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Abstract. Where in the past biometrics was all about fingerprints, iris
scans and voice recognition, a.o., we now see a shift to 3D person-specific
features. The most advanced algorithms try to use all available informa-
tion, and thus work directly on the 3D surface. But as this is a relatively
new kind of biometrics, most of the algorithms are still in the research
phase. As a consequence, there is no clear indication of the ‘best’ surface
representation for biometrical use yet. Therefore, we will in this arti-
cle try to give an overview of the main meshfree surface representations
and their use in a biometric context. In this way, we hope to unite the
biometrics and the mathematical surface communities.

1 Introduction

For long, biometrics has been a 2D discipline. Finger prints, iris scans, voice
recognition are all 2D modalities. Until recently, also face recognition could
be classified into this dimensionality class. But recent developments make this
modality shift from 2D to 3D. 2D Face recognition has shown to be extremely
difficult to be robust against a.o. lighting conditions and pose variations. Also,
technological improvements are making 3D surface capturing devices affordable
for security purposes. With this in mind, we will in this article try to give an
overview of mathematical surface representations that are used in biometrics
research. Also surface representations that are not yet to be found in current lit-
erature, but the authors consider to be promising for future biometric research
– based on publications in related field as there are 3D object retrieval, com-
puter vision or computer graphics – will be discussed. When we speak about
biometrics, it is important to keep the two most important scenarios in mind.
First, there is verification, also sometimes referred to as authentication. In this
scenario, one has to check if the person is really the person he claims to be. The
second scenario is the recognition scenario. Here, one has to recognize a person
from a database. Recognition demands more concerning speed, verification has
higher demands for certainty and reliability.
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2. EXPLICIT SURFACE REPRESENTATION

Throughout recent decades, many research has been done for finding an ap-
propriate digital representation for real-world objects, mostly for use in com-
puter graphics [40, 22]. An ideal representation has as many desirable properties
as possible. For a representation in biometrics, the representation is favorable
to be accurate, concise, easy to acquire, intuitive to edit, have local support, be
affine invariant, with arbitrary topology, with guaranteed validity, guaranteed
continuity, a natural parametrization, allowing efficient display and efficient in-
tersections.

In 3D research in general, and therefore also in 3D biometrics, the vast ma-
jority of researchers represent 3D object surfaces as meshes. They can be derived
from point clouds, by triangulation algorithms. An short overview of methods
for triangulation can be found in [42]. Also other representations are already
used in biometrics. This article tries to give a short overview of valuable mesh-

free surface representations. An overview of surface representations is given in
Figure 1.

Fig. 1. Overview of surface representations

First we will discuss the explicit (meshfree) surfaces in Sect. 2, then the
implicit surfaces in Sect. 3. The last section (Sect. 4) describes two non-lossless
ways of representing a surface and their use in biometrics.

2 Explicit surface representation

In this section, different explicit surface representations are discussed. Strictly
speaking, explicit functions f(x) : R

m → R
n are functions in which the n depen-

dent variables can be written explicitly in terms of the m independent variables.
Simple shapes can be described by analytic functions. Unfortunately, it is mostly
not possible to represent real world objects by analytical surfaces. Therefore, this
section mainly focusses on discretized surface representations. Triangular meshes
can also be seen as explicit surfaces, but these will not be discussed.
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2. EXPLICIT SURFACE REPRESENTATION

2.1 Parametric surface representation

A parametric form for a 3D surface is a function with domain R
2 and range R

3

[10]:
S(u, v) = {x ∈ R

3|x1 = f1(u, v), x2 = f2(u, v), x3 = f3(u, v)}, (1)

with u and v the two parametric variables. An often used parametric surface
representation is the geometry image, a regularly sampled 2D grid represen-
tation. Gu et al. [18] describe an automatic system for converting arbitrary
meshes into geometry images. The basic idea is to slice open the mesh along
an appropriate selection of cut paths in order to unfold the mesh. Next the
cut surface is parametrized onto the square domain creating an n × n array of
[x, y, z] data values. The process of cutting and parametrizing is iterated until
the parametrization no longer improves.

Parametric surface representation have already been used in biometrics for
face recognition. In [27], a uv-parametrization maps all vertices of the face model
surface from R

3 to R
2. This allows the transition from the original mesh to a

geometry image. This forms the Annotated Face Model (AFM) which is rigidly
aligned with the range image of a probe. Afterwards, the AFM is fitted to each
probe data set using the elastically adapted deformable model framework, de-
scribed in [32]. The deformed model is then again converted to a geometry im-
age and a normal map. Those images are analysed using the Haar and Pyramid
wavelet transform. The distance metric, that is used to compare different faces,
uses the coefficients of the wavelet transforms.

Height map. A graph surface is a special form of a parametric surface with
x = u and y = v and is often referred as height or depth map or range image. A
range image represents the height of points along the directions of the x, y image
axes in a matrix. Many 3D laser scanners produce such a range image. Because
the surface is described by a matrix, 2D techniques can be applied on it. Akarun
et al. [1] already discussed the use of range images in face recognition. In [39],
depth maps are extracted from triangulated meshes in order to represent the
surface by level curves, iso-contours in the depth map. Simular level curves are
used in [24].

2.2 Spherical Harmonics Surface Representations

Spherical harmonics are a mathematical technique that can be used for repre-
senting spherical objects, but is has also been used for non spherical objects by
first decomposing the object into spherical subparts [33] using the volumetric
segmentation method proposed by Dey et al. [12]. To convert a 3D point cloud
surface to a spherical harmonics representation, we first have to convert the point
cloud to a function on the unit sphere f(θ, φ). Once this is done, the spherical
harmonics Y m

l (θ, φ) : |m| ∈ N are defined on the unit sphere as:

Y m
l (θ, φ) = kl,mPm

l (cos θ)eimφ, (2)
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3. IMPLICIT SURFACE REPRESENTATIONS

where θ ∈ [0, π], φ ∈ [0, 2π[, kl,m is a constant, and Pm
l is the associated Legen-

dre polynomial. These kind of spherical harmonics surface representations have
already been used in a number of applications which bear a close relation to bio-
metrics. Kazhdan et al. [28] used it as a 3D shape descriptor for use in searching a
3D model database. Mousa et al.[33] use the spherical harmonics for reconstruc-
tion of 3D objects from point sets, local mesh smoothing and texture transfer.
Dillenseger et al. [13] have used it for 3D kidney modeling and registration. Ap-
plications in biometrics are not yet widely explored, but we see a great potential
in the method of Bülow et al. [9], who combine the spherical harmonics repre-
sentation with Gabor wavelets on the sphere. In this way, the global structure
of the 3D object is represented globally, while the details are modelled locally
(with wavelets). This could be used in multiscale progressive 3D face biometrics.

2.3 Point Cloud-based Surface Representations: Information

Theoretic Measures

Recently, some researchers have proposed to work directly on the point cloud
in object, whithout using any real surface representation, but instead use some
information theoretic measures defined directly on the raw point cloud surface
representation. Some of these methods do nevertheless implicitly use some kind
of kernel surface representation, wich can also be viewed as kernel density estima-
tion [37]. These methods have proved to be usefull in 3D registration and recog-
nition Tsin and Kanade [41] proposed the kernel correlation of two point clouds,
a entropy-related measure expressing the compatibility of two point clouds, and
used this for robust 3D registration. This measure has later been used in 3D
face recogntion by Fabry et al. [14]. A related technique is to be found in [44].
Here, Groupwise registration between point clouds is performed by minimizing
the Jensen-Shannon divergence between the gaussian mixture representations of
the point clouds.

3 Implicit surface representations

In general, implicit functions are defined as the isocontour of a scalar function
φ : R

n → R. A 3D implicit surface S is then mathematically defined as

S = {x ∈ R
3|φ(x) = ρ}. (3)

We call this the isosurface of the implicit function. The isosurface at ρ = 0
is sometimes referred to as the zero contour or zero surface. As such, implicit
surfaces are 2D geometric shapes that exist in 3D space [7]. The isosurface par-
titions the space into two regions: interior of the surface, and exterior of the
surface. Mostly, the convention is followed that inside the surface, the function
returns negative values and outside the surface, the function returns positive
values. The inside portion is sometimes refered as Ω−, while points with positive
values belong to the outside portion Ω+. The border between the inside and the
outside is sometimes called the interface ∂Ω.
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3. IMPLICIT SURFACE REPRESENTATIONS

The simplest surfaces can be described by analytic functions and are called
algebraic surfaces. The surface is the set of roots of a polynomial φ(x) = ρ. The
degree of the surface n is the maximum sum of powers of all terms. The general
form of a linear surface (n = 1), or plane, is

φ(x, y, z) = ax + by + cz − d = ρ, (4)

while the general form for a quadratic surface (n = 2) is:

φ(x, y, z) = ax2 + bxy + cxz + dx + ey2 + fyz + gy + hz2 + iz + j = ρ. (5)

Superquadrics (n > 2) provide more flexibility by adding parameters to control
the polynomial exponent, allowing to describe more complex surface. Neverthe-
less, analytic functions are designed to describe a surface globally by a single
closed formula. In reality, it is mostly not possible to represent an whole real-life
object by an analytic function of this form.

3.1 Radial Basis Functions

Radial Basis Functions (RBFs) one kind of implicit functions which has been
proven to be a popular tool in interpolating scattered data of all kinds, includ-
ing 3D point clouds representing 3D objects. The biggest advantage of radial
basis function interpolation is the absence of the need for interpolation point
connectivity. Hence, it is a meshfree method. A RBF is a function of the form

S(x) =

N∑

i=1

λiΦ(‖x − xi‖) + p(x), (6)

with λi the RBF-coefficients, Φ a radial basic function, xi the RBF centra and
p(x) a polynomial of low degree.

As can be seen from equation (6), the RBF consists of a weighted sum of a
radially symmetric basic functions located at the RBF-centra xi and a low degree
polynomial p. Finding the appropriate RBF-coefficients is done by solving:

∀xi : s(xi) = fi (7)

For surface representation, where we want the surface to be the zerocontour
of the implicit surface s(x), we have to add additional constraints to prevent
the solution of yield the trivial solution s(x) = 0 everywhere. This is done by
adding off-surface points : points with at a distance of the surface, whose implicit
function value is different from zero and mostly equal to the euclidian distance
to the surface. A very clear introduction to the RBF-theory, and info about a
fast commercial RBF-implementation can be found in [15]. A very mathematical
complete reference book about Radial Basis Functions is [8]. In [11], a robust
framework for both rigid and non-rigid 3D surface representation is developed to
represent faces. This application can be seen as 3D face biometrics in the wide
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3. IMPLICIT SURFACE REPRESENTATIONS

sense: representing and distinguishing humans by measuring their geometry. This
is used in craniofacial reconstruction.

Thin Plate Splines, one particular kind of RBF basic function is, are popular
in non-rigid registration, of fitting of face models to a model. This is an important
step in some model-based 3D face recognition methods, but than the RBF is
not used as the surface representation method but merely as a preprocessing
technique [23, 30]. To the best of our knowledge, 3D RBFs as such have not yet
been used in 3D biometrics like 3D face or ear recognition as such.

3.2 Blobby Model

The blobby model is another kind of implicit surface representation introduced
by Blinn in 1982 [6]. It was originally percieved as a way to model molecular
models for display, and is as such tightly related to the quantum mechanical
representation of an electron: a density function of the spatial location. This
way, the molecule surface can be tought of as the T -isocontour of the sum of
atom contributions

D(x, y, x) =
∑

i

bi exp(−air
2
i ) (8)

. Maruki [35] used this blobby model to describe a surface originally represented
by range data with normals. He does this by solving an optimization problem
with parameters xi, yi, zi, ai, bi with xi, yi, zi the locations of the blobs and ai, bi

the blob parameters. Intrestingly, the examples shown in this 1991 paper are
representations of faces. It seems that a face can reasonably well represented with
about 250 blobs, making this representation promising for 3D face recognition.

Nevertheless, we have not found applications of this method in 3D biometrics.
The closest we could is Natural Object Recognition, where 2D countours are
represented as blobby model, and this blobby model is then used for classification
of the contours [26].

Blobs are somtimes also called metaballs or soft objects, and instead of the
exponential, one can also use polynomials [36] to represent the blobs.

3.3 Distance function

A special class of scalar functions are the distance functions. The unsigned dis-

tance function yields the distance from a point p to the closest point on the
surface S [25]:

distS(p) = inf
x∈S

||x − p||, (9)

while signed distance functions have a negative sign in Ω−. The signed distance
function is described by solving the Eikonal equation:

||∇φ(x, y, z)|| = 1, (10)

together with the boundary condition φ|S = 0. At any point in space, φ is the
Euclidean distance to the closest point on S, with a negative sign on the inside
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4. DERIVED, FEATURE-BASED SURFACE REPRESENTATIONS

and a positive on the outside [40]. The gradient is orthogonal to the isosurface
and has a unit magnitude [25].

An interesting application in face recognition is given in [2] where a distance
transform is used to get an invariant representation for face recognition, using
thermal face images. After extraction of the face region, a clustering technique
constructs the facial isotherm layers. Computing the medial axis in each layer
provides an image containing physiological features, called face print image. A
Euclidean distance transform provides the necessary invariance in the matching
process.

Signed distance maps are also interesting for aligning surfaces, as described
in [19]. Symmetric registration of two surfaces, represented as signed distance
maps, is done by minimizing the energy functional:

F (p) =
∑

x∈Ur
x

(φy(W (x; p)) − φx(x))2 +
∑

y∈Ur
y

(φx(W (y; p)) − φy(y))2, (11)

with W (−; p) the warp function, U r
x and U r

y the narrow bands around the sur-
faces Sx and Sy and φ the signed distance map. The width of the narrow band
r should be larger than the width of the largest structure. The authors of [19]
state that the level set registration performs slightly better than the standard
ICP algorithm [5].

3.4 Random walk function

This scalar surface representation gives at a point in space a value that is the
average time of a random walk to reach the surface starting from that point.
This scalar function is the result of solving the Poisson equation:

∆φ(x, y, z) = −1, (12)

again subject to the boundary condition φ|S = 0 and with ∆φ = ∂2φ
∂x2 + ∂2φ

∂y2 + ∂2φ
∂z2

the Laplacian of φ [17]. For every internal point in the surface, the function
assigns a value reflecting the mean time required for a random walk beginning
at the boundaries. The level sets of φ represent smoother versions of the bounding
surface. A disadvantage of this function is that a unique solution of Eq. 12 only
exists within a closed surface. To the best of our knowledge, this scalar function
is not yet used in biometrics. However, it has already been proven to be useful
in 2D object classification which makes it for auspicious for use in biometrics.

4 Derived, Feature-based Surface Representations

Until here, only 3D shape representations that maintain all surface information.
Although it is not in the scope of this paper to extensively describe all so-called
feature-based surface representations, we want to mention some of them, because
they have a close relationship with real surface representation. Feature-based
representations are popular because of their speed.
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4. DERIVED, FEATURE-BASED SURFACE REPRESENTATIONS

4.1 Contour and profile curves

The main idea is to represent shapes, mostly faces, by the union of curves.
Contour curves are closed, non intersecting curves of different length. Profile
curves have a starting and an end point. Mostly, the starting point is in the
middle of the face, while the end point is at the edge of the face. Contour curves
can be subdivided in iso-depth curves and iso-geodesics.

Iso-depth curves are obtained by translating a plane through an object in
one direction. The intersections of the object surface and the plane are closed
contours and form iso-depth curves. In [39],[24] iso-depth curves are used for
face recognition. All points on an iso-geodesic curve have an equal geodesic
distance to a reference point, i.e. the distance of the shortest path on the surface
between the reference point and the point on the curve. The main application
of iso-geodesics in biometrics is face recognition. Iso-geodesics are more or less
invariant for expression variations, because surface variations during expression
changes can approximately be modelled by isometric transformations. Those
transformations keep geodesic distances between every point pair on the surface.
In [4, 16, 24], iso-geodesics are used for expression invariant face recognition.

4.2 Coefficients of a statistical model

After statistical analysis on the actual surface representation can be represented
by the parameters of the model. In a Principal Component Analysis (PCA)
model a random shape S is written as the sum of the average shape S of the
training set and a linear combination of the principal components, mathemati-
cally expressed as

S(α) = S + Mα. (13)

In order to obtain the statistical model, correspondences between the different
shapes are needed. Each shape can then be represented as a vector in a n-
dimensional space. The principal components are the eigenvectors of covariance
matrix, calculated on the n-dimensional vector representations of the shapes in
the training data. The eigenvector corresponding with the largest eigenvalue de-
scribes the largest mode of variation. If all model parameters αi of the model
are maintained the shape can be fully recovered. However, when dimensionality
reduction is applied, only the parameters that correspond with the largest modes
of variation, are preserved. PCA models are often used in face recognition. Ex-
amples in 3D face recognition are [21, 20, 31, 38, 3] from which Amberg et al. [3]
seem to obtain the highest performance rate. A possible explanation is for this
the subdivision of the PCA model in an expression and a identity model.

Another promising class of statistical models are the multi-linear models.
Vlasic et al. [43] describe multi-linear face models for face transfer, provided
with an appropriate theoretical background. After obtaining correspondences,
faces of different identities and different expressions are represented in a third
order data tensor for the bilinear model and a fourth order tensor for the trilin-
ear model. In the third order tensor, one axis contains the ordered points of a
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5. CONCLUSIONS

face, the other two axes the identity and expression variations. N -mode singu-
lar value decomposition (SVD) linearly transforms the data tensor to core data
tensor, whose variance monotonically decreases from the first to last element.
This core tensor is the multilinear model of the face geometry. Just like PCA,
this model can be reduced by truncating the core tensor in order to throw away
the insignificant components. An example of the use of a bilinear model in face
recognition is [34]. The model is here formulated as:

v
xp
k = axT

W kbp, (14)

where each face vxp = [vxp
1 . . . v

xp
K ]T with expression x and coming from per-

son p is controlled by expression controlling (ax) and identity controlling (bp)
parameters. For recognition, the probe face is forced to display the expression
of the gallery face before matching. This is done by extracting the expression
controlling vector and substituting this vector by the corresponding vector of
the gallery face.

An example in gait analysis, another biometric, is given in [29].

5 Conclusions

We can conclude that most representations in biometrics are based on meshes,
but we presented some interesting alternatives and, if known, their use in bio-
metrics. We have given a systematic discussion of the different threedimensional
that seem to be promising for use in 3D biometrics. While we are aware of the
non-exhaustive nature of this work, we hope to have given to both the biometrics
and mathematical surface representation research communities some interesting
ideas.

In the future we plan a deeper investigation of these surface representations.
Some surface representations need to be extended for their use in biometrics,
others have already been used for this purpose or it is trivial to do so. Once
this is done, we want to test the resulting methods on some real-life biometrics
databases.
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shape description primitives to recognize natural objects. In Proceedings of the IX
Spanish Symposium on Pattern Recognition and Image Analysis, Benicasim, Spain,
2001.

27. I. A. Kakadiaris, G. Passalis, G. Toderici, M. N. Murtuza, Y. Lu, N. Karampatzi-
akis, and T. Theoharis. Three-dimensional face recognition in the presence of
facial expressions: An annotated deformable model approach. IEEE Transactions
on Pattern Analysis and Machine Intelligence, 29(4):640–649, 2007.

28. M. Kazhdan, T. Funkhouser, and S. Rusinkiewicz. Rotation invariant spherical
harmonic representation of 3d shape descriptors. In SGP ’03: Proceedings of the
2003 Eurographics/ACM SIGGRAPH symposium on Geometry processing, pages
156–164, Aire-la-Ville, Switzerland, Switzerland, 2003. Eurographics Association.

29. C.-S. Lee and A. M. Elgammal. Towards scalable view-invariant gait recognition:
Multilinear analysis for gait. In T. Kanade, A. K. Jain, and N. K. Ratha, editors,
AVBPA ’05: Proceedings of the 5th International Conference on Audio- and Video-
Based Biometric Person Authentication, volume 3546 of Lecture Notes in Computer
Science, pages 395–405, Hilton Rye Town, NY, USA, July 2005. Springer.

30. X. Lu and A. K. Jain. Deformation analysis for 3d face matching. In WACV-
MOTION ’05: Proceedings of the Seventh IEEE Workshops on Application of Com-
puter Vision (WACV/MOTION’05) - Volume 1, pages 99–104, Washington, DC,
USA, 2005. IEEE Computer Society.

31. X. Lu and A. K. Jain. Deformation modeling for robust 3D face matching. In CVPR
’06: Proceedings of the 2006 IEEE Computer Society Conference on Computer
Vision and Pattern Recognition, pages 1377–1383, Washington, DC, USA, 2006.
IEEE Computer Society.

32. D. N. Metaxas and I. A. Kakadiaris. Elastically adaptive deformable models.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 24(10):1310–
1321, 2002.

11



6. ACKNOWLEDGEMENTS

33. M.-H. Mousa, R. Chaine, S. Akkouche, and E. Galin. Efficient spherical harmonics
representation of 3d objects. In PG ’07: Proceedings of the 15th Pacific Conference
on Computer Graphics and Applications, pages 248–255, Washington, DC, USA,
2007. IEEE Computer Society.

34. I. Mpiperis, S. Malassiotis, and M. G. Strintzis. Bilinear models for 3-D face and
facial expression recognition. IEEE Transactions on Information Forensics and
Security, 3(3):498–511, 2008.

35. S. Muraki. Volumetric shape description of range data using “blobby model”.
SIGGRAPH Comput. Graph., 25(4):227–235, 1991.

36. T. Nishita and E. Nakamae. A method for displaying metaballs by using bezier
clipping. Computer Graphics Forum, 13:271–280, 1994.

37. E. Parzen. On estimation of a probability density function and mode. The Annals
of Mathematical Statistics, 33(3):1065–1076, 1962.

38. T. Russ, C. Boehnen, and T. Peters. 3D face recognition using 3D alignment for
PCA. In CVPR ’06: Proceedings of the 2006 IEEE Computer Society Conference
on Computer Vision and Pattern Recognition, pages 1391–1398, Washington, DC,
USA, 2006. IEEE Computer Society.

39. C. Samir, A. Srivastava, and M. Daoudi. Three-dimensional face recognition using
shapes of facial curves. IEEE Transactions on Pattern Analysis and Machine
Intelligence, 28(11):1858–1863, 2006.

40. C. Sigg. Representation and Rendering of Implicit Surfaces. PhD thesis, ETH
Zurich, 2006.

41. Y. Tsin and T. Kanade. A correlation-based approach to robust point set regis-
tration. In ECCV (3), pages 558–569, 2004.

42. M. Varshosaz, H. Helali, and D. Shojaee. The methods of triangulation. In Map
Middle East ’05: Proceedings of the 1st Annual Middle East Conference and Exhi-
bition on Geospatial Information, Technology and Applications, Dubai, UAE, 2005.

43. D. Vlasic, M. Brand, H. Pfister, and J. Popovi’c. Face transfer with multilinear
models. ACM Trans. Graph., 24(3):426–433, 2005.

44. F. Wang, B. Vemuri, A. Rangarajan, and S. Eisenschenk. Simultaneous nonrigid
registration of multiple point sets and atlas construction. IEEE Transactions on-
Pattern Analysis and Machine Intelligence, 30(11):2011–2022, Nov. 2008.

12


