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The Isis problem asks: “Find which rectangles with sides of integral length (in 
some unit) have area and perimeter (numerically) equal, and prove the result”. 
Since the solution requires minimal technical mathematics, the problem is 
accessible to a wide range of students. Further, it is notable for the variety of 
proofs (empirically grounded, algebraic, and geometrical) using different forms 
of argument, and their associated representations, and it provides an instrument 
for probing students’ ideas about proof. A group of 39 Flemish pre-service 
mathematics teachers was confronted with the Isis problem. The results highlight 
a preference of many students for algebraic proofs as well as their rejection of 
experimentation.  
SOLUTIONS OF THE ISIS PROBLEM 
The Isis problem, so called because of its connection with the Isis cult (Davis & 
Hersh, 1981, p. 7) asks: �Which rectangles with integer sides (in some unit) have 
the property that the area and the perimeter are (numerically) equal?�. It is not 
difficult to prove that there are precisely two rectangles with integer sides (in 
some unit of length) that have the property that the area and perimeter are 
numerically equal, namely 4  4 and 3  6 (or three, if one defines a 6  3 
rectangle as different from a 3  6 � henceforth, we will refer to two solutions). It 
is the variety of types of argument that lead to proofs of this result that is most 
interesting. 
Empirical investigation  
A first way in which even a very young student could attack the problem is 
empirical, by calculating (or even counting) area and perimeter for many 
examples. In this way, one might quickly convince oneself that there are only two 
solutions. To convert this approach into a proof, one could construct a 
2-dimensional table, such as the following (Fig. 1), in which the numbers within 
the table represent the numerical difference between area and perimeter, and the 
zeroes represent the solutions to the problem. 
It is not difficult to find a clear argument � and thus, in a sense, a proof � that 
extending the table will not produce any more zeroes. If the width increases by 1, 
the area (A) increases by the length y and the perimeter (P) by 2. So the difference 
between A and P increases by y � 2, leading to arithmetic progressions in each 
row.  
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   1 2 3 4 5 6 7

1 -3 -4 -5 -6 -7 -8 -9

2 -4 -4 -4 -4 -4 -4 -4

3 -5 -4 -3 -2 -1 0 1

4 -6 -4 -2 0 2 4 6

5 -7 -4 -1 2 5 8 11

6 -8 -4 0 4 8 12 16

7 -9 -4 1 6 11 16 21

 
Figure 1: Numerical difference between area and perimeter 

Algebraic solutions 
Almost anyone who has studied algebra will react to the problem by immediately 
writing down an equation of the form: xy = 2x + 2y. The question is then to find 
specifically integral solutions of this equation, not generally a standard part of the 
algebra curriculum. Each of the following rewritings of the above equation can 
form the basis of a proof for the Isis problem. 
1. y = 2x/(x � 2), which can further be simplified to y = 2 + 4/(x � 2). This 
rewriting follows the heuristic that in an equation with two variables it is often 
useful to express one variable as a function of the other.  From these two versions 
of the equation, arguments based on divisibility can be applied, noting that (x � 2) 
must exactly divide 2x, in the former case, and 4 in the latter. 
2. (x � 2)(y � 2) = 4, which some students will recognize as the equation of a 
hyperbola. As with expression 1, this establishes that (x � 2) and (y � 2) must be 
factors of 4, leading to a small number of possibilities that can be checked one by 
one, i.e. proof by exhaustion.  
3.  1/x + 1/y = ½. Either 1/x and 1/y must both be ¼ or one is greater than ¼ and 
the other less than ¼. In the latter case, the smaller of (x, y) must be less than 4. 
The small number of possibilities thus identified can be checked one by one. 
The arguments above do not need anything more than basic algebra and 
knowledge of basic arithmetical properties, but do require a degree of flexible 
expertise. These characteristics make the problem a good one for judging whether 
students can go beyond routine expertise. 
Geometrical proof 
There are also geometrical approaches. A very appealing one is the one referred to 
by Davis (Davis, 1993; Greer, 1993). Concretely, a rectangle with integer sides 
(e.g. 5  7) can be thought of as made up of square tiles of unit side. Consider the 
�thick perimeter� for this rectangle, represented by shaded squares (Fig. 2): 
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Figure 2: Rectangle with �thick perimeter� for geometrical proof 
You should be able to convince yourself that the number of shaded squares (and 
hence their total area) differs numerically from the perimeter by 4. The number of 
shaded squares in the figure above is 7 + 7 + 5 + 5 � 4 (because of the 4 squares at 
the corners being counted twice, so to speak), i.e. perimeter � 4. For the rectangle 
to have the property that area = perimeter, it follows that the area of the unshaded 
squares would have to be 4, hence the interior must by 2  2 or 1  4, and so to the 
solution. 
Since, for a general rectangle with dimensions x and y, the area within the �thick 
perimeter� is (x � 2)(y � 2), this geometric explanation corresponds to the 
algebraic equation: (x � 2)(y � 2) = 4, which was the second algebraic expression 
suggested above, making a nice example of a connection between geometrical 
and algebraic representations. 
THE STUDY 
Design 
A group of 39 Flemish pre-service mathematics teachers participated in the study, 
of whom 16 already had a university degree in mathematics or were expected to 
obtain that degree shortly. These student teachers were being prepared to teach 
mathematics to 15�18-year old students. The other 23 participants were not 
studying mathematics at university level, but being educated at a professional 
instution to become mathematics teachers for 12�15-year olds.  
All participants were given a task consisting of two parts and on each part they 
could work for one hour. First, they were invited to solve the Isis problem and to 
look for more than one proof. Having finished that first part, the participants were 
invited to study five given proofs, to rank them in �order of quality� (not defined 
by the researchers) from best (= 1) to worst (= 5), and to comment on them. The 
five proofs, provided in different random orders, were: (1) the �table proof� (see 
Fig. 1), including an argument why the table will not produce any more zeroes, (2) 
the �graph proof� in which the original equation xy = 2x + 2y was rewritten as y = 
2 + 4/(x � 2), the corresponding hyperbola sketched and it was argued why (3, 6), 
(4, 4), and (6, 3) are the only three points with integer coordinates on that 
hyperbola, (3) the �unit fractions proof� starting from the equivalent form 1/x + 
1/y = ½, showing that either x = y = 4 or one of them is less than 4, then checking 
the limited number of possible cases, (4) the �factorization proof� starting from 
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the (x  �  2)(y � 2) = 4 equivalent form and, once more, checking a limited number 
of possible cases, and (5) the �tiles proof,� the geometrical proof explained above. 
Results with respect to proof findings 
Table 1 lists the number of proofs that were given by the future mathematics 
teachers. A distinction is made between complete and partial proofs and between 
the two groups of participants. A proof was considered as partial when an 
essential element to complete the argument was missing.  
  University students (N = 16) Non-university students (N = 23)
  Complete Partial Complete Partial 
Graph 3  1  
Factorization 3    
Tiles 4    
Properties of  
divisibility 

4 2 1 1 

Proof by 
exhaustion 

 3 2 2 

Other 5    
Total 19 5 4 3 

Table 1: Type of proofs found by the pre-service mathematics teachers 
It can be seen that 23 complete proofs and 8 partial proofs were found. From the 
five types of proof that were included in the second part of the task, only the graph, 
factorization, and tiles proof were found (by, respectively, 4, 3, and 4 student 
teachers). Several student teachers tried to find a proof by using properties of 
divisibility or by exhausting all possibilities, starting from the expression 2x/(x � 
2), straightforwardly derived from xy = 2x + 2y, but not all were able to present 
these arguments in fully reasoned form. Levels of proving performance clearly 
differed for the two groups of participants. Whereas the student teachers with a 
university background in mathematics found (on average) 1.19 complete and 0.26 
partial proofs, those without this background only found 0.17 complete and 0.13 
partial proofs on average.  
Interpersonal differences were very obvious. In particular, among the group of 
university student teachers 12 of the 19 correct proofs were found by only three 
participants and one participant, Xander, even produced five different proofs, all 
clearly and fully argued. Besides the factorization, tiles, and divisibility proofs, he 
produced two others using quadratic equations. One of these proofs started from 
the quadratic equation x2 � cx + 2c = 0 with roots x and y for which the property xy 
= 2x + 2y holds (x + y = c and xy = 2c). For x and y to be natural numbers, the 
discriminant c2 � 8c must be a perfect square. By rewriting c2 � 8c as 16)4( 2c  
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= k2, the possible values for c (and k) can be found, leading to the integer solutions 
of the quadratic equation (c = 9, with roots 3 and 6, or c = 8 with double root 4).  
Results with respect to proof evaluations 
Table 2 lists the mean ratings (and corresponding standard deviations) for 
students� rankings of the five given proofs. 
  University students Non-university students Total 
Table 3.7 (1.28) 4.2 (1.04) 4.0 (1.17) 
Graph 3.9 (1.25) 3.6 (1.33) 3.7 (1.30) 
Unit 
fractions 2.9 (1.22) 2.6 (1.15) 2.7 (1.19) 
Factorization 1.6 (0.89) 2.0 (0.98) 1.9 (0.97) 
Tiles 3.0 (1.20) 2.5 (1.27) 2.7 (1.27) 
Table 2: Means and standard deviations (in brackets) of student teachers� 

proof rankings from best (= 1) to worst (= 5) 
First, average rankings as well as typical comments showed the preference of 
many students for algebraic proofs (factorization and unit fractions). Whereas 
students almost unanimously ranked very high the factorization proof (in both 
groups, standard deviations of rankings were less than 1), their average ranking of 
the unit fraction proof was lower and the spread was higher, likely because of the 
more �tricky� character of this latter proof and of the high emphasis (and status) 
of �factorization� in Flemish secondary mathematics education. Typical 
comments were: �The proof with the unit fractions and via factorization [are] best. 
There is no need for drawing,� or �The tiles are less clear. Only to represent it, it is 
probably handy, but you really prove it with factorization and unit fractions.�  
Second, in line with the high standard deviation for the rankings of the tiles proof, 
also students� reactions on that proof were rather ambivalent: �Proof with tiles: 
This is a better proof because it is clear and from the beginning till the end, it is 
neatly reasoned. Nevertheless, I miss some equations and it is a rather intuitive 
proof� (Xander), or �This is a very nice proof: fast, it is not necessary to know 
�real� mathematics. On the other hand, it is very much focused on the concrete 
problem. It is ad hoc, not immediately generalizable to other problems.� A high 
standard deviation of the rankings was also found for the graph proof, but an 
ambivalent attitude toward this proof was less reflected in participants� 
comments. 
Third, generally speaking, students rejected experimentation: the average ranking 
of the table proof was low and, in some cases, it was even rejected as a proof. 
Several comments also showed confusion between a proof by exhaustion and 
�trial and error.� A typical reaction was: �Proof by means of a table succeeds in 
this case because there are few possibilities that have to be considered. In general, 
an �enumeration� is not a good technique. In fact, it is not a �nice� proof.� 
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Fourth, the five given proofs also elicited several emotional and aesthetic 
reactions, such as: �Checking by trial and error which number can and which 
cannot [work] and I do not find this pleasant. It is indeed a proof, but it doesn�t 
look like it,� �The factorization is very simple, clear and beautiful,� �The proof 
with the tiles comes over as a little bit playful,� �The proof with unit fractions is 
far-fetched.� A sporadic reaction pointed to the difference between proofs that 
convince logically versus proofs that illuminate: �The proof with the tiles is the 
most visual one: you are not only convinced about the truth of the judgment, you 
also get the feeling that you �see� why it is so.� 
CONCLUDING REMARK 
At a time when many scholars are bemoaning the decreasing attention to problem 
solving, proof, and proving in the school curriculum (e.g. Hanna, 2007), the 
problem also has many aspects that suggest that it would be a powerful teaching 
tool. These aspects include, among other things: 
1.   Showing how systematicity, and then proof, can emerge out of empirical 
explorations. 
2.  Providing practice in the flexible rewriting of algebraic equations. 
3.  Showing the connections between different forms of mathematical 
representations, as in the case of the algebraic and geometric forms of               (x � 
2)(y � 2) = 4. 
4.  Illustrating a wide range of forms of argument and proof. 
5.  Demonstrating clearly the intimate relationship between problem solving 
and representations (Davis, 1993).  
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