a number of works on inferring valid interargument relations
of predicates. An important concept on this issue is the notion of modes of a
predicate. i.e., the designation of some arguments of the predicate as input and
of the others as output (Bronsard et al. 1992). For well-moded programs, mod-
ing information specifies which arguments are expected to be ground (input) and
which arguments are expected to be non-ground (output) during the computa-
tion (see (Etalle et al. 1998) for a definition of well-moded programs). To infer
the modes of predicates in a (well-moded) program given the mode of a query, a
groundness analysis can be applied. However, there are also programs that are
not well-moded (some input arguments are not fully instantiated), e.g, append
with the mode append(i, o, o). In (Decorte et al. 1999), a more generic view on in-
put/output positions is applied: the input does not have to correspond to ground
terms, neither does the output have to be non-ground. The input/output positions
of a predicate in this generic view can be inferred through the inspection of the call
types instead. Hence, the interargument relations are formulated as inequalities
between a linear combination of the input positions and a linear combination of
the output positions.
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We propose a new form of interargument relation, namely polynomial interar-
gument relations, which are of the following form:

Rp/n = {p(t1, . . . , tn) | i(‖t1‖I , . . . , ‖tn‖I) %N o(‖t1‖I , . . . , ‖tn‖I)} (3.24)

where i/n and o/n are polynomials with non-negative integer coefficients.
The form of interargument relations in (Decorte et al. 1999) can be considered

a special case of the form (3.24) above, where i(‖t1‖I , . . . , ‖tn‖I) is constructed
from the input arguments and o(‖t1‖I , . . . , ‖tn‖I) is constructed from the outputs.
Polynomial interargument relations of Form (3.24) above also generalise the notion
of interargument relations according to Definition 8, as long as interargument
relations may only contain a single monotonicity constraint.

Since the approach in (Decorte et al. 1999) only considers relations between
the input and output arguments of the predicates, it has some limitations. In some
cases, the desired relation is not between the inputs and outputs, but among the
inputs and the output themselves. In particular, if all arguments of a predicate
are inputs (or outputs), then the approach in (Decorte et al. 1999) fails to infer
any useful relation among them. The following different division program that
calculates the natural division of the first and second arguments of the predicate
div/3 and returns the result in its third argument, shows this point.

Example 24 (division).

div(X, s(Y ), 0) :− less(X, s(Y )).
div(X, s(Y ), s(Z)) :− sub(X, s(Y ), R), div(R, s(Y ), Z). (3.25)
sub(X, 0, X).
sub(s(X), s(Y ), Z) :− sub(X,Y, Z).
less(0, s(Y )).
less(s(X), s(Y )) :− less(X,Y ).

We regard the set of queries S = { div(t1, t2, t3) | t1 and t2 are ground terms,
and t3 is an arbitrary term}. This program terminates for all these queries. If we
look at Clause (3.25), the decrease in size between the head and the recursive body
atom can be established if we can infer a valid interargument relation for sub/3
such that the size of its first argument is greater than that of its third argument.
However, if we apply the approach in (Decorte et al. 1999), where a symbolic form
of valid interargument relations based on modes is used, inferring such an inter-
argument relation for sub/3 is impossible. Since the first two sub-arguments are
used as input and the last one is output, the approach can only infer interargument
relations where a linear combination of the sizes of the first and second arguments
is greater or equal than the size of the third argument. Then we could not conclude
that for any successful answer substitution for the call sub(X, s(Y ), R) in Clause
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(3.25), the size of the first argument X is strictly greater than the size of the third
argument R.

In contrast, if we use Form (3.24), then it is possible to infer the following
valid interargument relation for sub/3:

Rsub/3 = {sub(t1, t2, t3) | ‖t1‖I %N ‖t2‖I + ‖t3‖I}
Note that in the right-hand side ‖t2‖I+‖t3‖I of the above inequality, we have both
an input argument t2 and an output argument t3. This valid polynomial interar-
gument relation guarantees that for any successful answer substitution for the call
sub(X, s(Y ), R) in Clause (3.25), we have ‖X‖I �N ‖R‖I if ‖s(Y )‖I %N 1. Our
implementation in the system Polytool is indeed able to infer this interargument
relation and prove termination of this division (see Table 3.2 in Section 3.4). If we
used the form of interargument relations in (Decorte et al. 1999) instead, Polytool
would not be able to solve this problem. �.

In our experiments with several collections of programs, there are also several
other examples that cannot be proved terminating by the technique in (Decorte
et al. 1999) due to the restriction of the form of interargument relations based
on modes. Of course, there is a trade-off. The new form of the interargument
relations requires more symbolic coefficients and may lead to inefficiency of the
analysis.

Similar to the symbolic form of polynomial interpretations, we also need to
restrict the symbolic form of polynomial interargument relations. To this end,
we use the symbolic forms of linear or simple-mixed polynomials for the left- and
right-hand side polynomials i/n and o/n.

Example 25 (der-program: symbolic interargument relation). We continue Ex-
ample 23. For the der-program, we use linear polynomials for the symbolic form
of the polynomial interargument relation of the predicate d/2:

Rd/2 = {d(t1, t2) | i0 + i1‖t1‖I + i2‖t2‖I %N o0 + o1‖t1‖I + o2‖t2‖I},
where I(X,Y ) = i0 + i1X + i2Y corresponds to the left-hand side polynomial of
the interargument relation and O(X,Y ) = o0 + o1X + o2Y corresponds to the
right-hand side polynomial of the relation. �

For the inference of valid interargument relations, we use the technique pro-
posed in (Decorte et al. 1999), cf. Procedure 4, step 3. More precisely, for every
predicate p, we use two symbolic polynomials ip and op in order to define the
interargument relation.

Rp/n = {p(t1, . . . , tn) | ip(‖t1‖I , . . . , ‖tn‖I) %N op(‖t1‖I , . . . , ‖tn‖I)} (3.26)

For any sequence of terms t1, . . . , tn, let Rp(t1, . . . , tn) abbreviate the inequality
ip(‖t1‖I , . . . , ‖tn‖I) ≥ op(‖t1‖I , . . . , ‖tn‖I).
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The goal is to impose constraints on all the polynomials ip and op which ensure
that the corresponding interargument relations are valid. To this end, we generate
a constraint for every clause of the program:

p(t) :− p1(t1), . . . , pn(tn).

Here, we have n ≥ 0. The constraint generated from such a clause is

∀X ∈ N : Rp1(t1) ∧ . . . ∧Rpn
(tn)⇒ Rp(t).

It is clear that this formula has Form (3.23).

Example 26 (der-program: constraints for the symbolic interargument relation).
There are four clauses (3.1) - (3.4) from which valid interargument conditions are
inferred. We only present the conditions resulting from the last clause (3.4):

d(der(der(X)),DDX ) :− d(der(X),DX ), d(der(DX ),DDX )

Here, we obtain the constraint

∀X,DX ,DDX ∈ N :
Rd(der(X),DX ) ∧Rd(der(DX ),DDX )⇒
Rd(der(der(X)),DDX ) (3.27)

where Rd(t1, t2) abbreviates

i0 + i1‖t1‖I + i2‖t2‖I ≥ o0 + o1‖t1‖I + o2‖t2‖I .

More precisely, the constraint is

∀X,DX ,DDX ∈ N :
i0 + i1(der2X

2 + der1X + der0) + i2DX ≥
o0 + o1(der2X

2 + der1X + der0) + o2DX
∧
i0 + i1(der2DX 2 + der1DX + der0) + i2DDX ≥
o0 + o1(der2DX 2 + der1DX + der0) + o2DDX
⇒
i0 + i1(der2(der2X

2 + der1X + der0)2+
der1(der2X

2 + der1X + der0) + der0) + i2DDX ≥
o0 + o1(der2(der2X

2 + der1X + der0)2+
der1(der2X

2 + der1X + der0) + der0) + o2DDX .

�
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3.3.2.3 Decrease Conditions (Procedure 4, step iv)

Finally, one has to require the decrease condition between the head and any (mu-
tually) recursive body-atom in any (mutually) recursive clause. So for any clause

p(t) :− p1(t1), . . . , pn(tn)

of the program where pi w p (i.e., where p and pi are mutually recursive), we
require

∀X ∈ N : Rp1(t1) ∧ . . . ∧Rpi−1(ti−1)⇒ |p(t)|I ≥ |pi(ti)|I + 1.

Obviously, the formula is in Form (3.23).

Example 27 (der-program: constraints for the decrease conditions). There are
3 recursive clauses where decrease conditions can be inferred. We present the
decrease condition for the recursive body atom d(der(DX ),DDX ) of the last clause:

∀X,DX ,DDX ∈ N :

i0 + i1(der2X
2 + der1X + der0) + i2DX ≥

o0 + o1(der2X
2 + der1X + der0) + o2DX

⇒ (3.28)

d0 + d1(der2(der2X
2 + der1X + der0)2+

der1(der2X
2 + der1X + der0) + der0) + d2DDX ≥

d0 + d1(der2DX 2 + der1DX + der0) + d2DDX + 1.

�

3.3.3 From Symbolic Conditions to Constraints on Coeffi-
cients

Our goal is to find a polynomial interpretation such that all symbolic conditions
generated in the previous section are satisfied. To this end, we transform all
these conditions into a set of Diophantine constraints. In this transformation,
we first eliminate implications (First Phase). Afterwards, in the next paragraph
(Second Phase), the universally quantified variables (e.g., X,DX,DDX, . . .) are
removed and the former symbolic coefficients (e.g., der0, der1, der2, . . .) become
the new variables. If the resulting Diophantine constraints can be solved, then the
program under consideration is terminating.

As we analysed in Section 3.3.1, all generated rigidity constraints have Form
(3.16). Hence, they do not contain universally quantified variables and are already
Diophantine constraints with symbolic coefficients as variables.
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The other symbolic constraints generated from the D-closedness, the valid in-
terargument relations, and the decrease conditions, have the following form:

∀X ∈ N : p1 ≥ q1 ∧ . . . ∧ pn ≥ qn ⇒ pn+1 ≥ qn+1, (3.23)

where n ≥ 0 and pi, qi are polynomials with natural coefficients.
In the following, we introduce a two-phase method to transform all constraints

of Form (3.23) into Diophantine constraints on symbolic coefficients.

3.3.3.1 First Phase: Removing Implications

The constraints of Form (3.23) are implications. In the first phase, such constraints
are transformed into inequalities without premises, i.e., into constraints of the form

∀X ∈ N : p ≥ 0. (3.29)

However, here p is a polynomial with integer (i.e., possibly negative) coefficients.
The transformation is sound : if the new constraints of Form (3.29) are satisfied by
some mapping of the symbolic coefficients to natural numbers, then this mapping
also satisfies the original constraints of Form (3.23).

The idea for the transformation is the following. Constraints of the form (3.23)
may have an arbitrary number n of premises pi ≥ qi. We first transform them into
constraints with at most one premise. Obviously, p1 ≥ q1 ∧ . . . ∧ pn ≥ qn implies
p1 + . . .+pn ≥ q1 + . . . qn. Thus, instead of (3.23), it would be sufficient to demand

∀X ∈ N : p1 + . . .+ pn ≥ q1 + . . . qn ⇒ pn+1 ≥ qn+1.

So in order to combine the n polynomials in the premise, we can use the polynomial
prem(X1, . . . , Xn) = X1 + . . .+Xn. Then instead of (3.23), we may require

∀X ∈ N : prem(p1, . . . , pn) ≥ prem(q1, . . . , qn) ⇒ pn+1 ≥ qn+1.

A similar method was also used for termination analysis of logic programs in
(Decorte et al. 1999) and for termination of term rewriting in (Giesl, Thiemann,
Schneider-Kamp and Falke 2006, Section 7.2) to transform disjunctions of poly-
nomial inequalities into one single inequality.

For example, the constraint

∀X1, X2, X3 ∈ N : X1 ≥ X2 ∧X2 ≥ X3 ⇒ X1 ≥ X3

can now be transformed into

∀X1, X2, X3 ∈ N : X1 +X2 ≥ X2 +X3 ⇒ X1 ≥ X3

Since the latter constraint is valid, the former one is valid as well.



3.3. AUTOMATING THE TERMINATION PROOF 53

However, in order to make the approach more powerful, one could also use other
polynomials prem/n in order to combine the n inequalities in the premise. The
reason is that if prem/n is restricted to be the addition, then many valid constraints
of the form (3.23) would be transformed into invalid ones. For example, the valid
constraint

∀X1, X2, X3 ∈ N : X1 ≥ X2
2 ∧X2 ≥ X2

3 ⇒ X1 ≥ X4
3

would be transformed into the invalid constraint

∀X1, X2, X3 ∈ N : X1 +X2 ≥ X2
2 +X2

3 ⇒ X1 ≥ X4
3 .

For instance, with X1 = 4, X2 = 0, X3 = 2, the constraint reduces to

4 + 0 ≥ 02 + 22 ⇒ 4≥23.

To make the transformation more general and more powerful, we therefore permit
the use of arbitrary polynomials prem with non-negative coefficients. In the above
example, now the resulting constraint

∀X1, X2, X3 ∈ N : prem(X1, X2) ≥ prem(X2
2 , X

2
3 ) ⇒ X1 ≥ X4

3

would indeed be valid for a suitable choice of prem. For instance, one could
choose prem to be the addition of the first argument with the square of the second
argument (i.e., prem(X1, X2) = X1 +X2

2 ).
By the introduction of the new polynomial prem, every constraint of the form

(3.23) can now be transformed into an implication with at most one premise.
It remains to transform such implications further into unconditional inequalities.
Obviously, instead of

prem(p1, . . . , pn) ≥ prem(q1, . . . , qn) ⇒ pn+1 ≥ qn+1, (3.30)

it is sufficient to demand

pn+1 − qn+1 ≥ prem(p1, . . . , pn)− prem(q1, . . . , qn). (3.31)

This observation was already used in the work of (Decorte et al. 1999) and also in
termination techniques for term rewriting to handle such conditional polynomial
inequalities (Brauburger and Giesl 1998, Giesl et al. 2007).

However, the approach can still be improved. Recall that we used an arbitrary
polynomial prem to combine the polynomials in the former premises. In a similar
way, one could also apply an arbitrary polynomial conc to the polynomials pn+1

and qn+1 in the former conclusion. To see why this can be necessary, consider the
valid constraint

∀X ∈ N : 2X ≥ 2 ⇒ X ≥ 1.
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With the transformation of (3.30) to (3.31) above, it would be transformed into
the unconditional constraint

∀X ∈ N : X − 1 ≥ 2X − 2,

which however is invalid. Here, it would be better to apply a suitable polynomial
conc/1 to the polynomials X and 1 in the former conclusion. Then we would
obtain

∀X ∈ N : conc(X)− conc(1) ≥ 2X − 2

instead. By choosing conc(X) = 2X, now the resulting constraint is valid.
So to summarize, in the first phase of our transformation, any constraint of the

form
∀X ∈ N : p1 ≥ q1 ∧ . . . ∧ pn ≥ qn ⇒ pn+1 ≥ qn+1 (3.23)

is transformed into the unconditional constraint

∀X ∈ N : conc(pn+1)− conc(qn+1) ≥ prem(p1, . . . , pn)− prem(q1, . . . , qn).

Here, prem/n and conc/1 are two arbitrary new polynomials. The only require-
ment that we have to impose is that conc/1 must not be a constant. Of course, the
above unconditional constraint can easily be transformed further into an inequal-
ity with 0 on its right-hand side. The following proposition proves the soundness
of this transformation.

Proposition 5 (Soundness of Removing Implications). Let prem/n and conc/1 be
two polynomials with natural coefficients where conc/1 is not a constant (i.e., there
exist numbers n,m ∈ N with conc(n) 6= conc(m)). Moreover, let p1, . . . , pn+1,
q1, . . . , qn+1 be arbitrary polynomials with natural coefficients. If
∀X ∈ N : conc(pn+1) − conc(qn+1) − prem(p1, . . . , pn) + prem(q1, . . . , qn) ≥ 0
is valid, then ∀X ∈ N : p1 ≥ q1 ∧ . . .∧ pn ≥ qn ⇒ pn+1 ≥ qn+1 is also valid.

Proof. For any tuple of natural numbers x, let pi(x) and qi(x) denote the numbers
that result from pi and qi by instantiating the variables X by the numbers x. So
if p is the polynomial X2

1 + 2X1X2, then p(2, 1) = 8.
Suppose that there is a tuple of natural numbers x with pi(x) ≥ qi(x) for all

i ∈ {1, . . . , n}. We have to show that then pn+1(x) ≥ qn+1(x) holds as well.
Since prem only has non-negative coefficients, it is weakly monotonic. Thus,

pi(x) ≥ qi(x) for all i ∈ {1, . . . , n} implies prem(p1(x), . . . , pn(x)) ≥ prem(q1(x),
. . . , qn(x)) and thus, prem(p1(x), . . . , pn(x)) − prem(q1(x), . . . , qn(x)) ≥ 0. The
prerequisites of the proposition require

conc(pn+1)− conc(qn+1) ≥ prem(p1, . . . , pn)− prem(q1, . . . , qn)

for all instantiations of the variables. Hence, we also obtain conc(pn+1(x)) −
conc(qn+1(x)) ≥ 0 or, equivalently,

conc(pn+1(x)) ≥ conc(qn+1(x)). (3.32)
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Now suppose that pn+1(x) 6≥ qn+1(x). Since pn+1(x) and qn+1(x) are numbers
(not polynomials with variables), we would then have pn+1(x) < qn+1(x). Since
conc only has non-negative coefficients and since it is not a constant, it is strictly
monotonic. Thus, pn+1(x) < qn+1(x) would imply

conc(pn+1(x)) < conc(qn+1(x))

in contradiction to (3.32). Hence, we have pn+1(x) ≥ qn+1(x), as desired.

An easy choice for the symbolic form of prem/n and conc/1 is again to use
linear, or simple-mixed polynomials. By applying Proposition 5, we can now
transform all constraints for the termination proof to unconditional constraints of
the form (3.29). If there exists a mapping from the symbolic coefficients to natural
numbers that makes the resulting constraints valid, then the same mapping also
satisfies the original constraints.

Example 28 (applying Proposition 5 to the der-program). We continue with the
termination proof of the der-program. We choose the decrease condition (3.28)
in Example 27 as an example showing how to transform an implication to an
unconditional constraint.

Since the constraint (3.28) has only one premise, here the polynomial prem has
arity 1. We choose a simple-mixed form for prem and a linear form for conc:

prem(X) = prem0 + prem1X + prem2X
2 conc(X) = conc0 + conc1X.

Since conc must not be a constant, one also has to impose the constraint

conc1 > 0.

Now we can transform (3.28) into an unconditional constraint. Here, we use
the following abbreviations:

p1 = i0 + i1(der2X
2 + der1X + der0) + i2DX

q1 = o0 + o1(der2X
2 + der1X + der0) + o2DX

p2 = d0 + d1(der2(der2X
2 + der1X + der0)2+

der1(der2X
2 + der1X + der0) + der0) + d2DDX

q2 = d0 + d1(der2DX 2 + der1DX + der0) + d2DDX + 1

Then (3.28) is the constraint

∀X,DX ,DDX ∈ N : p1 ≥ q1 ⇒ p2 ≥ q2
and its transformation yields

∀X,DX ,DDX ∈ N : conc0 + conc1p2 − conc0 − conc1q2
−prem0 − prem1p1 − prem2p

2
1

+prem0 + prem1q1 + prem2q
2
1 ≥ 0.
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By applying standard simplifications, the constraint can be rewritten to the follow-
ing form:

∀X,DX ∈ N : M1X
4 +M2X

3 +M3X
2 +M4X+

M5DX 2 +M6DX +M7X
2DX +M8XDX +M9 ≥ 0 (3.33)

where M1, . . . ,M9 are expressions without the universally quantified variables X
and DX . In other words, they are polynomials over the symbolic coefficients concj,
premj, ij, oj, der j, and dj with j ∈ {0, 1, 2}. For example, we have

M1 = conc1 ∗ d1 ∗ der3
2 + prem2 ∗ o21 ∗ der2

2 − prem2 ∗ i21 ∗ der2
2.

�

3.3.3.2 Second Phase: Removing Universally Quantified Variables

In this phase, we transform any constraint of the form

∀X ∈ N : p ≥ 0 (3.29)

to a set of Diophantine constraints on symbolic coefficients. The transformation is
again sound : if there is a solution for the resulting set of Diophantine constraints
(i.e., a suitable mapping from symbolic coefficients to natural numbers), then this
mapping also satisfied the original constraint (3.29).

We use a straightforward transformation proposed by (Hong and Jakuš 1998),
which is also used in all related tools for termination of term rewriting. One only
requires that all coefficients of the polynomial p are non-negative. Obviously, the
criterion is only sufficient (i.e., the “only if” direction does not hold). For example
p(X) = (X − 1)2 ≥ 0, but X2 − 2X + 1 does not have non-negative coefficients
only.

Example 29 (removing universally quantified variables for the der-program). We
continue the transformation of Example 28. Here, we obtained the constraint

∀X,DX ∈ N : M1X
4 +M2X

3 +M3X
2 +M4X+

M5DX 2 +M6DX +M7X
2DX +M8XDX +M9 ≥ 0 (3.33)

We derive the following set of Diophantine constraints which contains symbolic
coefficients concj, premj, ij, oj, der j, and dj as variables: M1 ≥ 0,M2 ≥
0, . . . ,M9 ≥ 0. �

3.3.4 Solving Diophantine Constraints

The previous sections showed that one can formulate all termination conditions in
symbolic form and one can transform them automatically to a set of Diophantine
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constraints. The problem then becomes solving a system of non-linear Diophan-
tine constraints with the symbolic coefficients as variables. If the Diophantine
constraints are solvable, then the logic program under consideration is terminat-
ing. Note that even if one uses linear polynomial interpretations, this usually still
results in a set of non-linear Diophantine constraints.

However, solvability of Diophantine constraints is undecidable (it corresponds
to Hilbert’s 10th problem). For automation, one therefore restricts the possible val-
ues of the variables in the constraints. For example, now the symbolic coefficients
may only take values from a finite set [0, b] where b is a natural number. This turns
the problem into a finite domain constraint satisfaction problem, that is decidable
but NP-complete. Solving such problems has been studied intensively, especially
in the context of constraint logic programming. Moreover, there are approaches
from termination of term rewriting in order to solve such restricted Diophantine
constraints automatically e.g., (Contejean et al. 2005, Fuhs et al. 2007). In (Fuhs
et al. 2007), Diophantine constraints are encoded as a SAT-problem, and then
a back-end SAT solver is used to solve the resulting SAT-problem. As shown
in (Fuhs et al. 2007), this approach is significantly more efficient than solving
Diophantine constraints by dedicated solvers like (Contejean et al. 2005) or by
standard implementations of constraint logic programming like in SICStusProlog.

Example 30 (solving Diophantine constraints for the der-program). Now we solve
the Diophantine constraints derived from the termination conditions of the der-
program. So we start with the symbolic polynomial interpretation from Example 22
(e.g., with φ(der(X)) = der2X

2 +der1X+der0) and obtain the solution der2 = 2,
der1 = 1, and der0 = 2 which corresponds to φ(der(X)) = 2X2+X+2. Similarly,
we start with the symbolic form of the polynomial interargument relation as in
Example 25:

Rd/2 = {d(t1, t2) | i0 + i1‖t1‖I + i2‖t2‖I %N o0 + o1‖t1‖I + o2‖t2‖I}.
Then we obtain the solution i1 = 2, i0 = i2 = 0, o0 = 1, o2 = 2, and o1 = 0,
which corresponds to the interargument relation Rd/2 = {d(t1, t2) | 2‖t1‖I %N
1 + 2‖t2‖I}. Note that in order to deal with constraints that are implications,
we also assign values for the symbolic coefficients of polynomials like prem and
conc generated by the transformation in Section 3.3.3.1. For instance, the con-
ditional constraint (3.28) was transformed into (3.33) in Example 28 and further
into constraints without quantifiers in Example 29. In these constraints, we used
the coefficients of the polynomials prem(X) = prem0 + prem1X + prem2X

2 and
conc(X) = conc0 + conc1X. We obtain the solution prem2 = 1, prem1 = 1,
prem0 = 0, conc1 = 1, and conc0 = 0, i.e., prem(X) = X2+X and conc(X) = X.
We have used simple-mixed non-linear polynomials both in the polynomial norm
(i.e., for φ(der(X))) and for polynomials like prem from the transformation. Note
that the values of the symbolic coefficients that we found here are different from
the ones in Example 8. In Example 8, µ = 2 was selected. In the current example,
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we set µ to 0. This leads to different polynomial interpretations and interargument
relations. �

3.4 Experimental Evaluation

In this section we discuss an experimental evaluation of the presented approach.
The technique was implemented in a system called Polytool4. The work reported
on in this chapter (i.e., the development of the underlying theory, the design of the
automation, the implementation and extensive experiments), has been performed
over a period of several years, from 2004 to 2007. As a result, the system has
evolved considerably during this period. Essentially, the Polytool system consists
of four modules:

Until recently, the first module used in Polytool was the type inference engine
of Janssens and Bruynooghe (Janssens and Bruynooghe 1992). Given a program
and a set of queries described using type graphs, this type inference system au-
tomatically computes an over-approximation of Call(P,S) which is represented
with rigid type graphs, (see Section Type Graphs in 3.3.1). This system is coded
in MasterProlog (ITMasters2000), which descends from BIMProlog (Mariën 1993)
and is not available for public use. Moreover, as we discussed in Section 3.3.1, the
requirement of principal label restriction and depth restriction limits the precision
of the inference. Very recently, we have replaced this module by the type inference
system of Gallagher, Henriksen, and Banda (Gallagher et al. 2005), based on well-
typings (Bruynooghe et al. 2005). This system allows to infer the call patterns
based on the BU-FTAs (see Section Finite Tree Automata in 3.3.1). This inference
overcomes the restrictions of the one in (Janssens and Bruynooghe 1992). Further-
more, it is more efficient, and more importantly, it is implemented in SICStusProlog,
which is generally available. Therefore, our current implementation can be down-
loaded and any interested user can experiment with it, which we consider a major
advantage over the previous module.

The second module is the core of the system. It generates the set of all termi-
nation conditions using symbolic polynomials as in sections 3.3.1, 3.3.2. This part
was also implemented in SICStusProlog.

The third module of Polytool transforms the resulting polynomial constraints
into Diophantine constraints, based on the approach discussed in Section 3.3.3. It
is again implemented in SICStusProlog.

The final module is a back-end Diophantine constraint solver, cf. Section 3.3.4.
There are several alternatives. At the beginning, we used CiME2.02 (Contejean
et al. 2000) which implements a dedicated solver for Diophantine constraints
(Contejean et al. 2005). However, it is quite slow, especially for non-terminating
examples. Therefore, we then selected the SAT-based Diophantine solver (Fuhs

4For the source code, we refer to http://www.cs.kuleuven.be/~manh/polytool.
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et al. 2007) of the AProVE tool (Giesl, Schneider-Kamp and Thiemann 2006) in-
stead, which turned out to be much faster than CiME. Some related experiments
about the comparison between the SAT-based Diophantine solver of AProVE and
CiME are also conducted in (Fuhs et al. 2007), cf. also the discussion in Section
3.3.4.

We tested the performance of Polytool on two collections of, in total, 299 ex-
amples. The first large collection (Table 3.1) includes all benchmarks for logic
programming from the Termination Problem Data Base 2007 (TPDB4.0) (Marché
and Zantema 2007a), where all examples that contain arithmetic or built-in pred-
icates were removed (since the aim of this work is to analyse termination of logic
programs with symbolic computation only). The Termination Problem Data Base
contains examples from several sources, and is used in the annual International
Competition of Termination Tools (Marché and Zantema 2007a). The second col-
lection includes the three programs that appeared in this work but are not in the
TPDB4.0 (Table 3.2).

Note that the TPDB4.0 only contains benchmarks where the queries are spec-
ified with modes. However, we can still use the type inference system with a
small transformation from the mode-based query pattern to the type-based query
pattern. This can be done easily as shown in Example 22.

Polytool applies the following strategy: first, we search for a linear polynomial
interpretation. If we cannot find such an interpretation satisfying the termination
conditions, then we search for a simple-mixed polynomial interpretation. More
precisely, we still interpret predicate symbols by linear polynomials, but we map
function symbols to simple-mixed polynomials. We use similar symbolic polynomi-
als for conc/1 and prem/n from Section 3.3.3.1: if the polynomial interpretation is
linear, then both conc/1 and prem/n are linear. Otherwise, we use the linear form
for conc/1 and the simple-mixed form for prem/n. The domain for all symbolic
coefficients in the generated Diophantine constraints is fixed to the set {0, 1, 2}
and in the experiments, we fixed the domain D of the polynomials to D = N as
we discussed in the beginning of Section 3.3. The experiments were performed on
an AMD 64 bit, 2GB RAM running Linux.

We performed an experimental comparison with other leading systems for au-
tomated termination analysis of logic programs, namely: Polytool-WST07, cTI-1.1
(Mesnard and Bagnara 2005), TerminWeb (Taboch et al. 2002), TALP (Ohlebusch
et al. 2000), (which uses CiME 2.02 (Contejean et al. 2000) as a back-end), and
AProVE (Giesl, Schneider-Kamp and Thiemann 2006). Polytool-WST07 is the ver-
sion of Polytool that participated in the International Competition of Termination
Tools 2007. Similarly, the version of AProVE used in our experiments is also the
variant that participated in this competition. The only difference between Polytool-
WST07 and the version of Polytool described above is that Polytool-WST07 applies
the groundness analysis of (Heaton et al. 2000) and linear polynomial interpreta-
tions instead of type analysis and simple-mixed polynomial interpretations. For
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TALP, the option of non-linear polynomial interpretations was chosen. For cTI-1.1,
we selected the default option. For AProVE and TerminWeb, the fully automatic
modes were chosen. We did not include the tool Hasta-La-Vista (Serebrenik and
Schreye 2003) in the evaluation because it is a predecessor of Polytool.

We used a time limit of 60 seconds for testing each benchmark on each termi-
nation tool. This time limit corresponds to the rules that have been applied for
evaluating tools in the annual termination competition in recent years (2004-2006)
(Marché and Zantema 2007a).

In Table 3.1, we give the number of benchmarks which are proved terminating
(”YES”), the number of benchmarks which could not be proved terminating but
where processing ended within the time limit (”FAIL.”), and the number of bench-
marks where the tool did not stop before the timeout (”TIME.”). The number
in square brackets is the average runtime (in seconds) that a particular tool uses
to prove termination of benchmarks (or fails to prove termination of them within
the time limit. The detailed experiments (including also the source code of the
benchmarks and the termination proofs produced by the tools) can be found at
http://www.cs.kuleuven.be/~manh/polytool/POLY/journal07.html.

TALP cTI TerminWeb Polytool07 Polytool AProVE
YES 163 [2.54] 167 [0.06] 177 [0.54] 204 [3.05] 214 [4.28] 232 [6.34]
FAIL. 112 [1.45] 129 [0.05] 118 [0.6] 82 [2.96] 62[10.48] 57 [19.08]
TIME. 21 0 1 10 20 7

Table 3.1: The results for 296 benchmarks of the TPDB4.0

3.4.1 Comparison between Polytool and cTI-1.1

Similar to Polytool, cTI-1.1 deploys a global constraint-based approach to termina-
tion analysis. However, different from Polytool, in cTI-1.1 termination inference of
the analysed program relies on its two main abstract approximations: a program
in CLP(N), where all terms of the program are mapped to expressions in N accord-
ing to a fixed symbolic norm (e.g., the symbolic5 term-size norm), and a program
in CLP(B), where B denotes the booleans, which is obtained from the program in
CLP(N) by mapping any natural number to 1, any variable to itself, and addition
to logical conjunction. The purpose of these abstractions is to capture the de-
crease conditions (the program in CLP(N)) and the boundedness information (the
program in CLP(B)) of the program.

As shown in Table 3.1, Polytool outperforms cTI-1.1. The only benchmark
where cTI-1.1 can prove termination and Polytool fails to do so is the example

5The difference between the “term-size norm” and the “symbolic term-size norm” is that
the “term-size norm” maps all variables to 0, whereas the “symbolic term-size norm” maps any
variable to itself (as in polynomial interpretations).
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incomplete2.pl in the directory SGST06 of the TPDB4.0:

f(X) :− g(s(s(s(X)))).
f(s(X)) :− f(X).
g(s(s(s(s(X))))) :− f(X).

However, if we reset the range for the values of symbolic coefficients in the gen-
erated Diophantine constraints to {0, . . . , 8}, then Polytool can find the following
polynomial interpretation for the termination proof of this program:

φ(f(X)) = X + 8
φ(g(X)) = X + 1
φ(s(X)) = X + 2

There are several reasons for the less powerful performance of cTI-1.1 in com-
parison with Polytool. First of all, cTI-1.1 uses a fixed symbolic norm (term-size
norm by default) to map the analysed program to a program in CLP(N), for which
all termination conditions are formulated. However, in some cases, the selected
symbolic norm is not suitable to capture the decrease information hidden in the
analysed program. As a result, cTI-1.1 cannot prove termination of such examples.
The TPDB4.0 contains a number of such benchmarks, e.g. flat.pl, normal.pl in the
talp directory, countstack.pl, factor.pl, flatten.pl in the SGST06 directory, etc. One
of these examples is presented in detail below.

Example 31 (normal). Consider the following program w.r.t. the set of queries
S = {normal(t1, t2) | where t1 is a ground term and t2 is an arbitrary term}:

normal(F,N) :− rewrite(F, F1),normal(F1, N).
normal(F, F ).
rewrite(op(op(A,B), C), op(A, op(B,C))).
rewrite(op(A, op(B,C)), op(A,D)) :− rewrite(op(B,C), D).

Using the term-size norm, cTI-1.1 maps this program to the following abstract
program in CLP(N):

normal(F,N) :− rewrite(F, F1),normal(F1, N).
normal(F, F ).
rewrite(2 +A+B + C, 2 +A+B + C).
rewrite(2 +A+B + C, 1 +A+D) :− rewrite(1 +B + C,D).

However, this mapping does not preserve termination of the original program
since its abstract counterpart is not terminating w.r.t. the set of queries S ′ =
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{normal(t1, t2) | t1 is number in N and t2 is an arbitrary term}, which is the
approximation of the query set S w.r.t. the term-size norm.

In contrast, Polytool found the following more complex polynomial interpreta-
tion:

φ(normal(X1, X2)) = X1 + 1
φ(rewrite(X1, X2)) = 2X1 + 1
φ(op(X1, X2)) = 2X1 +X2 + 1

and the following valid interargument relation:

Rrewrite/2 = {rewrite(t1, t2) | ‖t1‖I %N 1 + ‖t2‖I}.

In this way, termination of this example could be proved. For users who already
have certain knowledge about termination analysis of logic programs, cTI-1.1 has
an option that allows to enter a user-defined norm manually. This option provides
a semi-automatic way to prove termination of examples which require more com-
plicated norms. For example, if we give cTI-1.1 the norm found above by Polytool,
cTI-1.1 can find a termination proof for this example. �

Secondly, when we use the term-size norm (or list-length norm) for the abstract
approximation, all constant symbols are mapped to the same number in N (i.e.,
all constant symbols are mapped to 1 if we use term-size norm and to 0 if we use
list-length norm). As a result, termination analysis based on this approach may
not work for examples where the difference among constant symbols plays a role
for the termination behavior.

Example 32 (transitive closure). Consider the following transitive closure exam-
ple and the query pattern S = {tc(t1, t2) | t1 is a ground term and t2 is an arbitrary
term}:

p(a, b).
p(b, c).
tc(X,X).
tc(X,Y ) :− p(X,Z), tc(Z, Y ). (3.34)

If the term-size norm is used to abstract the program, then it is impossible to detect
the decrease between the head tc(X,Y ) and the recursive body atom tc(Z, Y ) in
Clause (3.34). Thus, termination of this program cannot be verified.

In Polytool, different constant symbols can be mapped to different numbers in N.
Therefore, termination of Example 32 and of other examples such as simple.pl in
the talp directory, pl2.3.1.pl in the plumer directory, at.pl in the SGST06 directory,
etc. in the TPDB4.0 could be proved, whereas cTI-1.1 fails. �
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Next, since termination analysis of cTI-1.1 is based on linear symbolic norms
such as the term-size norm, it cannot prove termination of programs such as Ex-
ample 2 or the example hbal tree.pl in the TPDB4.0. This is also the case for
Polytool-WST07 since for this version, we had fixed the settings to linear poly-
nomials only, because in the competition, a small runtime was also an important
factor. In contrast, Polytool can prove termination of these examples using simple-
mixed polynomial interpretations.

Finally, there are examples whose termination cannot be proved by cTI-1.1
due to the restriction to groundness analysis, e.g., applast.pl, bappend.pl, blist.pl,
btappend.pl, btapplast.pl, confdel.pl and btree.pl in the SGST06 directory of the
TPDB4.0. The termination proof of these examples also fails with Polytool-WST07
and TALP, due to the same reason. In contrast, Polytool and AProVE succeed
for them and TerminWeb succeeds for some of them (i.e., applast.pl, bappend.pl,
blist.pl, confdel.pl). Polytool and TerminWeb succeed due to the use of types instead
of modes and AProVE succeeds due to its argument filtering. But TerminWeb still
fails on some of these examples because it uses a fixed norm for part of its analysis.

Example 33 (blist). We consider termination of the example blist.pl that builds
a bounded list w.r.t. the set of queries {goal(t) | t is a ground term}. Here, the
predicate s2l/2 is used to convert a number n (denoted in the form sn(0)) into a
list of length n.

list([ ]).
list([X|Xs]) :− list(Xs).
s2l(s(X), [Y |Xs]) :− s2l(X,Xs).
s2l(0, [ ]).
goal(X) :− s2l(X,Xs), list(Xs).

Because cTI-1.1 uses groundness analysis (which can only distinguish between
ground terms and arbitrary terms), for any element of the success set of the pred-
icate s2l/2 , it can only infer that if the first argument is a ground term, then
the second argument is an arbitrary term. As a result, when investigating the
set of queries {goal(t) | t is a ground term}, then the inferred call set includes
S = {list(t) | t is an arbitrary term}. cTI-1.1 then fails to prove termination of
this example because the program does not terminate w.r.t. S. The main reason
for this failure is that the call set inferred by a groundness analysis is too large.
Actually, S only has to include the set of bounded (i.e., [ ]-terminated) lists as in
(3.6), but groundness analysis fails to capture this.

Using type-based inference in Polytool instead, it is sufficient to reason on the
set of queries S1 = {goal(t) | t is a term constructed from the function symbols s/1
and 0}, as discussed in Section 3.3.1. Then, the following call set is generated:
S ′ = S1 ∪ S2 ∪ S3, where S2 = {s2l(t1, t2) | t1 is a term constructed from the
function symbols s/1 and 0, t2 is an arbitrary term}, and S3 = {list(t) | t is a
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bounded list}. Proving termination of the program with the latter call set succeeds
in Polytool. �

A strong point of cTI-1.1 is that it is a very fast system. Table 3.1 shows
that it is the fastest one in the experiments. The reason is that cTI-1.1 fixes
the norm in advance. Therefore it requires much less symbolic coefficients to
formulate termination conditions. Another strong point of cTI-1.1 is its ability of
performing termination inference (i.e., it can try to detect all terminating modes
for a program), which is impossible for Polytool at this moment. Finally, recent
extensions of cTI-1.1 include non-termination proofs, which are not supported by
the other systems in our experiments.

3.4.2 Comparison between Polytool and TerminWeb

Similar to cTI-1.1, TerminWeb also uses fixed symbolic norms (e.g., the term-size
norm, the list-length norm, or (as in our experiments) a combination of type-based
norms (Bruynooghe et al. 2007) to approximate the analysed program. Therefore,
it has similar problems as cTI-1.1. In fact, termination of examples such as flat.pl,
normal.pl, countstack.pl, factor.pl, flatten.pl, transitive closure.pl discussed in Section
3.4.1 cannot be proved by TerminWeb either.

Different from Polytool and cTI-1.1, TerminWeb applies a local approach to ter-
mination analysis, where different ranking functions are used for different loops
in the program (Codish and Taboch 1999). Hence, TerminWeb can prove termi-
nation of a class of programs where lexicographic orderings are required (e.g., the
benchmarks ackermann.pl and vangelder.pl in the TPDB4.0). For termination of
such programs, the current global technique based on polynomial interpretations
deployed in Polytool is insufficient. In the next chapter, we introduce an extension
using dependency graphs that is able to deal with such programs as well (Nguyen,
Giesl, Schneider-Kamp and De Schreye 2008).

Example 34 (ackermann). Consider the following logic program computing the
Ackermann function. We want to prove termination of this program w.r.t. the
set of queries S = {ack(t1, t2, t3) | t1 and t2 are ground terms, t3 is an arbitrary
term}.

ack(0, X, s(X)).
ack(s(X), 0, Z) :− ack(X, s(0), Z).
ack(s(X), s(Y ), Z) :− ack(s(X), Y, Z ′), ack(X,Z ′, Z).

Proving termination of this example based on the local approach involves two rank-
ing functions: the first one measures the size of the first argument and the other
measures the size of the second argument of the predicate ack/3. However, with the
global approach based on polynomial interpretations, it is impossible to find a single
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ranking function for the termination proof. TerminWeb can prove termination of
this example, whereas both cTI-1.1 and Polytool fail. �

Similar to cTI-1.1, TerminWeb is much faster than Polytool. This is again due to
the fact that TerminWeb uses a fixed symbolic norm to approximate the analysed
program.

3.4.3 Comparison between Polytool, AProVE, and TALP

A point of similarity between Polytool, TALP, and AProVE is that all these systems
use polynomial interpretations as a basis for the termination analysis. However
in TALP and AProVE, polynomial interpretations are applied indirectly: given a
logic program and a set of queries, these tools first transform them to a TRS whose
termination is sufficient for the termination of the original logic program. Then,
termination analysis is applied to the resulting TRS. Due to this transformational
approach, several other termination techniques developed for TRS become appli-
cable for the analysis of LP as well. In particular, AProVE uses many different
methods for proving termination.

A limitation of the transformational approach in TALP is that it can only handle
well-moded logic programs (Ohlebusch et al. 2000). As a matter of fact, there are
many non well-moded examples in the TPDB4.0 that can be solved by most other
tools, both direct and indirect, but not by TALP, e.g., map1.pl, zebra.pl in the talp
directory, som.pl, transpose.pl, preorder dl.pl in the terminweb directory, append-
bff.pl, delete-bbf.pl, delete-bfb.pl, delete-fbf.pl, delete-ffb.pl, delmin-bff.pl, delmin-
ffb.pl, flatlength-bfb.pl, flatlength-bff.pl, in-fb.pl, insert-fbf.pl, insert-ffb.pl, less-bf.pl,
map color.pl, maximum-bff.pl, maximum-fbf.pl, prefix-bf.pl, select-ffb.pl, sum-fbf.pl
in the toplas directory, and pplus.pl, pplus2.pl, preorder.pl, giesl97.pl in the SGST06
directory.

AProVE instead applies a quite strong transformational approach which can
also deal with non well-moded logic programs (Schneider-Kamp, Giesl, Serebrenik
and Thiemann 2007). Together with the strong back-end TRS termination prover,
this makes AProVE a very strong LP termination system. In fact, in both our
experiments and in the Termination Competitions for Termination Tools 2004-
2008, AProVE was always in the first place. In particular, it can prove termination
of most examples whenever some other tool can. Nevertheless, there exists one
example in the TPDB4.0 (i.e., incomplete.pl) where AProVE fails to prove its ter-
mination but Polytool succeeds. In general, the main important observation when
comparing Polytool and AProVE is that although Polytool only uses polynomial
interpretations and AProVE uses a large collection of different termination tech-
niques, Polytool is already almost as powerful as AProVE. Hence, if one also adapts
further more sophisticated techniques from term rewriting to the logic program-
ming domain, then Polytool might indeed become more powerful than AProVE.
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Example 35 (incomplete). Consider the following example incomplete.pl, with the
query set S = {p(t) | t is a ground term}:

p(X) :− q(f(Y )), p(Y ).
p(g(X)) :− p(X).
q(g(Y )).

AProVE fails to prove termination of this program due to a “variable condition”
imposed on the translated term rewrite system which is violated in this example.
For more details, we refer to http : //aprove.informatik.rwth-aachen.de/eval/LP/.
Polytool, in contrast, can prove termination of this example by checking the failure
of the call q(f(Y )) in the first clause, where Y is a free variable. �

Similar to the other termination tools in the experiments (i.e., TerminWeb, cTI-
1.1, and TALP), AProVE uses mode analysis and does not provide the expressivity
of types. However, it can express classes like bounded lists, since it uses so-
called argument filterings to remove argument positions of function and predicate
symbols which are irrelevant for termination. Nevertheless, in some cases, the
effect of argument filterings is not “deep” enough to represent redundant argument
positions adequately. The following example shows this point.

Example 36 (btranspose). Consider the following program which constructs a
matrix and transposes it to a new one where the rows of the former become the
columns of the latter. As in Example 33, the predicate s2l/2 is used to convert a
number into a list. Similarly, the predicate s2m/3 converts two numbers x and y
into a matrix with x rows and y columns. We want to verify termination of the
program w.r.t. to the set of queries S1 = {goal(t1, t2, t3) | t1, t2 are ground terms,
and t3 is an arbitrary term}.

goal(X,Y,Mt) :− s2m(X,Y,M), trans(M,Mt).

s2m(0, Y, [ ]).

s2m(s(X), Y, [R|Rs]) :− s2l(Y,R), s2m(X,Y,Rs).

s2l(s(Y ), [C|Cs]) :− s2l(Y,Cs). (3.35)

s2l(0, [ ]).

trans(M,Mt) :− trans(M, [ ],Mt).

trans([R|Rs], , [C|Cs]) :− r2c(R, [C|Cs], Cs1, [ ], Ac), trans(Rs,Ac, Cs1). (3.36)

trans([ ], X,X).

r2c([X|Xs], [[X|Ys]|Cs], [Ys|Cs1], A,B) :− r2c(Xs,Cs,Cs1, [[ ]|A], B). (3.37)

r2c([ ], [ ], [ ], A,A).

To prove termination of this example, one has to verify that:

• the first and second arguments of any call to s2m/3 are ground terms con-
structed from 0 and s/1,
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• the first argument of any call to s2l/2 is a ground term constructed from 0
and s/1,

• the first argument of any call to r2c/5 is a bounded list as in (3.6),

• the first argument of any call to trans/3 is a bounded matrix, i.e., a term of
the form

.(`1,.(`2, . . . .(`n, [ ]) . . . )), (3.38)

where n ≥ 0 and where the `i are bounded lists.

In the termination proof attempt, AProVE filters away the first argument of ./2
due to the free variable C in the head of Clause (3.35). But if the first argument of./2 is discarded, one also loses the information that the elements `i in a bounded
matrix like (3.38) are bounded lists. Hence, one can no longer detect that the first
argument of r2c in Clause (3.36) is a bounded list and thus, one fails to prove the
decrease between the head and the body of Clause (3.37). The main problem here
is that ./2 is used in the program with two different types, i.e., to construct the
“lists” and to construct the “matrices” (the “list” of lists). The argument filtering
technique applied in AProVE fails to recognize this difference.

For Polytool, we use the type inference module and the set of queries S′1 =
{goal(t1, t2, t3) | t1, t2 are ground terms constructed from the function symbols 0
and s/1, and t3 is an arbitrary term}, which is sufficient for proving termination
of the example with the set of queries S1. Then the call patterns goal(s, s, f),
s2m(s, s, f), s2l(s, f), trans(m, f), trans(m,m, f), and r2c(`, f, f,m, f)} are de-
rived. Here, “s” means ground terms built from 0 and s/1, “`” means bounded
lists as in (3.6), and “m” means bounded matrices as in (3.38).

Proving termination of the program w.r.t. these call patterns is now possible
for Polytool, and the following polynomial interpretation is derived:

φ(0) = 1,
φ([ ]) = 1,
φ(s(X)) = X + 1,
φ([X1|X2]) = X2 + 1,
φ(r2c(X1, X2, X3, X4, X5)) = X1 + 1,
φ(trans(X1, X2, X3)) = X1,

φ(s2m(X1, X2, X3)) = X1 +X2,

φ(s2l(X1, X2)) = X1 + 1.

The interpretation of the predicate symbol goal and the interargument relations for
the predicates r2c/5 and s2l/2 can be chosen arbitrarily. �
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Finally, as shown in Table 3.1, AProVE is the slowest tool in the experiments.
One reason is that the transformation may generate quite complex TRS that re-
quire more time for termination analysis. Another reason is that AProVE contains
much more different termination techniques than the other tools and it applies
them one after another.

In addition to the examples from the TPDB4.0, we also did experiments with
all additional examples that occur in the thesis. Note that this table contains the
example btranspose, for which only Polytool succeeds to prove termination. For
the example der, Polytool was the first tool to prove termination automatically.6

Examples TALP cTI TerminWeb Polytool07 Polytool AProVE
btranspose fail[0.22] fail[0.05] fail[0.37] fail [2.50] yes [23.83] fail[19.25]

der timeout fail[0.03] fail[0.11] fail[4.65] yes [15.70] yes[17.74]
div timeout yes[0.02] yes[0.25] yes [3.23] yes[2.64] yes[7.61]

Table 3.2: The results for the additional examples

3.5 Summary

Since a few years, the LP termination analysis community and the TRS termination
analysis community jointly organize the “International Workshop on Termination”
(WST). As a part of this workshop, the International Competition of Termination
Tools is organized annually, allowing different termination tools from different
categories, including term rewriting and logic programming, to compete, as well as
to raise new challenging examples for the termination research communities. These
workshops have raised a considerable interest in gaining a better understanding
of each other’s approaches. It soon became clear that there has to be a close
relationship between one of the most popular techniques for TRS, polynomial
interpretations, and one of the key techniques for LP, acceptability with linear
norms and level mappings. However, partly because of the distinction between
orderings over the natural numbers (LP) versus orderings over polynomials (TRS),
the actual relation between the approaches was unclear.

One main conclusion of the research that led to this work is that the distinction
is a superficial one. So one outcome of our work is that, indeed, the polynomial
interpretations used for TRS are a direct generalization of the current practice for
LP.

On another more technical level, the contribution of our work is twofold.
Firstly, we provide a complete and revised theoretical framework for interpre-
tations in LP termination analysis (Section 3.2), and in particular for polynomial

6Due to recent improvements in the automation of recursive path orders (Schneider-Kamp,
Thiemann, Annov, Codish and Giesl 2007), this example can now also be proved by AProVE.
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interpretations (Section 3.2.1). A first preliminary version of such a framework
was introduced in (Nguyen and De Schreye 2005). Parts of this build on the re-
sults in (De Schreye and Serebrenik 2002) on order-acceptability and the results
in (Decorte et al. 1999) on the constraint-based approach for termination anal-
ysis, another part extends the results of Bossi et al. (Bossi et al. 1991) on the
syntactic characterization of rigidity. The main revisions are in the concept of
polynomial interpretations and the concept of rigidity. Secondly, we adapt the
constraint-based approach in (Decorte et al. 1999) to represent all termination
conditions symbolically, and introduce a new approach to find such polynomial
interpretations automatically (cf. Section 3.3).

We have also developed an automated tool (Polytool (Nguyen and De Schreye
2007)) for termination proofs of LPs based on polynomial interpretations. It has
required an intensive work in coding. Especially, this concerns the construction of
symbolic polynomial constraints from the acceptability conditions and the trans-
formation from these polynomial constraints to Diophantine constraints. The
main contribution of the implementation is the integration of a number of tech-
niques including the termination framework in Section 3.2, the call pattern in-
ference tools in (Heaton et al. 2000, Janssens and Bruynooghe 1992, Gallagher
et al. 2005, Bruynooghe et al. 2005), the constraint-based approach in Section
3.3, and the Diophantine constraint solver in (Fuhs et al. 2007), to provide a com-
pletely automated termination analyser. The previous version of this system using
groundness analysis (Polytool-WST07) participated in the International Competi-
tion of Termination Tools 2007 and reached the second place, just after AProVE.

We have also done an intensive experimental evaluation for Polytool and com-
pared it empirically with other termination analysers such as cTI-1.1, TerminWeb,
TALP, and AProVE, cf. Section 3.4. The evaluation shows that Polytool is powerful
enough to solve a large number of benchmarks. In particular, it can also verify
termination of examples for which non-linear norms are required.

The current work and the corresponding tool provide a good basis to adapt fur-
ther techniques from the area of TRS termination to the LP domain as well. In this
way, the power of automated termination analysis can be increased substantially.
Moreover, such adaptations will clarify the connections between the numerous ter-
mination techniques developed for TRS and for LP, respectively. A first step into
this direction is (Nguyen, Giesl, Schneider-Kamp and De Schreye 2008).
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Chapter 4

A Modular Approach based
on Dependency Graphs

In this chapter, we introduce a modular framework for termination analysis of
logic programs. To this end, we adapt the notions of dependency pairs and depen-
dency graphs (which were developed for term rewriting) to the logic programming
domain. The main idea of the approach is that termination conditions for a pro-
gram are established based on the decomposition of its dependency graph into its
strongly connected components. These conditions can then be analysed separately
by possibly different well-founded orderings. We propose a constraint-based ap-
proach for automating the framework. Then, for example, termination techniques
based on polynomial interpretations can be plugged in as a component to generate
well-founded orderings.

4.1 Introduction

Termination proofs are usually done by finding ranking functions that map the
states of the program to a sequence of elements of a well-founded domain such
that the sequence is decreasing w.r.t. the well-founded ordering of the domain.
Practically, it is sufficient to consider only the states that are involved in loops of
the program. Techniques in termination analysis of LP can be divided into two
groups: the global versus the local approach (Bruynooghe et al. 2007, Codish and
Genaim 2003, Codish and Taboch 1999, De Schreye et al. 1992, Decorte et al. 1999,
Dershowitz et al. 2001, Nguyen and De Schreye 2005). In the global approach,
one wants to find only one ranking function for all loops (De Schreye et al. 1992,
Decorte et al. 1999, Nguyen and De Schreye 2005). In contrast, techniques in the
local approach apply different ranking functions for different loops (Bruynooghe
et al. 2007, Codish and Taboch 1999, Dershowitz et al. 2001). Some automated

71



72
CHAPTER 4. A MODULAR APPROACH BASED ON DEPENDENCY

GRAPHS

techniques in the global approach are based on a constraint-based framework to
search for a suitable ranking function. This is done by first generating a set of
symbolic constraints from all termination conditions. Then, a constraint solver is
used to solve the set of constraints, yielding a suitable ranking function for the
proof (see Chapter 3). In the local approach, most techniques use a given small
set of norms, and try to prove that (a combination of) these norms can be applied
for the termination proof of the program. It is unclear at this stage whether a
search for arbitrary norms in the local approach could also be automated using a
constraint-based technique like (Decorte et al. 1999).

While the constraint-based global approach is very suitable for automation,
it has some drawbacks. Since it generates the constraints for all termination
conditions and solves them at once, it may be very time-consuming, especially for
non-terminating programs. This is because the time for solving a set of constraints
often increases exponentially with its size. Moreover, if a complex well-founded
ordering is needed for the termination proof (e.g., a lexicographical ordering), it is
often difficult to find such an ordering using the constraint-based global approach.

However, also the local approach has its limitations. Recent work has anal-
ysed the relationship between both approaches (Ben-Amram 2009) and shows a
tradeoff: either exponentially many local functions of certain simple forms, or an
exponentially complex global function may be required for proving termination.

Example 37 (modified Ackermann). We consider another version of the ack-
ermann program (Example 34) which computes the Ackermann function. Here,
we used a variant with a predecessor predicate p/2 in order to illustrate how our
technique handles local variables. We want to prove termination of this program
w.r.t. the set of queries S = {ack(t1, t2, t3) | t1 and t2 are ground terms, t3 is an
arbitrary term}.

p(s(X), X).

ack(0, X, s(X)).

ack(X, 0, Z) :− p(X,Y ), ack(Y, s(0), Z).

ack(s(X), s(Y ), Z) :− ack(s(X), Y, Z′), ack(X,Z′, Z).

Proving termination of this example based on the local approach involves two
ranking functions: the first one measures the size of the first argument and the
other measures the size of the second argument of the predicate ack/3. How-
ever, with the constraint-based global approach, it is impossible to find a single
ranking function for the termination proof (if one is restricted to ranking func-
tions based on polynomial interpretations). As a matter of fact, both tools cTI
(Mesnard and Bagnara 2005) and Polytool (Nguyen and De Schreye 2005, Nguyen
and De Schreye 2007) fail to prove termination of this example. �

In addition to the local and global approaches which work directly on logic pro-
grams, there are also several transformational approaches which transform logic
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programs to term rewrite systems (TRS). One of the most recent techniques in
this line of work is (Schneider-Kamp et al. to appear). However, as demonstrated
in (Schneider-Kamp et al. to appear), it turned out that there remain logic pro-
grams whose termination can currently only be proved by tools working with direct
approaches (see Section 3.4.3 in Chapter 3). On the other hand, there are also
many LP where currently only transformational tools succeed (e.g., the example
LP/SGST06− shuffle from the Termination Problem Data Base (TPDB) (Marché
and Zantema 2007b) that is used in the annual International Competition of Ter-
mination Tools (Marché and Zantema 2007a)). The present work tries to solve this
problem by porting TRS-techniques so that they can be applied to LPs directly.
In this way, we intend to combine the advantages of direct and transformational
approaches. Indeed, the experimental evaluation in Section 4.4 shows that the
new approach of this chapter can handle both the examples der and shuffle above
as well as other examples that could not be handled by any tool up to now (e.g.,
LP/SGST06− snake from the TPDB).

More precisely, in this chapter we introduce a modular framework for termi-
nation analysis of LP. To this end, the dependency pair technique for termination
analysis of TRS introduced in (Arts and Giesl 2000) is adapted to the LP context.
With this new technique, termination analysis of programs like Example 37 can
be done by decomposing it into several simple sub-problems. Each of them can be
solved independently by using any suitable well-founded ordering.

We also propose a constraint-based approach for automating the approach in
which termination techniques based on polynomial interpretations can be plugged
in as a component to search for well-founded orderings.

The chapter is organised as follows. In Section 4.2, we introduce a modular
framework for proving termination of LP based on dependency graphs. In Section
4.3, we present a constraint-based approach to automate the framework. In Section
4.4, we discuss an implementation and some experimental results of this approach.
Finally, we end with a conclusion in Section 4.5.

4.2 Dependency Graphs in Logic Programming

Definition 28 adapts the notion of dependency pairs (Arts and Giesl 2000) from
the TRS to the LP setting.

Definition 28 (dependency triple). A dependency triple is a tuple of three el-
ements 〈H, I,B〉 in which H and B are atoms and I is a list of atoms. For a
logic program P, we define the set DT (P) of all dependency triples as DT (P) =
{〈H, I,B〉 | H :− I,B, . . . ∈ P}.

Given a program, the number of its dependency triples is finite.
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Example 38 (dependency triples of ack). Reconsider the program from Example
37. The dependency triples DT (P) of the program are:

〈ack(X, 0, Z), [ ], p(X,Y )〉 (4.1)

〈ack(X, 0, Z), [p(X,Y )], ack(Y, s(0), Z)〉 (4.2)

〈ack(s(X), s(Y ), Z), [ ], ack(s(X), Y, Z′)〉 (4.3)

〈ack(s(X), s(Y ), Z), [ack(s(X), Y, Z′)], ack(X,Z′, Z)〉 (4.4)

Now we adapt the notion of the (estimated) dependency graph (Arts and Giesl
2000) from TRS to LP.1 While dependency triples are related to the binary clauses
of (Codish and Taboch 1999), our notion of dependency graphs for LP is similar
to the atom dependency graph of (Dershowitz et al. 2001). But in contrast to
(Dershowitz et al. 2001), we use dependency graphs to modularize termination
proofs such that several different reduction pairs can be used in the termination
proof of one program.

The nodes of the dependency graph are the dependency triples and there must
be an arc from a dependency triple N to a dependency triple M whenever an
attempt to solve the “proof goal” N could load to the “proof goal” M . To estimate
this, we use the notion of connectivity.

Definition 29 (connectivity). Let 〈H1, I1, B1〉 and 〈H2, I2, B2〉 be two dependency
triples. 〈H1, I1, B1〉 is connectable to 〈H2, I2, B2〉 if and only if B1 unifies with a
renamed apart variant of H2.

Example 39 (connectivity for ack’s dependency triples). In Example 37, depen-
dency triple (4.2) is connectable to (4.3) and (4.4), and both dependency triples
(4.3) and (4.4) are connectable to all dependency triples (4.1), (4.2), (4.3), and
(4.4). �

Definition 30 (dependency graph). Let DT be a set of dependency triples. The
dependency graph associated with DT is a directed graph whose vertices are the
dependency triples DT and there is an arc from a vertex N to a vertex M if and
only if N is connectable to M . Let P be a logic program. The dependency graph
associated with DT (P) is called the dependency graph of P, denoted as DG(P).

Example 40 (dependency graph for ack). Fig. 4.1 shows the dependency graph
for the ack-program in Example 37. �

Now every infinite execution of the program corresponds to a cycle in the
dependency graph. In our setting, a set C 6= ∅ of dependency triples is called a
cycle if for all N,M ∈ C there is a non-empty path from N to M in the graph

1Our notion should not be confused with the notion of the (predicate) dependency graph from
(Bol et al. 1991, Dershowitz et al. 2001, Plümer 1990) that simply represents the dependencies
between different predicate symbols.
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Figure 4.1: The dependency graph for the ack-program.

which only traverses dependency triples of C. A cycle C is a strongly connected
component (SCC) if C is not a proper subset of another cycle.

Note that in standard graph terminology, a path N0 → N1 → . . . → Nk in a
directed graph forms a cycle if N0 = Nk and k ≥ 1. In our context we identify
cycles with the set of elements that occur in it, i.e., we call {N0, N1, . . . , Nk−1} a
cycle, cf. (Giesl et al. 2002). Since a set never contains multiple occurrences of an
element, this results in several cycling paths being identified with the same set.
Similarly, an SCC is a graph in standard graph terminology, whereas we identify
an SCC with the set of elements occurring in it. Then indeed, SCCs are the same
as maximal cycles.

Example 41 (cycles and SCCs for ack). The dependency graph in Fig. 4.1 has
six cycles C1 = {(4.3)}, C2 = {(4.4)}, C3 = {(4.2), (4.3)}, C4 = {(4.2), (4.4)}, C5 =
{(4.3), (4.4)}, C6 = {(4.2), (4.3), (4.4)}, and one strongly connected component
C6 = {(4.2), (4.3), (4.4)}. �

Note that each vertex in the dependency graph corresponds to a possible tran-
sition from one state to another state in the execution of the program. Outgoing
edges of a vertex indicate which transitions can follow the transition of the vertex.
Each loop of the execution corresponds to a cycle in the graph. Intuitively, a pro-
gram is terminating if there is no cycle in the graph which is traversed infinitely
many times.

To use dependency graphs for termination proofs, we proceed as in (Arts and
Giesl 2000, Giesl et al. 2005, Hirokawa and Middeldorp 2005). The idea is to
inspect each SCC of the dependency graph separately and to find a reduction
pair (%,�) such that some dependency triples of the SCC are strictly decreasing
(w.r.t. �) and all others are weakly decreasing (w.r.t. %). The following definition
formalizes when a dependency triple is considered to be “decreasing”. It relies on
interargument relations for the predicates of the program. Section 4.3 explains
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how to synthesize such interargument relations and how to find reduction pairs
automatically that make dependency triples “decreasing”.

Definition 31 (decreasing dependency triples). Let P be a program. Let (%,�) be
a reduction pair and R = {Rp1 , . . . ,Rpk

} be a set of interargument relations based
on (%,�) for the predicates p1, . . . , pk defined in P. Let N = 〈H, [I1, . . . , In], B〉
be a dependency triple in DT (P). N is weakly decreasing (denoted (%,R) |= N)
if Hσ % Bσ holds for any substitution σ where (%,�) is rigid on Hσ and where
I1σ ∈ Rrel(I1), . . . , Inσ ∈ Rrel(In). Analogously, N is strictly decreasing (denoted
(�,R) |= N) if Hσ � Bσ holds for any such σ.

Example 42 (decreasing dependency triples for ack). We again regard the pro-
gram P and the set of queries S in Ex. 37. Then we have Call(P,S) = S ∪
{ p(t1, t2) | t1 is a ground term, t2 is a variable }. Consider the reduction pair
(%,�) which is induced2 by a norm ‖0‖ = 0, ‖s(t)‖ = 1+‖t‖, ‖X‖ = 0 for all vari-
ables X, and by an associated level mapping |p(t1, t2)| = 0 and |ack(t1, t2, t3)| =
‖t1‖. Thus, we have, for example, s(0) � 0, ack(s(0), X, Y ) � ack(0, X, Y ), and
ack(0, X, Y ) ≈ ack(0, 0, 0). Note that (%,�) is rigid on Call(P,S). We consider a
set of interargument relations w.r.t. (%,�) for p/2 and ack/3 R = {Rp/2,Rack/3}
as Rp/2 = {p(t1, t2) | t1, t2 ∈ T (ΣP ,VP), t1 � t2} and Rack/3 = {ack(t1, t2, t3) |
t1, t2, t3 ∈ T (ΣP ,VP)}.

Obviously, both Rp/2 and Rack/3 are valid. Moreover, we have (�,R) |= (4.2).
The reason is that for any substitution σ where (%,�) is rigid on ack(X, 0, Z)σ
(i.e., where Xσ is a ground term) and where p(X,Y )σ ∈ Rp/2 (i.e., where Xσ �
Y σ), we have ack(X, 0, Z)σ � ack(Y, s(0), Z)σ. Similarly, we also have (%,R) |=
(4.3) and (�,R) |= (4.4). �

Note that we can restrict ourselves to those SCCs of the dependency graph
that can be invoked by calls from Call(P,S). The reason is that only those SCCs
can be involved in loops of the execution of the program P, when starting with a
query from S. Therefore, we define which SCCs are reachable from Call(P,S).

Definition 32 (reachable SCCs). Let P be a program, S be a set of atomic
queries, and N = 〈H, [I1, . . . , In], B〉 be a dependency triple. N is reachable from
Call(P,S) if there is an A ∈ Call(P,S) such that A unifies with a renamed apart
variant of H. An SCC C in DG(P) is reachable from Call(P,S) if there is an
N ∈ C which is reachable from Call(P,S).

In the ack-example, the only SCC in the dependency graph is reachable from
the set Call(P,S) of Ex. 42. But if the ack-program contained another clause
“q :− q”, then the SCC with the resulting dependency triple 〈q, [ ], q〉 would not
be reachable from the call set of Ex. 42. Since it suffices to prove absence of

2So for terms t1, t2 we define t1 (%) t2 iff ‖t1‖ (≥)‖t2‖ and for atoms A1, A2 we define A1 (%)A2

iff |A1| (≥) |A2|.
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infinite loops only for the reachable SCCs, one could then still prove termination
of all queries from S. But if one had to regard all SCCs, then the termination
proof would fail, since the SCC with the dependency triple 〈q, [ ], q〉 gives rise to an
infinite loop. The set of reachable SCCs can easily be (over-)approximated auto-
matically as soon as one has an (over-)approximation of Call(P,S), cf. Sect. 4.3.

To prove termination, we select an arbitrary reachable SCC C of the depen-
dency graph. Then, we try to find a reduction pair (%,�) such that some depen-
dency triples C� ⊆ C are strictly decreasing and all other dependency triples (from
C \C�) are weakly decreasing. This means that the strictly decreasing dependency
triples from C� can never “occur” infinitely often in any execution of the program.
Thus, we remove the vertices C� (and all edges originating or ending in these
vertices) from the dependency graph. Afterwards the procedure is repeated (with
a possibly different reduction pair). If one finally ends up with a graph without
reachable SCCs, then termination of the program is proved.

In this way, our method can use different reduction pairs for different SCCs
of the dependency graph. Moreover, one can also use several different reduction
pairs in the termination analysis of one single SCC, since SCCs are handled in an
incremental way by removing one dependency triple after the other.

However, in our approach we may only use reduction pairs (%,�) that are
rigid on Call(P,S). This prevents an increase of atoms and terms due to further
instantiations in subsequent derivation steps. For details, we refer to (Nguyen and
De Schreye 2005).

Definition 33 (DG-acceptability). Let P be a program and S be a set of atomic
queries. A subgraph G of the dependency graph DG(P) is called DG-acceptable
w.r.t. S if and only if either G has no SCC reachable from Call(P,S) or else, G has
such an SCC C and there is a reduction pair (%,�) and a set of valid interargument
relations R = {Rp1 , . . . ,Rpk

} based on (%,�) for the predicates p1, . . . , pk in P,
such that

• (%,�) is rigid on Call(P,S),

• there is a non-empty subset C� ⊆ C such that (�,R) |= N for all N ∈ C�
and (%,R) |= N for all N ∈ C \ C�, and

• the graph resulting from G by removing all vertices in C� is also DG-acceptable.

Example 43 (termination of ack). The dependency graph of the ack-program in
Fig. 4.1 has only one SCC. First, we select a reduction pair (%,�). We re-use the
reduction pair and the valid interargument relations R from Ex. 42. As shown in
that example, (4.2) and (4.4) are strictly decreasing, whereas (4.3) is only weakly
decreasing. Thus, we remove (4.2) and (4.4) from the dependency graph.

The remaining graph has only one vertex (4.3) and an edge from (4.3) to itself.
Thus, now the only SCC is {(4.3)}. We select another reduction pair (%′,�′) which
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is defined by the same norm || · || as in Ex. 42 and by a new level mapping with
|ack(t1, t2, t3)| = ‖t2‖. Now we have (�′,R) |= (4.3), i.e., (4.3) can be removed.

The remaining graph is empty and thus, it has no SCC. Hence, termination of
the ack-program is proved.

The following theorem states the soundness of our approach.3

Theorem 5 (soundness). A program P is terminating w.r.t. a set of atomic
queries S if its dependency graph DG(P) is DG-acceptable w.r.t. S.

Proof. If P is not terminating w.r.t. S, then there is an A ∈ Call(P,S), an
infinite sequence of (variable renamed) dependency triples N0, N1, . . . with Ni =
〈Hi, [Ii1 , . . . , Iini

], Bi〉, and substitutions θ0, θ1, . . . and σ0, σ1, . . . such that

• θ0 = mgu(A,H0)

• σi is a computed answer substitution for the query (Ii1 , . . . , Iini
)θi

• θi+1 = mgu(Biθiσi, Hi+1)

Since there is an edge from Ni to Ni+1 for all i in the dependency graph, the
sequence N0, N1, . . . contains an infinite tail which traverses a cycle of the depen-
dency graph infinitely often.

We proceed with showing that the presence of the infinite tail in DG(P) con-
tradicts the DG-acceptabilty of DG(P).

We consider the following induction hypothesis: if G, a subgraph of DG(P)
induced by a subset of n vertices, contains an infinite tail of a non-terminating
computation, then G is not DG-acceptable.

As base case, we consider the empty subgraph. The premise of the hypothesis
is false hence the induction hypothesis trivially holds.

As induction step, we show that the assumption that the property holds for a
subgraph of size n implies it holds for size n+ 1.

After adding a vertex, we can distinguish three cases:

� The premise of the induction hypothesis was false and is still false: the
hypothesis trivially holds.

� The premise of the induction hypothesis was true, hence it remains true.
However, the conclusion then also was true and is trivially preserved.

3Note that the proof of Thm. 5 is similar to the one for the dependency pair method in (Arts
and Giesl 2000). So in contrast to the “local approaches” (Bruynooghe et al. 2007, Codish and
Taboch 1999, Dershowitz et al. 2001) for logic programs and the size-change-based methods (Lee
et al. 2001, Podelski and Rybalchenko 2004, Thiemann and Giesl 2005) for other programming
paradigms, Thm. 5 does not rely on Ramsey’s theorem (Codish and Genaim 2003, Ramsey 1930).
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� The premise of the induction hypothesis was false but G now contains all
vertices of an infinite tail of a non-terminating computation. To prove the in-
duction hypothesis, we have to show that G is not DG-acceptable. Note that
G now contains exactly one SCC, say C, that is reachable from Call(P,S)
and is traversed infinitely often by the non-terminating computation.

If G is DG-acceptable, then C has at least one vertex v in C� and we can con-
struct an infinite decreasing sequence according to (%,�) that corresponds
to the infinite tail. Its first element is bounded (because of rigidity) and it
contains an infinite number of transitions corresponding to node v, hence an
infinite number of strict decreases. This contradicts the well-foundedness of
�. Hence G is not DG-acceptable and the hypothesis still holds.

As DG(P) contains an infinite tail reachable from Call(P,S), the premise of the
induction hypothesis holds, hence we obtain that DG(P) is not DG-acceptable.

Thm. 5 can be considered an extension of Thm. 1 in (De Schreye and Serebrenik
2002), where a strict decrease is required for every (mutually) recursive clause of
the program, instead of a decrease on the SCCs as in our theorem above. In
particular, Ex. 37 cannot be solved using Thm. 1 of (De Schreye and Serebrenik
2002).

The converse direction of Thm. 5 does not hold since “DG-acceptability” re-
quires the reduction pair to be rigid on Call(P,S). Hence, the program with
the two clauses “p(X) :− q(X,Y ), p(Y )” and “q(a, b)” and the set of queries
S = {p(X)} from (De Schreye and Serebrenik 2002) is a counterexample to the
completeness direction of Thm. 5.

4.3 Toward automation

Now we discuss how to automate our approach. In Sect. 4.3.1, we present a general
algorithm to mechanize the technique of Def. 33 and Thm. 5. Then, in Sect. 4.3.2
we show how to plug in existing approaches for the generation of polynomial
interpretations in order to synthesize suitable reduction pairs automatically.

4.3.1 A general framework

Def. 33 and Thm. 5 provide a method to detect termination of a program P w.r.t.
a set of queries S. The method can be automated as follows:

i. Compute the dependency graph DG(P) and remove all vertices which are not
reachable from Call(P,S). Decompose the remaining graph into its SCCs.

ii. If the set of SCCs is empty, stop with “success” (the program is terminating).
Otherwise, select one SCC from the set.



80
CHAPTER 4. A MODULAR APPROACH BASED ON DEPENDENCY

GRAPHS

DG:= reach(DG(P))
S:=gcc(DG)

start

S = empty ?
yes

succ

no

G:=select(S)
S:=minus(S,{G})

exist(G,O)
=true?

G':=induce(G,O)
S':=gcc(G')
S:=union(S,S')

yes

no

fail

Figure 4.2: Our algorithm to verify termination of programs.

iii. If the selected SCC cannot be proved to be DG-acceptable, we stop with
“fail” (the program may be non-terminating). If the SCC is DG-acceptable,
we delete the strictly decreasing vertices from it and decompose the remain-
ing part of the SCC (it is actually a dependency sub-graph) into its SCCs.
We add this set of SCCs to the remaining set of SCCs and continue with
Step iiO.

Step iO guarantees that all remaining vertices and hence, also all remaining
SCCs are reachable from Call(P,S). Therefore, it is obvious that all SCCs de-
composed later in Step iiiO are also reachable from Call(P,S). Fig. 4.2 shows an
algorithm based on Step iO- iiiO. In the figure, reach(G) removes all dependency
triples from the dependency graph G which are not reachable from Call(P,S),
gcc(G) computes the set of SCCs of a graph G, select(S) returns an element se-
lected from the set S, minus(S1,S2) returns a set containing all elements that are
in the set S1 but not in S2, “:=” is the assignment and “=” is the comparison
operator. The function exist(G,O) checks if there exists a reduction pair and a
set of interargument relations such that G is DG-acceptable. If yes, then the re-
duction pair is assigned to O. The function induce(G,O) returns a graph which
results from G by removing all vertices N where (�,R) |= N and their related
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arcs. Finally, union(S1,S2) returns a set that is the union of the sets S1 and S2.
Since Call(P,S) can be infinite in general, it is undecidable whether a depen-

dency triple is reachable from Call(P,S). Heuristically, it can be done by first ab-
stracting Call(P,S) to a finite set of call patterns and then checking if there exists
a call pattern which unifies with the vertex (Nguyen and De Schreye 2005, Nguyen
and De Schreye 2007).

The function exist(G,O) is the core of the algorithm. Interestingly, it does
not force us to use a fixed type of orderings. Therefore, the algorithm can be
considered a framework where different termination techniques for finding well-
founded orderings can be plugged in to support the function exist(G,O). In Sect.
4.3.2, we discuss how the termination analysis technique based on polynomial
interpretations from Chapter 3 can be applied to the framework.

4.3.2 Generating well-founded orderings

Since arbitrary techniques can be applied to search for reduction pairs required in
the function exist(G,O), an obvious option is to use the interpretation framework
with the specification to polynomial interpretations in Chapter 34. In order to
apply this framework, we need to reformulate the key notions of the dependency
triple approach on the basis of the interpretations. First we obtain the following
proposition which allows us to verify the decrease of dependency triples for a given
interpretation.

Proposition 6 (decreasing dependency triples w.r.t. interpretation). Let P be a
program. Let I(ΣP , φ) be an interpretation of P and let (%I ,�I) be the ordering
pair established by the interpretation as in Definition 15. Let R = {Rp1 , . . . ,Rpk

}
be a set of interargument relations w.r.t. I(ΣP , φ) for the predicates p1, . . . , pk
defined in P. Let N = 〈H, [I1, . . . , In], B〉 be a dependency triple in DT (P). The
following statements hold:

• (%I ,R) |= N if Hσ %I Bσ holds for any substitution σ where Hσ is rigid
w.r.t. I(ΣP , φ) and where I1σ ∈ Rrel(I1), . . . , Inσ ∈ Rrel(In).

• (�I ,R) |= N if Hσ �I Bσ holds for any substitution σ where Hσ is rigid
w.r.t. I(ΣP , φ) and where I1σ ∈ Rrel(I1), . . . , Inσ ∈ Rrel(In).

Proof. As an assumption we made in Section 3.2, (≥D, >D) is a reduction pair and
it follows from Proposition 1 and Corollary 1 that (%I ,�I) is also a reduction pair.
Therefore, the statements in Proposition 6 are trivially derived from Definition
31.

Based on Proposition 6, we can also verify DG-acceptability of a dependency
graph (Definition 33) using an interpretation.

4Other possible options would be recursive path orderings (Dershowitz 1987), matrix orderings
(Endrullis et al. 2008), etc.
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Proposition 7 (DG-acceptability w.r.t. interpretation). Let P be a program and
S be a set of atomic queries. A subgraph G of the dependency graph DG(P) is DG-
acceptable w.r.t. S if and only if either G has no SCC reachable from Call(P,S)
or else, G has such an SCC C and there exists an interpretation I(ΣP , φ) and a
set of valid interargument relations R = {Rp1 , . . . ,Rpk

} w.r.t. I(ΣP , φ) for the
predicates p1, . . . , pk in P, such that

• Call(P,S) is rigid w.r.t. I(ΣP , φ),

• there is a non-empty subset C�I ⊆ C such that (�I ,R) |= N for all N ∈ C�I
and (%I ,R) |= N for all N ∈ C \C�I in which (%I ,�I) is the ordering pair
established by I(ΣI , φ), and

• the graph resulting from G by removing all vertices in C�I is also DG-
acceptable.

Proof. Similar to the proof of Proposition 6.

Now we can safely integrate the polynomial interpretation method of Section
3.2.1 with Proposition 7 since the pair of orderings (≥D, >D) on the domain D of
the polynomial interpretation is a reduction pair.

Similarly, we do not choose a particular polynomial interpretation. Instead,
we want to search for a suitable one automatically. In this way, we first set up a
parametric polynomial interpretation, i.e., we introduce a (linear or simple-mixed)
symbolic form for the polynomials associated with the predicate and function
symbol, as well as for the polynomials associated with the interargument relations.
Based on it, all conditions in Prop. 7 can be stated as constraints on polynomials:

• The technique in Section 3.3.1 can be applied in order to generate symbolic
rigidity constraints for Call(P,S).

• The valid interargument relations, D closedness, and weakly decreasing con-
ditions for dependency triples can be expressed in Form 3.23: ∀X ∈ N :
p1 ≥ q1 ∧ . . . ∧ pn ≥ qn ⇒ pn+1 ≥ qn+1, in which n ≥ 0 and pi, qi are
polynomials with natural symbolic coefficients.

• The strictly decreasing condition for dependency triples can be expressed as:
∀X ∈ N : p1 ≥ q1 ∧ . . . ∧ pn ≥ qn ⇒ pn+1 > qn+1, in which n ≥ 0 and
pi, qi are polynomials with natural symbolic coefficients.

Note that the DG-acceptability requires that all nodes in the non-empty SCC G are
weakly decreasing, and there exists at least one node which is strictly decreasing.
Suppose N1, . . . , Nk are nodes in G and the weakly decreasing condition for node
Ni is formulated as ∀X ∈ N : p1i

≥ q1i
∧ . . . ∧ pni

≥ qni
⇒ pn+1i

≥ qn+1i
.

By adding a symbolic constant bi ∈ N to this formulae, i.e., ∀X ∈ N : p1i ≥
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q1i
∧ . . . ∧ pni

≥ qni
⇒ pn+1i

≥ qn+1i
+ bi, all strictly decreasing conditions

for G can be replaced by a much more simple one:
n∑
1

bi > 0 (4.5)

In order to complete the termination proof, one has to find suitable instantiations
of the parametric coefficients in the polynomial interpretation with natural num-
bers. The central question is how to search for an instantiation of these symbolic
coefficients such that the set of constraints is satisfied.

The transformation approach in Section 3.3.3 allows to transform all estab-
lished conditions of Form 3.23 into a sufficient set of Diophantine constraints.
These constraints, together with the rigidity constraints and the constraint of
Form 4.5 which are also Diophantine constraints, can be solved by any available
Diophantine constraint solver. A solution for Diophantine constraints gives a con-
crete polynomial interpretation and valid interargument relations.

Example 44 (symbolic termination conditions for ack). Reconsider Ex. 37. We
define a symbolic polynomial interpretation I(ΣI , φ) for the program such that:
‖0‖I = c, ‖s(X)‖I = s0 + s1X, |p(X,Y )|I = p0 + p1X + p2Y , |ack(X,Y, Z)|I =
a0 + a1X + a2Y + a3Z, and a set of interargument relations R = {Rp/2,Rack/3}
with

Rp/2 = {p(t1, t2) | pL0 + pL1 ‖t1‖I + pL2 ‖t2‖I ≥I
pR0 + pR1 ‖t1‖I + pR2 ‖t2‖I }

Rack/3 = {ack(t1, t2, t3) | aL0 + aL1 ‖t1‖I + aL2 ‖t2‖I + aL3 ‖t3‖I ≥I
aR0 + aR1 ‖t1‖I + aR2 ‖t2‖I + aR3 ‖t3‖I }.

The conditions for DG-acceptability of the dependency graph can be reformu-
lated as follows:

1. For any dependency triple N ∈ {(4.2), (4.3), (4.4)}, we require (%I ,R) |= N :

∀X,Y, Z [ pL0 + pL1X + pL2 Y ≥ pR0 + pR1 X + pR2 Y
⇒ a0 + a1X + a2c+ a3Z ≥ a0 + a1Y + a2(s0 + s1c) + a3Z ] ∧

∀X,Y, Z, Z′ [ a0 + a1(s0 + s1X) + a2(s0 + s1Y ) + a3Z ≥
a0 + a1(s0 + s1X) + a2Y + a3Z

′ ] ∧
∀X,Y, Z, Z′ [ aL0 + aL1 (s0 + s1X) + aL2 Y + aL3 Z

′ ≥
aR0 + aR1 (s0 + s1X) + aR2 Y + aR3 Z

′

⇒ a0 + a1(s0 + s1X) + a2(s0 + s1Y ) + a3Z ≥
a0 + a1X + a2Z

′ + a3Z ]

2. There exists some dependency triple N ∈ {(4.2), (4.3), (4.4)} with (�I ,R) |= N :
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∀X,Y, Z [ pL0 + pL1X + pL2 Y ≥ pR0 + pR1 X + pR2 Y
⇒ a0 + a1X + a2c+ a3Z > a0 + a1Y + a2(s0 + s1c) + a3Z ] ∨

∀X,Y, Z, Z′ [ a0 + a1(s0 + s1X) + a2(s0 + s1Y ) + a3Z >
a0 + a1(s0 + s1X) + a2Y + a3Z

′ ] ∨

∀X,Y, Z, Z′ [ aL0 + aL1 (s0 + s1X) + aL2 Y + aL3 Z
′ ≥

aR0 + aR1 (s0 + s1X) + aR2 Y + aR3 Z
′

⇒ a0 + a1(s0 + s1X) + a2(s0 + s1Y ) + a3Z >
a0 + a1X + a2Z

′ + a3Z ]

3. The valid interargument condition for p/2:

∀X [ pL0 + pL1 (s0 + s1X) + pL2X ≥ pR0 + pR1 (s0 + s1X) + pR2 X ]

4. The valid interargument condition for ack/3:

∀X [ aL0 + aL1 c+ aL2X + aL3 (s0 + s1X) ≥ aR0 + aR1 c+ aR2 X + aR3 (s0 + s1X) ] ∧

∀X,Y, Z [ pL0 + pL1X + pL2 Y ≥ pR0 + pR1 X + pR2 Y
∧ aL0 + aL1 Y + aL2 (s0 + s1c) + aL3 Z ≥

aR0 + aR1 Y + aR2 (s0 + s1c) + aR3 Z
⇒ aL0 + aL1X + aL2 c+ aL3 Z ≥ aR0 + aR1 X + aR2 c+ aR3 Z ] ∧

∀X,Y, Z, Z′ [ aL0 + aL1 (s0 + s1X) + aL2 Y + aL3 Z
′ ≥

aR0 + aR1 (s0 + s1X) + aR2 Y + aR3 Z
′

∧ aL0 + aL1X + aL2 Z
′ + aL3 Z ≥

aR0 + aR1 X + aR2 Z
′ + aR3 Z

⇒ aL0 + aL1 (s0 + s1X) + aL2 (s0 + s1Y ) + aL3 Z ≥
aR0 + aR1 (s0 + s1X) + aR2 (s0 + s1Y ) + aR3 Z ]

5. The rigidity property for Call(P,S) = {ack(t1, t2, t3) | t1 and t2 are ground
terms, t3 is an arbitrary term }∪{p(t1, t2) | t1 is a ground term, t2 is a variable }:

p2 = 0 ∧ a3 = 0

By adding the symbolic constants b1, b2, b3 to the constraints in (1) and (2), we
replace those constraints by the following:

∀X,Y, Z [ pL0 + pL1X + pL2 Y ≥ pR0 + pR1 X + pR2 Y
⇒ a0 + a1X + a2c+ a3Z ≥ a0 + a1Y + a2(s0 + s1c) + a3Z + b1 ] ∧

∀X,Y, Z, Z′ [ a0 + a1(s0 + s1X) + a2(s0 + s1Y ) + a3Z ≥
a0 + a1(s0 + s1X) + a2Y + a3Z

′ + b2 ] ∧



4.4. IMPLEMENTATION AND EXPERIMENTS 85

∀X,Y, Z, Z′ [ aL0 + aL1 (s0 + s1X) + aL2 Y + aL3 Z
′ ≥

aR0 + aR1 (s0 + s1X) + aR2 Y + aR3 Z
′

⇒ a0 + a1(s0 + s1X) + a2(s0 + s1Y ) + a3Z ≥
a0 + a1X + a2Z

′ + a3Z + b3 ]

and an additional constraint:

b1 + b2 + b3 > 0

After transforming all the above constraints to Diophantine constraints consisting
of only symbolic coefficients (i.e., c, s0, ..., b1, b2, b3) as variables, we solve them
by using an arbitrary constraint solver (e.g., AProVE-SAT), we get the following
instantiation of the symbolic variables: c = 0, s0 = s1 = 1, p0 = p1 = p2 = 0,
a0 = 0, a1 = 1, a2 = a3 = 0, b2 = 0, b1 = b3 = 1, pL0 = 0, pL1 = 1, pL2 = 0,
pR0 = pR1 = 1, pR2 = 0 and aLi = aRi = 0 for all i ∈ {0, 1, 2, 3}. This instan-
tiation turns the symbolic polynomial interpretation of Ex. 44 into the concrete
polynomial interpretation in which ‖0‖I = 0, ‖s(X)‖I = 1 + X, |p(X,Y )|I =
0, |ack(X,Y, Z)|I = X. (i.e., now it corresponds to the norm and level mapping of
Ex. 42). Similarly, the valid interargument relations of Ex. 44 are turned into the
concrete interargument relations of Ex. 42 (i.e., Rp/2 = {p(t1, t2) | t1 �I t2} and
Rack/3 = {ack(t1, t2, t3) | t1, t2, t3 ∈ T (ΣP ,VP)}). Because b2 = 0, b1 = b3 = 1
implies the strict decrease of {(4.2),(4.4)}, we remove these nodes from the depen-
dency graph. The remaining graph (a SCC) contains only node (4.3), and a single
arc from the node to itself. We apply the method once again to this node and find
a new polynomial interpretation and interargument relation that is similar to the
first one except |ack(X,Y, Z)|I = Y . Therefore, we can remove this remaining
node and the graph becomes empty, implying termination of the program. �

4.4 Implementation and Experiments

We integrated our approach with the termination tool Polytool which implements
the polynomial interpretation framework (see Section 3.4). The new module for
the dependency graph approach is also implemented in Sicstus Prolog. We refer to
the new implementation as Polytool-2. In order to evaluate our results, we compare
the performance of Polytool-2 with other termination tools for LPs, namely the
previous version of our tool, and again TALP, TerminWeb, and AProVE.

We ran the tools on the test set of 296 examples from (Schneider-Kamp n.d.).
It contains all definite logic programs collected from the Termination Problem
Data Base (Marché and Zantema 2007b). Note that the later collection contains
also examples which are not pure logic programs (i.e., it can contain non-trivial
built-in predicates, cut operator, and arithmetic expressions). In our evaluation,
we do not take those examples into account because Polytool-2 can only work
with pure logic programs. The test is performed on an AMD Athlon 64 at 2.2
GHz under GNU/Linux 2.6. The time limit for running each example in the
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test is 60 seconds, similar to the time limit set up by the annual termination
competitions for termination tools, as well as in our experiments of Polytool in
Chapter 3. The result is given in Table 4.1. In the table, we re-use the notations in

TALP TerminWeb Polytool Polytool-2 AProVE
YES 163 [2.54] 177 [0.54] 214 [4.28] 220 [6.9] 232 [6.3]
FAIL. 112 [1.45] 118 [0.6] 62 [10.58] 65[6.8] 57 [19.08]
TIME. 21 1 20 11 7

Table 4.1: The results for 296 benchmarks collected from TPDB4.0

Section 3.4: ”YES”, denotes the number of examples which are proved terminating,
”FAIL.” denotes the number of examples which could not be proved terminating
but where processing ended within the time limit, ”TIME.” denotes the number of
examples where the tool did not stop before the timeout. The number in square
brackets is the average runtime (in seconds) that a particular tool uses to prove
termination of benchmarks (or fails to prove termination of them within the time
limit. The detailed experiments can be found at http://www.cs.kuleuven.be/

~manh/polytool/DP/experiments.html.
The table shows that Polytool-2 outperforms its predecessor which does not ap-

ply the dependency approach. Moreover, if we consult the detailed experiments,
we see that Polytool-2 can solve all examples which are solved by TerminWeb. It
confirms our observation in Section 4.1 that since Polytool-2 deploys a constraint-
based local approach, it should be at least as general as TerminWeb. The table also
shows that the performance of Polytool-2 is very close to that of the transforma-
tional tool AProVE, the currently best termination tool for LP which implements
a similar dependency pair approach for the TRS.

In addition, the detailed results also show that the new tool Polytool-2 can
handle (a) examples that until now could only be solved with indirect tools such
as der in Chapter 3, (b) examples that could until now only be solved with trans-
formational tools based on dependency pairs e.g., (Marché and Zantema 2007b,
LP/SGST06-shuffle), as well as (c) examples such as (Marché and Zantema 2007b,
LP/SGST06-snake) that could not be solved by any tool up to now. In contrast,
AProVE uses the transformational approach, and can benifit from a much richer
collection of termination techniques for TRS. It can handle examples that requires
more complex techniques which are not implimented in Polytool-2, e.g., it can
handle example (Marché and Zantema 2007b, LP/SGST06-cnfequiv) by using the
Lexicographic path orderings.

4.5 Summary

We have introduced a new framework for termination analysis of LP based on
dependency triples and dependency graphs. Although the notion of dependency
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pairs and dependency graphs is very popular in the domain of termination analysis
of TRS (Arts and Giesl 2000, Giesl et al. 2002, Giesl et al. 2005, Giesl, Thiemann,
Schneider-Kamp and Falke 2006, Hirokawa and Middeldorp 2005), this is the first
time that it is applied for LP termination analysis directly. Our contribution is
twofold: (1) it results in a weaker condition for verifying termination of LPs, where
the decrease condition is established for the strongly connected components of the
dependency graph, instead of at the clause level as it has been done before; (2)
it introduces a constraint-based local approach in which termination conditions
can be separated into different groups, each of which can be treated modularly
and independently by automatically searching for different suitable well-founded
orderings.

A difference between the dependency pair approach for TRS and our approach
is that instead of separating between defined symbols and constructors as for
TRSs, we separate between the predicate and the function symbols of the logic
program. Another main difference is that in the dependency pair method for
TRSs, one requires a weak decrease for the rules of the TRS in order to take
the effect of “nested” functions in recursive arguments into account. In the LP-
context, these nested functions correspond to body atoms preceding recursive calls.
We store these atoms in an additional component of the dependency pair (yielding
dependency triples) and take their effect into account by considering interargument
relations.
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Chapter 5

Termination Analysis of LP
with Reduction Pairs

In this chapter, we develop a new approach for automatically proving termination
of LP based on reduction pairs. One the one hand, it can be seen as an extension
of the work in (De Schreye and Serebrenik 2002), where the termination problem
is formulated as a set of termination conditions w.r.t. a general ordering. However,
automating that technique has been a challenge. Our new technique extends this
work by transforming the termination conditions to a set of inequalities on terms
w.r.t. the ordering. Since the generated inequalities are similar to a top-level ter-
mination condition for TRS, different ordering techniques developed for TRS, such
as lexical (recursive) path orderings, polynomial interpretations, matrix interpre-
tations, become (potentially) applicable for LP. On the other hand, this technique
can be seen as a generalization of the transformation developed in Section 3.3.3, as
the constraints stated at the level of polynomials are generalized to the constraints
on terms.

5.1 Introduction

So far, the work on termination analysis has been most active for declarative
programming languages, particularly for LP and for TRS. In both areas, the work
has been extensive and successful, with many powerful techniques developed and
automated tools for these techniques available. However, termination analysis has
evolved very independently for these paradigms, leading to the existence of two
collections of techniques and tools that co-exist with neither a reasonable level of
cross-fertilization between them, nor an acceptable understanding of the possibility
to port these techniques from one paradigm to another.

In the most general, theoretical point of view, independent from paradigms,

89
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termination analysis is based on a mapping from computation states to some
well-founded ordered set. A main difference between LP and TRS is the class of
well-founded orderings that are practically being considered as a basis for termi-
nation proofs. For LP, computation states are usually mapped to the well-founded
ordering of the natural numbers. This is usually done through “norms” and “level
mappings”. In our recent work, we show that polynomial interpretations can also
be used for automatic termination analysis of LP (see Chapter 3). In TRS, a rel-
atively much wider range of well-founded ordered sets is being considered such as
polynomial interpretations, matrix interpretations, lexicographic (recursive) path
orderings, Knuth-Bendix orderings. These ordering frameworks are also useful for
LP, as we will point out in the following example. In this example, termination
can only be proved if one applies matrix interpretations, instead of polynomial
interpretations.

Example 45. We consider the following program encoding the string rewriting
aa → aba which replaces any occurrence of “aa” in a string (a, b)∗ consisting of
the characters a and b by “aba”.

solve(X,Y ) :− rewrite(X,Y ), solve(Y,Z).
solve(X,X).
rewrite([a, a|T ], [a, b, a|T ]).
rewrite([X|T1], [X|T2]) :− rewrite(T1, T2).

We need to prove termination of this example w.r.t. the set of queries S = {solve(t1, t2) |
t1 is a nil-terminating list of elements a and b, t2 is a free variable }.
The call set inferred from the program is Call(P,S) = S ∪ S1, in which S1 =
{rewrite(t1, t2) | t1 is a nil-terminating list of elements a and b, t2 is a free vari-
able }. Using the dependency technique in Chapter 4, first we get the following
simple dependency graph, in which:

N0 = 〈solve(X,Y ), [/; ], rewrite(X,Y )〉
N1 = 〈solve(X,Y ), [rewrite(X,Y )], solve(Y,Z)〉
N2 = 〈rewrite([X|T1], [X|T2]), [ ], rewrite(T1, T2)〉

There are two SCCs in the graph, the first one contains only N1 and the second
one contains only N2. Proving termination of this example requires two separate
reduction pairs (%1,�1) and (%2,�2) and two valid interargument relations R1

and R2 (one for solve/2 and one for rewrite/2) such that:

(�1,R1) =⇒ N1 (5.1)
(�2,R2) =⇒ N2 (5.2)

Proving (5.2) can be done by using the polynomial interpretation I2(ΣD2 , φ2) which
is induced by the list-length norm. Proving (5.1) requires the following condition on
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N1 N2

N0

Figure 5.1: The dependency graph for the string rewriting example.

the valid interargument relation of rewrite/2: ∀ rewrite(t1, t2) ∈ Rrewrite, t1 �1

t2. It is not possible until now, since there does not exist any polynomial inter-
pretation I1(ΣD1 , φ1) such that ‖[a, a|X]‖I1 �D1 ‖[a, b, a|X]‖I1 . However, as we
will show in Section 5.5.2, this condition can be easily proved by using matrix
interpretations. �

In this chapter, we introduce a novel approach for proving termination of LP
based on general reduction pairs. As such, it can be used as a framework in
which different orderings considered in TRS could be ported directly to LP. The
work extends the approach in (De Schreye and Serebrenik 2002), which formulates
termination of logic programs as a set of termination conditions based on general
orderings on terms (see Section 2.3). This work, however, has not been automated
because of the difficulty when one has to deal with the implication constraints w.r.t.
general orderings. We overcome it by transforming these termination conditions
to a set of constraints on term orderings. Since these inequalities are similar to
the top-level termination conditions established for TRS, termination techniques
developed for TRS now become practically applicable to LP. In this current work,
we select three: polynomial interpretations, matrix interpretations, and argument
filterings.

The chapter is organised as follows. Section 5.2 introduces some preliminar-
ies. In Section 5.3, we show how to transform termination conditions stated in
Proposition 10 (rigid order acceptability) and in Definition 33 (DG-acceptability)
to the form of constraints on terms. In Section 5.4, we reformulate the rigidity
condition from Definition 9 in the form of an argument filter. In Section 5.5, we
discuss the integration of different ordering frameworks, namely polynomial inter-
pretations and matrix interpretations to the new framework. We also provide a
constraint-based approach to automate them. Finally, Section 5.6 concludes.
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5.2 Preliminaries

This section provides the notions and concepts which are necessary for this chapter,
and complete the technical background introduced in Chapter 2. First we need
some important properties of orderings.

5.2.1 Monotonicity, Reflecting and Subterm Property

We discuss some properties of orderings that are important for termination anal-
ysis, namely “monotonicity”, “reflecting”, and “subterm property”.

Definition 34 (monotonicity1,2). Let T and T ′ be sets of terms. Let B and B′
be (strict or quasi-) orderings on T and T ′ respectively. A function f/n from
T n to T ′ is called monotone w.r.t. (B, B′) at argument position i ∈ {1, . . . , n}
if for all t1, t2, s1, . . . , si−1, si+1, . . . , sn ∈ T and f(s1, . . . , si−1, t1, si+1, . . . , sn),
f(s1, . . . , si−1, t2, si+1, . . . , sn) ∈ T ′:

t1 B t2 ⇒ f(s1, . . . , si−1, t1, si+1, . . . , sn)B′ f(s1, . . . , si−1, t2, si+1, . . . , sn).

Note that T and T ′ are not necessarily different. Additionally, B and B′ can
as well be the same ordering. In this case, we call f/n monotone w.r.t. B at its
ith argument position for short. If f/n is monotone w.r.t. B at all of its argument
positions, it is said to be monotone w.r.t. B.

Similarly, we define ”reflecting” , an inverse property of monotonicity.

Definition 35 (reflecting). Let T and T ′ be sets of terms. Let B and B′ be
(strict or quasi-) orderings on T and T ′ respectively. A function f/n from T n
to T ′ is called reflecting w.r.t. (B, B′) at argument position i ∈ {1, . . . , n} if for all
t1, t2, s1, . . . , si−1, si+1, . . . , sn ∈ T and f(s1, . . . , si−1, t1, si+1, . . . , sn),
f(s1, . . . , si−1, t2, si+1, . . . , sn) ∈ T ′:

f(s1, . . . , si−1, t1, si+1, . . . , sn)B′ f(s1, . . . , si−1, t2, si+1, . . . , sn)⇒ t1 B t2.

In case T = T ′ and B, B′ are the same, we call f/n is reflecting w.r.t. B at its
ith argument position. If f/n is reflecting w.r.t. B at all of its argument positions,
it is said to be reflecting w.r.t. B.

Definition 36 (subterm property). Let T (Σ,V) be a set of terms and B be a
(strict or quasi-) ordering on T (Σ,V). A function f/n ∈ Σ has the subterm
property w.r.t. B at argument position i ∈ {1, . . . , n} if for all s1, . . . , sn ∈ T , we
have:

f(s1, . . . , si, . . . , sn)B si
1This definition is an extension of the usual monotonicity definition in TRS which is defined

on function symbols of a single ordered set of terms.
2It is obvious from the definition that if T ′ = T (Σ′,V), then f/n ∈ Σ′.
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If f/n has the subterm property w.r.t. B at all of its argument positions, it is said
to have the subterm property w.r.t. B.

A strict ordering which has both monotonicity and subterm properties is called
a simplification ordering. Dershowitz (1982) proved that any simplification order-
ing is well founded.

5.2.2 Argument filterings

Argument filters are one of the most popular termination techniques in TRS (Arts
and Giesl 2000, Giesl et al. 2002, Giesl, Thiemann, Schneider-Kamp and Falke
2006, Hirokawa and Middeldorp 2005, Schneider-Kamp et al. to appear, Codish
et al. 2006, Zankl et al. 2007). An argument filter is a function which specifies for
every function symbol a set of its argument positions. Based on it, a new set of
terms is formed by setting up, for each function symbol f/n a new function symbol
f/m, n ≥ m ≥ 0, by removing the argument positions that are not selected by the
filter. Then termination analysis, with a specific ordering technique, can be done
on the basis of the latter, which allows to conclude termination for the former.
The contribution of argument filtering techniques is, since the new term set is
a simplified version of the old one, that performing termination analysis on the
simpler one may be faster and easier. The remaining question is how to choose a
good argument filter.

Definition 37 (argument filter (Arts and Giesl 2000)). A function π : Σ → 2N

is an argument filter if and only if, for any f/n ∈ Σ, π(f/n) ⊆ {1, . . . , n} or
π(f/n) = i, i ∈ {1, . . . , n}.
This notion can be extended to T (Σ,V) by defining π(x) = x if x is a variable,
π(f(t)) = fπ(π(ti1), . . . , π(tik)) if π(f/n) = {i1, . . . , ik}, k 6= 1 and i1 < . . . < ik,
or π(f(t)) = π(ti) if π(f/n) = i for a term f(t). π can also be extended to the
set of substitutions. For any substitution θ = {x1/t1, . . . , xn/tn}, we define π(θ) a
substitution such that π(θ) = {x1/π(t1), . . . , xn/π(tn)}.
An argument filter π′ is called a refinement of π, denote as π′ v π if and only if
π′(f) ⊆ π(f) for all f ∈ Σ (in case π′(f) = 1: π′(f) = π(f) or π′(f) ∈ π(f)).

From Definition 37, given a set of function symbols Σ and an argument filter
π, we have a new set of function symbols Σπ such that for any f/n ∈ Σ, there
exists f/k = π(f/n) ∈ Σπ and nothing else. Also, for any term t ∈ T (Σ,V), we
have tπ = π(t) ∈ T (Σπ,V).

Example 46. Let s be the term g(a, h(b,X, f(Y, Y ))) and let π be an argument
filter such that π(g/2) = {2}, π(h/3) = {2, 3}, π(f/2) = ∅. Then π(s) = h(X, f).
�
Proposition 8. (Arts and Giesl 2000) Let π : Σ → 2N be an argument filter
over Σ and t ∈ T (Σ,V) be an arbitrary term. For any substitution θ, we have
π(tθ) = π(t)π(θ).
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Definition 38 (argument filter based orderings (Arts and Giesl 2000)). Let π :
Σ → 2N be an argument filter over Σ. Let (%π,�π) be a pair of orderings on
T (Σπ,V). We define a pair of orderings (%,�) on T (Σ,V) as follows:

s % t⇔ π(s) %π π(t).
s � t⇔ π(s) �π π(t).

Theorem 6. [see also (Arts and Giesl 2000)] (%,�) is a reduction pair on T (Σ,V)
if and only if (%π,�π) is a reduction pair on T (Σπ,V).

Proof. Theorem 11 in (Arts and Giesl 2000) states and proves the ”only if” part
of this theorem. For the ”if” part, a proof can be done in a similar way.

Example 47. Let Σ = {nil,./2} be a set of function symbols and V = {X} be a
set of variables. Let π be an argument filter such that π(nil) = ∅, π(./2) = {2}.
Let T (Σ,V) = {nil,.(X,nil), . . .} be the set of all terminating lists of X. Then,
T (Σπ,V) = {nil,.(nil), . . .}. Let (%π,�π) be a reduction pair on T (Σπ,V) which
is imposed by the term-size norm. It is easy to see that (%π,�π) is a reduction
pair. Hence the pair of orderings (%,�) defined as in Definition 38 on T (Σ,V) is
also a reduction pair. Indeed one can verify that (%,�) imposed by the list-length
norm and hence, is a reduction pair. �

5.2.3 Characteristic function of a set

In this subsection, we recall some classical definitions relating to the characteristic
function of a set.

Definition 39 (characteristic function). Let I be a subset of a set D. The char-
acteristic function χI , with signature D → {0, 1}, is defined as follows:

χI(x) =
{

1 if x ∈ I
0 if x 6∈ I

Note that for an argument filter π and a function of arity n, we have that
π(f/n) ⊆ {1, . . . , n}. Using an argument filter, we can therefore extend the notion
of characteristic function to terms in the following way:

Definition 40. Let π be an argument filter on T (Σ,V). Let s ∈ T (Σ,V) be a term
and
−−−−−−→
i1, . . . , ik be a vector of integers. The characteristic function χπs is defined as

following:

χπs (
−−−−−−→
i1, . . . , ik) =


1 if s is a variable or constant,
χπ(f/n)(i1) if k = 1, s = f(t1, . . . , tn),
χπ(f/n)(i1) ∗ χπti1 (

−−−−−−→
i2, . . . , ik) if k > 1, s = f(t1, . . . , tn).
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The following example will clarify the above definitions.

Example 48. Consider a term t = f(g(h(X,n), l(Y )), Z) and an argument filter
π such that π(f/2) = {1, 2}, π(g/2) = {1, 2}, π(h/2) = {1}, π(l/1) = ∅. Then:

χπt (
−→
1 ) = χπ(f/2)(1) = 1 since k = 1 and π(f/2) = {1, 2}.

χπt (
−→
1, 2) = χπ(f/2)(1) ∗ χπg(h(X,n),l(Y ))(

−→
2 ) = χπ(f/2)(1) ∗ χπ(g/2)(2) = 1 ∗ 1 = 1.

χπt (
−−−→
1, 2, 1) = χπ(f/2)(1) ∗ χπg(h(X,n),l(Y ))(

−→
2, 1) = χπ(f/2)(1) ∗ χπ(g/2)(2) ∗ χπl(Y )(

−→
1 )

= χπ(f/2)(1) ∗ χπ(g/2)(2) ∗ χπ(l/1)(1) = 1 ∗ 1 ∗ 0 = 0.

χπt (
−−−→
1, 1, 1) = χπ(f/2)(1) ∗ χπg(h(X,n),l(Y ))(

−→
1, 1)

= χπ(f/2)(1) ∗ χπ(g/2)(1) ∗ χπh(X,n)(
−→
1 )

= χπ(f/2)(1) ∗ χπ(g/2)(1) ∗ χπ(h/2)(1) = 1 ∗ 1 ∗ 1 = 1.

�

As we see from Definition 40, a vector can be used to denote a path to some
subterm of a given term. Therefore, in case there is no ambiguity, we can also use
this notion to detect if a subterm of a term is filtered out by the argument filter or
not. To do it, as an alternative notation, we replace the vector in Definition 40 by
the subterm selected by the vector. For example, in Example 48, we can rewrite
χπt (g(h(X,n), l(Y ))) = 1, χπt (l(Y )) = 1, χπt (Y ) = 0, and χπt (X) = 1.

5.3 From Acceptability to Constraints on Terms

As shown in Definition 10 and in Example 49, proving termination of a program
w.r.t. to a set of queries can be reduced to a search for a reduction pair such that
the rigidity of the call set, the validity of the interargument relations, and the
decrease conditions for (mutually) recursive clauses are satisfied. For the sake of
clarity, we re-state this definition:

Definition 41 (rigid order-acceptability (De Schreye and Serebrenik 2002)). Let
S be a set of atomic queries. A program P rigid order-acceptable w.r.t. S if there
exists a reduction ordering (%,�) on T (ΣP ,∆P ,VP), where Call(P,S) is rigid
w.r.t. (%,�) and where for each predicate p/n in P, there is a valid interargument
relation Rp/n such that:

• for any clause H :− B1, B2, . . . , Bn in P,

• for any atom Bi such that rel(Bi) w rel(H),

• for any substitution θ such that the atoms B1θ, . . . , Bi−1θ are elements of
their associated interargument relations Rrel(B1), . . . ,Rrel(Bi−1):
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Hθ � Biθ.

We take the following version of the predicate permute as the running example
in this chapter.

Example 49 (permute). The following version of example permute was used in
(Krishna Rao et al., 1998):

app1([H1|X1], Y1, [H1|Z1]) : −app1(X1, Y1, Z1). (5.3)

app1([ ], Y1, Y1). (5.4)

app2([H2|X2], Y2, [H2|Z2]) : −app2(X2, Y2, Z2). (5.5)

app2([ ], Y2, Y2). (5.6)

perm(X, [H|Y ]) : −app1(U, [H|V ], X), app2(U, V, Z), perm(Z, Y ). (5.7)

perm([ ], [ ]). (5.8)

We investigate termination of this example w.r.t. the query set S = {perm(t1, t2) |
t1 is a nil-terminating list of free variables and t2 is a free variable}. We have
Call(P,S) = S∪S1∪S2, in which S1 ={app1(t1, t2, t3) | t1, t2 are free variables, t3
is a nil-terminating list} and S2 = {app2(t1, t2, t3) | t1, t2 are nil-terminating lists
and t3 is a free variable}. Let (%,�) be a reduction ordering on T (ΣP ,∆P ,VP).
According to Definition 41, in order to prove termination of the program using
(%,�), we need to verify the following termination conditions:

• Call(P,S) is rigid w.r.t. (%,�),

• There exist Rapp1/3, Rapp2/3, Rperm/2 which are valid,

• For each recursive clause which is involved in a loop in the execution, the
head of the clause must be greater than any recursive body atom w.r.t. the
reduction ordering, given the validity of the interargument relations of the
intermediate body atoms between the head and the recursive body atom. In
this example, 3 conditions are established:

app1([H1|X1], Y1, [H1|Z1]) � app1(X1, Y1, Z1) (5.9)
app2([H2|X2], Y2, [H2|Z2]) � app2(X2, Y2, Z2) (5.10)
Rapp1/3(app1(U, [H|V ], X)) ∧Rapp2/3(app2(U, V, Z))⇒ (5.11)
perm(X, [H|Y ]) � perm(Z, Y )

in which Rp(A) is the condition for the validity of Rp applied to the atom
A. Note that the above conditions are universally quantified. However, for
the sake of simplicity, we do not write them. This will also be done for the
other examples in this chapter.

It is obvious that the choice of Rperm/2 does not have any influence on the last
decrease conditions (hence it has no influence on the termination proof of the pro-
gram). Therefore, we can safely remove it from the set of termination conditions.



5.3. FROM ACCEPTABILITY TO CONSTRAINTS ON TERMS 97

It is not difficult to verify that the reduction ordering (%,�), which is imposed
by the following polynomial interpretation I(ΣD, φ) and interargument relations
Rapp1/3 and Rapp2/3 satisfies all termination conditions stated above:

• Domain D = N,

• φ([ ])=0, φ(.(X,Y ))=Y + 1, φ(app1(X,Y, Z))=Z, φ(app2(X,Y, Z))=X,
φ(perm(X,Y ))=X,

• Rapp1/3 = {app1(t1, t2, t3) | ‖t3‖I %D ‖t1‖I+‖t2‖I}, Rapp2/3 = {app2(t1, t2, t3) |
‖t1‖I + ‖t2‖I %D ‖t3‖I}.

Recall that ‖t‖I is the size of the term t w.r.t. the polynomial interpretation
I(ΣD, φ) and %D is the quasi-order on the set of polynomials inferred by I(ΣD, φ).
�

The rigidity condition depends very much on the type of the applied reduction
pair. There is no syntactic way to detect it for general reduction pairs. For
example, if the reduction pair is imposed by a semi-linear norm, then checking the
emptiness of VREL(%,�)(t) is sufficient for the rigidity of t w.r.t. (%,�). However,
for other types of reduction pairs, this condition may not hold anymore. Therefore,
we will postpone it until a particular type of reduction pairs is considered.

Another issue is the notion of valid interargument relations. Definition 8 defines
a valid interargument relation for a predicate symbol p as a set that contains any
atom of p that is entailed by P. This definition is, however too general, since
for any predicate, there may be (infinitely) many valid interargument relations.
Therefore, we need a more specific form of interargument relations, from which a
concrete version of valid ones can be derived automatically in further steps.

In Section 3.3.2, we have discussed different forms of interargument relations.
We have proposed a general form for valid interargument relations based on poly-
nomial interpretations and showed that it can resolve some restrictions of the valid
interargument relations proposed in (Decorte et al. 1999). Therefore, we will apply
again this symbolic form of valid interargument relations that was introduced in
Section 3.3.2. The extension in the current chapter is that the valid interargument
relations are defined on the basis of the reduction pair on the set of terms instead
of at the level of polynomials. The following definition allows us to construct, for
each predicate symbol p and a given reduction pair (%,�), a specific form of the
valid interargument relation for p which is based on (%,�).

Definition 42 (interargument relation w.r.t. reduction pair). Let P be a program.
For any predicate symbol p/n, let f lp/n and frp/n be two new function symbols
which are added to ΣP to form a new set of function and predicate symbols Σ′P .
Let (%′,�′) be a reduction pair on T (Σ′P ,∆P ,V). We define for any predicate
symbol q, an interargument relation R(%′,�′)

q w.r.t. (%′,�′) such that:

R(%′,�′)
q = {q(t) | f lq(t) %′ frq (t)}.
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Corollary 6. If for any clause q(t) :− q1(t1), . . . qm(tm) in P (m ≥ 0) we have
f lq1(t1) %′ frq1(t1)∧. . .∧f lqm

(tm) %′ frqm
(tm)⇒ f lq(t) %′ frq (t) then for any predicate

symbol p in P, R(%′,�′)
p is a valid interargument relation of p.

Proof. Trivial from Theorem 2.

Definition 42 and Corollary 6 allow for a syntactic validation of interargument
relations w.r.t. a reduction pair. In other words, it specifies a sufficient condition
for an arbitrary reduction pair (%′,�′) so that for any predicate symbol p, R(%′,�′)

p

is a valid interargument relation. This kind of valid interargument relations can
be plugged into Definition 41: instead of searching for a reduction pair (%,�)
on T (ΣP ,∆P ,VP) as in that definition, we can safely search for a reduction pair
(%′,�′) on T (Σ′P ,∆P ,V) that satisfies the termination conditions of the definition.
If there exists such (%′,�′), (%,�) can be chosen such that (%′,�′) is a proper
extension of (%,�)3. From now on, we will use the form of valid interargument
relations in Definition 42.

Example 50 (permute continued). We want to set up symbolic conditions for a
valid interargument relation of each predicate in the program. Let f lapp1/3, frapp1/3,
f lapp2/3, and frapp2/3 be the extra symbols for the predicate symbols app1/3 and

app2/3 added to ΣP . R(%,�)
app1 , R(%,�)

app2 are valid interargument relations w.r.t. (%
,�) if:

f lapp1([ ], Y1, Y1) % frapp1([ ], Y1, Y1). (5.12)

f lapp1(X1, Y1, Z1) % frapp1(X1, Y1, Z1)⇒
f lapp1([H1|X1], Y1, [H1|Z1]) % frapp1([H1|X1], Y1, [H1|Z1]). (5.13)

f lapp2([ ], Y2, Y2) % frapp2([ ], Y2, Y2). (5.14)

f lapp2(X2, Y2, Z2) % frapp2(X2, Y2, Z2)⇒
f lapp2([H2|X2], Y2, [H2|Z2]) % frapp2([H2|X2], Y2, [H2|Z2]). (5.15)

With these valid interargument relations, the last decrease condition of Example
49 becomes:

f lapp1(U, [H|V ], X) % frapp1(U, [H|V ], X) ∧ f lapp2(U, V, Z) % frapp2(U, V, Z)⇒
perm(X, [H|Y ]) % perm(Z, Y ). (5.16)

�

3Obviously T (ΣP ,∆P ,VP ) ⊂ T (Σ′P ,∆P ,V).
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5.3.1 Removing Implications

With the use of the interargument relations w.r.t reduction pairs, the conditions
for valid interargument relations and the decrease conditions can be rewritten as:

∀X : s1 % t1 ∧ . . . ∧ sm % tm ⇒ sm+1 % tm+1 (5.17)
and

∀X : s1 % t1 ∧ . . . ∧ sm % tm ⇒ sm+1 � tm+1 (5.18)

respectively, in which m ≥ 0, and for all 0 ≤ i ≤ m+ 1, si, ti are terms. In case of
a valid interargument relation for a fact or a decrease condition for a clause with
a head and a recursive body atom without any intermediate body atoms, m = 0.

These forms provide a more syntactic way to present the termination conditions
established in Definition 41. However, it would be very difficult to search directly
for a reduction pair that satisfies all those conditions (or even to verify if a given
reduction pair satisfies those conditions).

Therefore, in the following we introduce an approach to transform any impli-
cation rules of forms 5.17 and 5.18 with at least one premise to simpler constraints
of the forms:

t % s (5.19)
and
t � s (5.20)

respectively, in which t and s are two terms. This transformation is inspired by
the approach in Subsection 3.3.3, where implication rules, whose premises and
conclusions are inequalities between polynomials, are transformed to a set of in-
equalities between polynomials. Here we show how this idea can be applied to
a more general setting, where premises and conclusions of implication rules are
inequalities between terms w.r.t. general reduction pairs.

The transformation is sound but incomplete: if there exists a reduction pair
such that all target constraints of forms 5.19 and 5.20 are satisfied, then there exists
another reduction pair such that all original implication rules of forms 5.17 and
5.18 are also satisfied, which then implies termination of the program. However,
the inverse does not hold.

Since the constraints of forms 5.19 and 5.20 are similar to the standard ter-
mination conditions established for TRS, the transformation allows us to apply
any ordering techniques, which are developed for termination of TRS, directly to
termination of LP. Similar to the transformation in 3.3.3, this transformation
consists of two main steps:

1. For any implication rule whose left-hand side is a conjunction of multiple
premises of the form si % ti, we transform it to another implication rule
which has only one premise of the same form in the left-hand side.
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2. For any implication rule that has one premise of the form sl % tl in the
left-hand side, if the right-hand side is of the form sr % tr, we transform the
rule to a constraint of the form s % t, where s, t are two terms. Otherwise,
if the right-hand side is of the form sr � tr, then the rule is transformed to
a constraint of the form s � t. By this step, the implications are removed.

For the first step, the basic idea is to introduce a new function symbol k/m
where m is the number of premises in the left-hand side of the implication and
then replace the left-hand side of the form s1 % t1 ∧ . . . ∧ sm % tm by a sin-
gle premise k(s1, . . . , sm) % k(t1, . . . , tm). The only requirement is that k/m
must be monotone w.r.t. %. This is to guarantee that s1 % t1 ∧ . . . ∧ sm % tm
implies k(s1, . . . , sm) % k(t1, . . . , tm), which then infers: ∀X : k(s1, . . . , sm) %
k(t1, . . . , tm) ⇒ s % t implies ∀X : s1 % t1 ∧ . . . ∧ sm % tm ⇒ s % t, and ∀X :
k(s1, . . . , sm) % k(t1, . . . , tm)⇒ s � t implies ∀X : s1 % t1∧. . .∧sm % tm ⇒ s � t.
Example 51. Let Σ = {a, g/1, f/1} be a set of function symbols and V =
{X1, X2, X3} be a set of variables. Let (%,�) be a pair of orderings on T (Σ,V).
Let consider the rule f(X1) % f(X2) ∧ g(X2) % g(X3) ⇒ X1 % X3. In our
approach, we introduce a new function symbol k/2. Let Σ1 = {a, g/1, f/1, k/2}
be a new set of function symbols and (%1,�1) be a pair of orderings on T (Σ1,V)
which is a proper extension of (%,�). Then the implication rule is transformed to:
k(f(X1), g(X2)) %1 k(f(X2), g(X3))⇒ X1 %1 X3. Obviously, this rule is satisfied
for all ground instantiations of X1, X2, X3 if (%1,�1) is the reduction pair imposed
by the term-size norm. We can prove it by removing all “equivalent portions”, con-
sisting of X2, g/1, f/1, k/2, from both k(f(X1), g(X2)) and k(f(X2), g(X3)). What
remains is X1 %1 X3. Because (%1,�1) is a proper extension of (%,�), therefore
the original rule is also satisfied w.r.t. the reduction pair (%,�) imposed by the
same term-size norm. �
Proposition 9 (premise simplification). Let T (Σ,V) be a set of terms and (%
,�) be a reduction pair on T (Σ,V). Let T (Σ′,V) be a set of terms such that
T (Σ,V) ⊆ T (Σ′,V) and (%′,�′) be reduction pair on T (Σ′,V) such that it is a
proper extension of (%,�). Let k/m ∈ Σ′ be a function symbol from T (Σ′,V)m

to T (Σ′,V) which is monotone w.r.t. %. Let s1, t1, . . . , sm, tm, s, t ∈ T (Σ,V) and
k(s1, . . . , sm), k(t1, . . . , tm) ∈ T (Σ′,V) be arbitrary terms, m ≥ 0. Then we have:

• if

∀X : k(s1, . . . , sm) %′ k(t1, . . . , tm)⇒ s %′ t (5.21)

is valid, then ∀X : s1 % t1 ∧ . . . ∧ sm % tm ⇒ s % t is also valid.

• if

∀X : k(s1, . . . , sm) %′ k(t1, . . . , tm)⇒ s �′ t (5.22)

is valid, then ∀X : s1 % t1 ∧ . . . ∧ sm % tm ⇒ s � t is also valid.
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Proof. Because k/n is monotone w.r.t. %′, we have: s1 %′ t1 ∧ . . . ∧ sm %′
tm ⇒ k(s1, . . . , sm) %′ k(t1, . . . , tm). But because %′ is a proper extension of
% and s1, . . . , sm, t1, . . . , tm, s, t ∈ T (Σ,V), we have: s1 % t1 ∧ . . . ∧ sm % tm ⇒
k(s1, . . . , sm) %′ k(t1, . . . , tm) and s %′ t⇒ s % t. It implies:

∀X : k(s1, . . . , sm) %′ k(t1, . . . , tm)⇒ s %′ t
⇒
∀X : k(s1, . . . , sm) %′ k(t1, . . . , tm)⇒ s % t
⇒
∀X : s1 % t1 ∧ . . . ∧ sm % tm ⇒ s % t

The other condition can be proved in a similar way.

To apply Proposition 9, for each implication constraint of Form 5.17 or Form
5.18 which has m premises (m ≥ 2) in its left-hand side, we introduce a new
function symbol k/m. We replace the constraint by a new one of Form 5.21 or
Form 5.22 respectively. For the other constraints, because (%′,�′) is a proper
extension of (%,�), we can safely transform these constraints to similar ones,
by replacing any occurrence of % or � by %′ or �′ respectively. If we can find a
reduction pair such that all new constraints after the application of the proposition
hold, then all original constraints also hold.

Example 52 (permute continued). The termination condition for example permute
contains only one implication rule 5.16, which has more than one premise in its
left-hand side. By applying Proposition 9, we transform this rule to the following
rules:

k(f lapp1(U, [H|V ], X), f lapp2(U, V, Z)) % k(frapp1(U, [H|V ], X), frapp2(U, V, Z))

⇒ perm(X, [H|Y ]) � perm(Z, Y ) (5.23)

X1 % X2 ⇒ k(X1, Y ) % k(X2, Y ) (5.24)

Y1 % Y2 ⇒ k(X,Y1) % k(X,Y2) (5.25)

where k/2 is the extra function symbol added to the language. Note that constraints
5.24 and 5.25 are required from the monotonicity of k/2 w.r.t. %. �

For the second step, the idea is simple: for each implication rule of the form
s1 % t1 ⇒ s2 % t2, we introduce a new function symbol h/2 such that its first
argument position is reflecting and its second argument position is monotone w.r.t.
%. Then we replace the implication rule by a single constraint h(s2, t1) % h(t2, s1).
Similarly, for each implication rule of the form s1 % t1 ⇒ s2 � t2, we introduce a
new function symbol h/2 such that its first argument position is reflecting w.r.t.
� and its second argument position is monotone w.r.t. %. The implication rule is
then replaced by a constraint h(s2, t1) � h(t2, s1). This transformation step is also
sound: the validity of the latter implies the validity of the formers. By this step,
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the implication is removed and any implication rule is completely transformed to
a constraint between two terms w.r.t. the reduction pair.

Example 53. We continue with Example 51. Instead of searching for a reduc-
tion ordering (%,�) such that the implication rule f(X1) % f(X2) ∧ g(X2) %
g(X3) ⇒ X1 % X3 is valid, we search for another one (%1,�1) that satisfies
the condition k(f(X1), g(X2)) %1 k(f(X2), g(X3)) ⇒ X1 %1 X3. We now add
a new function symbol h/2. Let Σ2 = {a, g/1, f/1, k/2, h/2} and the reduction
pair (%2,�2) on T (Σ2,V) be a proper extension of (%1,�1) such that h/2 is
reflecting w.r.t. %2 at its first argument position and is monotone w.r.t. %2 at
its second argument position. Therefore, the latter implication is transformed
to the constraint h(X1, k(f(X2), g(X3))) %2 h(X3, k(f(X1), g(X2))). The reduc-
tion pair (%s,�s) corresponding to the term-size norm respects this constraint
because h(X1, k(f(X2), g(X3))) ≈s h(X3, k(f(X1), g(X2))). It implies the validity
of f(X1) % f(X2) ∧ g(X2) % g(X3)⇒ X1 % X3. �

Proposition 10 (implication elimination). Let T (Σ,V) be a set of terms and
(%,�) be a reduction pair on T (Σ,V). Let T (Σ′,V) be a set of terms such that
T (Σ,V) ⊆ T (Σ′,V) and (%′,�′) be a reduction pair on T (Σ′,V) which is a proper
extension of (%,�). Let h1/2 ∈ Σ′ be a function symbol from T (Σ′,V)2 to T (Σ′,V)
such that its first argument position is reflecting w.r.t. %′ and its second argument
position is monotone w.r.t. %′. Let h2/2 ∈ Σ′ be a function symbol such that its
first argument position is reflecting w.r.t. �′ and its second argument position is
monotone w.r.t. %′. Let s1, s2, t1, t2 ∈ T (Σ,V) and h1(s2, t1), h1(t2, s1) ∈ T (Σ′,V)
be arbitrary terms. Then we have:

• if

∀X : h1(s2, t1) %′ h1(t2, s1) (5.26)

is valid, then ∀X : s1 % t1 ⇒ s2 % t2 is also valid.

• if

∀X : h2(s2, t1) �′ h2(t2, s1) (5.27)

is valid, then ∀X : s1 % t1 ⇒ s2 � t2 is also valid.

Proof. We prove the first case. The second one can be proved similarly. Suppose
that s1 % t1. Because %′ is a proper extension of %, we have s1 %′ t1. Be-
cause h1/2 is monotone w.r.t. %′ at its second argument position, then we have:
h1(t2, s1) %′ h1(t2, t1). But because h1(s2, t1) %′ h1(t2, s1) and %′ is transitive,
then h1(s2, t1) %′ h1(t2, t1). Because h1/2 is reflecting w.r.t. %′ at its first ar-
gument position, then s2 %′ t2. It implies s1 % t2 and s1 % t1 ⇒ s2 % t2 is
valid.
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Example 54 (permute continued). By applying Proposition 10 to examples 50 and
52, implication constraints 5.13, 5.15 and 5.23 are transformed to the following
constraints:

h1(f
l
app1([H1|X1], Y1, [H1|Z1]), f

r
app1(X1, Y1, Z1))

%h1(f
r
app1([H1|X1], Y1, [H1|Z1]), f

l
app1(X1, Y1, Z1)) (5.28)

h2(f
l
app2([H2|X2], Y2, [H2|Z2]), f

r
app2(X2, Y2, Z2))

%h2(f
r
app2([H2|X2], Y2, [H2|Z2]), f

l
app2(X2, Y2, Z2)) (5.29)

h3(perm(X, [H|Y ]), k(frapp1(U, [H|V ], X), frapp2(U, V, Z)))

�h3(perm(Z, Y ), k(f lapp1(U, [H|V ], X), f lapp2(U, V, Z))) (5.30)

h1(X1, Y ) % h1(X2, Y )⇒ X1 % X2

Y1 % Y2 ⇒ h1(X,Y1) % h1(X,Y2)

h2(X1, Y ) % h2(X2, Y )⇒ X1 % X2

Y1 % Y2 ⇒ h2(X,Y1) % h2(X,Y2)

h3(X1, Y ) � h2(X2, Y )⇒ X1 � X2

Y1 % Y2 ⇒ h3(X,Y1) % h2(X,Y2)

where h1, h2, h3/2 are extra function symbols added to the language. �
Note that although propositions 9 and 10 allows to eliminate the implications of

the original constraints of forms 5.17 and 5.18, they also require the monotonicity
and reflecting properties of some argument positions of the extra function sym-
bols. These requirements, however, are again formulated in the form of implica-
tion rules (c.f., Definition 34). Fortunately, for most practical ordering techniques,
these properties can be syntactically verified. For example, if we use polynomial
interpretations, a polynomial P (X1, . . . , Xn) =

∑
ai1...inX

i1
1 . . . Xin

n over a do-
main D ∈ N is monotone and reflecting at the jth argument position w.r.t. the
polynomial reduction orderings %D and �D) if

∑
ij>0

ai1...in ≥ 0 and
∑
ij>0

ai1...in > 0

respectively. If we use the recursive path ordering (or lexicographic path ordering),
the monotonicity and reflecting properties of a function symbol are obvious from
the definition of the ordering.

In summary, the transformation transforms all termination conditions to 3
following possible types of constraints w.r.t. a reduction pair (%,�):

A. The call set Call(P,S) must be rigid w.r.t. (%,�).

B. All extra function symbols k/m stated in Proposition 9 must be monotone
w.r.t. %. Also, all extra function symbols h1/2 stated in Proposition 10 must
be reflecting w.r.t. % at the first argument position and monotone w.r.t. %
at the second argument position and all extra function symbols h2/2 must
be reflecting w.r.t. � at the first argument position and monotone w.r.t. %
at the second argument position.
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C. A set of inequalities of the form s % t or s � t where t, s are terms and
atoms in T (Σ,V), in which Σ = ΣP ∪ ∆P ∪ {k/m, h1/2, h2/2, frq /n, f

l
q/n |

f/m, h/2, frq/nf
l
q/n are added function symbols}.

If we can find a reduction pair (%,�) such that all above constraints are satisfied,
then all termination conditions in Definition 41 are also satisfied and the program
is terminating.

5.3.2 Application to the Dependency Graph Framework

Note that the transformation method described in this section can also be applied
to the dependency graph framework in Chapter 4. As we see in Definition 33,
two key notions stated in this definition are (1) “weakly decreasing triple”, i.e.,
(%,R) |= N , and (2) “strongly decreasing triple” i.e., (�,R) |= N . If we use the
notion of valid interargument relations for R in Definition 42, then (1) can be
reformulated in Form 5.17, and (2) can be reformulated in Form 5.18. Using the
technique in this section, we can transform these forms to the forms 5.19 and 5.20,
and the termination conditions generated by the “DG-acceptability” (Definition
33) can be safely transformed to the conditions of (A), (B), and (C).

5.4 Rigidity based Argument Filterings

As we discussed in Section 5.2.2, an argument filter may eliminate some argument
positions from each function or predicate symbol of a program. Based on it, new
function symbols are created. Definition 38 and Theorem 6 allow us to establish a
reduction pair on the set of original terms based on a given reduction pair on the
set of the target terms created by the set of new function symbols.

As in TRS, we can also apply argument filters in termination analysis of
LP: first, we find an argument filter π and map the set of terms and atoms
T (ΣP ,∆P ,VP) to a new set of terms T (Σπ,VP). Based on it, any constraint t % s
generated after the transformation is also filtered and reduced to a new constraint
π(t) %π π(s), in which the relation between (%,�) and (%π,�π) is explained in
Definition 38 and Theorem 6. Therefore, if we can find an reduction pair (%π,�π)
such that all latter constraints are satisfied, then (%,�) is a reduction pair such
that all original constraints are also satisfied. If we can prove that (%,�) is rigid
w.r.t. to Call(P,S) and the conditions required by the extra function symbols are
satisfied, i.e., the monotone and reflecting properties of the argument positions of
extra function symbols k/m, h/2 (propositions 9 and 10 in Section 5.3.1), then all
termination conditions hold and termination of the program is proved.

Similar to TRS, an important question that should be raised here is “how to find
a good argument filter?”. If we would use the brute-force algorithm to search for
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a suitable argument filter, it would be very expensive. Suppose f1/n1, . . . , fk/nk
are all function and predicate symbols in the program, the number of all possible
argument filters is 2(n1+...+nk) and in the worst case the brute-force search will
enumerate all of them to find a good one. An idea to narrowing the search is
to consider only the argument filters such that (%,�) is rigid w.r.t. Call(P,S).
The following proposition will establish a relation between (%,�), (%π,�π) and
rigidity of an arbitrary term s.

Proposition 11. Let T (Σ,V) be a set of terms. Let π be an argument filter on
T (Σ,V) and s be a term in T (Σ,V). Let (%π,�π) be a reduction pair on T (Σπ,V)
and (%,�) be the corresponding reduction pair on T (Σ,V) as defined in Definition
38. π(s) is rigid w.r.t. (%π,�π) if and only if s is rigid w.r.t. (%,�).

Proof. We prove that if π(s) is rigid w.r.t. (%π,�π) then s is rigid w.r.t. (%,�).
The other direction can be proved similarly. Suppose s is not rigid w.r.t. (%,�).
Then there exists a substitution θ such that s 6≈ sθ. From Definition 38, we then
have π(s) 6≈π π(sθ) (because π(s) ≈π π(sθ) implies s ≈ sθ). But because π(sθ)
= π(s)π(θ), then there exists a substitution α = π(θ) such that π(s) 6≈π π(s)α.
It contradicts the fact that π(s) is rigid w.r.t. (%π,�π). So, s is rigid w.r.t.
(%,�).

Corollary 7. Let Callπ(P,S) = {π(A) | A ∈ Call(P,S)}. Callπ(P,S) is rigid
w.r.t. (%π,�π) if and only if Call(P,S) is rigid w.r.t. (%,�).

Proof. The proof is trivial from Proposition 11.

In Section 2.3, we have pointed out that for any reduction pair, if a term s
is ground, then it is rigid w.r.t. the reduction pair. Therefore, an obvious option
is to choose an argument filter such that all elements of Callπ(P,S) are ground.
Intuitively, we have to choose an argument filter which filters out any variable
occurrence in each element of Call(P,S). The following proposition refines this
idea in a more general setting of arbitrary terms and atoms.

Proposition 12. Let T (Σ,V) be a set of terms. Let π be an argument filter on
T (Σ,V) and s be a term in T (Σ,V). Let (%π,�π) be an arbitrary reduction pair
on T (Σπ,V) and (%,�) be the corresponding reduction pair on T (Σ,V) as defined
in Definition 38. Let VO(s) be the set of all variable occurrences in s. If for any
Xi ∈ VO(s), we have χπs (Xi) = 0, then s is rigid w.r.t. (%,�).

Proof. Because for any Xi ∈ VO(s), χπs (Xi) = 0, every variable occurrence is
filtered out by the filter. Hence, π(s) is ground and rigid w.r.t. (%π,�π). It
implies the rigidity of s w.r.t. (%,�).

Example 55. We re-consider Example 47. It is easy to see that the argument
filter π in the example filters away any variable occurrence in any list of T (Σ,V)
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and all terms in T (Σπ,V) are ground. Then we have T (Σπ,V) is rigid w.r.t.
(%π,�π). Therefore, T (Σ,V) is rigid w.r.t. (%,�). Indeed, any nil-terminating
list of variables is rigid w.r.t. the reduction pair imposed by the list-length norm.
�

Applying this to Call(P,S), we need to construct an argument filter such that
for any variable occurrence Xi of any call A ∈ Call(P,S), χπA(Xi) = 0. Because
Call(P,S) can be infinite, in Section 3.3.1 we approximated it by a finite number
of call patterns, each of them is a call type. We also introduced a method to
infer the rigidity condition w.r.t. polynomial interpretations. In this section, we
re-use most of the work there, with some revision to adapt to argument filterings,
instead of polynomial interpretations. More specifically, we revise Proposition 3,
Corollary 5 and Proposition 4. We state these revisions in the following.

Proposition 13 (checking rigidity by critical paths revisited). Let P be a pro-
gram and F be a BU-FTA with an accepting state q representing a set of atoms
S. Let π be an argument filter and (%,�) be a reduction pair on T (ΣP ,VP)
defined as in Definition 38. S is rigid w.r.t. (%,�) if and only if on every crit-
ical path of F from q to var, there exists an arc (qu, qv) and a state transition
f(qv1 , . . . , qvi−1 , qv, qvi+1 , . . . qvk

)→ qu such that χπ(f/k)(i) = 0.

Proof. The condition stated in the proposition is equivalent to the requirement
that for any term t in S, π filters out all variables from t. According to Proposition
12, this infers the rigidity of π(t) w.r.t. (%π,�π), and equivalently, rigidity of t
w.r.t. (%,�). Thus S is rigid w.r.t. (%,�).

Corollary 8 (symbolic condition for checking rigidity revisited). Let CP be a
critical path of F from q to var. Let (n1,m1), . . . , (ne,me) be all arcs in CP, where
fd(qfd

1
, . . . , qfd

id−1
,md, qfd

id+1
, . . . , qfd

kd

) → nd is the corresponding state transition

of the arc (nd,md). If for every such CP we have

e∏
d=1

χπ(fd/kd)(id) = 0 (5.31)

then S is rigid w.r.t. (%,�).

Proof. Trivial from Proposition 13.

Proposition 14 (symbolic condition for checking rigidity revisited). Let q(τ1, . . . , τn)
be a predicate signature of q/n which represents a set of atoms S. S is rigid w.r.t.
(%,�) if for any i ∈ 1, n, we have:

• if τi = var then χπ(q/n)(i) = 0.
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• if τi 6= var, then for any critical path (n1,m1), . . . , (ne,me) of τi, using the
notation from Corollary 8:

χπ(q/n)(i) ∗
e∏
d=1

χπ(fd/kd)(id) = 0

Proof. Trivial from Corollary 8.

In order to establish the rigidity condition for Call(P,S), first we approximate
it by a set of call patterns. Then Proposition 14 is applied to each call pattern
to infer the rigidity for the argument filter. We illustrate this in the following
example.

Example 56 (permute continued). We consider the rigidity of the call set. To
infer the set of call patterns, we apply the approach in Section 3.3.1. First, we
define the following regular type τ to represent the set of all nil-terminating lists
of free variables4:

list→ [ ] ; [var|list].
Then, the set of queries S can be represented by a single type-based pattern
perm(list, var). Using the type inference technique in (Gallagher et al. 2005)
(described in Section 3.3.1), the following set of call patterns approximating the
Call(P,S) are inferred:

{perm(list, var), app1(var, var, list), app2(list, list, var)}

Based on Proposition 14, we derive the following sufficient condition for the argu-
ment filtering π so that Call(P,S) is rigid w.r.t. (%,�):

χπ(perm/2)(1) ∗ χπ(./2)(1) = 0 χπ(perm/2)(2) = 0
χπ(app1/3)(1) = 0 χπ(app1/3)(2) = 0
χπ(app1/3)(3) ∗ χπ(./2)(1) = 0 χπ(app2/3)(1) ∗ χπ(./2)(1) = 0
χπ(app2)(2) ∗ χπ(./2)(1) = 0 χπ(app2/3)(3) = 0

�

The rigidity condition determines argument positions of some predicate and
function symbols that should be removed. Any argument filter which is sufficient
for a termination proof must satisfy this condition. In the following, we clarify
it by the notion of upper bound argument filters, i.e., the argument filters which
satisfy the rigidity condition and remove least argument positions.

4This type of list is different from the type of “list” in Example 12, where it is defined as a
list of any.
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Definition 43 (upper bound argument filter). An argument filter π is called an
upper bound argument filter if the rigidity of Call(P,S) specified in Proposition
14 is satisfied and there does not exist any argument filter π′ such that π @ π′,
and π′ also satisfies the rigidity of Call(P,S).

Note that the upper bound argument filter may not be unique. The second
condition in Proposition 14 shows that there are several alternatives for the argu-
ment positions of predicate and function symbols which can be removed. Different
combinations of removed argument positions bring different upper bound argu-
ment filters. We denote the set of all upper bound argument filters by Sπmax. Let
π′ be an argument filter. We denote π′ v Sπmax if there exists an argument filter
π ∈ Sπmax such that π′ v π i.e., π′ is a refinement of π′.

Example 57 (permute continued). From Example 56, we derive the set Sπmax =
{π1, π2}:
• π1: π1(perm/2) = ∅, π1(app1/3) = ∅, π1(app2/3) = ∅, π1(./2) = {1, 2},
π1(h1/2) = {1, 2}, π1(h2/2) = {1, 2}, π1(h3/2) = {1, 2}, π1(k/2) = {1, 2},
π1(appl1/3) = {1, 2, 3}, π1(appr1/3) = {1, 2, 3}, π1(appl2/3) = {1, 2, 3}, π1(appr2/3) =
{1, 2, 3},

• π2: π2(perm/2) = {1}, π2(app1/3) = {3}, π2(app2/3) = {1, 2}, π2(./2) =
{2}, π2(h1/2) = {1, 2}, π2(h2/2) = {1, 2}, π2(h3/2) = {1, 2}, π2(k/2) =
{1, 2}, π2(appl1/3) = {1, 2, 3}, π2(appr1/3) = {1, 2, 3}, π2(appl2/3) = {1, 2, 3},
π2(appr2/3) = {1, 2, 3}.

If we apply π1 to Constraint 5.9, i.e., app1([H1|X1], Y1, [H1|Z1]) � app1(X1, Y1, Z1),
both left and right-hand sides of the constraint are transformed to app1. While if π2

is used, then the left-hand side is transformed to app1(.(Z1)) and the right-hand
side is to app1(Z1). �

As we discussed previously, another requirement for the reduction pair on
T (Σ,V) is that the monotonicity and reflectivity of argument positions of the
extra function symbols must be satisfied. The following proposition establishes
the relation between this requirement and the argument filters.

Proposition 15. Let T (Σ,V) be a set of terms and π be an argument filter on
T (Σ,V). Let (%π,�π), (%,�) be reduction pairs on T (Σπ,V) and on T (Σ,V)
respectively, as defined in Definition 38. Let f/n ∈ Σ be a function symbol and
π(f/n) = {i1, . . . , ik}. f/n is monotone w.r.t. � at argument position i if and only
if i = ij ∈ {i1, . . . , ik} and the function symbol π(f/n) is also monotone w.r.t. �π
at argument position j. f/n is monotone w.r.t. % at argument position i if and
only if or (1) i 6∈ {i1, . . . , ik} or (2) i = ij ∈ {i1, . . . , ik} and the function symbol
π(f/n) is also monotone w.r.t. %π at argument position j.
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Proof. For the case of monotonicity w.r.t. �:
First, suppose that f/n is monotone w.r.t. � at argument position i, we need to
prove that i = ij ∈ {i1, . . . , ik} and argument position j of the function symbol
π(f/n) is also monotone w.r.t. �π. For any term s, t, s1, . . . , si−1, si+1, . . . , sn ∈
T (Σ,V) such that s � t, we have

l = f(s1, . . . , si−1, s, si+1, . . . , sn) � f(s1, . . . , si−1, t, si+1, . . . , sn) = r.

If π filters out the argument position i, then π(l) = π(f(s1, . . . , s, . . . , sn) =
f(π(si1), . . . , π(sik)) ≈π π(f(s1, . . . , t, . . . , sn)) = π(r). However, from Defini-
tion 38, we have: π(l) �π π(s) (contradiction). Therefore, π does not filter out
argument position i or i = ij ∈ {i1, . . . , ik}. Now, suppose π(f/n) is not monotone
w.r.t. �π at its jth argument position. Then there exists terms sπ, tπ ∈ Σπ such
that sπ �π tπ but f(π(si1), . . . , sπ, . . . , π(sik)) 6�π f(π(si1), . . . , tπ, . . . , π(sik)).
Let t, s be terms in T (Σ,V) such that π(t) = tπ, π(s) = sπ (there always ex-
ists such terms). We have: s � t. Because f/n is monotone w.r.t. � at the ith

argument position, we have:

f(s1, . . . , s, . . . , sn) � f(s1, . . . , t, . . . , sn)

It implies:

f(π(si1), . . . , sπ, . . . , π(sik)) �π f(π(si1), . . . , tπ, . . . , π(sik)) (contradition).

Therefore, π(f/n) is monotone w.r.t. �π at its jth argument position. The inverse
direction can be proved similarly.

For the case of monotonicity w.r.t. %:
Suppose f/n is monotone w.r.t. % at argument position i, we have to prove
that (1) i 6∈ {i1, . . . , ik} or (2) i = ij ∈ {i1, . . . , ik} and argument position
j of the function symbol π(f/n) is also monotone w.r.t. %π. For any term
s, t, s1, . . . , si−1, si+1, . . . , sn ∈ T (Σ,V) such that s % t, we have

l = f(s1, . . . , si−1, s, si+1, . . . , sn) % f(s1, . . . , si−1, t, si+1, . . . , sn) = r.

If i 6∈ {i1, . . . , ik}, then π(l) = π(f(s1, . . . , s, . . . , sn) = f(π(si1), . . . , π(sik)) ≈π
π(f(s1, . . . , t, . . . , sn)) = π(r). It satisfies π(l) %π π(r) as the requirement of
Definition 38.
If i ∈ {i1, . . . , ik}, similar to the case of monotonicity w.r.t. �, we can prove that
π(f/n) is monotone w.r.t. %π. The inverse direction can be proved similarly.

We also have a similar proposition for the reflecting property:

Proposition 16. Let T (Σ,V) be a set of terms and π be an argument filter on
T (Σ,V). Let (%π,�π), (%,�) be reduction pairs on T (Σπ,V) and on T (Σ,V)



110
CHAPTER 5. TERMINATION ANALYSIS OF LP WITH REDUCTION

PAIRS

respectively, as defined in Definition 38. Let f/n ∈ Σ be a function symbol and
π(f/n) = {i1, . . . , ik}. f/n is reflecting w.r.t. � at its argument position i if and
only if i = ij ∈ {i1, . . . , ik} and π(f/n) is also reflecting w.r.t. �π at its argument
position j. f/n is reflecting w.r.t. % at its argument position i if and only if or
(1) i 6∈ {i1, . . . , ik} or (2) i = ij ∈ {i1, . . . , ik} and π(f/n) is also reflecting w.r.t.
%π at its argument position j.

Proof. Similar to the proof of Proposition 15.

Propositions 15 and 16 state that any argument position, which is monotone
(or reflecting) w.r.t. �, cannot be removed by the argument filter. On the other
hand, an argument, which is monotone (or reflecting) w.r.t. %, can be removed
by the argument filter. Applying these propositions to Propositions 9 and 10, we
infer that the first argument position of h2/2 is reflecting w.r.t. �′ and must be
included in any suitable argument filter, i.e., 1 ∈ π(h2/2). It sets up a basic lower
bound for any suitable argument filter.

Definition 44 (lower bound argument filter). Let π be an argument filter such that
for any extra function symbol h2/2 mentioned in Proposition 10, π(h2/2) = {1}.
For any other function or predicate symbol g/n, π(g/n) = ∅. We call π the lower
bound argument filter, denoted by πmin.

It is clear that any argument filter which is suitable for a termination proof
must be in the range between the lower bound and upper bound argument filters.
Therefore, the search for a reduction pair (%,�) on T (Σ,V) that satisfies all
constraints generated by the transformation in Subsection 5.3.1 can be reduced to
the search for an argument filter π within the range and a reduction pair (%π,�π)
on T (Σπ,V) such that all constraints after applying π are satisfied w.r.t. (%π,�π).
We formulate this point in the following proposition.

Proposition 17. Let P be a program and T (ΣP ,∆P ,VP) be the set of terms and
atoms. Let E be the set of inequalities described in (C) in Subsection 5.3.1. If
we can find an argument filter π from Σ to Σπ and a reduction pair (%π,�π) on
T (Σπ,VP) such that5:

(i) {πmin} v π v Sπmax,

(ii) for any inequality s % t (or s � t) in E, the corresponding inequality π(s) %π
π(t) (or π(s) �π π(t)) is satisfied,

(iii) The corresponding function symbol k/n ∈ Σπ of any extra function symbol
k/m ∈ Σ (m ≥ n) is monotone w.r.t. %π. For any corresponding function
symbol h1/r1 ∈ Σπ of any extra function symbol h1/2 ∈ Σ, if 1 ∈ π(h1/2),
h1/r1 is reflecting w.r.t. %π at its first argument; if 2 ∈ π(h1/2), h1/r1 is

5Σπ = ΣP∪∆P∪{k/m, h/m, f l/m, fr/m | k/m, h/m, f l/m, fr/m are added function symbols}.
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monotone w.r.t. %π at its second argument. For any corresponding function
symbol h2/r2 ∈ Σπ of any extra function symbol h2/2 ∈ Σ, 1 ∈ π(h2/2) and
h2/r2 is reflecting w.r.t. �π at its first argument. If 2 ∈ π(h2/2), h2/r2 is
monotone w.r.t. %π at its second argument position,

then all constraints stated in (A), (B), (C) in Subsection 5.3.1 are satisfied and
the program is terminating.

Proof. The proof is trivial since (i) implies (A), (ii) implies (B) and (iii) implies
(C).

The search can be divided in two steps: (1) we select one argument filter
and apply it to the set of constraints. If all argument filters have already been
enumerated, we return “failure”, otherwise, go to step (2). (2) we perform a
search for a reduction pair that satisfies the simplified constraints. If there exists
a reduction pair, the termination of the program is proved and the search finishes.
Otherwise, we go back to step (1).

Because there are finitely many argument filters, a standard search for a suit-
able argument filter is to enumerate all of them. However, it would be com-
putationally expensive and impractical, because the number of argument filters
is exponential in the number and the arities of predicate and function symbols.
Therefore, an efficient algorithm to reduce the search space is necessary.

In termination analysis of TRS, there are a number of works on this issue,
including 3 main approaches:

• Incomplete heuristic searches that aim to find a suitable argument filter
from a specific subset of argument filters (Hirokawa and Middeldorp 2005,
Schneider-Kamp et al. to appear). Although they may be faster, applying
them reduces the class of programs whose termination can be proved auto-
matically.

• Efficient algorithms which avoid enumeration of all argument filters, while
still maintaining a search space that contains all suitable ones (Hirokawa
and Middeldorp 2005, Giesl, Thiemann, Schneider-Kamp and Falke 2006).
In (Hirokawa and Middeldorp 2005), the authors proposed a divide and con-
quer approach for finding a suitable argument filter. The main idea is that,
instead of enumerating all possible argument filters constructed from com-
bining arguments of function symbols, we can consider only those which are
computed from terms occurring in the constraint set. The experiment in the
same paper showed that it reduced the search space considerably and did
not loose any precision.

• Transformation of the search problem to another one which may be easier
to solve. For example, in (Codish et al. 2006, Zankl et al. 2007), it was
transformed to a propositional logic, which then could be solved efficiently
by a SAT solver.
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As we have shown the similarity between termination of TRS and termination
of LP in our approach, in principle most of above techniques can be applied
to find a suitable argument filter described in Proposition 17. For example, in
Example 57, for any refinement π v π1 such that π1(app1/3) = ∅, Constraint
app1([H1|X1], Y1, [H1|Z1] � app1(X1, Y1, Z1) is transformed to app1 �π app1, re-
gardless of how π filters ./2. Since there does not exist any reduction pair such
that app1 �π app1, π is not suitable for a termination proof and can be ignored.
The work in (Hirokawa and Middeldorp 2005) allows to perform such analysis,
and we can safely remove inappropriate argument filters without solving the con-
straints simplified by them. However, in this work we will not explore it in further
detail. Instead, we use the innermost upper bound argument filter i.e., the ar-
gument filter such that for any critical path with arcs (n1,m1), . . . , (ne,me) from
q to var where fd(qfd

1
, . . . , qfd

id−1
,md, qfd

id+1
, . . . , qfd

kd

) → nd is the corresponding

state transition of the arc (nd,md), we have χπ(fe/ke)(ie) = 0.
So, for each critical path, the last arc is cut. It is easy to see that the innermost
upper bound argument filter is unique.

Example 58 (permute continued). In Example 57, the innermost argument filter
is π2: π2(perm/2) = {1}, π2(app1/3) = {3}, π2(app2/3) = {1, 2}, π2(./2) = {2},
π2(h1/2) = {1, 2}, π2(h2/2) = {1, 2}, π2(h3/2) = {1, 2}, π2(k/2) = {1, 2},
π2(appl1/3) = {1, 2, 3}, π2(appr1/3) = {1, 2, 3}, π2(appl2/3) = {1, 2, 3},
π2(appr2/3) = {1, 2, 3}. Applying this argument filter to all remaining constraints
5.9, 5.10, 5.12 5.14, 5.28, 5.29, and 5.30, we get the following simplified con-
straints:

app1(.(Z1)) �π2 app1(Z1)

app2(.(X2), Y2) �π2 app2(X2, Y2)

f lapp1([], Y1, Y1) %π2 f
r
app1([], Y1, Y1)

f lapp2([], Y2, Y2) %π2 f
r
app2([], Y2, Y2)

h1(f
l
app1(.(X1), Y1,.(Z1)), f

r
app1(X1, Y1, Z1)) %π2

h1(f
r
app1(.(X1), Y1,.(Z1)), f

l
app1(X1, Y1, Z1)) (5.32)

h2(f
l
app2(.(X2), Y2,.(Z2)), f

r
app2(X2, Y2, Z2)) %π2

h2(f
r
app2(.(X2), Y2,.(Z2)), f

l
app2(X2, Y2, Z2))

h3(perm(X), k(frapp1(U,.(V ), X), frapp2(U, V, Z))) �π2

h3(perm(Z), k(f lapp1(U,.(V ), X), f lapp2(U, V, Z)))

Furthermore, h1/2, h2/2 need to be reflecting w.r.t. %π2 at their first arguments
and monotone w.r.t. %π2 at their second arguments, h3/2 needs to be reflecting
w.r.t. �π2 at its first argument and monotone w.r.t. %π2 at its second argument.
k/2 is monotone w.r.t. %π2 . �

In following sections, we show how the transformation and the argument filter-
ing techniques can be integrated with a specific form of reduction pairs to provide
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a complete automated framework for termination analysis. More specifically, we
will integrate them with the polynomial interpretations of Chapter 3. We also
discuss the applicability of the matrix interpretation technique.

5.5 On the Interpretation Method Framework

In the framework of interpretation methods, instead of defining an interpretation,
an abstract norm and abstract level-mapping for the set of function and predicate
symbols ΣP as in Definition 11, we define them for the set of filtered function
symbols Σπ. In this way, an interpretation I(ΣD, φ) is defined consisting of a
carrier set D equipped with a pair of orderings (≥D, >D), a set of D-closed function
symbols ΣD, and an assignment φ from Σπ to ΣD such that for any f/n ∈ Σπ,
φ(f/n) = fD/n ∈ ΣD. We remind here that from Proposition 1, and Corollary 1, if
(≥D, >D) is a reduction pair, then both (%D,�D) and (%I ,�I) are also reduction
pairs. Moreover, the monotonicity of fD(X1, . . . , Xn) ∈ ΣD : Dn → D at a certain
argument position i ∈ 1, n, implies the monotonicity of fD/n : T (ΣD,VP)n →
T (ΣD,VP), and of f/n ∈ ΣP ∪ ∆P : T (ΣP ,VP)n → T (ΣP ,VP) at the same
argument position. The same rule is also applied for the reflecting property.

Applying I(ΣD, φ) to Proposition 17, we obtain the following corollary:

Corollary 9. Let P be a program and T (ΣP ,∆P ,VP) be the set of terms and
atoms. Let E be the set of inequalities described in (C) of Subsection 5.3.1. If we
can find an argument filter π and an interpretation I(ΣD, φ) of T (Σπ,VP) such
that:

(i) {πmin} v π v Sπmax,

(ii) for any inequality s % t (or s � t) in E, the corresponding inequality
‖π(s)‖I %D ‖π(t)‖I (or ‖π(s)‖I �D ‖π(t)‖I) is satisfied,

(iii) The corresponding function symbol k/n ∈ ΣD of any extra function symbol
k/m ∈ Σ (m ≥ n) is monotone w.r.t. ≥D. For any corresponding function
symbol h1/r1 ∈ ΣD of any extra function symbol h1/2 ∈ Σ, if 1 ∈ π(h1/2),
h1/r1 is reflecting w.r.t. ≥D at its first argument; if 2 ∈ π(h1/2), then
h1/r1 is monotone w.r.t. ≥D at its second argument. For any corresponding
function symbol h2/r2 ∈ ΣD of any extra function symbol h2/2 ∈ Σ, 1 ∈
π(h2/2) and h2/r2 is reflecting w.r.t. >D at its first argument. If 2 ∈
π(h2/2), then h2/r2 is monotone w.r.t. ≥D at its second argument position,

then all constraints stated in (A), (B), (C) of Subsection 5.3.1 are satisfied and
the program is terminating.
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5.5.1 Polynomial Interpretations

A trivial option for applying the interpretation methods is to re-use the polyno-
mial interpretation framework in Chapter 3.
We can re-use most steps of the polynomial interpretation framework. The only
difference is, the first phase of the transformation in Section 3.3.3 is now replaced
by the transformation in Section 5.3 and the argument filtering technique in Sec-
tion 5.4 is applied to the constraint set. Other steps, including the assignment of
terms to polynomials, the transformation in Section 3.3.3, and solving Diophantine
constraints in Section 3.3.4 can be applied similarly.

We will not explain these steps again. However, we will illustrate the main
ideas by showing how they can be applied to the example permute.

Example 59 (permute continued). We reconsider Example 58. We need to find
a reduction pair (%π,�π) such that those constraints are satisfied. First, we set
up a symbolic polynomial interpretation I(ΣD, φ) for the set of constraints. We
assign to each simplified function or predicate symbol a polynomial with symbolic
coefficients. For the sake of simplicity, we restrict ourself to linear polynomial
interpretation.

• The domain D = N,

• The assignment φ : ΣP ∪∆P → ΣD in which:
φ(app1(X)) = a11X + a10,
φ(app2(X,Y )) = a21X + a22Y + a20,
φ(perm(X)) = p1X + p0,
φ(.(X)) = l1X + l0,
φ([]) = c,
φ(f lapp1(X,Y, Z)) = f l11X + f l12Y + f l13Z + f l10,
φ(frapp1(X,Y, Z)) = fr11X + fr12Y + fr13Z + fr10,
φ(f lapp2(X,Y, Z)) = f l21X + f l22Y + f l23Z + f l20,
φ(frapp2(X,Y, Z)) = fr21X + fr22Y + fr23Z + fr20,
φ(k(X,Y )) = k1X + k2Y + k0,
φ(h1(X,Y )) = h11X + h12Y + h10,
φ(h2(X,Y )) = h21X + h22Y + h20,
φ(h3(X,Y )) = h31X + h32Y + h30.

The requirements for these polynomials is that, all polynomials must satisfy the
“D-closedness”, and φ(k/2) is monotone w.r.t. ≥D, φ(h1/2), φ(h2/2), φ(h3/2)
are monotone w.r.t. ≥D at their second argument positions, φ(h3/2) is reflecting
w.r.t. >D at its first argument, φ(h1/2), φ(h2/2) are reflecting w.r.t. ≥D at their
first argument. The D-closedness is always satisfied since the domain D = N
and all symbolic coefficients of the polynomials are non-negative integers. For the



5.5. ON THE INTERPRETATION METHOD FRAMEWORK 115

monotonicity and reflecting properties, the following constraints are sufficient:

k1 ≥ 0 k2 ≥ 0

h11 ≥ 0 h12 ≥ 0

h21 ≥ 0 h22 ≥ 0

h31 > 0 h32 ≥ 0

Finally, based on the symbolic polynomial interpretation, all termination con-
straints w.r.t. the general reduction pair are mapped to constraints on polynomials.
We will not show here the mappings of all these constraints. We only present it for
Constraint 5.32, the others can be done in a similar way. For the sake of clarity,
we repeat the constraint:

h1(f lapp1(.(X1), Y1,.(Z1)), frapp1(X1, Y1, Z1)) %π

h1(frapp1(.(X1), Y1,.(Z1)), f lapp1(X1, Y1, Z1))

This constraint is mapped to the following constraint on linear polynomials:

(h10 + h11f
l
10 + h11f

l
11l0 + h11f

l
13l0 + h12f

r
10) + (h11f

l
11l1 + h12f

r
11)X1+

(h11f
l
12 + h12f

r
12)Y1 + (h11f

l
13l1 + h12f

r
13)Z1 %D

(h10 + h11f
r
10 + h11f

r
11l0 + h11f

r
13l0 + h12f

l
10) + (h11f

r
11l1 + h12f

l
11)X1+

(h11f
r
12 + h12f

l
12)Y1 + (h11f

r
13l1 + h12f

l
13)Z1

Applying the second phase of the transformation in 3.3.3, we can transform the
above constraint to the following constraints with the symbolic coefficients as the
variables of the constraints:

(h10 + h11f
l
10 + h11f

l
11l0 + h11f

l
13l0 + h12f

r
10)−

(h10 + h11f
r
10 + h11f

r
11l0 + h11f

r
13l0 + h12f

l
10) ≥ 0

(h11f
l
11l1 + h12f

r
11)− (h11f

r
11l1 + h12f

l
11) ≥ 0

(h11f
l
12 + h12f

r
12)− (h11f

r
12 + h12f

l
12) ≥ 0

(h11f
l
13l1 + h12f

r
13)− (h11f

r
13l1 + h12f

l
13) ≥ 0

These constraints, together with the rigidity, “D-closedness”, and “monotonicity”
constraints are Diophantine constraints and can be solved by a back-end Diophan-
tine constraint solver. e.g., CiME2.0 or AProVE-SAT. For example, the solver
AProVE-SAT solves the constraint set and gives the result which infers the follow-
ing polynomial interpretation:

• D = N,
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• φ(app1(X)) = X, φ(app2(X,Y )) = X, φ(perm(X)) = X, φ(.(X)) = X + 2,
φ([]) = 0, φ(f lapp1(X,Y, Z)) = Z+1, φ(frapp1(X,Y, Z)) = X+Y , φ(f lapp2(X,Y, Z)) =
X+Y +1, φ(frapp2(X,Y, Z)) = Z+1, φ(k(X,Y )) = X+Y , φ(h1(X,Y )) = X+Y ,
φ(h2(X,Y )) = X + Y , φ(h3(X,Y )) = X + Y.

�

Theoretically, the new approach with the application of polynomial interpreta-
tions is at least as powerful as the polynomial interpretation framework in Chapter
3. First, the filtering-based rigidity stated in Proposition 14 is at least as power-
ful as the rigidity condition stated in Proposition 4. In Proposition 4, we select
one function symbol f/n which has its jth argument position involved in some
critical path and eliminate all occurrences of the variable Xj in the polynomial
Pf (X1, . . . , Xn) associated with f/n. In Proposition 14, the argument filter re-
moves the jth argument of f/n directly, and a new function symbol f/m is cre-
ated. In a following step, when we set up a symbolic polynomial interpretation
for the problem, the polynomial associated with f/m is exactly the same as the
polynomial Pf (X1, . . . , Xn) after applying rigidity constraints. Finally, since the
transformation in Section 5.3 is more general than the transformation in Section
3.3.3, it does not loose any precision.

5.5.2 Matrix Interpretations

The matrix interpretation method was first proposed for string rewrite systems by
Hofbauer and Waldmann in (Hofbauer and Waldmann 2006). It was then extended
to termination analysis of TRS (Endrullis et al. 2008). In this section, we discuss
the basic and necessary notions of matrix interpretations and explain how they
can be applied to termination analysis of LP within the framework presented in
this chapter.

We consider a class of interpretations I(ΣD, φ) in which:

• The carrier set D is a set of column vectors D ⊆ Nd, where d ∈ N+ is the
fixed dimension of the matrices. A quasi ordering and a strict ordering on
D are defined as follows:

(v1, . . . , vd)T >D (u1, . . . , ud)T ⇔ v1 > u1 ∧ vi ≥ ui for i = 2, 3, . . . , d,

(v1, . . . , vd)T ≥D (u1, . . . , ud)T ⇔ vi ≥ ui for i = 1, 2, . . . , d.

in which vT is the notation for the transposed matrix of the matrix v.

• A set of D-closed functions ΣD.

• The assignment φ maps each function symbol f/n ∈ Σπ to a corresponding
function fD/n ∈ ΣD : Dn → D:

fD(X1, . . . , Xn) = F1X1 + . . .+ FnXn + F0
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in which F1, . . . ,Fn are matrices over N of the size d × d, and F0 ∈ Nd.
X1, . . . , Xn ∈ D are matrix variables.

We call such interpretation a matrix interpretation. Operations on the set of
matrices with elements in N consist of matrix addition and matrix multiplication.
We denote by (F)i,j , i =∈ {1,m}, j =∈ {1, n}, the cell at row i and column j of
the m ∗ n matrix F . Let A,B are matrices over N of the size d ∗ d, we say that
A is greater than or equal to B if and only if any element in A is greater than or
equal to the corresponding element in B. We denote it as ∀i, j ∈ {1, . . . , d} : A &
B ⇔ (A)i,j ≥ (B)i,j .

The following proposition states a condition for the monotonicity of a matrix
function at a specific argument position.

Proposition 18 (see also (Endrullis et al. 2008)). Let fD(v1, . . . , vn) = F1v1 +
. . .+ Fnvn + F0 be a function from Dn to D, where F1, . . . ,Fn are matrices over
N of the size d ∗ d, and F0 ∈ D. Let fD/n be monotone and reflecting w.r.t. ≥D.
It is monotone and reflecting w.r.t. >D at argument position i ∈ {1, . . . , n} if the
upper left elements (Fi)1,1 of Fi is positive.

The difference between this proposition and the one in (Endrullis et al. 2008)
is that our proposition also proposes a sufficient condition for the reflecting prop-
erty. The proof for this condition can be done in a similar way to the proof for
monotonicity.
The abstract level mapping and abstract norm allow us to map terms and atoms
to functions over matrices. Therefore, instead of comparing terms and atoms using
the ordering pair (%I ,�I), one can compare their corresponding matrix functions
using the ordering pair (%D,�D).

As we have discussed in the beginning of this section, it is obvious that >D is
well-founded and (≥D, >D) is a reduction pair. As a consequence, the ordering pair
(%D,�D) on T (ΣD,VP) and the ordering pair (%I ,�I) on T (ΣP ,∆P ,VP) are also
reduction pairs. Moreover, the monotonicity and reflectivity of fD/n : Dn → D
leads to the monotonicity and reflecting of fD/n : ΣnD → ΣD, and the monotonicity
and reflectivity of f/n : Σnπ → Σπ. Therefore, we can safely apply the matrix
interpretation method into the interpretation framework stated in Corollary 9.
The following corollary provides a syntactic way to compare two matrix functions:

Corollary 10 (see also (Endrullis et al. 2008)). Let f1(v1, . . . , vn) = F11v1 +
. . .+F1nvn +F10 and f2(v1, . . . , vn) = F21v1 + . . .+F2nvn +F20 are two matrix
functions from Dn to D, where F11, . . . ,F1n,F21, . . . ,F2n are matrices over N of
the size d ∗ d, and F10,F20 ∈ D.

• f1(v1, . . . , vn) %D f2(v1, . . . , vn) if and only if F1i & F2i for i ∈ {1, . . . , n}
and F10 ≥D F20.

• f1(v1, . . . , vn) �D f2(v1, . . . , vn) if and only if F1i & F2i for i ∈ {1, . . . , n},
and F10 >D F20.
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Example 60 (“string rewrite” continued). We reconsider Example 45. First, we
define the following type:

list(ab) = [ ] ; [a|list(ab)] ; [b|list(ab)]
Then the call set Call(P,S) can be represented by the following type-based patterns:
{solve(list(ab), var), rewrite(list(ab), var)}.
As we discussed in Example 45, the first SCC (node N1) can be easily handled by a
polynomial interpretation. For the second one (node N2), we show in the following
that it can be handled using matrix interpretations.
First, we reformulate the strongly decreasing condition of N2:

f lrew(X,Y ) % frrew(X,Y )⇒ solve(X,Y ) � solve(Y,Z).

And the valid interargument condition for rewrite/2:

f lrew(.(a,.(a, T )),.(a,.(b,.(a, T )))) %
frrew(.(a,.(a, T )),.(a,.(b,.(a, T ))))

f lrew(T1, T2) % frrew(T1, T2)⇒
f lrew(.(X,T1),.(X,T2)) % frrew(.(X,T1),.(X,T2))

Using the transformation technique in Section 5.3, we get the following set of
constraints:

h2(solve(X,Y ), frrew(X,Y )) �′ h2(solve(Y,Z), f lrew(X,Y ))

f lrew(.(a,.(a, T )),.(a,.(b,.(a, T )))) %′

frrew(.(a,.(a, T )),.(a,.(b,.(a, T ))))

h1(f
l
rew(.(X,T1),.(X,T2)), f

r
rew(T1, T2)) %′

h1(f
r
rew(.(X,T1),.(X,T2)), f

l
rew(T1, T2))

Using the rigid-based argument filtering approach in Section 5.4, we derive the
upperbound argument filter π such that: π(solve/2) = {1}, π(frrew/2) = {1, 2},
π(f lrew/2) = {1, 2}, ./2 = {1, 2}, π(h1/2) = {1, 2}, and π(h2/2) = {1, 2}. Apply-
ing this argument filter to the constraints above, we obtain:

h2(solve(X), frrew(X,Y )) �π h2(solve(Y ), f lrew(X,Y ))

f lrew(.(a,.(a, T )),.(a,.(b,.(a, T )))) %π

frrew(.(a,.(a, T )),.(a,.(b,.(a, T ))))

h1(f
l
rew(.(X,T1),.(X,T2)), f

r
rew(T1, T2)) %π

h1(f
r
rew(.(X,T1),.(X,T2)), f

l
rew(T1, T2))

We consider the following matrix interpretation I(ΣD, φ) such that:

h1(X,Y ) =

241 0 1
0 0 1
0 0 0

35∗X+

241 0 1
0 0 1
0 1 0

35∗Y ; h2(X,Y ) =

241 0 0
0 1 0
0 0 0

35∗X+

241 1 0
1 1 0
0 0 0

35∗Y
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.(X,Y ) =

241 0 0
0 1 0
0 0 1

35 ∗X +

241 0 0
0 0 1
0 0 0

35 ∗ Y ; solve(X,Y ) =

241 1 1
1 1 1
0 0 0

35 ∗X
f lrew(X,Y ) =

241 1 1
0 0 0
0 1 0

35 ∗X; frrew(X,Y ) =

241 0 1
0 1 0
0 0 1

35 ∗ Y +

241
0
0

35
a =

240
0
1

35 ; b =

240
0
0

35
Note that according to Proposition 18, both h1/2 and h2/2 are monotone and

reflecting w.r.t. >D; hence the monotonicity and reflectivity properties in Corollary
9 are satisfied. Moreover, based on the interpretation, the constraint set above is
transformed to the following matrix constraints respectively.241 1 1

1 1 1
0 0 0

35 ∗X +

241 1 1
1 1 1
0 0 0

35 ∗ Y +

241
1
0

35 �D
241 1 1

1 1 1
0 0 0

35 ∗X +

241 1 1
1 1 1
0 0 0

35 ∗ Y
241 0 0

1 0 0
0 0 0

35 ∗ T +

242
0
1

35 %D

241 0 0
1 0 0
0 0 0

35 ∗X +

242
0
1

35
242 2 3

0 1 1
0 1 0

35 ∗X +

241 0 2
0 0 1
0 0 0

35 ∗ T1 +

241 0 0
0 0 0
0 0 1

35 ∗ T2 +

241
0
0

35 %D

242 2 3
0 1 1
0 0 0

35 ∗X +

241 0 2
0 0 1
0 0 0

35 ∗ T1 +

241 0 0
0 0 0
0 0 0

35 ∗ T2 +

241
0
0

35
Obviously, all of these matrix constraints are satisfied, and the program is termi-

nating. �

5.5.2.1 Toward Automation

Similar to the work for polynomial interpretations, we can apply a constraint-
based approach in order to automate termination analysis on the basis of matrix
interpretations. It can be done in the following steps:

1. First we fix the dimension d for the carrier set D of matrix interpretation to
a concrete value (e.g., d = 2, 3, ...).

2. Then for each function symbol fD = φ(f/n) = F1v1+ . . .+Fnvn+F0, f/n ∈
Σπ, we choose n symbolic coefficients for all elements of Fi, i ∈ {0, . . . , n},
i.e., each element (Fi)j,k, and (F0)k, j, k ∈ {1, . . . , d} is a symbol instead of
a concrete number in N. We give a fixed domain Dv ⊂ N for those symbolic
coefficients.
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3. We reformulate all constraints in Corollary 9 to the form of matrix function
inequalities.

4. By applying Corollary 10, we can transform all inequalities in (3) to a set of
Diophantine constraints with variables as the symbolic coefficients.

5. Using any available Diophantine constraint solver (e.g., AProVE-SAT as in
Chapter 3), these Diophantine constraints can be handled. An existing so-
lution for these constraints gives a concrete matrix interpretation which is
sufficient for a termination proof.

To fasten the approach, algorithms such as the one in (Endrullis et al. 2008)[Section
7] can be applied. We have not implemented the approach yet, however, the
framework that we developed in this chapter show that it is not conceptually
difficult.

5.6 Summary

In this chapter, we introduce a novel direct approach for automated termination
analysis of LP with general reduction pairs. The contribution is threefold: (1) we
provide a method to transform all termination conditions stated in (De Schreye
and Serebrenik 2002, Theorem 2) (i.e., order acceptability) and in Definition 33,
Chapter 4 (i.e., DG-acceptability) into a set of term inequalities w.r.t. reduction
pairs. This allows us to apply any available ordering techniques in TRS directly to
LP. (2) we show that the well-known argument filtering technique in TRS can also
be ported to LP. Based on it, we reformulate the necessary rigidity condition of the
call set as a required condition for any possible argument filter. (3) we show how
polynomial interpretations and matrix interpretations can be applied to automate
the framework. We also show that some examples that cannot be handled by
traditional polynomial interpretation approach now can easily be solved using
matrix interpretations.

Future work should be to implement the approach introduced in this chapter.
It is also interesting to study deeper the argument filtering method of Section 5.4
in order to refine it further.

While this chapter only shows the feasibility of the matrix interpretation ap-
proach, it would also be fruitful to investigate how other ordering techniques such
as recursive path orderings, Knuth-Bendix orderings, can be integrated with this
framework.



Chapter 6

Conclusions

In Chapter 3, we developed a new termination technique for logic programs based
on polynomial interpretations. It turns out that our new technique is indeed a
direct generalization of the current practice for LP, which is mostly based on the use
of linear norms and level mappings that map terms and atoms to natural numbers.
All theoretical contributions of this chapter were implemented in our termination
tool Polytool. The evaluation of the tool, in comparison with other termination
tools for LP, shows that our tool is the best direct termination prover for LP.
In the annual international Termination Competition 2007, Polytool reached the
second highest score, just after AProVE, a tool which deploys a transformation
approach from LP to TRS.

In Chapter 4, we introduced a new modular termination framework for LP
based on dependency graphs. One of the outcomes of the work is that —for the
first time— a fully automated constraint-based local approach for termination
analysis of LP is developed. As another outcome, it results in a weaker condition
for verifying termination of LP, which is in practice more powerful than both
previous local and global approaches. An implementation, called call Polytool-2
was integrated into Polytool. The experiments show that it performs substatially
better than its predecessor sanf that it comes very close to the best tool AProVE.

In Chapter 5, we introduce a novel direct approach for automated termination
analysis of LP with general reduction pairs. With this new framework, we now can
apply any useful termination techniques in TRS, such as matrix interpretations,
recursive path orderings, Knuth-Bendix orderings, argument filterings, directly to
LP. We selected two of them, matrix interpretations and argument filterings an
applied them to LP. The initial result show that some examples that cannot be
handled by the traditional polynomial interpretation approach now can easily be
solved using matrix interpretations.
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6.0.1 Future Work

A possible extension of Chapter 4 is to adapt this new technique to the case of
unification with occur check. Since most current Prolog systems do not support
occur check, it might well be a useful extension.

For Chapter 5, an obvious future work should be to implement the approach
introduced in this chapter. It is also interesting to study more in depth the argu-
ment filtering method of Section 5.4 in order to refine it further and to find out
whether it is strictly stronger than polynomial interpretations.

While this chapter only shows the feasibility of the matrix interpretation ap-
proach, it would also be fruitful to investigate how other ordering techniques such
as recursive path orderings and Knuth-Bendix orderings, can be integrated within
this framework.
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Plümer, L.: 1990, Termination Proofs for Logic Programs, Springer Verlag.

Podelski, A. and Rybalchenko, A.: 2004, Transition invariants, Proc. LICS ’04,
pp. 32–41.

Ramsey, F. P.: 1930, On a problem of formal logic, Proc. London Math. Society
30, 264–286.

Robinson, J.: 1965, A machine-oriented logic based on the resolution principle,
Association for Computing Machinary 12(1), 23–41.

Schneider-Kamp, P.: 2008, Static Termination Analysis for Prolog using Term
Rewriting and SAT Solving, PhD thesis, RWTH Aachen, Germany.

Schneider-Kamp, P.: n.d., A revised version of the termination prob-
lems database 2007 with no examples containing arithmetic expressions,
http://www.cs.kuleuven.be/∼manh/polytool/polytool-benchmarks.tar.gz.

Schneider-Kamp, P., Giesl, J., Serebrenik, A. and Thiemann, R.: 2007, Automated
termination analysis for logic programs by term rewriting, Proc. LOPSTR ’06,
LNCS 4407, pp. 177–193.

Schneider-Kamp, P., Giesl, J., Serebrenik, A. and Thiemann, R.: to appear, Au-
tomated termination analysis for logic programs by term rewriting, ACM
Transactions on Computational Logic .



BIBLIOGRAPHY 129

Schneider-Kamp, P., Thiemann, R., Annov, E., Codish, M. and Giesl, J.: 2007,
Proving termination using recursive path orders and SAT solving, Proc. Fro-
CoS ’07, LNAI 4720, pp. 267–282.

Serebrenik, A.: 2003, Termination Analysis of Logic Programs, PhD thesis, De-
partment of Computer Science, K. U. Leuven, Belgium.

Serebrenik, A. and Schreye, D. D.: 2003, Hasta-La-Vista: Termination analyser
for logic programs, Proc. WLPE ’03, pp. 60–74.

Serebrenik, A. and Schreye, D. D.: 2005, On termination of meta-programs, The-
ory and Practice of Logic Programming 5(3), 355–390.

Smaus, J. G.: 2004, Termination of logic programs using various dynamic selection
rules, In Proceedings of the 20th International Conference in Logic Program-
ming, LNCS 3132, pp. 43–57.

Steinbach, J.: 1992, Proving polynomials positive, Proc. FSTTCS ’92, LNCS 652,
pp. 18–20.

Taboch, C., Genaim, S. and Codish, M.: 2002, TerminWeb: Semantics-
based termination analyser for logic programs. http://www.cs.bgu.ac.il/

~mcodish/TerminWeb.

Thiemann, R. and Giesl, J.: 2005, The size-change principle and dependency
pairs for termination of term rewriting, Applicable Algebra in Engineering,
Communication and Computing 16(4), 229–270.

Turing, A. M.: 1936, On computable numbers, with an application to the entschei-
dungsproblem, Proceedings of the London Mathematical Society 2(42), 230–
265.

Ullman, J. D. and Van Gelder, A.: 1988, Efficient tests for top-down termination
of logical rules, J. ACM 35(2), 345–373.

Verschaetse, K. and De Schreye, D.: 1991, Deriving termination proofs for logic
programs, using abstract procedures, Proc. ICLP ’91, MIT Press, pp. 301–
315.

Zankl, H., Hirokawa, N. and Middeldorp, A.: 2007, Constraints for argument fil-
terings, SOFSEM ’07: Proceedings of the 33rd conference on Current Trends
in Theory and Practice of Computer Science, Springer-Verlag, Berlin, Heidel-
berg, pp. 579–590.

Zantema, H.: 2003, Term Rewriting Systems, Cambridge University Press, chapter
Termination, pp. 181–259.



130 BIBLIOGRAPHY



Publication List

Conference Articles

� Nguyen, M. T. and De Schreye, D. Polynomial interpretations as a basis
for termination analysis of logic programs, Proc. ICLP ’05, LNCS 3668,
pp. 311–325. Springer 2005.

� Nguyen, M. T. and De Schreye, D. Polytool: Proving termination automati-
cally based on polynomial interpretations, Proc. LOPSTR ’06, LNCS 4407,
pp. 210–218. Springer 2007. Extended version appeared as Technical report,
Department of Computer Science, K. U. Leuven, Belgium.

� Nguyen, M. T., Giesl, J., Schneider-Kamp, P. and De Schreye, D.: Termi-
nation analysis of logic programs based on dependency graphs, Proc. LOP-
STR ’07, LNCS 4915, pp. 8–22, Springer 2008.

� Schneider-Kamp, P.,Giesl, J. and Nguyen, M. T.: The Dependency Triple
Framework for Termination of Logic Programs Proc. LOPSTR ’09, LNCS,
Springer 2010, to appear.

Workshop Articles

� J. Giesl, P. Schneider-Kamp, R. Thiemann, S. Swiderski, M. T. Nguyen, D.
De Schreye, A. Serebrenik: Termination of Programs using Term Rewriting
and SAT Solving. Deduction and Decision Procedures 2007, in Franz Baader,
Byron Cook, Jrgen Giesl, Robert Nieuwenhuis (Eds.): Deduction and Deci-
sion Procedures, 30.09. - 05.10.2007. Dagstuhl Seminar Proceedings 07401
Internationales Begegnungs- und Forschungszentrum fuer Informatik (IBFI),
Schloss Dagstuhl, Germany 2007

131



Technical Reports

� Nguyen, M. T., De Schreye, D., Giesl, J. and Schneider-Kamp, P. Poly-
tool: Proving termination automatically based on polynomial interpreta-
tions, Technical report CW412, Department of Computer Science, K.U.Leuven,
2008. http://www.cs.kuleuven.ac.be/publicaties/rapporten/cw/CW412.abs.html.
Submitted to TPLP, under review.



Biography

� Born in Thai Binh, Vietnam on 16 October 1978.

� Engineer in Information Technology from Hanoi University of Technology
(1996-2001).

� Advanced Studies Master in Industrial Management from K.U.Leuven (2002-
2003).

� Advanced Studies Master of Artificial Intelligence from K.U.Leuven (2003-
2004)

� PhD studies in Department of Computer Science of K.U.Leuven (2004-2009).

� Preliminarie PhD defence on 26 May 2009.

� Killed in a car accident in Erfurt, Germany on 3 June 2009.

133


