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In a uniform static magnetic field �B0� the nonresonant mechanism of Weibel instability is certainly
affected, because the free energy stored in the temperature anisotropy �e.g., T��T�, where � and
� denote directions relative to the background magnetic field� can drive the parallel whistler
instability due to the cyclotron resonance with plasma particles. However, it has already been shown
that the nonresonant mechanism should exist and drive the whistler instability, at least, for
anisotropic distribution functions with no parallel thermal velocity spread. Here the investigation is
extended to a magnetized plasma with a bi-Maxwellian temperature anisotropy. New frequency
limits are introduced and the necessary physical conditions are provided: The nonresonant whistler
instabilities have in general small frequencies, smaller than the growth rate, �r��i, and for a large
temperature anisotropy, the nonresonant instabilities are limited to a ��=8�n0T� /B0

2�1 regime.
These criteria restricts in general the magnetic field to strengths less than a threshold value
proportional to the square root of the temperature anisotropy. In the presence of an ambient
magnetic field, the growth rate of the nonresonant instability is reduced and the large wavelengths
are stabilized. © 2009 American Institute of Physics. �DOI: 10.1063/1.3072976�

I. INTRODUCTION

Space plasmas are magnetized and many processes such
as magnetic compression or expansion lead to an anisotropic
temperature distribution of the electrons �see Ref. 1, and ref-
erences therein�. Heating plasma electrons perpendicular to
the background magnetic field �B0� does not change their
mobility considerably, whereas parallel heating enables the
particles to move more rapidly along B0. Thus, parallel-
heated electrons may leave the region of energization more
quickly, implying that the instabilities driven by T��T�

should be more often observed in space plasmas. Such an-
isotropic structures of plasma are unstable and release the
available free energy by exciting specific plasma waves and
instabilities.

In a magnetized plasma, the electromagnetic branch of
parallel modes includes the whistler modes with frequencies
below the electron gyrofrequency, �i��� ��e�=�, where
�e,i are the electron and ion gyrofrequencies, respectively,
and the electron cyclotron modes with higher frequencies, in
the vicinity of the electron gyrofrequency, ���. These
modes have subluminal phase velocities, � /k�c �c is the
speed of light in vacuum�, but frequencies sufficiently high
to neglect the ions reaction. In the first attempts of describing
nonrelativistically the high frequency electromagnetic insta-
bilities generated along the stationary ambient magnetic field
by a plasma temperature anisotropy, it has been found2,3 that,
for a gyrotropic plasma with T��T�, the instability is re-
stricted to small wave numbers, less than a maximum cutoff
value, k	kM, given by

kM � �A�p
2 + A2�2/�A + 1�2�1/2/c , �1�

where A=T� /T� −1. Sudan2 also launched the idea that this
instability could exist even for the opposite case of T��T�,
when the magnetic field is sufficiently strong satisfying the
condition �2 /�p

2 �1 /A�A+1�. This conclusion was, how-
ever, suspected to be erroneously obtained because in this
case, the phase velocity of the unstable mode is superlumi-
nal, vph�c �where c is the speed of light in vacuum�, and the
superluminal modes cannot interact resonantly with plasma
particles being almost stable. As a matter of fact, 2 years
latter Sudan4 provided a relativistically correct approach,
limiting the plasma particle velocities to values less than the
speed of light in vacuum, and showing rigorously that, even
for low nonrelativistic plasma temperatures, the high fre-
quency electromagnetic instability along the ambient mag-
netic field exists only for T��T�.

The relativistic effects tend to reduce the �temporal�
growth rate of the whistler instability, but they are not suffi-
cient by themselves to stabilize this mode.5 Thus, the stabil-
ity properties of the whistler Weibel-type modes have been
examined in detail for relativistically hot electron-positron
plasmas,6 which are supposed to be present in many astro-
physical sources of synchrotron radiation. Considering two
simple cases of water-bag or smooth anisotropic distribution
functions it was shown that the presence of an ambient mag-
netic field reduces the growth rate and can even suppress the
instability, when the magnetic field is stronger than a thresh-
old value.

There is, however, a sustained interest for understanding
the properties of the whistler instability in the nonsymmetric
electron-ion plasmas at low nonrelativistic temperatures.7–9

Analytical approximative forms of the linear growth ratesa�Electronic mail: mlazar@tp4.rub.de.

PHYSICS OF PLASMAS 16, 012106 �2009�

1070-664X/2009/16�1�/012106/9/$25.00 © 2009 American Institute of Physics16, 012106-1

Downloaded 31 Jan 2009 to 134.147.174.117. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp

http://dx.doi.org/10.1063/1.3072976
http://dx.doi.org/10.1063/1.3072976
http://dx.doi.org/10.1063/1.3072976


have been derived for different anisotropic distribution
functions.2–4,10,11 Kennel and Petschek10 have used the pitch
angle scattering by this mode as a source of precipitating
electrons in space plasma magnetosphere. The first accurate
dispersion curves have been obtained numerically,5,12,13 and
have been used to evaluate the relaxation time of different
temperature anisotropies for various static magnetic fields.14

The numerical experiments have proved that both linear
saturation and isotropization �T��T�� occur when the
growth rate is of the order of the particle trapping
frequency.15,16

The electron whistler instability has been regarded as the
natural extension of the Weibel instability17 to the case of a
magnetized plasma.18 However, the physical mechanisms
through which the free energy of plasma particles is ex-
tracted and transferred to these instabilities can be com-
pletely different: the Weibel instability is a magnetic insta-
bility essentially nonresonant with plasma particles and
induced by the Biot–Savart current-current interaction be-
tween the microscopic particle streams arising in a plasma
with a temperature anisotropy,19,20 while the instability of the
whistler mode is fed by the resonant plasma particles, when
their Doppler-shifted frequency is closed to the cyclotron
frequency of the electrons. The presence of the background
magnetic field will affect the generation mechanism of the
Weibel instability, that should, however, remain viable, at
least for a weak magnetic field, or in a plasma with a suffi-
ciently strong temperature anisotropy. The numerical simula-
tions have confirmed that an ambient magnetic field B0 tends
to suppress the instability with the growing magnetic field
perpendicular to B0.21

For the whistler instability, the existence of both re-
gimes, resonant and nonresonant �or reactive�, has already
been perceived,3–5,8 and the first rigorous analysis has been
provided by Lee.3 He tried to make a clear distinction be-
tween the resonant and the nonresonant regimes of the whis-
tler instability by using idealistic forms of the anisotropic
distribution functions with no parallel thermal velocity
spread, which, by simple intuition, must drive the nonreso-
nant instability of the Weibel-type. However, in these cases,
for �r��, the cyclotron resonance �no Doppler shift� can
still resonantly drive the electromagnetic instability as long
the electrons are magnetically confined. In the present paper
we propose an additional criterion for the existence of the
nonresonant instabilities of the Weibel-type in the presence
of a stationary magnetic field. For large temperature
anisotropies and negligible thermal spread along the back-
ground magnetic field, the magnetic fields generated by the
Weibel mechanism can exist and grow only for a thermal
pressure larger than the magnetic pressure, that means, for a
plasma with a large perpendicular beta �nonconfined�

�� =
8�n0T�

B0
2 = 	�p

�

2	vth,�

c

2

� 1. �2�

If this condition is satisfied, then the electrons are able to
bunch under the action of a magnetic perturbation, and in-
duce the growing of the nonresonant instability.

Here we extend the investigation to a less restrictive

plasma with a bi-Maxwellian distribution, where the reso-
nant plasma particles present an additional source for the
whistler instability. The existence of this instability is condi-
tioned by A=T� /T� −1�0, and the unstable wave numbers
are limited by Eq. �1�.4 In order to identify the Weibel-type
instability, we have to make a distinction between the reso-
nant and nonresonant regimes of the whistler instability, and
therefore, we proceed to a parametric analysis, function of
the wave frequency, as well as the level of anisotropy and the
strength of the magnetic field.

The dispersion relation of parallel electromagnetic
modes is provided in Sec. II in terms of the plasma disper-
sion function.22 In Sec. III we look for the unstable modes
which are far from being resonant with the electrons, consid-
ering, as suggested in previous works,5,8 those modes for
which the argument of the plasma dispersion function is ei-
ther very large �f 
1� or very small �f �1�. The exact nu-
merical solutions are compared in order to confirm the crite-
rion introduced in Eq. �2� for the existence of the
nonresonant instabilities of the Weibel-type. The limit case
of a very large anisotropy is associated with the Weibel-type
filamentation instability, and it is discussed in Sec. IV. We
summarize the results and give our conclusions in the last
section.

II. PARALLEL TRANSVERSE MODES, k¸B0

We assume that only the electrons exhibit a thermal an-
isotropy of a bi-Maxwellian-type,

F�vx,vy,vz� =
1

�3/2vth
2 vth,y

exp�−
vx

2 + vz
2

vth
2 −

vy
2

vth,y
2 � , �3�

and therefore consider only their contribution to the wave
dispersion. In Fig. 1 the orientation of the electromagnetic
unstable mode is given with respect to the Cartesian coordi-
nate system: the temperature anisotropy is biaxial, Tx=Tz

�Ty, and drives the instability along the ambient magnetic
field B0, which is parallel to the y-axis. The dispersion rela-

y

z

x

E

k

B 0

B

xT = z yT > T

FIG. 1. The orientation of the ambient magnetic field B0 parallel to the
y-axis, and the temperature anisotropy, Tx=Tz�Ty so that the instability
propagates along the magnetic field, k �B0.
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tion of the parallel transverse modes has been derived by
Weibel,17

1 −
k2c2

�2 +
�p

2

�2�A + 	 �

kvth,�
+ Af
Z�f�� = 0 �4�

in terms of the plasma dispersion function Z�f�,22 with the
argument

f =
� − �

kvth,�
�5�

and the temperature anisotropy

A =
vth,�

2

vth,�
2 − 1 =

T�

T�

− 1 � 0. �6�

The plasma frequency �p= �4�ne2 /m�1/2, and the absolute
value of the electron gyrofrequency �= �e�B0 / �mc� are intro-
duced above.

Weibel has chosen to describe the instability neglecting
the influence of the background magnetic field ���0�, and
in the limit of a large argument, f 
1, of Z. Here, we con-
sider plasma magnetized, ��0, and look for the unstable
solutions in the both limit cases:23 for small arguments, f
�1, an important number of resonant plasma particles still
exist making the electromagnetic mode unstable, while for
large arguments, f 
1, if the instability exists, it is expected
to be nonresonant,5,8 and therefore identified as a Weibel-
type instability. These conditions are not sufficient, and we
need new criteria to fix the limits of the nonresonant insta-
bility.

III. NONRESONANT WHISTLER „WEIBEL-TYPE…
INSTABILITY

The resonant unstable modes are usually described by
those arguments of the plasma dispersion function in Eq. �5�
which are comparable to unity or less,8

f =
� − �

kvth,�
� 1. �7�

It is therefore suggested that the nonresonant instabilities
should be identified in the opposite limits of the very large8

and, as we suppose here, the very small arguments of plasma
dispersion function. In these limits, the number of resonant
plasma particles is expected to be small or even negligible.
These limits are, however, not sufficient for making a clear
distinction between the resonant and nonresonant instabili-
ties because the correct cyclotron resonance relation fr= ��r

−�� / �kvth,���1 involves only the real part of the frequency.
Therefore, solving numerically the dispersion relation �3� we
also expect to find nonresonant unstable modes satisfying
condition �7�.

In addition, the frequency of the nonresonant instabilities
is expected to be finite but small, smaller than the growth
rate, �r��i, because the Weibel instability in the absence of
a stationary magnetic field is purely growing, �r=0, without
any oscillation in time. One such criterion seems to be con-
firmed in Figs. 2–7, where the growth rates of the parallel

electromagnetic modes approach very well those of the Wei-
bel instability �B0=0�, as long the wave frequency is smaller
than the growth rate.

A. Large arguments: fš1

First, let us consider large arguments of the plasma dis-
persion function,

f =
�� − ��
kvth,�


 1, �8�

which corresponds to small temperatures along the back-
ground magnetic field direction, and, in general, to large tem-
perature anisotropies, A= �vth,� /vth,��2−1
1. We therefore
expect to obtain perfect agreement with the dispersion rela-
tions derived in Ref. 3 for distribution functions with no
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FIG. 2. Comparison of the nonresonant Weibel-type solutions �dotted lines�
in the absence of the stationary magnetic field ��=0� and the exact solu-
tions of Eq. �3� �dashed lines� for a weak magnetic field, � /�p=0.1, a large
temperature anisotropy A=20 and three large values of parallel thermal ve-
locity vth,� /c=0.1,0.2,0.4. The wave frequency �a� is smaller and much
smaller than the growth rate �b�, �r��i. These are nonresonant instabilities
in the range of the whistler and cyclotron frequencies.
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parallel thermal velocity spread, but the nonresonant Weibel
mechanism will drive the electromagnetic instabilities only
for plasmas with a large perpendicular beta, ���1.

In this case, the asymptotic second order expansion of
Z�f 
1� in Eq. �4� yields

�2 − k2c2

�p
2 −

�

� − �
−

1

2
	A +

�

� − �

 k2vth,�

2

�� − ��2 = 0. �9�

Now we can neglect �2�k2c2 because the whistler modes
are subluminal, with a phase velocity vphase=� /k�c, where
c is the speed of light in vacuum. The superluminal waves
with vphase=� /k�c do not resonate with plasma particles
and are, in general, stable.24 Perhaps the nonresonant mecha-
nism of Weibel could make the superluminal waves unstable
but this analysis must be addressed to a relativistic approach.

Assuming a sufficiently large anisotropy, so that A
� / ��
−��, we find that Eq. �9� admits growing solutions with a
finite real frequency

�r = ��1 −
�p

2

2��p
2 + k2c2�� , �10�

which agrees exactly with that obtained by Lee3 �see Eq.
�16��, and vanishes in the absence of the magnetic field ��
=0→�r=0�.

For wave numbers larger than a minimum cutoff value
k�km, given by

km
2 =

�p
2

2c2�	1 +
2

A

�2

�p
2

c2

vth,�
2 
1/2

− 1� , �11�

we find the growth rate
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FIG. 3. Comparison of the nonresonant Weibel-type solutions �dotted lines�
in the absence of the stationary magnetic field ��=0� and the exact solu-
tions of Eq. �3� �dashed lines� for a moderately weak magnetic field,
� /�p=0.1, a very large temperature anisotropy A=40 and three very small
values of parallel thermal velocity vth,� /c=0.01,0.02,0.04. The wave fre-
quency �a� is smaller or comparable with the growth rate �b�, �r��i. The
nonresonant modes have the growth rate larger or comparable with the wave
frequency and arise when the perpendicular thermal velocity is large enough
satisfying vth,�=A+1vth,� � �� /�p�c.
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FIG. 4. Comparison of the nonresonant Weibel-type solutions �dotted lines�
in the absence of the stationary magnetic field ��=0� and the exact solu-
tions of Eq. �3� �dashed lines� for a strong magnetic field, � /�p=1, a large
temperature anisotropy A=20, and three values of parallel thermal velocity
vth,� /c=0.1,0.2,0.4. The wave frequency �a� is comparable to the growth
rate �b�, �r��i. These instabilities are resonant for low whistler frequen-
cies, and nonresonant for cyclotron frequencies.
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�i = �p

�2Ak2vth,�
2 ��p

2 + k2c2� − �2�p
2�1/2

2��p
2 + k2c2�

. �12�

In the limit of a very large anisotropy, A
1, it reduces ex-
actly to that obtained by Lee,3

�i = �p

�2k2vth,�
2 ��p

2 + k2c2� − �2�p
2�1/2

2��p
2 + k2c2�

. �13�

Here in Eq. �11� we provide the correct form of the minimum
cutoff wave number derived for the first time by Lee,3 but
with a typographical error �see Eq. �14� in Lee3�. In the ab-
sence of an ambient magnetic field the growth rate in Eq.
�12� simplifies exactly to that derived by Weibel,17 viz.,

�i = k	AT�

m

1/2 �p

��p
2 + k2c2�1/2 � k	T�

m

1/2 �p

��p
2 + k2c2�1/2 .

�14�

In the presence of a stationary magnetic field the growth rate
is reduced, but for large wave numbers, k→�, both forms
�12� and �14� approach the same maximum

�i
max =

�pvth,�

c
A

2
. �15�

The range of the unstable wave numbers is also reduced, so
that the long wavelength modes with k�km are stabilized by
the background magnetic field.

On the other hand, the dispersion relations from above,
e.g., Eqs. �10� and �12� are not relevant for small frequencies
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FIG. 5. Comparison of the nonresonant Weibel-type solutions �dotted lines�
in the absence of the stationary magnetic field ��=0� and the exact solu-
tions of Eq. �3� �dashed lines� for a strong magnetic field, � /�p=1, a large
temperature anisotropy A=20, and three small values of parallel thermal
velocity vth,� /c=0.01,0.02,0.04. The wave frequency �a� is much larger than
the growth rate �b�, �r
�i. These instabilities are resonant, and only for
larger parallel temperatures, they become nonresonant towards the maxi-
mum cutoff wave number.
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FIG. 6. Comparison of the nonresonant Weibel-type solutions �dotted lines�
in the absence of the stationary magnetic field ��=0� and the exact solu-
tions of Eq. �3� �dashed lines� for a very weak magnetic field, � /�p=0.01,
a small temperature anisotropy A=0.2, and three values of parallel thermal
velocity vth,� /c=0.1,0.2,0.4. The wave frequency �a� is much smaller than
the growth rate �b�, �r��i. These whistler instabilities are Weibel-type
�nonresonant�.
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and wave numbers, for k→0 we get �r→� /2 and �i�0.
But if we start again from the dispersion relation �9� and
restrict to low frequencies in the standard range of whistler
waves, �r��, we find the wave frequency1

�r = �
k2c2

�p
2 �1 + A

�p
2

�2

vth,�
2

c2 � , �16�

and a very small growth rate, �i→0. It can be confirmed if
we look to the exact numerical solutions plotted here in Figs.
2–5, or in Ref. 1, that Eq. �16� describes the first parabolic
branch of the low frequency wave dispersion, where the
growth rate is negligibly small.

We have derived the dispersion relations in the limit of
large temperature anisotropies but with a finite parallel ther-
mal spread. Our relations agree with those provided by Lee3

in the limit of a negligible parallel thermal spread. The in-

equality �8� does not provide us the limits and plasma pa-
rameters relevant for the nonresonant instability, but it can be
used to derive the analytical forms of the frequency and the
growth rate, and to make estimations in some limits.

As we have shown in the Introduction, the nonresonant
mechanism of Weibel �intuitively described by Medvedev
and Loeb20� can drive the instability only at ���1. In such
plasmas, the perpendicular kinetic energy is large enough to
overcome the magnetic force energy, and the electrons will
be able to bunch under the action of a magnetic perturbation,
and then induce the growing whistler mode. This new crite-
rion can be confirmed by a comparative evaluation of the
exact numerical solutions of Eq. �4�, as they are illustrated in
Figs. 2–5 for large and very large temperature anisotropies.
The wave frequency and the growth rates of the whistler
instability are plotted with dashed lines, while the Weibel
growth rate is plotted with the dotted line.

The nonresonant character of the whistler modes can be
identified in Figs. 2 and 3, where the growth rates approach
quite well those of the nonresonant Weibel instability, and
this only happens for plasma parameters satisfying condition
�2�. This condition ensures the existence of the nonresonant
instabilities, and, at the same time, a maximum growth rate
�15� larger �or even much larger� than the wave frequency,
�i

max��r.
Otherwise, if the threshold imposed in Eq. �2� for the

stationary magnetic field is surpassed,

� �
�e�B0

mc
� �t = �p

vth,�

c
= �p

A + 1
vth,�

c
,

the growth rates of the whistler instability depart consider-
ably from those of the Weibel instability. These instabilities
are illustrated in Figs. 4 and 5, where the magnetic field is
too strong and make them resonant with the electrons. In this
case, condition �2� is not satisfied and furthermore, the wave
frequency becomes comparable or larger than the growth
rate.

B. Small arguments: f™1

Here we add the case of very small arguments of the
plasma dispersion function,

f =
�� − ��
kvth,�

� 1. �17�

Neglecting again �2�k2c2 and taking the first order in the
asymptotic expansion of Z�f �1�� ı�1/2 exp�−f2�� ı�1/2, we
find that dispersion relation �4� admits unstable wave solu-
tions with frequency

�r =
A

A + 1
� , �18�

which is finite and depends on the magnetic field, and the
growth rate
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FIG. 7. Comparison of the nonresonant Weibel-type solutions �dotted lines�
in the absence of the stationary magnetic field ��=0� and the exact solu-
tions of Eq. �3� �dashed lines� for a moderately weak magnetic field,
� /�p=0.1, a small temperature anisotropy A=0.2, and three values of par-
allel thermal velocity vth,� /c=0.2,0.4,0.6. The wave frequency �a� becomes
comparable and even larger than the growth rate �b�, �r�i. These whistler
instabilities are resonant with the electrons.
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�i =
1

�1/2
kvth,�

A + 1
�A −

k2c2

�p
2 � , �19�

which has the same form with that of the Weibel instability17

in the absence of the stationary magnetic field �and the same
limit of small arguments of plasma dispersion function�.
With no temperature anisotropy, A=0, the instability van-
ishes and Eq. �19� shall define the damping rate, �i�0. The
instability arises for small wave numbers less than a cutoff
value

k 	 kM = ��p/c�A1/2, �20�

because the thermal spread effects stabilize first the short
wavelength modes.25 In this limit, the growth rate is not af-
fected by the presence of the stationary magnetic field, and
reaches at the saturation the maximum

�i
max =

2

�1/233/2
A3/2

A + 1

vth,�

c
�p �21�

for

kmax = A/3��p/c� . �22�

The wave frequency in Eq. �18� has no wave-number
dispersion, and it has been derived in Ref. 12 as the threshold
frequency for the stability of the resonant electron cyclotron
waves. Furthermore, Eqs. �18� and �19�, as well as the cutoff
wave number �20� are derived using the first order approxi-
mation of the plasma dispersion function. If we insert Eq.
�18� in Eq. �4� and set the imaginary frequency to zero, we
find the exact cutoff wavenumber from Eq. �1�.

In the limit imposed by the inequality �17�, the tempera-
ture anisotropy cannot be large. For a small anisotropy, A
�1, the frequency given by Eq. �18� is in the standard range
of the whistler modes, �r�A���, and condition �17� is
satisfied for parallel temperatures sufficiently large, vth,�


� /k, which agrees very well with A�1. Thus, in the next,
we assume a plasma with a small temperature anisotropy,
A=0.2, and make a comparative evaluation of the exact nu-
merical solutions of Eq. �4�. For the whistler mode, the fre-
quency and the growth rate are plotted with dashed lines, and
the growth rate of Weibel instability is plotted with a dotted
line.

First, in Fig. 6, the ambient magnetic field is considered
to be weak, � /�pe=0.01 �overdense plasma�.1 In this case
the frequency obtained is negligibly small ��r→0�, the
growth rate approaches quite well that of the Weibel insta-
bility in an unmagnetized plasma, and we can assert that the
instability develops nonresonantly due to the Weibel mecha-
nism.

For a higher magnetic field, � /�pe=0.1, the whistler
unstable mode becomes resonant with the electrons, and this
is confirmed in Fig. 7. In this limit of a small temperature
anisotropy, the resonant character of the electromagnetic in-
stability is dominant, provided that the growth rate in Eq.
�10� becomes zero in the absence of a longitudinal thermal
velocity spread.

We should observe that the frequency of the resonant
instability becomes comparable or even larger than the

growth rate. This is an empirical criterion we have intro-
duced above in order to discern between the resonant insta-
bility that usually has a large frequency, �r��i

max, and the
nonresonant instability with a small frequency, �r��i

max.
Following this principle, we compare the wave frequency
�18� with the maximum growth rate �21� and find that the
nonresonant instabilities of the Weibel-type will only exist
for a background magnetic field sufficiently weak, less than a
threshold value given by

� �
�e�B0

mc
�

2A1/2

�1/233/2
vth,�

c
�p � 0.033

vth,�

c
�p. �23�

The plasma parameters and the magnetic field chosen in Fig.
6 fulfill this criterion. But as the magnetic field increases and
does not satisfy this condition �see Fig. 7�, the frequency of
oscillations becomes comparable or even larger than the
growth rate, �r�i, and the whistler instability becomes
resonant.

IV. LIMIT CASE: FILAMENTATION INSTABILITY

Inspecting the last growth rate in Eq. �13�, which does
not depend on the parallel temperature but only on the higher
perpendicular temperature with respect to the background
magnetic field, it is natural to relate the case of a large tem-
perature anisotropy vth,�

2 
vth,�
2 , to that of a beam-plasma

system, or counterstreaming plasmas moving with a relative
streaming velocity v0 perpendicular to the stationary mag-
netic field. Such systems are unstable against the excitation
of filamentation instability, which is quite similar to the Wei-
bel instability because both are driven by the particle veloc-
ity anisotropy. For propagation along the magnetic field
�k �B0�, the filamentation instability is purely growing with
the growth rate given by the same Eq. �13� where the stream-
ing velocity v0 takes the place of vth,�,

�i = �p

�2k2v0
2��p

2 + k2c2� − �2�p
2�1/2

2�k2c2 + �p
2�

. �24�

The dispersion equations �10� and �24� describe now the
frequency and, respectively, the growth rate of the filamen-
tation instability assuming two cold and symmetric counter-
streaming plasmas, which move perpendicular to the back-
ground magnetic field with the streaming velocity v0. Such a
counterstreaming plasma system can be simply modeled by a
monochromatic distribution function F0= 1

2��v�����v�−v0�
+��v�+v0��, and therefore, the case presented here is
complementary to that investigated recently in Ref. 26 where
the counterstreaming plasmas were considered moving along
the static magnetic field, F0= 1

2��v�����v� −v0�+��v� +v0��.
The growth rates of filamentation instability given by

Eq. �24� are shown in Fig. 8 for different streaming veloci-
ties, and two values of the background magnetic field corre-
sponding to � /�p=0.2 �long dashed lines� and � /�p=2.0
�short dashed lines�. We have to remark on the same effect of
the background magnetic field that limits the existence of
filamentation instability to wave numbers larger than a mini-
mum cutoff,
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k � km
f =

�p

2c
�	1 + 2

�2

�p
2

c2

v0
2
1/2

− 1�1/2
. �25�

This cutoff wave number vanishes �km
f →0�, in the absence

of the background magnetic field �see the solid lines in Fig.
8�.

V. DISCUSSION AND CONCLUSIONS

We have investigated the unstable modes of the Weibel-
type propagating parallel to a stationary magnetic field. The
Weibel instability is nonresonantly induced in a plasma with
temperature anisotropy due to bunching of the plasma par-
ticles by the Lorentz force of the perturbation, with bunches
producing a field that enhances the magnetic perturbation. In
the presence of a uniform static magnetic field, the free en-
ergy stored in the temperature anisotropy �T��T�� drives the
parallel whistler instability, and presently it is mainly be-
lieved that the energy is transferred to the whistler mode due
to the cyclotron resonance with plasma particles. However,
earlier works have proved that the nonresonant mechanism
should exist and drive the whistler instability, at least, for
anisotropic distribution functions with no parallel thermal
velocity spread.

Here we have considered a magnetized plasma with an
anisotropic distribution function of the bi-Maxwellian-type.
The dispersion relation has been derived in terms of the
plasma dispersion function, and in the limits of very large or
very small arguments of plasma dispersion function, where
we expected to identify the nonresonant whistler instabilities
of the Weibel-type. The existence of a large temperature an-
isotropy in a magnetized plasma is not sufficient for the non-

resonant mechanism to be viable, and therefore, in Eq. �2�
we have introduced a new criterion for the existence of Wei-
bel instability, which requires for a large perpendicular beta,
���1. The exact numerical evaluation of the unstable
modes has proved that they approach the Weibel-type mode
very well when this condition is satisfied. But this criterion
has a physical meaning only for a large temperature aniso-
tropy. For small anisotropies we have identified the nonreso-
nant instabilities as having the frequency less or much less
than the growth rate, �r��i. This condition is also satisfied
by the nonresonant instabilities driven by a large anisotropy.

In the presence of a stationary magnetic field, the insta-
bility is limited not only to a maximum cutoff wave number
which depends on the temperature anisotropy, but also by a
minimum wave number which depends on the strength of B0.
Measuring these cutoff wave numbers allows us to determine
the temperature anisotropy and the background magnetic
field. Furthermore, the growth rate is clearly reduced by the
presence of the ambient magnetic field, and it can be sup-
pressed completely when the stationary magnetic field is suf-
ficiently strong. The critical value, B0,c, is given by the
equality of the two cutoff wave numbers, kM =km, and from
Eqs. �11� and �20� we find

B0,c = 8�nmvth,�AA + 1, �26�

which, for large temperature anisotropies, becomes

B0,c � 8�nmvth,�A � 8�nm
vth,�

3

vth,�
2 . �27�

Because the case of a very large velocity anisotropy of
plasma particles can be simply correlated to the plasmas
flows along the higher temperature direction, we have ex-
tended the investigation to the limit of two counterstreaming
plasmas. Such a plasma system is unstable against the exci-
tation of the filamentation �Weibel-type� instability, and we
have shown that the growth rate of filamentation instability is
also diminished by the presence of an ambient magnetic field
as was predicted in numerical experiments.21 The existence
of the filamentation instability is also limited to wave num-
bers larger than a minimum cutoff, which depends on the
strength of the stationary magnetic field.

Finally, we have to remember that this analysis is limited
to a linear regime �small amplitudes� of the parallel instabili-
ties of the whistler type. In this case the nonresonant mecha-
nism is strongly competed by the resonant plasma particles,
and the small magnetic perturbations required for developing
the Weibel instability will be efficient only for an ambient
magnetic field sufficiently weak as conditioned by Eq. �2� or
Eq. �23�. In the second part of this work we shall consider
magnetized plasma with a temperature anisotropy T� �T�,
which drives two nonresonant instabilities: the firehose insta-
bility excited along the magnetic filed, and the Weibel insta-
bility which propagates in this case perpendicular to the
magnetic field. Since it is expected to be much faster than the
firehose instability, the Weibel instability would be the pri-
mary mechanism of relaxation of the temperature anisotropy.
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FIG. 8. The growth rates of filamentation instability given by Eq. �24� are
shown for two values of the background magnetic field corresponding to
� /�p=0.2 �long dashed lines� and � /�p=2.0 �short dashed lines�. For
comparison, with solid lines are shown the growth rates of filamentation
instability in an unmagnetized counterstreaming plasma.
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