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This article introduces an evolution-based methodology, named memetic single-objective evolu-

tionary algorithm (MSOEA), for automated sizing of high-performance analog integrated circuits.

Memetic algorithms may achieve higher global and local search ability by properly combining oper-

ators from different standard evolutionary algorithms. By integrating operators from the differen-

tial evolution algorithm, from the real-coded genetic algorithm, operators inspired by the simulated

annealing algorithm, and a set of constraint handling techniques, MSOEA specializes in handling

analog circuit design problems with numerous and tight design constraints. The method has been

tested through the sizing of several analog circuits. The results show that design specifications

are met and objective functions are highly optimized. Comparisons with available methods like

genetic algorithm and differential evolution in conjunction with static penalty functions, as well as

with intelligent selection-based differential evolution, are also carried out, showing that the pro-

posed algorithm has important advantages in terms of constraint handling ability and optimization

quality.
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1. INTRODUCTION

Driven by market demands and advances in integrated circuit (IC) fabrication
technologies, the specifications of modern analog circuits are becoming increas-
ingly stringent. Though analog circuits usually represent a small fraction of
entire systems, they usually take the largest part of the engineering effort due
to their complex design and the deeply specialized knowledge required. Taking
into account the ever-demanding time-to-market pressures, automation of the
analog design flow therefore has attracted increasing attention. The analog de-
sign procedure consists of topological design and parameter design (also called
circuit sizing). This article concentrates on parameter sizing to optimize the
performances for a given circuit topology.

In the past 20 years, numerous analog circuit design strategies, frameworks,
and programs have been reported [Alpaydin et al. 2003; Barros et al. 2005;
Degrauwe et al. 1987; Gielen et al. 1990; Goh and Li 2001; Harjani et al.
1989; Hershenson et al. 2001; Medeiro et al. 1994; Ochotta et al. 1996; Phelps
et al. 2000; Van der Plas et al. 2001; Castro-López et al. 2006], and some have
reached commercialization. The first approaches to analog design automation
were knowledge-based. The basic idea was to size circuit components for given
performances by using simple design equations or design procedures based on
these equations [Harjani et al. 1989; Degrauwe et al. 1987]. The drawbacks of
this kind of methodology are obvious: low flexibility, suboptimal solutions, large
preparatory time/effort and difficult technology migration.

Currently, most synthesis tools first formulate the analog circuit design prob-
lem in a constrained optimization form, and then solve it by using numerical op-
timizers, typically in combination with a SPICE-like simulator. The design goal
is usually to minimize/maximize one objective function (e.g., minimize power
consumption), subject to some constraints (e.g., slew rate larger than a certain
value):

min
x

f (x)

subject to

⎧⎪⎨
⎪⎩

g (x) ≥ 0

h(x) = 0

X L < x < X H

(1)
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In this equation, the function f (x) is the objective to be minimized (or max-
imized) and h(x) are the equality constraints. In analog circuit design, the
equality constraints usually correspond to Kirchhoff ’s current law (KCL) and
Kirchhoff ’s voltage law (KVL) equations. Vector x corresponds to the design
variables, and X L and X H are their lower and upper bounds, respectively.
Vector g (x) ≥ 0 correspond to the user-defined specifications, delimiting the
feasible region.

The synthesis is achieved by embedding a performance evaluator within
an iterative optimization procedure. The performances of candidate solutions
obtained by the performance evaluator are used by the optimizer to generate
new candidate solutions in subsequent iterations, in order to minimize f (x).

According to the performance evaluator, the design system can be equation-
based or simulation-based. Equation-based systems use equations to capture
the behavior of a circuit topology [Gielen et al. 1990; Hershenson et al. 2001].
This kind of method does not fit complex analog circuit design because creating
the equations consumes too much time and the approximations required in the
analytical equations yield low accuracy and incompleteness.

Simulation-based methods, on the other hand, solve these problems because
they rely on numerical electrical simulations to evaluate the circuit perfor-
mances. Simulation-based methods yield superior accuracy, generality, and ease
of use [Medeiro et al. 1994; Phelps et al. 2000]. The drawback is that a com-
paratively long computation time is needed for the electrical simulations, and
hence for the entire sizing, which, notwithstanding, can be kept at an acceptable
level by using effective optimization algorithms. The approach proposed in this
article is based on simulation and has been implemented via a link between
HSPICE and MATLAB.

Deterministic algorithms (e.g., steepest descent algorithm) and stochastic al-
gorithms (e.g., genetic algorithm) are used for optimizers in analog design tools.
The drawbacks of the former, such as the requirement of a good starting point,
the high probability of getting trapped into local optima, and requirements of
continuity and differentiability, limit their applicability in analog design tools.
Several methods have been proposed to solve these difficulties, such as Stehr
et al. [2003], where a method to determine the initial point is presented. Evo-
lutionary computation (EC) constitutes a major class of stochastic algorithms.
EC-based analog synthesis methods have begun to appear in literature, and
have been widely used in recent years [Alpaydin et al. 2003; Barros et al. 2005;
Goh and Li 2001; Koza et al. 1997, Kruiskamp and Leenaerts 1995, Nam et al.
2001].

Most reported analog design tools based on EC algorithms use evolution-
ary algorithms (genetic algorithm, genetic programming, evolution strategy)
as search engine and static penalty functions (PF) to handle constraints. In
these methods, the constrained optimization problem is transformed into an
unconstrained one by minimizing the following function:

f ′(x) = f (x) +
n∑

i=1

wi〈gi(x)〉, (2)
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where the parameters wi are the penalty coefficients and 〈gi(x)〉 returns the
absolute value of gi(x) if it is negative, and zero otherwise.

However, more effective constraint handling techniques are needed. As the
experiments in this article demonstrate, the methodology based on the combi-
nation of genetic algorithms and penalty functions (GAPF) cannot successfully
solve design problems with many or severe constraints. Yet, being able to handle
stringent requirements, numerous specifications and having high optimization
quality are becoming increasingly important in recent years. The outcome of
approaches based on PF techniques is sensitive to the values chosen for the
penalty coefficients, but the determination of proper penalty coefficients is a
tough work. Small values of penalty coefficients drive the search outside the
feasible region and often produce infeasible solutions, whereas imposing very
severe penalties makes it difficult to drive the population to the optimum. Al-
though several penalty strategies have been developed, for example, Joines and
Houck [1994], there has been no general rule for designing penalty coefficients.
A significant step towards the dynamic determination of proper penalty coef-
ficients for analog sizing problems has been reported in Liu et al. [2009]. In
this approach, the optimization problem is transformed into the minimization
of an augmented Lagrangian. A competitive co-evolution method, composed
of two evolutionary optimization processes running in parallel, is proposed to
size analog circuits. The first evolutionary process tries to minimize the aug-
mented Lagrangian, whereas the second one dynamically adapts the Lagrange
multipliers (analogous to penalty coefficients) to optimum values. However, the
convergence to appropriate values of the multipliers may be sometimes slow
and success is not guaranteed for problems with numerous and very severe
constraints.

Besides more effective constraint handling techniques, a more powerful
search engine is also needed to cope with more stringent specifications and
enhance the optimization ability. Genetic algorithms are a good candidate due
to their robustness and intrinsic parallelization capability. The search ability
and convergence rate of genetic algorithms (GAs) have been criticized. It has
also been proven that canonical GA cannot converge to the global optimum
[Rudolph 1994]. GA with elitism converges to the global optimum theoretically,
but this is not always the case in practice. In addition, algorithms that can
effectively handle design problems with 30 or more design variables should be
investigated.

To address these problems, a new algorithm, called memetic single objective
evolutionary algorithm (MSOEA), is proposed. Through the comparison with
well-known algorithms from the EC field, the experiments reported in this
article show that MSOEA has important advantages in terms of constraint
handling ability and optimization quality, and it specializes in handling large-
scale problems with numerous and severe constraints.

The structure of the article is as follows. The design of MSOEA and its imple-
mentation are discussed in Section 2. Section 3 provides practical examples to
show the effectiveness and advantages of the proposed approach. Comparisons
with other methods, including GAPF, and other high-ability algorithms are also
carried out. Finally, Section 4 presents the conclusions.
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2. THE MEMETIC APPROACH TO ANALOG CIRCUIT SYNTHESIS

MSOEA is a memetic algorithm. Memetic algorithms [Moscato 1989; Ong and
Keane 2004], also known as hybrid evolutionary algorithms, denote the use of a
population-based strategy coupled with individual search heuristics capable of
performing local refinements. In practice, a memetic algorithm combines oper-
ators from different optimization algorithms to help for diversity compensation
and local tuning. Like other memetic algorithms, some operators in MSOEA
have a background of existing optimization algorithms, like differential evolu-
tion (DE), genetic algorithm (GA) and simulated annealing (SA). Thus, a brief
introduction is convenient.

2.1 Background of DE, GA and SA

The DE algorithm was proposed [Price et al. 2005, Price and Storn 2009] as an
alternative to GA [Michalewicz 1996] and particle swarm optimization (PSO)
[Eberhart and Kennedy 1995] for unconstrained continuous optimization prob-
lems. It has turned out to be an efficient and effective solution technique for
complex functional optimization problems. In a DE algorithm, a population of
solutions is initialized randomly, which is then made to evolve over a number of
generations towards the optimal solution through the mutation, crossover, and
selection operation procedures. At each generation, the children candidates are
generated by the mutation operator, and the crossover operator is then applied
to determine the candidates that enter the new population. Then, selection
takes place, and the corresponding individuals from both populations compete
to build the next generation. Compared with GA and PSO, DE has some at-
tractive characteristics: (1) The local search ability of DE is better than GA and
some widely used EC algorithms [Storn and Price 1997]; (2) By using a one-to-
one competition scheme to greedily select new candidates, knowledge of good
solutions is retained in the current population, so elitism is ensured and results
in a quick convergence character; (3) All the operators work with real numbers,
avoiding complicated generic searching operators, so DE is efficient. The draw-
back is that the diversity of the population decreases considerably in the evolu-
tion process, so it may have a high probability of getting premature solutions.

GA is a very popular EC algorithm, which relies on crossover, mutation and
selection to search for the optimal solution [Michalewicz 1996]. Unlike DE,
the purpose of mutation in GA is to increase the diversity of the population.
There are many different types of crossover, mutation and selection operators
that can construct different types of GAs. Binary GA [Gen and Cheng 2000]
is a common EC algorithm in analog design tools. However, binary GA suffers
from Hamming cliffs in many cases, which affects the quality of the solutions
[Michalewicz 1996]. On the other hand, some newly presented real-coded GA op-
erators are shown to be effective, such as simulated binary crossover (SBX) [Deb
and Agrawal 1995], polynomial mutation and Gaussian mutation. In MSOEA,
these operators will be used to find new candidates or to increase the population
diversity.

The SA algorithm [Kirkpatrick et al. 1983] and its derivatives have been
successfully applied to analog synthesis [Gielen et al. 1990; Medeiro et al. 1994].
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Thanks to the probabilistic acceptance of candidate points in the design space
with worse performances, the algorithm enables to escape from local minima.
An operator simulating the principle of probabilistic acceptance in SA is used
in MSOEA.

2.2 Mutation Operator

Like the DE algorithm, MSOEA is a mutation-based algorithm, that is, the new
candidates are generated by a mutation process. Two mutation operators are
used in MSOEA. The first one is the differential evolution mutation operator
[Price et al. 2005].

The ith individual in the d -dimensional search space at generation t can be
represented as

X i(t) = [xi,1, xi,2, . . . , xi,d ] i = 1, 2, . . . , NP, (3)

where NP denotes the size of the population.
For each target individual i, according to the mutation operator, a mutant

vector

Vi(t) = [vi,1(t), . . . , vi,d (t)] (4)

is generated by adding the weighted difference between a pair of individuals,
randomly selected from the population at generation t, to another individual,
as described by the following equation:

Vi(t) = X r0(t) + F (X r1(t) − X r2(t)), (5)

where indices r1 and r2(r1, r2 ∈ {1, 2, . . . , N P}) are randomly chosen and mu-
tually different, and also different from the current index i. The scaling fac-
tor F (F ∈ (0, 1+)) controls the amplification of the differential variation
(X r1(t) − X r2(t)). Although F has no upper limit, F ∈ (0, 2] is commonly used.
The population size NP must be at least 4, so that the mutation operator can be
applied. Vector X r0(t) is the base vector to be perturbed. There is a variety of
mechanisms to select this base vector. In our implementation, the base vector
X r0(t) is selected to be the best member of the current population, X ibest(t), so
that the best information could be shared among individuals.

The second mutation operator is Gaussian mutation in real coded GA [Gen
and Cheng 2000]. For a parent x with standard deviation σ , a child is generated
as follows:

σ ′ = σeN (0,σ )

x ′ = x + N (0, σ ′),
(6)

where N (0, σ ) is a vector of independent random Gaussian numbers with zero
mean and standard deviation σ .

2.3 Crossover Operator

There are two kinds of crossover operators. The first one is DE crossover
[Price et al. 2005]. For each target individual, a trial vector Ui(t + 1) =
ACM Transactions on Design Automation of Electronic Systems, Vol. 14, No. 3, Article 42, Pub. date: May 2009.
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[ui,1(t + 1), . . . , ui,d (t + 1)] is generated as follows:

ui, j (t) =
{

vi, j (t)

xi, j (t)

if (rand( j ) ≤ CR) or j = randn(i)

otherwise,
(7)

where rand( j ) is a random number uniformly distributed in the range [0, 1].
The index randn(i) is randomly chosen from the set {1, 2, . . . , d }, and prevents
the trial vector from being identical to the target vector. CR ∈ [0, 1]is a con-
stant called the crossover parameter that controls the fraction of the trial vec-
tor copied from the mutant vector, having therefore a profound impact on the
diversity of the population.

The second crossover operator is the simulated binary crossover (SBX) oper-
ator in real-coded GA. The procedure of generating two children c1 and c2 from
two parent solutions p1 and p2 is as follows:

1. Create a random number u between 0 and 1.

2. Calculate coefficient β:

β =
⎧⎨
⎩

(2u)1/(η+1) if u ≤ 0.5(
1

2(1−u)

)1/(η+1)

otherwise
(8)

3. The children solutions are

c1 = 0.5[(1 − β)p1 + (1 + β)p2]

c2 = 0.5[(1 + β)p1 + (1 − β)p2]
(9)

where the positive number η is the distribution index of the SBX operator. It
can be seen that a small η would generate children solutions far away from
the parent solutions, while a large η restricts children solutions to be near the
parent solutions.

2.4 Selection

A constraint handling algorithm for genetic algorithms that has proven to be
effective was proposed by Deb [2000]. Given two candidates in the population,
there may be, at most, three situations:

(1) Both solutions are feasible;

(2) Both solutions are infeasible;

(3) One solution is feasible, but the other is not.

Accordingly, the selection rules are:

(1) Given two feasible solutions, select the one with the better objective function
value;

(2) Given two infeasible solutions, select the solution with the smaller con-
straint violation;

(3) If one solution is feasible and the other is not, select the feasible solution.

The most important advantage is that this method needs no penalty coeffi-
cient, so the problems of penalty function-based algorithms are overcome. The
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Fig. 1. Illustrative solution space.

drawback is that some candidates with very good performances may be miss-
ing in the search process. To illustrate this phenomenon, let us consider the
performance space in Figure 1. Assume that the region in grey represents the
feasible region and that the global optimum is the middle point. It can be seen
that the left point is infeasible, whereas the middle and right points are feasi-
ble. In accordance with the tournament selection method described above, the
right point will be selected when it competes with the left point. However, the
fact is that the left point may be more useful than the right one, because it is
much closer to the optimal point than the right one. In order to protect solutions
such as the left point, and in combination with the one-to-one selection in DE,
the above rule is modified by following a methodology inspired on simulated
annealing [Kirkpatrick et al. 1983].

For a candidate x and its child x’, suppose that one is feasible and the other
is not. If the violation of the constraints of the infeasible solution is less than a
predetermined bound δ and it has a better objective function value, then it may
be accepted in accordance with a probabilistic criterion. This is analogous to a
simulated annealing procedure: if the child is worse than the parent, SA does
not necessarily reject it, but it may be accepted with a random finite probability.

2.5 Architecture of MSOEA

The flow diagram of our MSOEA algorithm is shown in Figure 2. The first
step is the population initialization. MSOEA is a real-coded EC algorithm, so
it initializes the population as follows:

P = XVmin + rand(N , D) · (XVmax − XVmin), (10)

where P is the population; N is the number of individuals in the population; D
is the number of decision variables; rand(N , D) is a N × D matrix of uniformly
distributed random numbers between 0 and 1; and XVmin and XVmax are the
vectors of minimum and maximum values of the decision variables, respectively.

Then, the best member of the population is selected. Considering uncon-
strained minimization problems, the best member is simply the point with
minimum objective function in the current population. But for constrained opti-
mization problems, both the constraint satisfaction and objective minimization
have to be considered. The best member is, therefore, selected in accordance
with the rules in the selection procedure introduced in Section 2.4. Neverthe-
less, if a finite constraint violation δ is permitted, the above selection rule may
provide an infeasible point as final solution. To solve this problem, the cur-
rent best solution and the real best solution are defined. If there is no feasible
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Fig. 2. Flow diagram of MSOEA.

solution, the one with the smallest constraints violation is the current best so-
lution and the real best solution. If there are feasible solutions, the feasible
solution with the smallest objective function value is the real best solution, and
the solution with smallest objective function value with a constraints violation
below δ is the current best solution. The current best solution is used in the evo-
lution process, and the real best solution is stored and provided as final output.
Sometimes, the two solutions may be the same.

Then, the mutation operator is applied, which uses the best member of the
population, X ibest(t), as the base vector. At the beginning of the optimization
process, the evolution mainly focuses on constraint satisfaction. X ibest(t) has a
small constraint violation at this stage. By using X ibest(t) in the mutation op-
erator, the generated individuals can share the good information on the small
constraint violation according to the schema theorem [Michalewicz 1996]. At
the end of the constrained optimization process, the algorithm focuses on ob-
jective minimization. X ibest(t) in this stage can provide good information on
the optimized objective function value. Through experiments, we have found
in practical analog circuit sizing problems, that the search efficiency and ef-
fectiveness can be enhanced greatly by using X ibest(t) as the base vector for
mutation.

The second operator is the Gaussian mutation. However, unlike real-coded
GA and evolution strategy (ES), in our MSOEA algorithm, the purpose of
Gaussian mutation is to increase the diversity of the population, and perform
local tuning. Therefore, we apply Eq. (6) to generate a certain number of can-
didates for an individual x in the population as follows:

x ′ = x + N (0, 0.01x). (11)
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For any of the candidates, if both the constraint violations and the objective
function value of the new candidate are better than x, x will be updated.

Notice that the usefulness of the two mutation operators is remarkably dif-
ferent. The DE mutation operator dominates the exploration and exploitation
of the solution space, and it is used at every generation, whereas the Gaus-
sian mutation operator is a supplement for increasing population diversity and
local tuning, so it is only used after the mean violation of constraints is less
than δ, and used once every GM generations. GM values between 10 and 20 are
appropriate to achieve the desired goal.

Next, the DE crossover operator is applied. In DE algorithms, the purpose
of the crossover operator is to maintain diversity of the population, but it is
relatively weak, as the new vector is only selected from the original vector
and the mutant vector. So the SBX crossover operator from real-coded GA is
added to jump out of premature convergence, and is executed every XC gener-
ations. XC values around 10 are appropriate to achieve the desired diversity
increase.

Finally, selection takes place. Selection in DE is a greedy selection, so it is
easy to fall in premature solutions. In MSOEA, however, the tournament se-
lection procedure to handle constraints has been modified with a probabilistic
acceptance method inspired by SA. If a child has a better value of the objective
function and lies close to the feasible region (with a constraint violation below
δ), then this solution may be good for final optimization, even though it is not
actually feasible. Therefore, it can be accepted with a certain probability. Here,
we use the same principle but a different style of the updating rule of proba-
bilistic acceptance. An infeasible solution with a constraint violation below δ is
accepted if the following condition is satisfied:

exp(−(objp − objs)/objp) ≤ OT + rand(i) · (1 − OT), (12)

where objp and objs correspond to the parent’s and child’s objective value, and
rand(i) is a uniformly distributed random number between 0 and 1. Parameter
OT controls what improvement of the objective function is automatically se-
lected. For instance, OT = 0.9 implies that infeasible solutions with constraint
violation below δ are automatically selected if the objective function improve-
ment is larger than ln(OT) = 10.53% and randomly accepted if the objective
improvement is below 10.53%.

If a stop criterion is met (e.g., a convergence criterion is satisfied, or a max-
imum number of generations is reached), then the algorithm outputs X ibest(t)
and its objective function value; otherwise a new generation is created.

This optimization method exhibits the following features:

—The mutation and one-to-one selection mechanism of differential evolution
are basic operators in MSOEA. Therefore, the local search ability, elitism and
efficiency of this algorithm are directly inherited.

—The incorporation of the SBX crossover and Gaussian mutation operators
promote local search while maintaining a high diversity for global search.
Moreover, the formulation of the standard deviation in the Gaussian muta-
tion operator implements a self-adaptive mechanism.
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—The proposed selection mechanism for the base vector of the mutation op-
erator in a constrained optimization problem contributes to increasing the
search efficiency and effectiveness considerably.

—No penalty coefficients are needed to handle design constraints.

—The selection rules are revised to preserve potentially good infeasible solu-
tions close to the feasible region. This contributes to improving the solution
quality.

The population size is heuristically selected according to the size of the
search parameter space. Other than the population size, we have to set
the DE crossover rate, CR, the scaling factor, F , the protection parameter in
the selection operator, δ, and the distribution index, η, in the SBX operator.
Appropriate values for CR and F have been given in Sections 2.2 and 2.3. The
parameter δ can be set from 0.1 to 0.5, and η can be set from 10 to 20 for all
sizing problems. Different settings of δ and η within these ranges did not yield
significant differences in the solution qualities in our experiments.

3. EXPERIMENTAL RESULTS

In this section, the developed algorithm will be applied to three practical ana-
log circuit sizing problems with increasing complexity. The purpose of these
examples is to test the ability of MSOEA to handle highly constrained opti-
mization problems, the ability to handle large search spaces (i.e., many design
parameters), its comparison to other optimization algorithms, and its robust-
ness. MSOEA is compared with four other algorithms: (1) one of the most com-
mon algorithms in modern synthesis tools: the genetic algorithm, combined
with penalty functions to handle constraints (GAPF); (2) the differential evolu-
tion algorithm as search engine and the same penalty-based method to handle
constraints (DEPF); (3) the competitive co-evolutionary differential evolution
algorithm CODE [Liu et al. 2009]; and (4) an algorithm that combines the
selection-based method for constrained optimization proposed by Deb [2000]
and differential evolution (denoted as SBDE) [Zielinski and Laur 2006]. As dis-
cussed above, there are different techniques to select the base vector in the
mutation operator of the DE algorithm. To make a fair comparison, the best
member will be used as base vector in the algorithms based on the differential
evolution algorithm, like in MSOEA. In this way, the effect of other memetic
operations in MSOEA is more clearly highlighted.

In all the examples, the DE step size F is 0.8, the crossover probability CR
is 0.8, δ is 0.2, OT is 0.9, and η in SBX is 10. Like most tuning parameters in
stochastic algorithms, their values have been determined empirically, but once
they have been set, the same values are used for all experiments and they are
not tuned for each specific example. In this way, the user is relieved from any
tuning process.

The design parameter search space is quite wide in all cases. Appropriate
matching relations were established and the appropriate operating region was
ensured by imposing some constraints, for example, VDS/(VGS − VTH) > 1 to
make all transistors work in the saturation region. The inputs to the design
methodology are a SPICE netlist file containing the topology and user-defined
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Fig. 3. Folded-cascode amplifier.

specifications. All examples were run on a workstation with a Dual Xeon Quad
processor at 3 GHz with 33 GB of RAM memory on a Linux operating sys-
tem. The optimization process was not parallelized. The reported computation
times include the processing time in MATLAB, the communication time be-
tween HSPICE and MATLAB, and the simulation time of HSPICE.

3.1 Example 1: Folded Cascode Amplifier

The main purpose of this example is to test the capability for handling con-
straints and the optimization quality of MSOEA. The folded cascode amplifier
is shown in Figure 3. The load capacitance cl is 5pF. The technology used is
a 0.18-μm CMOS process with 1.8-V power supply. Transistor lengths were
allowed to vary between 0.18 μm (the minimum value allowed by the techno-
logical process) up to 10 μm. Transistor widths were changed between 0.24 μm
(the minimum technology value) up to 1000 μm. The bias current was allowed to
vary between 1 μA and 2.5mA. Appropriate matching relations were imposed:
M1 ≡ M2, M3 ≡ M4 ≡ Mbp, Mbn ≡ M5, M6 ≡ M7, M8 ≡ M9, M10 ≡ M11.
Therefore, the number of independent design parameters is 13. The population
size was set to 60 for all algorithms.

Relatively soft performance constraints are used first. The design objective
(power minimization) and constraints are shown in Table I together with a
typical result provided by the GAPF, DEPF, CODE, SBDE and MSOEA algo-
rithms. We tried to manually improve the penalty coefficients in the GAPF and
DEPF algorithms through five runs. At each new run, the penalty coefficients
were updated trying to increase the relative importance of the constraints not
met in the previous run. Table I shows the best results among the five runs. It
can be seen that all the algorithms met the design specifications, but MSOEA
obtained a competitive power dissipation.
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Table I. Design Specifications and Results of GAPF, DEPF, CODE, SBDE and

MSOEA (soft constraints)

Specifications Constraints GAPF DEPF CODE SBDE MSOEA

DC gain (dB) ≥55 62.14 55.03 56.87 56.87 57.50

GBW (MHz) ≥2 2.05 2.12 2.00 2.03 2.03

Phase margin (◦) ≥50 88.25 83.58 83.40 82.09 84.02

Output swing (V) ≥1.2 1.31 1.39 1.37 1.28 1.36

Slew rate (V/μS) ≥1 1.13 1.00 1.00 1.02 1.00

Area (μm2) ≥225 196.95 150.53 159.19 142.16 161.11

M1 saturation met met met met met

M5 saturation met met met met met

M4 saturation met met met met met

M6 saturation met met met met met

M8 saturation met met met met met

M10 saturation met met met met met

Power (mW) 0.028 0.024 0.021 0.023 0.021

Time (s) 165 151 160 163 156

Table II. Statistical Results on Constraint Satisfaction and Design

Objective Optimization (power, in mW): Soft Constraints Example

Feasible Infeasible Best Worst Average

GAPF 20 0 0.0219 0.0473 0.0283

DEPF 20 0 0.0221 0.0282 0.0234

CODE 20 0 0.0208 0.0218 0.0212

SBDE 20 0 0.0216 0.0305 0.0236

MSOEA 20 0 0.0208 0.0216 0.0211

Being a stochastic search process, a statistical study is needed to test the
robustness of the different algorithms. Therefore, we executed 20 runs of each
algorithm starting from 20 different initializations. For the GAPF and DEPF
algorithms a reasonable choice of the penalty parameters was used for this
statistical study: all constraints were normalized with respect to the specified
value and equal weights were assigned to all of them. Table II shows the results
for the different algorithms. The first two columns show the number of feasible
and infeasible solutions found in the 20 runs. It can be seen that all methods
were able to find a feasible solution. The following three columns show the best,
worst and average value of the power consumption obtained in those 20 runs.
These results show that MSOEA satisfies the constraints while providing a
smaller power consumption than GAPF, DEPF and SBDE.

A set of more severe design constrains is shown in Table III, together with
a typical sample result provided by each algorithm. It can be observed that
MSOEA is still able to meet the specifications and obtains a good power con-
sumption. However, neither the GAPF algorithm nor the DEPF algorithm are
able to satisfy the design constraints, even though five different sets of penalty
coefficients were tried. The MSOEA and CODE algorithms get very similar
results whereas SBDE provides a solution with a larger power consumption.

Again, a statistical analysis is performed by running each algorithm 20 times.
Penalty coefficients for the GAPF and DEPF algorithms for this statistical study
were selected like in the previous experiment. Statistical results are shown in
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Table III. Design Specifications and Results of GAPF, DEPF, CODE, SBDE and

MSOEA (severe constraints)

Specifications Constraints GAPF DEPF CODE SBDE MSOEA

DC gain (dB) ≥60 61.89 60 60.03 60.06 60.12

GBW (MHz) ≥80 3.13 51.13 80.12 80.05 80.00

Phase margin (◦) ≥60 79.59 78.84 74.77 74.74 75.5

Output swing (V) ≥1.25 1.39 1.32 1.29 1.26 1.27

Slew rate (V/μS) ≥60 1.56 33.97 60.00 60.00 60.03

Area (μm2) ≤440 330.22 320.20 439.87 431.73 426.34

M1 saturation met met met met met

M5 saturation met met met met met

M4 saturation met met met met met

M6 saturation met met met met met

M8 saturation met met met met met

M10 saturation met met met met met

Power (mW) 0.03 0.74 1.29 1.31 1.29

Time (s) 173 161 221 209 185

Table IV. Statistical Results on Constraint Satisfaction and Design

Objective Optimization (power, in mW)

Feasible Infeasible Best Worst Average ACV

GAPF 0 20 — — — 32.89%

DEPF 0 20 — — — 15.74%

CODE 15 5 1.2912 1.3279 1.3133 0.016%

SBDE 19 1 1.2895 1.3062 1.2936 0.75%

MSOEA 19 1 1.2881 1.2895 1.2889 0.08%

Table IV. It can be seen that the GAPF and DEPF algorithms never found a
feasible solution. The CODE algorithm was not able to find a feasible solution
on five occasions, whereas SBDE and MSOEA failed to find a feasible solution in
only one of the runs. The third, fourth, and fifth columns show the best, worst,
and average value of the power consumption on the runs that lead to feasible
solutions. Clearly, the higher ability of MSOEA to find a feasible solution with
smaller power consumption can be observed.

It is also interesting to look at how far the infeasible solutions are from the
feasibility space for the different algorithms. For this, we defined a figure of
merit as the average violation of constraints for the infeasible solutions:

ACV =

NIS∑
i=1

NVC∑
j=1

∣∣∣∣ ctrspec j − ctrval j

ctrspec j

∣∣∣∣
NC

NIS
, (13)

where NIS denotes the number of runs with a final infeasible solution, NC the
number of constraints, NVC the number of violated constraints, and ctrspec j

and ctrval j represent the specified and achieved value of the j th violated con-
straint, respectively. The obtained values for the different algorithms are shown
in the last column in Table IV. It can be seen that the average constraint vi-
olation in MSOEA is very small: the only infeasible solution is very close to
the feasibility space. The average constraint violation is still smaller in CODE.
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Fig. 4. Two-stage telescopic cascode amplifier.

However, it must be taken into account that this violation happens on 5 occa-
sions in CODE whereas it happens only once in MSOEA and SBDE.

From these experiments, we can conclude that for not very stringent design
specifications, MSOEA, SBDE, CODE and the PF-based methods work rela-
tively well, though the latter ones usually need several tunings of the penalty
coefficients to find an acceptable solution. However, for highly constrained prob-
lems with demanding specifications, such as the second folded-cascode experi-
ment above, the drawbacks of both static penalty methods, GAPF and DEPF,
become obvious, whereas MSOEA performs consistently well. SBDE and CODE
seem to have a relatively high constraint-handling ability, but the optimization
quality is better with MSOEA.

3.2 Example 2: Two-Stage Telescopic Cascode Amplifier

A more complex circuit is addressed in this example: a two-stage telescopic
cascode amplifier, shown in Figure 4. The load capacitance is 1.6pF, and the
technology is a 0.25-μm CMOS process with 2.5-V power supply. Transistor
lengths were allowed to vary between the minimum value allowed by the tech-
nological process, 0.25 μm, up to 10 μm. Transistor widths were changed be-
tween the minimum technology value, 0.5 μm, up to 1000 μm. The bias current
was allowed to vary between 0.5 μA and 10 mA, and the bias voltages from
50 mV to 1.1 V. The capacitor values arre allowed to change from 100 fF to
50 pF. Appropriate matching relations were imposed: M1 ≡ M2, M1c ≡ M2c,
M3 ≡ M4 ≡ Mbp, M3c ≡ M4c, M13 ≡ 2 × Mbn, M6 ≡ M5, M8 ≡ M7,
M10 ≡ M9, M12 ≡ M11. The number of design variables (22 independent
variables after the matching relations are imposed) and the severity of the
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Table V. Design Specifications and Results of GAPF, DEPF, CODE, SBDE and MSOEA

Specifications Constraints GAPF DEPF CODE SBDE MSOEA

DC gain (dB) ≥ 80 70.17 78.85 81.22 76.68 80.34

GBW (MHz) ≥ 250 250.17 249.98 280.30 250.33 252.85

Phase margin (◦) ≥ 60 40.83 54.16 58.49 47.12 60.24

Output swing (V) ≥ 4 3.55 4.58 3.86 4.61 4.16

Power (mW) ≤ 4 6.20 6.34 4.76 3.99 3.78

M1 saturation met met met met met

M1C saturation met met met met met

M3 saturation met met met met met

M3C saturation met met met met met

M5 saturation met met met met met

M9 saturation met met met met met

M11 saturation met met met met met

M13 saturation met met met met met

Area (μm2) 14506 2642.9 2217.7 2582.2 3129.3

Time (s) 572 551 590 546 566

Table VI. Statistical Results on Constraint Satisfaction and Design

Objective (area, in μm2)

Feasible Infeasible Best Worst Average ACV

GAPF 0 20 — — — 21.29%

DEPF 0 20 — — — 18.55%

CODE 3 17 3643.9 4171.9 3887.9 11.38%

SBDE 2 18 3205.8 7910.0 5557.9 5.06%

MSOEA 17 3 2522.1 4212.0 3238.3 5.12%

performance constraints, shown in Table V, are increased compared to the first
example. The minimization goal this time is the area occupation whereas a con-
straint is imposed on maximum power consumption. The population size was
set to 60 for all algorithms. Table V shows the results achieved by the differ-
ent algorithms. It can be seen that all the constraints are successfully met by
MSOEA.

To test the robustness of the different algorithms, we executed 20 runs of
each one of them. For the GAPF and DEPF algorithms, all constraints were
normalized with respect to the specified value and equal weights were assigned
to all of them. Table VI shows the results for the different methods. The first
two columns show the number of feasible and infeasible solutions found in the
20 runs. It can be seen that the GAPF and DEPF algorithms were never able to
find a feasible solution. The constraints are very hard to meet and all algorithms
find difficulties. However, whereas most times the SBDE and CODE algorithms
were not able to find a feasible solution, MSOEA was able to find it on 17 out
of 20 occasions. The following three columns show the best, worst and average
value of the area occupation of the feasible solutions.

We also performed a statistical study of the violated constraints in the infea-
sible solutions by following the same methodology as in the first experiment.
The results are shown in the last column in Table VI. It can be seen that the
average violation of the constraints for the SBDE and MSOEA algorithms is
much smaller than for the other algorithms, but the results are much better for
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Table VII. Results of Four Runs by the DEPF Algorithm

with Adjustment of the Penalty Coefficients

Specifications PF1 PF2 PF3 PF4

DC gain (dB) 80.00 80.59 77.5 78.46

GBW (MHz) 249.74 250.93 249.95 250.05

Phase margin (o) 59.32 58.36 48.51 50.06

Output swing (V) 3.97 3.98 4.56 4.56

Power (mW) 5.09 4.89 4.76 4.94

M1 met met met met

M1C met met met met

M3 met met met met

M3C met met met met

M5 met met met met

M9 met met met met

M11 met met met met

M13 met met met met

Area (μm2) 1224.6 1229.3 1651.6 2078.9

Table VIII. Penalty Coefficients in the Four DEPF Runs

Specifications PF1 PF2 PF3 PF4

DC gain (dB) 20 20 20 40

GBW (MHz) 20 25 25 30

Phase margin (o) 35 45 60 80

Output swing (V) 300 350 400 400

Power (mW) 80 120 200 250

M1 30 30 30 30

M1C 30 30 30 30

M3 30 30 30 30

M3C 30 30 30 30

M5 30 30 30 30

M9 30 30 30 30

M11 30 30 30 30

M13 30 30 30 30

Area (μm2) 20 20 20 20

MSOEA since it only provided infeasible solutions in 15% of the runs whereas
SBDE did that in 90% of the runs.

The DEPF method was tried with different penalty coefficients for ten runs.
The results provided by four of these runs are shown in Table VII. The corre-
sponding penalty coefficients are shown in Table VIII. It can be seen that, in
some cases, the constraints that are not met can be fulfilled by increasing the
corresponding penalty coefficients. However, this tuning may cause an unac-
ceptable degradation of other constraints. Finally, not a single set of penalty
coefficients allows to meet all the design constraints with the DEPF method.

The results of this example with extremely stringent specifications show
that both the search engine and the constraint handling technique determine
the quality of the solutions. Penalty-based methods exhibit large difficulties
in finding a feasible solution, although the dynamic determination of penalty
coefficients partially palliate this problem. A possible reason for the inferior so-
lutions of SBDE is that the search engine is merely a DE-based algorithm, so a
higher probability of getting a premature solution is inherited. MSOEA, on the
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Fig. 5. (a) Gain-boosted folded-cascode amplifier; (b) P amplifier in (a); and (c) N amplifier in (a).

other hand, can maintain its search ability by relying on both DE operators and
other memetic operators that palliate the potential shortcomings of DE. More-
over, the mechanism to preserve promising infeasible solutions contributes to
the quality of final results.

3.3 Example 3: Gain-Boosted Folded Cascode Amplifier

The gain-boosted folded-cascode amplifier in Figure 5 is optimized in this exam-
ple. This is the most complex example in this paper with 44 design parameters
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Table IX. Specifications and Results of GAPF, DEPF, CODE, SBDE and MSOEA

Specifications Constraints GAPF DEPF CODE SBDE MSOEA

DC gain (dB) ≥100 105.55 123.14 132.40 114.74 123.10

GBW (MHz) ≥250 250.14 253.63 254.47 335.22 255.61

Phase margin (o) ≥70 70.11 71.30 79.71 70.63 72.82

gm ≤1 0.99 0.95 0.98 0.99 0.88

Output swing (V) ≥2.5 2.64 3.85 3.05 3.72 4.01

M1a saturation met not met met met met

M2 saturation met not met met met met

M3a saturation not met not met met met met

M4a saturation not met not met met met met

M5a saturation met met met met met

M6a saturation met met met met met

M1p saturation met met not met met met

M3p saturation not met met met met met

M5p saturation met met met met met

M6p saturation met not met met met met

M8p saturation not met met met met met

M10p saturation met met met met met

M1n saturation met not met met met met

M3n saturation not met not met met met met

M5n saturation met met met met met

M6n saturation not met not met met met met

M8n saturation not met met met met met

M10n saturation not met not met met met met

Power (mW) 6.36 1.23 18.33 11.55 6.51

Total Run time (s) 1299 1165 3703 1018 1028

and 23 constraints (including those necessary to ensure the proper operating
region for all transistors). We have used in this example a 0.25-μm CMOS tech-
nology with 2.5-V power supply. The transistor lengths were allowed to vary
between the minimum value allowed by the technological process, 0.25 μm, up
to 10 μm. The transistor widths were changed between the minimum technol-
ogy value, 0.5 μm, up to 1000 μm. The bias voltages were allowed to vary from
500 mV to 2V. The capacitor values could change from 100 fF to 20 pF. The fol-
lowing matching relations were imposed: M1a ≡ M1b, M3a ≡ M3b, M4a ≡
M4b, M5a ≡ M5b, M6a ≡ M6b. In addition, the input differential pairs in the
boosting amplifiers are matched and obviously, the two boosting amplifiers of
each type are identical. The population size was set to 80 for all algorithms.

The design specifications and typical results of GAPF, DEPF, CODE, SBDE
and MSOEA are shown in Table IX. It can be seen that GAPF and DEPF do
not meet the performance specifications and that several transistors are out of
the saturation region. The CODE algorithm was able to satisfy the constraints
except for a small violation of the saturation constraint for a pair of transistors.
SBDE, like MSOEA, satisfied all the constraints, but the power dissipation is
twice the value achieved by MSOEA.

Also in this example, a statistical study was performed to compare the results
of all algorithms from 20 different runs. The results are shown in Table X. It can
be seen that the DEPF and GAPF were never able to find a feasible solution.
The CODE algorithm was able to find a feasible solution in 20% of the runs. The
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SBDE and MSOEA algorithms were always able to find a feasible solution. The
last four columns show the best, worst, and average power consumption of the
feasible solutions, and the average constraint violation of the infeasible ones.
Although both SBDE and MSOEA always got a feasible solution, the power
consumption in MSOEA is much smaller.

The statistics of some operators used in MSOEA are interesting to look at.
The selection operator with probabilistic acceptance of infeasible points is active
1088 times in a typical run of this example. This means that many solutions
with a very good objective function and that are very close to the feasible region
have been protected and potentially kept in the population. On the other hand,
the Gaussian mutation operator generates 826 better individuals (representing
about 3.8% of the total number of mutations), thus improving local tuning and
increasing the diversity of the population.

3.4 Benchmark Test and Analysis

Benchmark problems are very important in evolutionary computation. If an
algorithm works well on benchmark problems, it is often regarded as very effec-
tive for medium-sized optimization problems. In the following, three highly con-
strained benchmark problems [Michalewicz and Schoenauer 1996] (described
in Appendix A) are used to test the algorithm and illustrate the influence of
each technique.

In the experimental results above, it has been shown that the selection-based
method performs better than methods based on penalty functions to handle
constraints. Therefore, we will use the SBDE method as a reference and will
investigate the effect of the addition of the Gaussian mutation operator, the SBX
crossover operator, and the SA-inspired probabilistic acceptance of unfeasible
points. Hence, in addition to the reference SBDE algorithm, we will consider
SBDE with Gaussian mutation (denoted as SGM), SBDE with SBX crossover
(denoted as SSX), SBDE with both Gaussian mutation and SBX (denoted as
SGS) and MSOEA. The average, best and worst values of the differences be-
tween the obtained solution and the optimal solution over 20 runs are listed in
Tables XI, XII, and XIII for three different benchmark problems [Michalewicz
and Schoenauer 1996].

It can be seen that SBDE can hardly handle very severe constraints. When
SBDE is combined with Gaussian mutation, it is sometimes better but some-
times worse (second column). When the SBX crossover operator is added, the
solution quality is improved (third column). When SBDE is combined with both
Gaussian mutation and SBX, the result improves significantly (fourth column).
Finally, the addition of the modified selection-based method, that is MSOEA,
provides the best results in all benchmark cases.

Finally, 30 runs of problem G7 [Michalewicz and Schoenauer 1996] are per-
formed using (uniformly generated) random values of δ and η to study the
sensitivity of the algorithm to the initial settings of these parameters. The
mean value is 25.5587, and the variance is 0.0644. The global optimal value is
24.3062091.

All these experimental results show that MSOEA gives good results in most
of the cases. One previous algorithm, CODE, sometimes may provide a lower
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Table X. Statistical Results on Constraint Satisfaction and Design

Objective (power, in mW)

Feasible Infeasible Best Worst Average ACV

GAPF 0 20 — — — 24.35%

DEPF 0 20 — — — 20.13%

CODE 4 16 4.98 11.46 8.65 0.06%

SBDE 20 0 6.80 36.28 12.12 0

MSOEA 20 0 3.12 11.84 6.79 0

Table XI. Results of Benchmark Problem G6 and Comparisons

SBDE SGM SSX SGS MSOEA

Best 20.7 6.5 0.8 0.8 0.00065

Worst 6243.4 6234.4 999.5 977.8 977.8

Average 1782.8 1179.9 213.9 97.8 48.9

Table XII. Results of Benchmark Problem G9 and Comparisons

SBDE SGM SSX SGS MSOEA

Best 0.0205 0.0271 0.039 0.0256 0.0130

Worst 0.1859 0.1709 0.1452 0.1705 0.1423

Average 0.0860 0.0828 0.0824 0.0764 0.0738

Table XIII. Results of Benchmark Problem G7 and Comparisons

SBDE SGM SSX SGS MSOEA

Best 0.7467 1.0698 0.7764 0.9444 0.6566

Worst 2.6141 2.5760 2.5371 2.3761 1.9337

Average 1.5487 1.5668 1.5412 1.4961 1.4075

cost function, but it fails to converge to a feasible solution in more cases. Hence,
MSOEA is a more robust algorithm.

4. CONCLUSIONS

This article has presented an EC-based methodology for high performance ana-
log circuit sizing. The algorithm enhances the constraint handling ability and
optimization quality compared to other frequently used algorithms, which is
needed to keep up with the stringent demands of modern analog circuit design.
The experiment results have shown that MSOEA achieves the desired goals
and has important advantages compared to current sizing methods and some
successful algorithms in the EC field.

Appendix A. Description of Benchmark Test Problems

Test Problem 1 (G6 in Michalewicz and Schoenauer [1996])

Minimize G6(x) = (x1 − 10)3 + (x2 − 20)3

subject to:

{
(x1 − 5)2 + (x2 − 5)2 − 100 ≥ 0

−(x1 − 6)2 − (x2 − 5)2 + 82.81 ≥ 0

with 13 ≤ x1 ≤ 100, 0 ≤ x2 ≤ 100.
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The solution is

x∗ = (14.095, 0.84296)

and the function value is

G6(x∗) = −6961.81381

Test Problem 2 (G9 in Michalewicz and Schoenauer [1996])
Minimize

G9(x) = (x1−10)2+5(x2−12)2+x4
3+3(x4−11)2+10x6

5+7x2
6+x4

7−4x6x7−10x6−8x7

subject to

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2x2
1 + 3x4

2 + x3 + 4x2
4 + 5x5 − 127 ≤ 0

7x1 + 3x2 + 10x2
3 + x4 − x5 − 282 ≤ 0

23x1 + x2
2 + 6x2

6 − 8x7 − 196 ≤ 0

4x2
1 + x2

2 − 3x1x2 + 2x2
3 + 5x6 − 11x7 ≤ 0

with −10 ≤ xi ≤ 10, i = 1, · · · 7.
The solution is

x∗ = (2.330499, 1.951372, −0.4775414, 4.365726, −0.6244870,

1.038131, 1.594227)

and the function value is

G9(x∗) = 680.6300573

Test Problem 3 (G7 in Michalewicz and Schoenauer [1996])
Minimize

G7(x) = x2
1 + x2

2 + x1x2 − 14x1 − 16x2 + (x3 − 10)2 + 4(x4 − 5)2 + (x5 − 3)2

+2(x6 − 1)2 + 5x2
7 + 7(x8 − 11)2 + 2(x9 − 10)2 + (x10 − 7)2 + 45

subject to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

105 − 4x1 − 5x2 + 3x7 − 9x8 ≥ 0

−3(x1 − 2)2 − 4(x2 − 3)2 − 2x2
3 + 7x4 + 120 ≥ 0

−10x1 + 8x2 + 17x7 − 2x8 ≥ 0

−x2
1 − 2(x2 − 2)2 + 2x1x2 − 14x5 + 6x6 ≥ 0

8x1 − 2x2 − 5x9 + 2x10 + 12 ≥ 0

−5x2
1 − 8x2 − (x3 − 6)2 + 2x4 + 40 ≥ 0

3x1 − 6x2 − 12(x9 − 8)2 + 7x10 ≥ 0

−0.5(x1 − 8)2 − 2(x2 − 4) − 3x2
5 + x6 + 30 ≥ 0

with −10 ≤ xi ≤ 10, i = 1, · · · 10.
The solution is

x∗ = (2.171996, 2.363683, 8.773926, 5.095984,
0.9906548, 1.430574, 1.321644, 9.828726, 8.280092, 8.375927)

and the function value is

G7(x∗) = 24.3062091
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