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Abstract 

The design of split-plot experiments has received a considerable amount of attention 
during the last few years. In this paper, it is shown that crossed split-plot designs 
are optimal for a given set of treatments and that two-level factorial and fractional 
factorial designs are V-optimal for estimating first order response surface models. 
In addition, an algorithm is presented for computing V-optimal designs tailored to a 
specific experimental situation. The algorithm is evaluated and applied to a protein 
extraction experiment. 

Keywords: 2m and 2m - f designs, correlated observations, V-optimal design, equi
valence of OLS and GLS, hard-to-change factors, Plackett-Burman design, protein 
experiment, split-plot experiments 

1 Introduction 

The presence of hard-to-change factors in industry, as for instance furnace temperature or 
mixture composition, often leads to the use of split-plot experiments instead of completely 
randomized experiments. This is because completely randomized experiments require a 
fully randomized run order as well as independently setting all factor levels for each run. 
If one or more experimental factors are hard-to-change, this type of experiments may 
be time-consuming and very costly. In a split-plot experiment, the levels of the hard
to-change factors are not reset independently for each run making the execution of the 
entire experiment much simpler. This argument has lead to an explosion in the use of 
split-plot experiments in industrial environments, where time and money are scarce re
sources. Applications of split-plot experiments in industry are provided in Cornell (1988), 
who concentrates on mixture experiments, Letsinger, Myers and Lentner (1996), who 
describe a chemical experiment, Bisgaard and Steinberg (1997), who discuss prototype 
experiments, Bingham and Sitter (2001), who design an experiment from the wood in
dustry, and Trinca and Gilmour (2001), who compute a feasible design for the protein 
extraction experiment we will revisit in this paper. In this experiment, five factors were 
expected to influence the protein extraction: the feed position for the inflow of a mixture, 
the feed flow rate, the gas flow rate, the concentration of a protein A and a protein B. 
Twenty-one days of experimentation were available and three levels were used for each 
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factor. The problem with this experiment was that setting the feed position could be 
done only once per day because it involved taking apart and reassembling the equipment. 
By keeping the position fixed during one day, two experimental runs could be performed 
per day instead of one, allowing 42 experimental runs in total. 

The importance of split-plot designs for industrial experimentation has inspired many au
thors in recent years. The design of two-level fractional factorial split-plot experiments has 
been discussed in Huang, Chen and Voelkel (1998) and Bingham and Sitter (1999, 2001). 
The use of standard response surface designs, such as the central composite designs and the 
Box-Behnken designs, is discussed in Letsinger et al. (1996). 'V-optimal split-plot designs 
are computed in Goos and Vandebroek (2001, 2002). Finally, Trinca and Gilmour (2001) 
presented a two-stage approach to designing multi-stratum experiments, a subset of which 
are split-plot experiments. 

In this paper, it is shown that, for a given set of treatments or design points, a crossed 
split-plot experiment is optimal. Next, the 'V-optimality of two-level factorial and frac
tional factorial split-plot designs for estimating first order models is proven. Despite these 
important theoretical results, design construction algorithms remain indispensible for es
timating higher order models and for situations in which two-level factorial and fractional 
factorial split-plot designs cannot be used. Therefore, the second part of this paper is 
devoted to an efficient algorithm for computing 'V-optimal split-plot experiments. The 
algorithm presented here allows the experimenter to compute the best design for the 
experimental situation at hand, taking into account restrictions such as furnace sizes. 
Experiments in which furnace temperature is one of the factors under investigation are 
often carried out in a split-plot format. This is accomplished by simultaneously perform
ing a number of runs with the same temperature level in one furnace. Of course, this 
number cannot exceed the capacity of the furnace. A similar constraint occurs in the 
protein extraction experiment where only two runs can be performed on one day. In some 
experimental situations, e.g. in the wood product experiment described by Bingham and 
Sitter (2001), no such constraints are present. In this experiment, the factors believed to 
affect sheet quality are wood type, amount of additive 1, amount of additive 2, wood size, 
wood moisture, process time, pressure and material density. The first five factors relate 
to the mixing stage in the production process, whereas the three remaining factors relate 
to the processing stage. Due to operational restrictions, the experiment must be run 
by first mixing batches of raw material for the selected levels of the five mixing factors. 
These batches were partitioned in sub-batches to which the three processing factors were 
applied. It is clear that, in this example, no restriction is imposed on the number of sub
batches which can therefore be chosen in an optimal fashion. This can be done with the 
algorithms developed in Goos and Vandebroek (2001, 2002). As explained in Section 6, 
their algorithms cannot be adapted easily to solve the present design problem. 
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2 Split-plot model 

The set of m experimental variables in a split-plot experiment is partitioned in two sub
sets. The mw hard-to-change factors are called whole plot variables and denoted by 
Wl, W2, ... , Wmw or simply by w. The remaining ms = m - mw variables are the· sub-plot 
variables 81,82, ... ,8m • or s. In the protein experiment, there is one whole plot factor, 
namely the feed position, and there are four sub-plot factors: the feed flow rate, the gas 
flow rate, the concentration of protein A and the concentration of protein B. 

In a split-plot design, each of the whole plot factor level combinations of Wi is first as
signed randomly to a whole plot, thereby generating the whole plot error variance. For the 
protein experiment, the whole plots correspond to the days. Next, the combinations of Sij 

are assigned to the sub-plots, generating the sub-plot error variance. As it involves two 
runs per day, the number of sub-plots within each whole plot of the protein experiment 
equals two. 

For a polynomial model, the jth observation (j = 1,2, ... , ki ) within the ith whole plot 
(i = 1,2, ... , b) of a split-plot experiment can be written as 

(1) 

where f' (Wi, Sij) represents the polynomial expansion of the whole plot variables and the 
sub-plot variables, the p X 1 vector (3 contains the p model parameters, Ii is the random 
effect of the ith whole plot or the ith whole plot error, and eij is the sub-plot error. Note 
that the polynomial f'(Wi, Sij) contains terms involving whole plot factors only, terms 
involving sub-plot factors only, and terms involving interactions between both types of 
factors. We will refer to the corresponding model parameters as pure whole plot coeffi
cients, pure sub-plot coefficients and whole plot by sub-plot interaction coefficients. 

In matrix notation, the model corresponding to a split-plot design is written as 

Y = X(3 + Z, + e, (2) 

where X represents the design matrix containing the settings of both the whole plot vari
ables wand the sub-plot variables s. Note that X can be written as [ In W S T 1 with 
W, Sand T representing the parts corresponding to the pure whole plot coefficients, the 
pure sub-plot coefficients and the whole plot by sub-plot interaction coefficients, respect
ively. The matrix Z is a n X b matrix of zeroes and ones assigning the n observations to 
the b whole plots: the (i,j)th entry of Z is equal to one if the jth observation belongs 
to the ith whole plot, and zero otherwise. The random effects of the b whole plots are 
contained within the b-dimensional vector I, and the random errors are contained within 
the n-dimensional vector e. It is assumed that 

E(e) = 0 and cov(e) = u;In, 

E(T) = 0 and cov(T) = u;Ib' 

cov(T,e) = o. 
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Under these assumptions, the variance-covariance matrix of the observations var(y) can 
be written as 

(6) 

Suppose the entries of y are arranged per group, then 

(7) 

where 

Vi = O";Iki + O";lki l~i' 
= O";(Ikixki + 7]lki 1~,), 

(8) 

and 7] = O"~I O"~ is a measure for the extent to which observations within the same whole 
plot are correlated. In this paper, we will refer to 7] as the degree of correlation. Since both 
O"~ and O"~ are positive numbers, 7] is also positive. The larger 7], the more the observations 
within one group are correlated. 

3 Analysis 

The statistical data analysis of split-plot experiments differs from that of completely ran
domized experiments. When the random error terms as well as the whole plot effects are 
normally distributed, the maximum likelihood estimate of the unknown model parameter 
(3 in (1) is the generalized least squares (GLS) estimate instead of the ordinary least 
squares (OLS) estimate. As a result, the unknown model parameters (3 are estimated by 

(9) 

and the variance-covariance matrix of the estimators is given by 

(10) 

Usually, however, the variances O"~ and O"~ are not known and therefore, (9) and (10) 
cannot be used directly. Instead the variance components O"~ and O"~ are estimated, and 
the estimates a-~ and a~ are substituted in the GLS estimator (9), yielding the so-called 
feasible GLS estimator 

where 

(3 = (X'V-1X)-lX'V-1y, 

VA A2I A2ZZ' = O"e n + 0""1 • 

(11) 

In that case, the variance-covariance matrix (10) is only asymptotic. However, Letsing
er et al. (1996) as well as Goos and Vandebroek (2001) used a simulation study to show 
that (10) can be used for comparing experimental designs because it provides a reasonable 
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approximation to the finite sample variance-covariance matrix. Error variance estimates 
are thoroughly described in Letsinger et al. (1996). They recommend restricted maxim
um likelihood (REML) for error variance estimation because it performs well for various 
values of'T/ and because it is also a good estimation option when smaller designs and near 
full second order models are used. If prior knowledge on the magnitude of the variance 
components is available, it may be worthwhile to use an educated guess of the variance 
components rather than an estimate. 

The risks of improperly analyzing a split-plot experiment are pointed out in Kempthorne 
(1952), Nelson (1985), Box and Jones (1992), Davison (1995) and Ganju and Lucas (1997). 
By using a split-plot design, a loss of precision in the estimation of whole plot coefficients 
is incurred, while the opposite is true for the sub-plot coefficients and the whole plot by 
sub-plot interaction coefficients. The loss of precision in the whole plot coefficients is not 
illogical since the whole plot factor effects are confounded with the whole plot effects. 
Analysis of a split-plot experiment as a completely randomized one can therefore lead to 
erroneously considering whole plot effects as significant and sub-plot effects as insignific
ant. 

The information matrix on the unknown fixed parameters f3 is given by the inverse of the 
variance-covariance matrix and is denoted by 

M=X'V-1X. (12) 

Goos and Vandebroek (2001) show that this can be rewritten as 

b 

M = -\{X'X - l:: ~k. (X;l k.)(X;lk i Y}, 
0". ;=1 1 + .'T/ 

b ki b 

= :2 {l:: l::f(Wi,S;j)f'(w;,S;j) - l:: IT(X;l k.)(X;lk i Y}, 
• i=1 j=1 ;=1 +.Tj 

(13) 

where Xi is the part of X corresponding to the ith whole plot. These expression are 
important for the theoretical derivations in Section 5 and for the design construction 
algorithm described in Section 6. 

4 Design of a split-plot experiment 

Recently, the design of split-plot experiments has received considerable attention in the 
literature. Huang et al. (1998) and Bingham and Sitter (1999,2001) derive minimum ab
erration two-level fractional factorial split-plot designs, which are very useful for screening 
experiments. However, their approach is not useful when the number of observations avail
able is not a power of two, nor when the whole plot size is not a power of two. As a result, 
many experimental situations exist in which it cannot provide the experimenter with a 
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feasible design. The approach of Huang et al. (1998) and Bingham and Sitter (1999) can 
be generalized for prime-level designs, which is useful when the experimental factors are 
qualitative. The efficiency of several standard response surface designs under a split-plot 
error structure was compared in Letsinger et al. (1996). In terms of V-efficiency, the 
central composite and the Box-Behnken designs turn out to be the best standard designs 
under a split-plot error structure. However, these standard designs were developed to be 
used in a completely randomized experiment and not in a split-plot experiment. There
fore, it is probable that these designs are not optimal. In addition, standard response 
surface designs are not flexible because they are restricted to a few sample sizes and be
cause they can not be used in experiments with a prespecified number of whole plots of 
a given size. The design of multi-stratum response surface experiments, a special case of 
which are split-plot designs, has been treated by Trinca and Gilmour (2001). They devel
op an algorithm to assign the experimental runs of a given design to the whole plots. The 
design criteria used ensure near-orthogonality between the strata. The main drawback 
of this approach is that the choice of the design points does not take into account the 
split-plot error structure of the experiment. Goos and Vandebroek (2001, 2002) compute 
V-optimal split-plot designs. They show that it is important to take into account the 
nature of a split-plot experiment when designing it and that split-plot experiments are 
in many cases statistically more efficient than completely randomized experiments. Their 
algorithms cannot be used for the present design problem, as they do not take into ac
count constraints on the number of whole plots and the number of sub-plots. 

In this paper, we provide the reader with a tool for the efficient design of split-plot exper
iments with any number of observations n, any number of whole plots b and any whole 
plot sizes ki specified by the experimenter. It should be pointed out that the algorithm 
proposed is able to handle heterogeneous whole plot sizes. In the next section, we derive 
some interesting theoretical results. In Section 6, we describe the design construction al
gorithm we have developed. The design criterion used in the algorithm is the V-optimality 
criterion. The aim is thus to find the design matrix X that maximizes 

It is clear that, in general, the optimal design will depend on the degree of correlation 'TJ 

through the variance-covariance matrix V. 

5 Some theoretical results 

In this section, it will be shown that arranging the runs of a split-plot experiment such 
that it is crossed is an optimal approach for a given set of treatments or design points. 
In addition, the V-optimality of 2m , 2m -! and Plackett-Burman split-plot designs will be 
proven. 
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5.1 Optimality of crossed split-plot designs 

In a crossed split-plot design, all whole plots have an equal number of sub-plots k 
kl = k2 = ... = kb, as well as equal levels of the sub-plot variables. As a consequence, 
the columns of Xi corresponding to the pure sub-plot terms of model (1) are identical 
across all whole plots. Designs that can be conducted as crossed split-plot designs are 
full factorial designs, e.g. 2m designs, and 2m - J designs in which no sub-plot factors are 
confounded with interactions involving whole plot factors. 

Suppose, for example, that 18 runs are available to conduct a split-plot experiment in 
one whole plot factor and one sub-plot factor, and that the runs have to be arranged in 6 
whole plots of size 3. One option is to use a duplicated 32 factorial design and to assign 
its runs to the 6 whole plots. It is clear that the given design possesses three different 
whole plot levels: -1, 0 and 1. Per whole plot factor level, it contains 6 experimental runs. 
Since the whole plot size is equal to three, the split-plot experiment will contain two whole 
plots at each of the three whole plot factor levels. The best possible assignment of the 18 
observations in this example results in the crossed split-plot design displayed in Figure 1. 
This is a direct consequence of the following theorem, a formal proof of which is given in 
Appendix A. 

Theorem 1 Assigning the treatments of a given design X to the whole plots such that the 
resulting split-plot experiment is crossed is an optimal assignment strategy with respect to 
any generalized optimality criterion. 

As the V-optimality criterion is contained within the class of generalized optimality cri
teria, arranging the runs of a given design X such that the resulting split-plot experiment 
is crossed is the best possible assignment in terms of this criterion. This theoretical result 
is comforting for practitioners in industry and agriculture who prefer crossed split-plot 
experiments. 

Letsinger et al. (1996) showed that, for a crossed split-plot experiment and a hierarchical 
model containing an intercept, 

where 

0' Pw 
(1 + k'T/)-lIpwxpw 

Op,xPw 
K 

0' p, 

°pwxp, 
Ip,xp, 

O(p-Pw-p,-l)XP, 

(14) 

is a lower triangular matrix of dimension p, pw and ps represent the number of pure whole 
plot coefficients and the number of pure sub-plot coefficients, c = 'T/ / (1 + ki'T/), and sand K 
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Figure 1: Crossed split-plot design with six whole plots of size three for the estimation of a full 
second order model in one whole plot variable wand one sub-plot variable s. 

are two matrices that depend on the levels of the sub-plot factors used in the experiment. 
From (14), it is clear that the V-criterion value can be written as 

IGIIX'XI· (15) 

Although the matrix G depends on the design matrix X, its determinant does not and is 
equal to 

IGI = ( u; yw+1 = (_1 _yw+1 • 

u~ + ku~ 1 + k1J 

The following theorem is a direct consequence of this result. 

Theorem 2 Arranging the points of a V-optimal design for the uncorrelated model 

Y =Xj3+e, (16) 

where E( e) = 0 and cov( e) = u;InJ in a crossed fashion yields a V-optimal split-plot 
design within the class of crossed designs with b whole plots of size k. 

For example, a 32 factorial design is a V-optimal 9-point design for estimating a full second 
order model in two variables when the errors are uncorrelated and possess a homogeneous 
variance. Arranging the nine runs of this design in a crossed design with 3 whole plots 
of size 3 therefore gives us a design that is V-optimal in the class of crossed split-plot 
designs with 3 whole plots of size 3 for estimating a full second order model in one whole 
plot variable and one sub-plot variable. 

It is a well-known result that 2m designs and 2m - f designs are V-optimal for model (16). 
Since the points of 2m designs can easily be arranged in crossed split-plot designs with 
b = 2m w whole plots of size k = 2m " the resulting designs are V-optimal for estimating 
a first order model with or without interactions in the class of crossed split-plot designs. 
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The 2m-! designs can also be arranged in crossed split-plot designs. For this purpose, no 
sub-plot factors should be confounded with whole plot factors. The resulting designs are 
also V-optimal in the class of crossed split-plot designs. 

Finally, it should be pointed out that (14) can be used to show the equivalence of OLS 
and GLS estimation in the case of crossed split-plot designs (see Letsinger et al. 1996). 

5.2 V-optimality of 2m , 2m - f and Plackett-Burman split-plot 
designs 

For a main effects model with uncorrelated errors and homogeneous variance, the V
optimal factor levels are -1 and +1 if the region of interest is [-1, +1]m. Box and 
Draper (1971) prove this for saturated designs, that is designs where n = p, using the 
fact that IX/XI = IXI2. As the V-optimality criterion IX/V-IXI for a model with dif
ferent error assumptions can be written as IV-1 11X1 2 for saturated designs, the proof 
can be extended to models with correlated errors if V is identical for all design options 
available. For designs where n > p, the optimality of the levels -1 and + 1 is shown 
in Mitchell (1974b). As a consequence of equation (15), this result is valid for crossed 
split-plot designs as well. These results are valid for models involving interactions as well 
because these models can be seen as restricted versions of main effects models in which 
the levels of some factors are the product of at least two other factors. 

It also turns out that 2m , 2m-! and Plackett-Burman designs are V-optimal among all 
feasible split-plot designs with b whole plots of size k, provided the levels of the sub-plot 
variables sum to zero within each whole plot. This is a direct consequence of the following 
theorem proven in Appendix B. 

Theorem 3 Arranging the points of a V-optimal design for the uncorrelated model (16) 
in b whole plots of size k such that the levels of the sub-plot factors sum to zero within 
each whole plot yields a V-optimal split-plot design. 

The condition that the levels of the sub-plot factors sum to zero is satisfied for all 2m 
split-plot designs and for all 2m -! designs the sub-plot generators of which contain at 
least two sub-plot factors. This is the case for all designs listed in Huang et al. (1998) 
and Bingham and Sitter (1999, 2001). A formal proof ofthe V-optimality ofthese type of 
split-plot designs is given in Appendix B. The proof is valid for any design that maximizes 
IX/XI for a given design region and whose design points can be arranged in whole plots 
such that the levels of the sub-plot variables sum to zero within each whole plot. Plackett
Burman designs can therefore be used to construct V-optimal split-plot experiments in 
some instances. Finally, it is interesting to note that the equivalency between OLS and 
GLS is maintained for these type of split-plot designs. 

In view of the popularity of two-level fractional factorial split-plot designs, this theoretical 
result is important to practitioners. Nevertheless, many experimental situations exist in 
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which these kind of designs cannot provide the experimenter with a V-optimal design. In 
these situations, a design construction algorithm is needed. 

6 Design construction algorithm 

The exchange algorithm we have developed combines the attractive features of several al
gorithms described in the literature. Although it still uses point by point exchanges, the 
algorithm presented here is no longer a simple point exchange algorithm like the famous 
algorithms of Fedorov (1972) and Mitchell (1974a) for computing V-optimal completely 
randomized designs. The algorithm borrows the update formulas and routines for IMI and 
M-1 from Goos and Vandebroek (2001, 2002), who developed point exchange algorithms 
for computing V-optimal split-plot designs without restrictions on the number of whole 
plots b and the number of sub-plots ki . Their algorithms cannot be adapted easily to 
construct V-optimal designs in the presence of such restrictions. This is because, for the 
present design problem, more powerful exchange strategies are needed to avoid ending 
up in local optima. One such strategy, interchanging points from different whole plots, 
is taken from Cook and Nachtsheim's (1989) algorithm for computing V-optimal blocked 
experiments. A third exchange strategy to improve the designs is new. In the description 
of the algorithm, we will denote a whole plot factor level by Wi and a candidate point or 
a design point by (Wi, Sij) . 

The algorithm first computes a feasible n-point starting design from a set of candidate 
design points. Firstly, a whole plot factor level Wi is randomly assigned to each of the 
whole plots, making sure that there are at least as many different levels as there are pure 
whole plot factor coefficients in the model, that is pW. This restriction is necessary to avoid 
ending up with a singular starting design. Next, a random number of points (Wi, Sij) is 
selected at random from the list of candidate design points. Each of these points is then 
randomly assigned to one of the whole plots with whole plot factor level Wi. Finally, the 
starting design is completed by sequentially adding the candidate point with the largest 
prediction variance to the design. When a point (Wi, Sij) cannot be added because all 
whole plots with whole plot factor level Wi are complete, the design point with the next 
largest prediction variance is added instead. 

Next, three exchange strategies are considered to improve this initial design. Firstly, the 
substitution of a design point with a point of the candidate list is considered. This ex
change strategy is used in many design construction algorithms. For the present design 
problem, only a limited number of exchanges need to be evaluated because a design point 
(Wi, Sij) can only be replaced by a point with whole plot factor level Wi, that is by a point 
of the form (Wi, Sik), where k i j. It is clear from equation (13) that the information 
matrix can be updated at a low computational cost as only two terms, namely the vector 
outer products involving f'(Wi, Sij) and Xi, are affected by the change. 
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A second strategy considered to improve the design is the interchange of design points 
from different whole plots: one point from whole plot i is moved to whole plot j and one 
point from whole plot j is moved to whole plot i. Again, only two terms in equation (13), 
namely the vector outer products involving Xi and X j , are affected by the change, so that 
the modified information matrix is easy to compute. The number of possible interchanges 
to be considered is again limited because only points from whole plots with the same 
whole plot factor level can be interchanged. 

In the third strategy, the substitution of the whole plot factor levels is evaluated. This 
strategy differs from the two others in that all design points of a given whole plot are 
modified by the substitution. As a result, the evaluation of this type of exchanges is 
computationally much more prohibitive than the two other strategies. Suppose that we 
would like to replace the whole plot factor level Wi of the ith whole plot by wi. The 
information matrix M can then be updated by subtracting 

and adding 
ki 
Lf(w;, sij)f'(w;, Sij) - ~k (X;'lki)(X;'lkiY' 
j=l 1 + iTJ 

where X; and Xi' are the parts of the design matrix corresponding to the ith whole plot 
before and after the change respectively. Fortunately, not all the elements of M are af
fected by the design change. This is due to the fact that only the whole plot factor levels 
are modified. As a result, the elements of the information matrix corresponding to the in
tercept, the sub-plot factors and the sub-plot by sub-plot interactions remain unchanged. 
Suppose that there are Ps coefficients in the model that do not involve whole plot factors, 
then p; elements of M do not require an update. This exchange strategy is vital for the 
algorithm as it is the only strategy that is able to change the whole plot factor level of a 
whole plot. 

The algorithm uses more than one try in order to increase the probability of finding 
the optimal design. Its input consists of the number of observations n, the number of 
whole plots b, the whole plot sizes ki (i = 1,2, ... , b), the number of model parameters 
p, the order of the model, the number of explanatory variables m, the structure of their 
polynomial expansion, the number of tries t and a prior estimate for TJ. Of course, the 
whole plot and the sub-plot factors must be identified and a set of candidate points 
has to be specified. By default, the algorithm computes the grid of candidate points 
G = {I, 2, ... , g} as in Atkinson and Donev (1992): the design region is assumed to be 
hypercubic and is taken as [-1, + l]m. The grid points are chosen from the 2m, 3m, 4m, 
... factorial design depending on whether the model contains linear, quadratic, cubic 
or higher order terms. Alternatively, the user can specify G if another set of candidate 
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points is desired. This is important when the design region is hyperspherical, when it 
is restricted, or when the experimenter would like to search over a finer grid. In order 
to find efficient designs, the set of candidate points should certainly include cornerpoints 
and cover the entire design region. For example, the points of a 3m factorial design are 
not sufficient to find an efficient design to estimate a quadratic model on a hyperspherical 
region. In that case, star points should be included in the set of candidate points. Finally, 
note that the construction of a non-singular design requires that n ~ p, 9 ~ P and that the 
number of different whole plots is greater than or equal to the number of pure whole plot 
coefficients Pw. Further details on the algorithm are given in Appendix C. A Fortran 77 
implementation of the algorithm is available from the authors. It is evaluated in Section 9. 

7 Computational results 

We have used the algorithm for several combinations of b, k and n. A selection of the 
computational results is displayed in this section. Firstly, we have investigated the V
optimal three-level designs for a full quadratic model obtained from a search over a coarse 
grid of candidate points. As usual, this coarse grid consisted of the 3m factorial design. 
Next, we have performed a number of searches over an 11m factorial design. 

7.1 Coarse grid 

U sing the algorithm outlined in the previous section, we have performed a search over 
the points of the 33 factorial design in order to find the 18-point V-optimal three-level 
design for a full quadratic model in one whole plot factor and two sub-plot factors. It was 
assumed that six whole plots of size three were available. The three split-plot designs we 
obtained are denoted by SPDl, SPD2 and SPD3, and they are displayed in Table 1. All 
three designs have three whole plots with whole plot factor level-I, one whole plot with 
factor level 0 and two whole plots with whole plot factor level + 1. Reversing the signs of 
the whole plot factor levels yields designs that are equivalent to the original. In terms of 
V-efficiency, SPDl is the best possible three-level split-plot design with six whole plots 
of size three when TJ :::; 0.2188. When TJ lies between 0.2188 and 0.3787, SPD2 is the best 
design option, and for TJ ~ 0.3787, SPD3 is V-optimal. 

In order to visualize the performance of these three design options, we have computed the 
relative V-efficiencies 

( IX'y-l XI) lip 

INY-lAI ' (17) 

where X is the design matrix of the split-plot design under consideration, and A is the 
design matrix of a benchmark design, for values of TJ between 0 and 10. The benchmark 
design contains 2 whole plots at the whole plot factor levels -1,0 and +1. For the sub-plot 
factor levels, a duplicated 32 design was used. The runs of this design were assigned to 
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Table 1: V-optimal split-plot designs and benchmark design with 6 whole plots of size 3 for the 
estimation of a full quadratic model in one whole plot factor and two sub-plot factors. 

SPD1 SPD2 SPD3 Benchmark SPDl SPD2 SPD3 Benchmark 
w w 

81 82 81 82 81 82 W 81 82 81 82 81 82 81 82 W 81 82 

-1 0 -1 -1 1 -1 0 -1 1 1 0 0 1 0 1 0 0 0 0 0 
-1 -1 1 1 0 0 -1 -1 0 -1 0 -1 0 1 -1 -1 -1 0 1 1 
-1 1 0 -1 -1 1 1 -1 -1 0 0 1 -1 -1 0 -1 1 0 -1 1 
-1 -1 -1 -1 0 1 -1 -1 1 0 1 1 -1 0 0 -1 -1 1 0 1 
-1 1 1 1 -1 0 1 -1 0 1 1 -1 -1 -1 -1 1 -1 1 1 -1 
-1 0 0 0 1 -1 0 -1 -1 -1 1 1 1 1 1 0 1 1 -1 0 
-1 1 -1 1 1 -1 1 0 -1 -1 1 -1 1 1 1 0 -1 1 0 -1 
-1 -1 1 0 -1 1 0 0 1 -1 1 1 0 1 -1 1 1 1 -1 1 
-1 -1 -1 -1 1 -1 -1 0 0 0 1 0 -1 -1 1 -1 1 1 1 0 

the whole plot levels using the algorithm of Trinca and Gilmour (2001). The resulting 
design is also displayed in Table 1. 

The relative V-efficiencies of SPD1, SPD2 and SPD3 are displayed in Figure 2. The 
figure clearly shows that, for any value of "I, all three split-plot design are well over 4% 
more efficient than the benchmark design. SPD3 is 7% more efficient than the benchmark 
design for any value of "I. The figure also visualizes that SPD1 is the best choice for 
small degrees of correlation. However, as "I grows larger, SPDl is overtaken by SPD2. 
When "I ~ 0.3787, SPD3 becomes the best design option. The figure also shows that 
the efficiency of SPD 1 and SPD2 is not very different for small degrees of correlation. 
However, SPD3 becomes substantially better than SPDl and SPD2 when "I approaches 
unity. The efficiency gain of using SPD3 instead of SPD1 is between 2 and 3% when "I ~ 1. 

Comparing the relative V-efficiency of SPDl, SPD2 and SPD3 when "I = 0 shows that 
using the design points of SPDl in a completely randomized design would result in an 
efficient design. In other words, the projection of SPDl obtained by ignoring the whole 
plots yields an efficient design for the uncorrelated model (16). Using the points of SPD2 
would result in a completely randomized design that is slightly less efficient and using the 
points of SPD3 would result in a design that is less than 98% as efficient as SPD1. As 
a result, the optimal split-plot design for a small value of "I is obtained from an efficient 
design for the uncorrelated model (16). When "I is large, the optimal split-plot design can 
be obtained from an inefficient design for the uncorrelated model. 

It is important to stress that the designs are optimal for wide ranges of "I, especially if "I 
is not too close to zero. In practice, it is unlikely that "I is very small (see, for instance, 
Bisgaard and Steinberg 1997 and Bingham and Sitter 2001). As a consequence, precise 
knowledge of "I is not required to construct V-optimal split-plot designs. Similar results 
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Degree 0" correlation 
--- SPD1 ................... SPD2 SPD3 

Figure 2: Relative V-efficiencies of the three split-plot designs in Figure 2 with respect to the 
benchmark design. 

were obtained for other models, for other number of whole plots and for other whole plot 
Sizes. 

7.2 Fine grid 

In some cases, using a finer grid over the experimental region than the points of the 
3m factorial design leads to a substantially better design. When the interest is in the 
estimation of a full quadratic model in one whole plot variable and one sub-plot variable 
and when five whole plots of size two are available, then gains in V-efficiency of up to 
1.5% can be achieved by using a 112 instead of a 32 grid. On the contrary, only gains of up 
to 0.3% can be realized when the number of whole plots available is four. This example 
shows that the gains heavily depend on all parameters of the design problem and that 
it is hard to predict when the search over a finer grid will produce substantially better 
designs. An alternative to a search over a finer grid is to adapt the adjustment algorithm 
of Donev and Atkinson (1988). 

8 The protein extraction experiment 

Let us reconsider the protein experiment in which 42 experimental runs must be assigned 
to 21 whole plots of size 2. A three-level design for this experiment is suggested by Trinca 
and Gilmour (2001). They use seven whole plots at each of the three whole plot factor 
levels -1,0 and 1. For the sub-plot factors, they suggest using a central composite design 
with two center points and duplicated axial points. The factorial portion of the central 
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composite design consists of the complete 24 factorial design plus half a fraction of it. 
The 42 runs of this design are displayed in Table 2. For this design problem, we have 
computed the V-optimal three-level design for several values of TJ. The design displayed 
in Table 2 is V-optimal for TJ-values from 1 to 10. 

The V-optimal design has nine whole plots with whole plot factor level-I, three whole 
plots with level 0 and nine with level + 1. The V-optimality criterion value of this design 
is of course larger than that of the design proposed by Trinca and Gilmour (2001). This 
is no surprise because the points of the latter design were not selected according to the 
V-optimality criterion. The relative V-efficiency of Trinca and Gilmour's design with 
respect to the V-optimal design amounts to 76.77%, 73.20% and 72.21% when TJ is 1, 5 
or 10 respectively. The expected variances for the factor effect estimates for both designs 
are given in Table 3. 

It turns out that 16 of the 20 factor effects are estimated more efficiently with the V
optimal design when TJ = 1, TJ = 5 or TJ = 10. The effects that are estimated less efficiently 
by the V-optimal design correspond to w 2 , si and s~. From Table 3, it can also be seen 
that the variances obtained by using the V-optimal design do not increase very much 
with TJ. As a result, the parameter estimates are not largely affected by the variation 
between the days of experimentation. This is because the sub-plots are nearly orthogonal 
to the whole plots. The V-optimality criterion thus implicitly arranges the sub-plots in a 
near-orthogonal way, just like the algorithm of Trinca and Gilmour (2001). 

If we compare the average variance of the factor effect estimates of both designs, we see 
that the V-optimal design is 9.11 % better when TJ = 1, nearly equivalent when TJ = 5 and 
9.47% less efficient when TJ = 10. However, if we compare the average prediction variance 
of both designs, we see that the V-optimal design is 16.67% more efficient when TJ = 1 
and 7.51% more efficient when TJ = 5. When TJ = 10, the V-optimal design is 0.73% less 
efficient than the design proposed by Trinca and Gilmour (2001). As a conclusion, the 
V-optimal design is an excellent choice when the estimated model is used for prediction 
purposes, but also with respect to other criteria, such as orthogonality. 

9 Algorithm evaluation 

In order to evaluate the quality of our algorithm, we have performed 1000 tries for com
puting optimal designs in several experimental situations. For each of the problems in
vestigated, we have used 8 values of the degree of correlation TJ: 0.1, 0.25, 0.5, 0.75, 1, 
2, 5, 10. In each case, we have computed the probability of finding the best design as 
well as the expected efficiencies of the best design obtained. The computation of these 
expected efficiencies was also used in Trinca and Gilmour (2000) and is given in Appendix 
D. It turns out that for simple problems, the optimal design is found in 100% of the tries. 
For harder problems, the probability of finding the optimum is excellent, as well as the 
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Table 2: Two experimental designs for the protein experiment. 
Whole Trinca & Gilmour V-optimal design 
Plot w 81 82 83 84 W 81 82 83 84 

1 -1 -1 -1 -1 -1 -1 1 -1 -1 1 
-1 1 -1 -1 1 -1 1 1 1 -1 

2 
-1 -1 1 -1 1 -1 -1 0 -1 -1 
-1 0 0 0 0 -1 1 1 -1 1 

3 
-1 -1 0 0 0 -1 -1 1 1 1 
-1 1 1 -1 -1 -1 1 1 -1 -1 

4 -1 -1 1 1 -1 -1 -1 -1 1 1 
-1 1 1 -1 1 -1 1 -1 -1 -1 

5 
-1 0 0 0 -1 -1 -1 -1 1 -1 
-1 0 1 0 0 -1 0 1 0 0 

6 -1 0 0 0 0 -1 -1 1 -1 1 
-1 1 -1 1 -1 -1 1 -1 1 0 

7 -1 0 -1 0 0 -1 -1 -1 -1 1 
-1 1 1 1 1 -1 -1 1 1 -1 

8 0 -1 -1 -1 1 -1 -1 1 -1 -1 
0 1 -1 1 -1 -1 1 -1 1 -1 

9 
0 -1 -1 1 -1 -1 -1 -1 0 0 
0 1 -1 1 1 -1 1 0 1 1 

10 0 -1 -1 1 1 0 0 0 -1 0 
0 1 -1 -1 -1 0 1 -1 0 1 

11 
0 -1 1 -1 -1 0 0 -1 0 -1 
0 1 1 1 1 0 1 0 -1 0 

12 0 -1 1 1 1 0 0 -1 1 1 
0 1 1 1 -1 0 1 1 1 -1 

13 0 -1 0 0 0 1 -1 -1 1 -1 
0 0 0 0 1 1 1 1 -1 -1 

14 
0 0 0 1 0 1 -1 0 0 1 
0 1 0 0 0 1 1 1 1 1 

15 
1 -1 -1 -1 -1 1 -1 -1 -1 -1 
1 1 0 0 0 1 0 1 1 -1 

16 
1 -1 -1 1 1 1 -1 -1 1 1 
1 0 1 0 0 1 1 1 -1 1 

17 
1 -1 1 1 -1 1 0 -1 -1 1 
1 0 0 -1 0 1 1 -1 1 0 

18 
1 -1 1 -1 1 1 -1 1 -1 -1 
1 1 1 -1 -1 1 1 0 0 1 

19 
1 0 0 -1 0 1 -1 0 0 -1 
1 0 -1 0 0 1 1 -1 -1 1 

20 
1 1 -1 -1 1 1 -1 1 1 1 
1 0 0 0 -1 1 1 -1 1 -1 

21 
1 0 0 0 1 1 -1 1 -1 1 
1 0 0 1 0 1 1 -1 -1 -1 
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Table 3: Expected variances for the parameter estimates of a second order model from both 
split-plot designs given in Table 2 

Trinca & Gilmour V-optimal design 
1/=1 1/=5 1/ = 10 1/ = 10 1/=5 1/ = 10 

W 0.118 0.407 0.765 0.086 0.309 0.586 
81 0.041 0.044 0.045 0.036 0.039 0.039 
82 0.077 0.124 0.140 0.038 0.042 0.043 
83 0.056 0.065 0.068 0.039 0.044 0.045 
84 0.045 0.050 0.051 0.040 0.048 0.049 

W81 0.097 0.113 0.118 0.036 0.038 0.039 
W82 0.115 0.182 0.206 0.041 0.046 0.047 
W83 0.118 0.164 0.179 0.041 0.047 0.048 
W84 0.095 0.114 0.120 0.044 0.053 0.056 
81 8 2 0.056 0.060 0.061 0.056 0.077 0.083 
81 83 0.074 0.091 0.095 0.055 0.075 0.082 
81 8 4 0.123 0.262 0.331 0.051 0.074 0.083 
828 3 0.081 0.114 0.125 0.056 0.079 0.087 
828 4 0.053 0.054 0.055 0.052 0.071 0.078 
838 4 0.073 0.096 0.102 0.048 0.061 0.066 
w2 0.384 1.260 2.338 0.683 2.261 4.213 
8 2 

1 0.316 0.393 0.414 0.322 0.356 0.364 
8 2 

2 0.305 0.390 0.415 0.264 0.293 0.301 
8 2 

3 0.281 0.337 0.352 0.260 0.304 0.316 
8 2 

4 0.281 0.337 0.352 0.308 0.357 0.371 

estimated expected efficiency of the best design found. 

Design problem 1 

The first design problem considered is the problem of finding the best possible split
plot design with 8 whole plots of size 4 for estimating a linear model with two-factor 
interactions in 6 factors, three of which are whole plot factors. A V-optimal design for 
this problem is the 26 - 1 fractional factorial split-plot design with three whole plot factors 
A, Band C, and three sub-plot factors D, E and F, where the factor F is confounded 
with the five factor interaction ABC DE. It is V-optimal for any value of 1/. It turns out 
that the algorithm is able to find this design in at least 64.8% of the tries. This means 
that, on average, only two tries are needed to find the optimum. 

Design problem 2 

The second problem considered was the construction of an experiment with six whole plots 
of size three for the estimation of a full quadratic model in one whole plot factor and two 
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I 

NLunber 01' tries 

Figure 3: Estimated probability of finding the optimal design for Design Problem 2 when 
"1= 0.25. 

sub-plot factors. For most values of "I, the estimated probability of finding the optimal 
design in one try lies between 0.200 and 0.450, which is excellent. However, for values of 
"I around 0.25, the probability of finding the optimal design is smaller. For example, for 
'rJ = 0.25, it is only 0.077. At first sight, this number is not very convincing. Hcwever, the 
estimated probability of finding the optimum rapidly goes to one if the number of tries t is 
increased. This is shown in Figure 3. In addition, a glance at Figure 2 reveals that SPD2 
and SPD3 are nearly equivalent in the neighbourhood of 1J = 0.25. Therefore, missing 
the optimum does not necessarily lead to a considerable loss in 'V-efficiency. Whether 
this is the case or not can be seen from the estimated expected 'V-efficiencies displayed 
in Figure 4. The figure shows that the estimated expected efficiency quickly increases to 
one. It is thus very likely that the algorithm will produce a highly efficient design. 

Design problem 3 

The final design problem considered was the construction of a constrained split-plot ex
periment with four variables, two of which were whole plot variables. The number of 
whole plots was equal to seven and the number of sub-plots within each whole plot was 
equal to four. A similar picture was obtained as for Design Problem 2 : the probability 
of finding the optimum is small for small values of 1J because several designs are close to 
'V-optimal for small degrees of correlation. For larger values, the probability of finding 
the optimum is greater than 0.200. 
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NUrTlIber of' tries 

Figure 4: Estimated expected V-efficiency of the best design found for Design Problem 2 when 
TJ = 0.25. 

10 Conclusion 

In this paper, we have investigated the problem of designing a split-plot experiment with 
a fixed number of whole plots and a fixed size of the whole plots. This design problem 
occurs when the number of whole plots and the number of sub-plots within each whole 
plot are dictated by the experimental situation. As an illustration, we have developed a 
split-plot design for a protein experiment with 21 whole plots of size 2. We have shown 
that some specific crossed and non-crossed split-plot designs, e.g. 2m and 2m -] designs, 
are V-optimal for specific numbers of whole plots and whole plot sizes. Their optimality 
is independent of the degree of correlation 17. In general, however, the optimal designs 
depend on the degree of correlation. For the general case, we have developed a design 
construction algorithm. It turns out that the three-level split-plot designs provided by 
the algorithm are robust against misspecification of the degree of correlation 17, which is 
a desirable property because 'f/ is in general unknown prior to the experiment. 
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Appendix A. Optimality of crossed split-plot designs. 

Assume that a design matrix X containing n experimental runs is given and that the 
observations should be assigned to b whole plots of size k. Denote the number of different 
whole plot factor levels by nw and the number of whole plots with the ith whole plot factor 
level by bi. In the example from Section 5.1, the number of whole plots b is equal to 6, the 
whole plot size k is equal to 3, the number of whole plot factor levels nw is equal to 3 and 
the number of whole plots per whole plot factor level is 2. Hence, bi = b2 = b3 = 2. Now, 
any assignment of the experimental runs to the whole plots divides the n x p dimensional 
design matrix X in b distinct k x p dimensional submatrices X ij . Each Xij corresponds 
to that part of X that belongs to the jth whole plot with the ith whole plot factor level. 
The information matrix (13) can then be written as 

(18) 

Now, denote by Withe k x (Pw + 1) dimensional part of Xij corresponding to the intercept 
and the Pw pure whole plot terms of the statistical model, and by Sij the k x (p - Pw - 1) 
dimensional part of Xij corresponding to the sub-plot terms and the whole plot by sub
plot interactions. Substituting Xij = [Wi Sij land c = 'fJ/(1 + k"l) in (18) yields 

M = -;'(X'X - cA), 
(J'. 

(19) 

where 

A _ ~ ~ [(W;lk)(W;lk)' (W;lk)(S;jlk)'] 
- ~ ~ (S;jlk)(W;lk)' (S;jlk)(S;jlk)' 

In a crossed split-plot design, the levels of the sub-plot factors are the same in every whole 
plot. As a result, Sij is identical for all whole plots with the ith whole plot factor level 
(if no whole plot by sub-plot interactions are present, then Sij is even identical for all 
whole plots). Therefore, we can write Sij = Si (i = 1,2,,,.,nw;j = 1,2,,,.,bi ). As a 
consequence, S;jlk = Silk and the information matrix (19) can be written as 

where 

Mcrossed = -;'(X'X - cAcrossed), 
(J'. 

(20) 

In a non-crossed design, the levels of the sub-plot factors are not identical in all whole 
plots and we have that 

20 



where 
bi 

L8ij = OP-Pw- 1, (i = 1,2, ... ,nw). 

j=1 

Substituting these equations in (19) yields 

where 

Mn.erossed = ~ (X'X - cAn.erossed), 
IJ"e 

_ nw bi [(Wj1 k )(W',l k )' (W'l )(S'l 8)'] 
An.erossed - L L (S'l "+ 8.)(W'l.)' i k i k + ij 

i=1 j=1 ,k 'J ,k (Silk + 8ij )(Si1k + 8ij )' , 

nw bi [ (W' ) "" ] O(Pw+1)X(Pw+1) ilk (Jij 
= Aerossed+ LL 8··(W'l)' 8··(S'l )'+(S'l )8'+88' , 

i=l j=l 1,) z k 1,) 'l, k 'l, k 1,) 1.) 'l,J 

_ A + ~ [O(Pw+!)X(PW+I) O(pw+!)X(P-pw- l )] 
- crossed L...J 0 ",bi 8 8' , 

i=1 (p-Pw-l)x(pw+I) L..,j=1 ij ij 

= Aerossed + f t [OJ:;I] [OJ:;l]', 
,=1 J=1 

= Aerossed + ~' ~ 

(21) 

As a result, the difference An.erossed - Aerossed is nonnegative definite, as well as the dif
ference Merossed - Mn.erossed. Assigning the observations to the whole plots such that the 
resulting split-plot design is crossed is therefore an optimal strategy for a given design 
matrixX. 

Appendix B. "V-optimality of 2m and 2m - f designs. 

In this appendix, we show that arranging the points of a V-optimal design for the un
correlated model (16) in a split-plot design with b whole plots of size k such that the 
levels of the sub-plot variables sum to zero within each whole plot yields a V-optimal 
split-plot design with b whole plots of size k. Firstly, we show that arranging the sub-plot 
treatment in such a way is V-optimal for given sets of whole plot treatments and sub-plot 
treatments. Given this result, it is easy to see that 2m and 2m - J designs provide the 
optimal set of treatments for the experiment. 

If we denote by Wi the part of Xi corresponding to the intercept and the pure whole plot 
coefficients, and by Si the part corresponding to the remaining p - pw - 1 coefficients, 
the information matrix (13) of a split-plot experiment with b whole plots of size k can be 
written as 
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_ 1 {[W'W W'S] b [(Wilk)(Wilk)' (Wilk)(Si lk)']} 
M - u; S'W SIS - C ~ (Silk)(Wilk)' (Silk)(Silk)' , 

where X = [W S], and c is defined as in Appendix A. Using the fact that the k rows 
of each Wi are equal, this can be reduced to 

1 [(1 - ck)W'W (1 - ck)W'S ] 
M = u; (1 - ck )S'W SIS - C I:~=1 (Silk)(Silk)' . 

From Harville's (1997) Theorem 13.3.8, we have that 

IMI = lUI 1(1- ck)W'W - (1- ck)W'SU-1(1- ck)S'WI, 

= (1- ck)Pw+1 IUIIW'W - (1- ck)W'SU-1S'WI, 

where U = SIS - C I:~=1 (Silk)(Silk),. 

(22) 

If the sub-plot treatments are assigned to the whole plots such that their levels sum to 
zero within each whole plot, Silk = Ok (i = 1,2, ... ,b), W'S = O(Pw+1)x(p-Pw-1) and (22) 
reduces to 

(23) 

and 

IM*I = 1(1 - ck)W'WIIS'SI = (1 - ck)Pw+1 IW'WIIS'SI. (24) 

From Harville's (1997) Corollary 18.1.8, we have that 

IW'WI> IW'W - (1 - ck)W'SU-1S'WI 

and 
b 

IS'SI > IS'S - c ~)Silk)(S:lk)'l· 
i=1 

As a result, IM"I > IMI. For any set of sub-plot treatments S, the best assignment in 
terms of V-optimality is such that Silk = Ok (i = 1,2, ... , b), no matter what the set of 
whole plot treatments Wis. 

It is well-known that 2m , 2m -! and Plackett-Burman designs maXImIze IX'XI = 
IW'WI IS'SI· For specific values of b and k, these designs can be arranged such that 
Silk = Ok (i = 1,2, ... ,b) and their determinant equals (1- ck)Pw+1IX'XI = (1-
ck)Pw+1 nP. Any other design X* for which IX*'X*I < IX'XI leads to a determinant 
which cannot exceed (1 - ck)pw+1IX*'X*I. 2m , 2m -! and Plackett-Burman designs are 
therefore V-optimal when used in a split-plot experiment with appropriate values of b 
and k. 
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Appendix C. The construction algorithm. 

We denote the set of 9 candidate points by G, the set of b whole plots by B, the set of 
k; not necessarily distinct design points belonging to the ith whole plot of a given design 
D by Di (i = 1,2, ... , b), the whole plot factor level corresponding to the ith whole plot 
by Wi, the set of candidate points with the ith whole plot factor level by Gi and the 
V-criterion value of a given design D by V. The best design found at a given time by the 
algorithm will denoted by D*. Its whole plots will be denoted by Di (i = 1, ... , b) and the 
corresponding V-criterion value by V*. For simplicity, we denote the information matrix 
of the experiment by M. The singularity while constructing a starting design is overcome 
by using M + wI instead of M with w a small positive number. The set of possible whole 
plot factor levels is denoted by W. Finally, we denote the number of tries by t and the 
number of the current try by te. The algorithm starts by specifying the set of grid points 
G = {I, 2, ... , g} and proceeds as follows: 

1. Set 1)* = ° and te = 1. 

2. Determine the number of pure whole plot coefficients PW. 

3. Determine the number of pure sub-plot coefficients Ps. 

4. SetM=wlandDi=0(i=1, ... ,b). 

5. Generate starting design. 

(a) Randomly assign Pw different whole plot factor levels w to Pw different whole plots. 

(b) Randomly assign b - Pw whole plot factor levels to the remaining whole plots. 

(c) Randomly choose r (1::; r ::; pl. 
(d) Do r times: 

1. Randomly choose i E B. 

ii. Randomly choose j E Gi. 

iii. If #Di < ki' then Di = Di U {j}, else go to step i. 
iv. Update M. 

(e) Do n - r times: 

1. Set 1 = 1. 

ll. Determine j E G with lth largest prediction variance. 

Ill. Find i where i E B, j E Gi and #Di < k i . If no such i exists, set 1 = 1 + 1 and 
go to step ii. 

iv. Di = Di U {j}. 
v. Update M. 

6. Compute M and 1). If 1) = 0, then go to step 4, else continue. 

7. Set", = 0. 
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8. Evaluate exchanges of design points. 

(a) Set 5 = 1. 

(b) Vi E B, Vj E Di, Vk E Gi,j i- k: 

i. Compute the effect 5}k = V'IV of exchanging j by k in the ith whole plot. 

ii. If 5}k > 5, then 5 = 5}k and store i, j and k. 

9. If 5> 1, then go to step 10, else go to step 11. 

10. Carry out best exchange. 

(a) Di=Di\{j}U{k}. 

(b) Update M and V. 

(c) Set K, = 1. 

11. Evaluate interchanges. 

(a) Set5=1. 

(b) Vi,j E E,i < j,wi = Wj, Vk E Di,Vl E Dj,k i-l: 

I. Compute the effect 51~ = V'IV of moving k from whole plot i to j and I from 
whole plot j to i. 

ll. If 5fi > 5, then 5 = 5tk and store i, j, k and l. 

12. If 5 > 1, then go to step 13, else go to step 14. 

13. Carry out best interchange. 

(a) Di=Di\{k}U{I}. 

(b) Dj=Dj\{I}U{k}. 

(c) Update M and V. 

(d) Set K, = 1. 

14. Evaluate exchanges of whole plot factor levels. 

(a) Set 5 = 1. 

(b) ViEB,VjEW,wii-Wj: 

i. Compute the effect 5ij = V'I V of exchanging Wi by Wj in the ith whole plot. 

ii. If 5ij > 5, then 5 = 5ij and store i and j. 

15. If 5> 1, then go to step 16, else go to step 17. 

16. Carry out best exchange. 

(a) Update Di and Gi. 

(b) Update M and V. 
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(c) Set K = 1. 

17. IfK=1,gotostep7. 

18. If V> '0*, then '0* = V, Vi E B : D'[ = Di. 

19. If tc < t, then tc = tc + 1 and go to step 4, else stop. 

In order to speed up the algorithm, the powerful update formulae and routines described 
in the Chapters 1, 2 and 3 are used during the construction of the starting design and 
the evaluation of the three exchange strategies. In order to save memory space, only the 
upper diagonal elements of the information matrix M are computed. This is possible 
because M is symmetric. 

Appendix D. Estimated expected efficiency. 

Assume that for a large number of tries t, we obtain d distinct designs D1 , D2, ... , Dd, 
with efficiencies El > E2 > ... > Ed. Dl then is the best design and an estimate of the 
probability of finding Dl in t tries, say PI, is given by the number of times Dl is found 
divided by t. In t tries, the number of times we find Dl when the probability of success 
equals PI is binomially distributed with parameters t and Pl. The probability of finding 
the best design in t tries is 1 - (1 - pd. The joint distribution of the number of times 
F l , F2, . .. , Fd we obtain Dl , D2, . .. , Dd has a multinomial distribution with parameters t 
and Pl,P2, ... ,Pd. The probability that Di is the best design found equals 

P(best design is D;) = P(Fi 2: 1 and Fl = F2 = ... = F i - 1 = 0), 
t i-I d 

= L P (Fi = k and L Fj = 0 and L Fj = t - k), 
k=l j=l j=i+l 

= t G)P7(j~l pS-
k

, 

= t G)P7(t pS-k 
- (t pj)\ 

k=O J=,+l J=,+l 
d d 

= (pi + L pj) t - ( L pj) t , 
j=i+l j=i+l 

d d 

= (LPj)t - (L pS· 
j=i j=i+l 
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As a result, the expected efficiency from t tries can be written as 

d-1 d d 
E(efficiency) = L[CL:>j)t - (L pjnE; + p~Ed. (25) 

;=1 j=; j=i+1 
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