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We perform a theoretical study of the three-phase contact line and the line tension in an adsorbed
colloid-polymer mixture near a first-order wetting transition, employing an interface displacement
model. We use a simple free-energy functional to describe a colloid-polymer mixture near a hard
wall. The bulk phase behavior and the substrate-adsorbate interaction are modeled by the
free-volume theory for ideal polymers. The large size of the colloidal particles and the suppression
of the van der Waals interaction by optical matching of colloid and solvent justify the planar hard
wall model for the substrate. Following the Fisher–Jin scheme, we derive from the free-energy
functional an interface potential V��� for these mixtures. For a particle diameter of 10–100 nm, the
calculations indicate a line tension ��10−12–10−13 N at room temperature. In view of the ultralow
interfacial tension in colloid-polymer mixtures, ��10−7 N /m, this leads to a rather large
characteristic length scale � /� in the micrometer range for the three-phase contact zone width. In
contrast with molecular fluids, this zone could be studied directly with optical techniques such as
confocal scanning laser microscopy. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2838183�

I. INTRODUCTION

The three-phase contact line is the region where three
immiscible coexisting phases meet, unless one of them wets
the interface between the other two.1 The excess free energy
per unit length attributed to this linear inhomogeneity is
called the line tension. It can be of either sign and it displays
intriguing singular behavior near wetting phase transitions.2

We present the first results of a theoretical study of the
three-phase contact line and its tension in a model colloid-
polymer mixture in contact with a planar hard wall,3 employ-
ing an interface displacement model.4 Here the three phases
are colloidal liquid �a phase rich in colloids and poor in
polymers�, colloidal gas �rich in polymers and poor in col-
loids�, and a glass wall. The latter substrate is merely a spec-
tator phase, in mechanical equilibrium with the adsorbate so
that Young’s law is applicable at three-phase contact. Wijting
et al.5,6 already reported experimental data pointing to a first-
order wetting transition in colloid-polymer mixtures, al-
though more detailed experimental evidence is called for.7,8

Away from wetting transitions and bulk critical points
the line tension scales roughly as ����,1,2 with interfacial
tension ��kT /�c

2 and bulk correlation length, or interface
thickness, ���c, with �c the colloidal diameter. Thus one
expects a line tension of the order of 10−12–10−13 N for a
particle diameter of 10–100 nm. Interestingly, these line ten-
sion magnitudes are not much smaller than those found for
molecular fluids9,10 due to a partial compensation of ultralow
� and large � in the colloidal system. One should bear in
mind that an estimate of this type can say nothing about the
sign of �.

This paper is organized as follows. We start from a
simple density functional that describes a model colloid-
polymer mixture near a hard wall.11 To model the colloid-
polymer mixture, we use the free-volume theory12,13 �FVT�
and assume ideal polymers. We then compute the interface
potential from the density functional following the Fisher–
Jin scheme.14 The interface displacement model is employed
to calculate the line tension and the interface displacement
profile.

II. SURFACE FREE ENERGY

The starting point of our analysis is the surface free-
energy functional11

���� = �
0

�

dz� f��� − �c��z� + pc + m����d�

dz
�2�

− h1�1 −
1

2
g�1

2, �1�

which describes an adsorbate near a hard wall. In here, ��z�
is the order parameter profile with z the perpendicular dis-
tance to the hard wall, located at z=−�c /2. The order param-
eter � is the colloid number density. Since the colloid core as
well as the wall are impenetrable, we have ��z�=0 for z
	0. A mean-field approach is adopted, in which the x- and
y-dependences of � are neglected. We remark that it is not
necessary to invoke a second independent density associated
with the polymer, since in FVT the latter depends on � and
on the �fixed� polymer chemical potential. This implies a
considerable simplification of the computations.

The functional ���� consists of three parts: The first part
of the integral is the contribution to the excess free energya�Electronic mail: yves.vandecan@fys.kuleuven.be.
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per unit area from the pressure excess pc− p�z�, where p�z�
	�c��z�− f���, with f��� the bulk free-energy density of a
homogeneous fluid of uniform density �. The quantities �c

and pc are the colloid chemical potential and pressure at
two-phase coexistence of liquid and gas, respectively. It fol-
lows that the pressure excess vanishes in the coexisting bulk
phases.

The second part in the integrand, m����d� /dz�2, is the
leading term in an expansion in density inhomogeneities.15

The coefficient of the squared gradient term is given by
m���= �
 /3�
0

�dr r4c�r ,��, where c�r ,�� represents the di-
rect correlation function of Ornstein and Zernike with colloid
center-to-center distance r and density �. We will approxi-
mate the direct correlation function by16,17

c�r,�� = �0, r � � ,

− �u�r� , r  � ,
� �2�

where u�r� is an attractive pairwise potential, � the particle
diameter, and �=1 /kT. This further simplifies calculations
because it turns the coefficient m��� into a constant m. Fi-
nally, the terms outside the integral reflect the contact inter-
action with the hard wall. Here �1	��0� is the contact den-
sity, h1 the surface field, and g the surface enhancement.11

In order to concretize the free-energy density contained
in ���� to a model colloid-polymer mixture where the col-
loids and polymers have a particle diameter �c and �p, re-
spectively, we use FVT and apply it to ideal polymers �mu-
tually penetrable hard spheres�.3,11 The Helmholtz free-
energy density of the homogeneous phase is then given by


�c
3

6kT
f��� =

�2�4 − 3��
�1 − ��2 − � + � ln ��̃c

3 − �����p
r /q3. �3�

Here the colloidal packing fraction is �= �
 /6��c
3� and �p

r is
the polymer reservoir packing fraction. The size ratio is q
=2Rg /�c, with Rg the polymer radius of gyration. Further,

for colloids of mass mc, �̃c= �
�c
3 /6�−1/3�h2 /2
mckT�1/2 is

the dimensionless thermal wavelength and ���� the averaged
free-volume fraction in the unperturbed colloidal system
��p

r =0� for which an approximate expression from the scaled
particle theory can be found.18 The pairwise interaction po-
tential u�r� corresponds to the Asakura–Oosawa depletion
potential,19,20 the attractive part of which is given by

uAO�r� = − kT�p
r �1 + q�3

q3 �1 −
3r

2�1 + q��c
+

r3

2�1 + q�3�c
3�
�4�

within the range �c	r	�c+�p and which is the two-
colloidal-particle interaction in a “sea” of ideal polymers.18 It
arises solely from the overlap of depletion zones around col-
loids from which polymers are excluded. The thickness of
the depletion zone, �p /2, is close to, but, in general, not
equal to, the polymer radius of gyration Rg. We will hence-
forth neglect this distinction and assume �p=2Rg.

In the contact energy part of ����, the surface field h1,
reflects the attractive colloid-wall interaction and the surface
enhancement g pertains to the wall-induced correction term
to the pairwise colloid-colloid interaction, which is reduced

near the wall.21 In the free-volume theory for ideal polymers,
h1=−
0

�dzU2�z� and g=
0
�dz
drU3�z ,r�.3,11 Here U2 is the

gain in free volume accessible for polymers when one col-
loid approaches the hard wall. U3 is the triple-overlap vol-
ume of the depletion zones of two colloids and the planar
hard wall, which is counted three times �once in u�r� and
twice in U2�, but should only be counted twice. In other
words, any part of an excluded zone belonging to a colloid
can become free only once. Our working model of a colloid-
polymer mixture features q=1 and �p

r =1.917, which brings
the system near a first-order wetting transition.11

Note that the free-energy functional we employ is ad-
equate �only� for a fluid made up of particles whose interac-
tions are short ranged. Also the adsorbate-substrate energy is
strictly local and thus short ranged as well. For molecular
fluids with van der Waals forces this would be an approxi-
mation which misses a lot of the physics. However, due to
refractive index matching �for the relevant frequency range�
and static dielectric constant matching22 of colloid and sol-
vent, the dynamic �dispersion� and static contributions to the
van der Waals forces are practically absent.23 This implies
that, to a good approximation, all adsorbate-adsorbate and
adsorbate-substrate interactions at the level of the colloidal
particles are indeed of finite range �of the order of the colloid
radius augmented with the effective polymer radius�. This
circumstance renders the theoretical description we presently
employ exceptionally adequate for the system at hand.

III. INTERFACE POTENTIAL

The interface potential V��� gives by definition the ex-
cess free energy per unit area of a homogeneous film of
liquid of fixed thickness � adsorbed at the wall-gas interface.
It is therefore to be interpreted as a constrained, and thus, in
general, nonequilibrium, surface free energy. In order to ob-
tain an interface potential V��� from the functional ����, a
self-consistent approach is to impose a crossing constraint
����=��, as proposed by Fisher and Jin.14 The value of �� is
arbitrary as long as it lies in between the bulk liquid and gas
densities. In practice it is advantageous to choose it close
enough to the gas density in order to be able to work with
positive values of � even for small amounts of adsorbed
colloid.

Minimizing ���� with respect to ��z� at fixed � generates
the interface potential V���. To determine the family of op-
timal density profiles, we use the Euler–Lagrange equation in
the region 0	z	�, subject to a wall boundary condition,
and in the region �	z	�, subject to the bulk condition
����=�g, where �g is the bulk gas density. The Euler–
Lagrange equation reads

2m
d2�

dz2 =
df���

d�
− �c �5�

and the wall boundary condition is

− h1 − g�1 = 2m
d�

dz
�0� . �6�

We now describe a numerical scheme to construct the inter-
face potential V��� from ����. We make use of the constant
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of motion, which is the first integral of the second-order
Euler–Lagrange differential equation, and has the benefit of
involving only � and its first derivative. It is given by

m�d�/dz�2 − f��� + �c� − pc = E , �7�

where E is a constant. In the interval 0	z	�, E, in general,
differs from zero since E must be adjusted in order that
����=�� be satisfied. For example, for a profile ��z� that is
monotonically decreasing between the wall and z=� the de-
pendence of � on E takes the simple form

� = �
�1

�� dz

d�
d� = �

��

�1

d�
m

E + f��� − �c� + pc

. �8�

In the interval �	z	�, E=0 because of the bulk conver-
gence of the density profile, i.e., ��z�→�g for z→�. Conse-
quently, there is typically a discontinuity in E reflecting a
discontinuity in d� /dz at z=�, while ��z� is continuous. It is
possible to smoothen this singularity systematically by gen-
eralizing the crossing constraint to include integral
constraints.24

Evaluation of the constrained profile in the functional
���� leads to the excess free energy per unit area, which, up
to an irrelevant additive constant, should be the interface
potential V��� we wish to extract. In general, however, extra
care must be taken to ensure obtaining the minimal value of
the constrained surface free energy for a given �. The reason
for this is that, in general, V��� is not a function but a mul-
tivalued map, as we shall now demonstrate.

It is useful to examine, for a given fixed �, the con-
strained surface free energy as a function of the wall value
�1. This can be done by temporarily relieving the wall
boundary condition �Eq. �6�� and, instead, treating �1 as a
control variable. We then obtain a curve which we denote by
W���1� �see Fig. 1�a��. The extrema of this curve correspond
to constrained profiles which satisfy also Eq. �6�. Some of
these extrema are local minima; only the lowest value of the
curve provides V���. For a range of values of � it is seen that
two local minima occur, which can compete. The order pa-
rameter profiles corresponding to the extrema of W can be
conveniently visualized with the help of the phase portrait
method, which consists of plotting d� /dz versus � �see Fig.
1�b� and its caption for details�. Plotting the constrained sur-
face free energy in the local minima of W as a function of �
entails the multivalued map shown in Fig. 2. Finally, the
lowest value of this map is the interface potential function
V���.

The calculations reveal that we must distinguish single
crossing profiles ��z�, which cross �� only once, and double
crossing profiles, which are nonmonotonic and attain the
value �� at two distinct distances z from the wall, the largest
of which corresponds to z=�. Both kinds of profiles arise
naturally from imposing properly the crossing constraint, and
are illustrated in the phase portrait �see Fig. 1�b��. It is not
the first time that multiple crossings are encountered in the
frame work of the Fisher–Jin constraint. Boulter and Clar-
ysse met them in a different complex fluid model, but did not
need them, and for convenience limited their considerations
to single crossing profiles.25,26 In our present context, how-

ever, a similar limitation would be mathematically inconsis-
tent and lead to a severely incomplete and useless interface
potential.

The interface potential we obtain displays a parabolic
minimum at small � and an exponentially rapid descent to-
ward another minimum for �→�, separated by a maximum
at intermediate �. At a first-order wetting phase transition, for
model parameters very close to the ones we have adopted in
the calculations, the two minima are equal in surface free
energy and represent a thin adsorbed film coexisting with a
macroscopic wetting layer. The values of V��� in the vicinity

FIG. 1. �a� Constrained surface excess free energy W���1�, in units of
kT / �
�c /6�2, for two values of the wetting film thickness � as a function of
the wall value �1 of the order parameter �, in units of 1 / �
�c

3 /6�. Circles are
for single crossing profiles and rosettes for double crossing profiles. For
� /�c=0.9 a single minimum is apparent, while for � /�c=1.4227 two com-
peting �local� minima and one maximum are found. �b� Phase portrait,
d� /dz, in units of 1 / �
�c

4 /6�, vs �, with trajectories for smooth and con-
strained profiles. The bulk liquid and gas densities are at �l=0.354 and �g

=0.773�10−4, and the crossing density is at ��=0.03. Smooth �uncon-
strained� profiles are characterized by E=0 and follow the thin dashed-
dotted trajectories �with arrows� leading to the fixed points at the bulk den-
sities. The wall boundary condition is satisfied at intersections of the
�almost� horizontal straight line with the trajectories. Solutions starting at
�1=��low�, �*, and ��high� correspond to thin film minimum, saddle point,
and wetting layer minimum in the surface free energy, respectively. At first-
order wetting areas A and B are equal. Constrained profiles follow the
thicker and solid trajectories �with arrows�, which display a jump in d� /dz
at �� �vertical dashed line� toward point M, before joining the thick dashed
trajectory going into the gas fixed point, near the origin. A single-crossing
profile �top trajectory; medium thick solid line� passes the crossing density
only once, while a double crossing profile �innermost trajectory; thickest
solid line� first passes �� smoothly, then returns to �� and jumps up to point
M. Incidentally, fixing � /�c�1.4227 �see Fig. 1�a�� and imposing the wall
boundary condition reproduces the smooth profile with contact density
�1=�*.
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of these minima correspond to order parameter profiles
which are close to the equilibrium solutions of the variational
problem without constraint. For these solutions the contact
densities �1=� �low adsorption� and �1=� �high adsorption�
satisfy the wall boundary condition �Eq. �6��,

h1 + g�1 = 2m�f��1� − �c�1 + pc� , �9�

and the density profiles are everywhere smooth �see Fig.
1�b��.

For � /�c1.4 two local surface free-energy minima in
W���1� appear �see Fig. 1�a��. In the interval � /�c

� �1.4,2.22�, the minimum of W for single crossing profiles
is higher than that for double crossing profiles. This ordering
must at some point be reversed because it is easy to estimate
that for large � the latter must converge to a constant higher
than the value of the former. Indeed, at � /�c�2.22, the two
minima in W���1� exchange stability. This leads to a discon-
tinuity in the derivative of the minimal value, i.e., the func-
tion V���.

Our numerical results are well fitted by the following
piecewise analytic expression for the V���,

V��� = �
a2�� − �0�2 + a3�� − �0�3, 0 	 � 	 �1,

c0, �1 	 � 	 �2,

b1e−�/� + b2e−2�/� + b0, �2 	 � .
� �10�

In Fig. 2 this function is drawn �smooth lines� for the param-
eter values a2=0.0977, a3=−0.05607, b0=0.00004, b1

=1.21375, b2=−4.73153 and c0=0.04394, in units of
kT / �
�c /6�2, and �=0.70941, �0=0.1468, �1=1.3084, �2

=2.2220, in units of �c. The values of �1 and a3 have been
chosen so as to connect smoothly the first two segments. We
determined the very small value b0=lim�→� V��� from the
spreading coefficient2 which is proportional to the difference
between areas A and B in Fig. 1�b�. Since b0 is practically

zero, the computed V��� properly describes the immediate
vicinity of the first-order wetting transition.

IV. LINE TENSION AND INTERFACE DISPLACEMENT
PROFILE

By considering the liquid and the gas phase in contact
with a rigid planar hard wall in the xy-plane at z=0 �more
precisely, z=−�c /2� we express the excess free energy per
unit length � associated with a surface inhomogeneity uni-
form in the y-direction as a functional of the displacement
��x� of the interface in the z-direction,4,27

���� = �
−�

�

dx��LG�1 + �d�

dx
�2

− 1�
+ V���x�� + c�x�� , �11�

where �LG is the liquid-gas interfacial tension, V��� is the
interface potential and the piecewise constant c�x� must be
chosen so as to make the integrand of ���� tend to zero at
large values of �x�, away from the surface inhomogeneity.4 In
the often used squared gradient approximation,
1+ �d� /dx�2�1+ �1 /2��d� /dx�2, applied to ����, the line
tension �, which minimizes the functional, is given by4

� = �2�LG�1/2��
�1

�

d�̃�V��̃�1/2 − E1/2� , �12�

where �̃=� /�, �1 is the film thickness at the thin film mini-
mum, and lim�→� V���=E. For the model colloid-polymer
mixture studied here, we obtain from Eq. �12� a positive line
tension �=1.3�10−20 J /�c�10−12–10−13 N at room tem-
perature, for colloidal diameter of 10–100 nm, respectively.
We calculated the value of the interfacial tension �LG

=1.412�10−20 J /�c
2�10−4–10−6 N /m from the standard

squared gradient functional of the fluid-fluid interface �see
also Refs. 11 and 29�. The width of the three-phase contact
zone � /�LG scales with the particle diameter, implying that
the three-phase contact zone should be observable directly
with optical techniques such as confocal laser scanning mi-
croscopy. Using Eq. �11�, we remark that the theory predicts
a contact zone width in the range of at least 50 �m from the
calculated interface displacement profile near first-order wet-
ting �see Fig. 3�.

V. CONCLUSIONS

From a simple free-energy functional that models a
colloid-polymer mixture near a planar hard wall, we calcu-
lated an interface potential near a first-order wetting transi-
tion following the Fisher–Jin scheme. In this free-energy
functional, we used as a starting theory to describe the mix-
ture the free-volume theory for ideal polymers. The calcula-
tions of the line tension �, which is theoretically predicted to
reach a positive �local� maximal value at a first-order wetting
transition, yield an estimate of 10−12 N which is not much
smaller than typical absolute values of line tensions that have
been reported for molecular fluids.28,29 The ultralow interfa-
cial tension in colloid-polymer mixtures leads to a character-

FIG. 2. The interface potential V��� for our model colloid-polymer mixture
at a first-order wetting transition, in units of kT / �
�c /6�2, obtained by a fit
through the minimal surface free energy values for profiles computed using
the Fisher–Jin crossing constraint. Circles denote values for single crossing
profiles, rosettes correspond to double crossing profiles.
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istic width in the optical wavelength range for the three-
phase contact zone, whereas in molecular fluids the range is
of the order of Ångströms. Our calculation of the interface
displacement profile near the first-order wetting transition
predicts an extended three-phase contact zone in the range of
at least 50 colloidal diameters.

Further theoretical challenges include making the poly-
mers more realistic and examining the size ratio and polymer
fugacity dependence of the line tension and the interface dis-
placement profiles. It should be of interest as well to com-
pare the results of the interface displacement model with
more quantitative density functional studies of the line
tension,30 and with experimental data.
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