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Counterstreaming magnetized plasmas with kappa distributions – I.

Parallel wave propagation
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ABSTRACT

Non-thermal particle distributions of kappa type are frequently encountered in collisionless
plasmas from space. The electromagnetic emissions coming from space are believed to origi-
nate in the counterstreaming structures of plasmas, which are ubiquitous in many astrophysical
systems. Here, we investigate the dispersion properties and the stability of a counterstreaming
plasma system with temperature anisotropies modelled by a bi-kappa distribution function.
The numerical evaluation of parallel modes shows growth rates lower than those obtained for
Maxwellian plasmas, with a strong dependence on the spectral index of the particle distribution
function. If all other parameters are known, measuring the instability growth time can provide
a possible tool for the determination of the spectral index κ .

Key words: instabilities – plasmas – waves – methods: analytical.

1 IN T RO D U C T I O N

In the last decades, numerous in situ observations in the near-Earth
space plasma have provided consistent data and proved the existence
of non-thermal particle populations (Scudder, Sittler & Bridge 1981;
Leubner 1982; Christon et al. 1991; Collier 1993; Decker et al. 1995;
Maksimovic, Pierrard & Lemaire 1997; Chaston, Hu & Fraser 1997;
Maksimovic, Gary & Skoug 2000; Antonova et al. 2003; Qureshi
et al. 2003; Leubner 2004; Viñas, Mace & Benson 2005; Gloeckler
& Fisk 2006). These are accurately represented by the family of
kappa distributions (Vasyliunas 1968). A kappa distribution, f κ , is
a power law in particle speed, with high-energy tails, which degen-
erates into a Maxwellian distribution as the spectral index becomes
very large (i.e. κ →∞). Such deviations from the Maxwellian distri-
bution are expected to exist in any low-density plasma or interstellar
medium, where binary collisions are sufficiently rare. Thus, using
combinations of such generalized distribution functions allows for a
more realistic description of the turbulent fields and the acceleration
of plasma particles in such environments.

In magnetized interplanetary plasmas, the particle distribution
functions are in general anisotropic, depending on the direction in
velocity space, and are therefore unstable against the excitation of
plasma waves and instabilities. A bi-kappa distribution function
has been attributed to numerous scenarios where space plasma was
expected to exhibit temperature anisotropies, providing useful fits
with the observations (Leubner 1983; Summers & Thorne 1992;
Mace 1998). In this case, the contributions of Thorne and Summers
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and their groups (Summers & Thorne 1991, 1992; Xiao, Thorne
& Summers 1998) are remarkable; they provide detailed analyti-
cal descriptions (including relativistic effects) of the field-aligned
waves and instabilities under different plasma conditions encoun-
tered in natural space plasmas. Moreover, Helberg & Mace (2002)
have characterized the electrostatic waves arising in an anisotropic
kappa/Maxwellian plasma, which is described by a one-dimensional
kappa distribution along a preferred direction in space, and a two-
dimensional Maxwellian in the plane perpendicular to this direc-
tion. Physically, such a distribution function is justified for many
instances where an acceleration leading to a power-law distribu-
tion occurs along the preferred direction and the isotropization in
the perpendicular plane. The electromagnetic Weibel (1959) insta-
bility is driven by a temperature anisotropy, and the effects of the
non-Maxwellian anisotropic distributions have been investigated re-
cently by Zaheer & Murtaza (2007). Relevant in this case is that for
small values of κ , the growth rate is reduced, but as κ is increased,
the growth rate enhances, approaching the values obtained for a
bi-Maxwellian distribution.

However, we can also deal with the existence of a macroscopic
velocity anisotropy, as is the case of a counterstreaming plasma.
In space, such counterstreaming plasma structures are ubiquitous,
and they arise as a result of less or more violent phenomena such as
particle beams and currents, jets and shock waves in outflows, or in-
terpenetrating plasma shells in interstellar or interplanetary winds.
In this case, the free energy stored in the bulk velocity anisotropy
will be released by the electrostatic two-stream instability (with its
various forms of manifestation; see Lapuerta & Ahedo 2002) and by
the electromagnetic filamentation instability (Fried 1959). Recently,
it was proved that, for counterstreaming plasmas with isotropic
kappa distributions, the filamentation instability reaches maximum
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growth rates that are significantly larger than those obtained for
Maxwellian plasmas (Lazar, Schlickeiser & Shukla 2008). Natural
plasma structures are more complex, and frequently combine both
the microscopic and macroscopic particle velocity anisotropies, as
in counterstreaming plasmas with temperature anisotropies. In such
plasma systems, we expect to obtain either an enhancing effect
or a suppression of plasma instabilities, depending on the effec-
tive velocity anisotropy, if it increases or decreases, respectively.
The theoretical and numerical investigations of counterstreaming
plasmas with thermal anisotropies (Aggarwal & Talwar 1973;
Aggarwal 1975; Davidson 1983) have been recently extended
(Lazar et al. 2008; Silva et al. 2002; Startsev & Davidson 2003;
Bret, Firpo & Deutsch 2004; Tautz & Schlickeiser 2005; Bret &
Deutsch 2006; Lazar, Schlickeiser & Shukla 2006) on the basis
of the increasing capability of confirmation in the numerical ex-
periments and also in the observational data. In a counterstream-
ing plasma with bi-Maxwellian temperature anisotropies, the (elec-
tro)magnetic instabilities of the Weibel type can be markedly faster
when the plasma is hotter along the streaming direction, and these
can be stabilized by a higher transverse plasma temperature (Bret
& Deutsch 2006; Lazar et al. 2006; Stockem & Lazar 2008).

In many astrophysical scenarios, the colliding plasma shells are
sufficiently dilute (e.g. the relative motion of fully ionized gaseous
matters in intergalactic media, the interaction of internal or exter-
nal fireballs with surrounding interstellar medium in gamma-ray
burst sources, and flares in the solar winds) so that the plasma
particle velocity distribution function is expected to exhibit a ther-
mal Maxwellian core continued with supra-thermal tails. However,
both the Maxwellian and the non-Maxwellian features are usually
well fitted with distribution functions of kappa type. Thus, in this
work we investigate the dispersion properties of counterstreaming
plasmas with non-Maxwellian temperature anisotropies of bi-kappa
type. In the present paper we resume the study of plasma waves and
instabilities propagating parallel to the stationary magnetic field.
Furthermore, the streaming direction is assumed to be parallel to
the magnetic field. This is the most probable case, as the particles
can stream freely along the magnetic-field lines, while their stream-
ing perpendicular to the direction of the magnetic field is suppressed
by the gyration of plasma particles.

2 C OUNTERSTREAMING D ISTRIBUTION

F U N C T I O N

We consider two counterstreaming plasmas with bi-kappa particle
distribution functions, so that the plasma system is initially de-
scribed by the following distribution function (see Fig. 1)

fκ = 1

π3/2θ 2
⊥θ‖
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κ3/2�(κ − 1/2)

×
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+ v2
⊥

κθ 2
⊥
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This unperturbed velocity distribution function is normalized by∫
d3v fκ = 1. We use polar coordinates in the particle velocity

space

(vx, vy, vz) = (v⊥ cos φ, v⊥ sin φ, v‖), (2)
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Figure 1. The kappa counterstreaming distributions (solid lines, κ = 2) are
compared with the Maxwellian (dashed lines, κ → ∞) for two symmetric
(up) and asymmetric (down) counterstreams.

and the corresponding thermal velocities are allowed to take differ-
ent values as follows:

θ⊥ =
(

2κ − 3

κ

)1/2

vT⊥

θ‖ = ε1θ1 + ε2θ2 =
(

2κ − 3

κ

)1/2

(ε1vT1 + ε2vT2 ), (3)

Here

v2
T⊥ = kBT⊥

m
and v2

T1,2
= kBT1,2

m
(4)

denote the perpendicular and parallel thermal velocities, respec-
tively. The relative intensities of the counterstreaming plasmas are
given by ε1,2 = ωp1,2/(ωp1 + ωp2), where ωp1,2 = (4πn1,2q2/m)1/2

are the plasma frequencies of the two counterstreams.
The distribution function (1) describes two counterstream-

ing plasmas with bulk velocities v1,2 and bi-kappa temperature
anisotropies, θ 1,2/θ �= 1. This is the generalized counterstream-
ing kappa-type distribution, which approaches the counterstream-
ing Maxwellian distribution function (Tautz & Schlickeiser 2005) as
the spectral index reaches the limit κ → ∞. Such a counterstream-
ing kappa-type distribution function has been introduced by Lazar
et al. (2008), except for the fact that these authors have assumed
perfectly symmetric counterstreams, with equal densities (ε1 = ε2),
streaming velocities (v1 = v2), and temperature parameters (θ 1 =
θ 2). Therefore, the new generalized form (1) of the kappa-type dis-
tribution function needs to be added to the list of Lorentzian-type
particle distribution functions provided in table I of Summers &
Thorne (1991).

3 PA R A L L E L WAV E P RO PAG AT I O N

In this first paper, the investigation is limited to plasma waves
propagating along the streaming direction, which is parallel to the
ambient magnetic field (i.e. k ‖B0), and which is denoted as the
y-axis in Fig. 2.
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Figure 2. Two counterstreaming plasmas and the parallel propagating
waves k ‖B0.

For such plasma waves, the general dispersion relations have
been derived by Tautz & Schlickeiser (2005), so we just show their
results, which are

DL = 1 + 2π

ω

∑
a

ω2
p,a

∫ ∞

−∞
dv‖

v‖
ω − kv‖

×
∫ ∞

0
dv⊥v⊥

∂fa,κ

∂v‖
= 0, (5)

for the longitudinal mode and

D±
T = 1 − k2c2

ω2
+ π
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×
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⊥

[
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∂v⊥
+ kv⊥

∂fa,κ
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]
= 0, (6)

for the transverse mode. Here, ω and k are, respectively, the fre-
quency and the wavenumber of the plasma modes, c is the speed
of light in vacuum, 	a = qaB0/(mac) is the (non-relativistic) gy-
rofrequency, and ωp,a = (4πnae2/ma)1/2 is the plasma frequency for
the particles of sort a. The indices ± are used to identify the circu-
larly polarized electromagnetic waves with right-hand and left-hand
polarizations, respectively (Davidson 1983).

For the sake of simplicity, in what follows we neglect the con-
tribution of ions, which form the neutralizing background, and the
electron plasma counterstreams are considered homogeneous as
well as charge and current neutral.

3.1 Longitudinal mode

Now, inserting the distribution function (1) into equation (5) we
derive the dispersion relation of the longitudinal mode

DL = 1 + 2ω2
p,e

k(ε1θ1 + ε2θ2)

[(
1 − 1

2κ

) (
ε1

kθ1
+ ε2

kθ2

)

+ ε1f1

kθ1
Zκ (f1) + ε2f2

kθ2
Zκ (f2)

]
= 0, (7)

with

f1,2 = ω ∓ kv1,2

kθ1,2
. (8)

The dispersion relation (7) is written in terms of the modified plasma
dispersion function (Summers & Thorne 1991)

Zκ (f ) = 1

π1/2κ1/2

�(κ)

�[κ − (1/2)]

∫ ∞

−∞
dx

(1 + x2/κ)−(κ+1)

x − f
, (9)

for 	(f ) > 0, which approaches the plasma dispersion function
(Fried & Conte 1961) in the limit of κ → ∞. We should also
remark that, in this limit, equation (7) becomes identical to the
dispersion relation obtained by Tautz & Schlickeiser (2005) for the
parallel longitudinal mode in a counterstreaming plasma with bi-
Maxwellian anisotropic distribution functions (see equation 11 of
Tautz & Schlickeiser 2005).

3.2 Transverse modes

We now insert the distribution function (1) into equation (6) and
derive the dispersion relation of the transverse modes
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(10)

with

g±
1,2 = f1,2 ± 	e

kθ1,2
. (11)

The new modified dispersion function

Z0
κ (f ) = 1

π1/2κ1/2

�(κ)

�[κ − (1/2)]

∫ ∞

−∞
dx

(1 + x2/κ)−κ

x − f
, (12)

for 	(f ) > 0 was recently introduced mostly for describing the
dispersion properties of the transverse plasma modes (Zaheer &
Murtaza 2007; Lazar et al. 2008), and is related to equation (9) by
(Lazar et al. 2008)

Z0
κ (f ) =

(
1 + f 2

κ

)
Zκ (f ) + f

κ

(
1 − 1

2κ

)
. (13)

It is therefore clear that both these modified dispersion functions
approach the standard plasma dispersion function (Fried & Conte
1961) in the limit of κ → ∞. We observe again that, in this
limit, equation (10) reduces exactly to the dispersion relation of
parallel transverse waves in a counterstreaming plasma with bi-
Maxwellian anisotropic distribution functions (see equation 24 of
Tautz & Schlickeiser 2005). The generalized dispersion relations
(7) and (10) allow us to extend the investigation of the parallel
plasma waves in magnetized counterstreaming plasmas with non-
Maxwellian anisotropic distributions.

4 N U M E R I C A L S O L U T I O N S

Plasma modes can be excited from the exterior or by the inter-
nal sources of plasma free energy. In a counterstreaming plasma
with temperature anisotropies, there are two internal sources of
free energy that can give rise to the electrostatic or electromagnetic
instabilities. Thus, the two-stream electrostatic instability and the
filamentation instability are driven by the free energy stored into
the relative motion of the two counterstreaming plasmas, and the
Weibel-like instability is generated as a result of the temperature
(bi-Maxwellian or bi-kappa) anisotropy. Here, we limit the investi-
gation to a numerical evaluation of these modes only.

4.1 Longitudinal two-stream instability

The longitudinal plasma waves and instabilities are solutions of
equation (8), and they are not influenced by the presence of the
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ambient magnetic field (cf. Tautz & Schlickeiser 2005). At fre-
quencies above the electron plasma frequency, only the electrons
respond and contribute to the electron plasma waves. Otherwise,
the more rigid ions are usually colder and can, therefore, respond
only to the lower frequency ion-acoustic perturbations. Similarly to
this, the so-called electron acoustic mode can be excited when the
electron distribution is composed of two populations with markedly
different temperatures. This occurs frequently in thermally asym-
metric beam-plasma (or counterstreaming plasma) systems, or in
non-Maxwellian distributions. Usually, such electrostatic modes are
damped and can be supported by any plasma system.

Besides of the modes already mentioned, the two-stream electro-
static instability can arise in a counterstreaming plasma taking one
of its reactive or non-reactive forms (Lapuerta & Ahedo 2002) and
being capable of exciting the longitudinal plasma modes mentioned
previously. There is no influence from the stationary magnetic field
in this case, but we know that the two-stream instability is signifi-
cantly reduced by the thermal effects, and evenly suppressed for a
sufficiently high thermal velocity along the streaming direction. We
have neglected from the beginning the contribution of ions. More-
over, we evaluate the stability of two symmetric counterstreams
with the same densities, ε1 = ε2 = 1/2, streaming velocities, v1 =
v2 = v0, and temperature parameters, θ 1 = θ2 = θ . In this case, the
instabilities exhibit only a reactive purely growing form.

The growth rates of two-stream instability are found as aperiodic
solutions of equation (7) and are plotted in Fig. 3. We should point
out that the growth rates for counterstreaming plasmas with kappa-
distributed electrons can strongly depend on the spectral index of the
electron distribution, κ (see Fig. 3a). In this case, the effective veloc-
ity anisotropy of plasma particles is reduced by high temperatures
along the streaming direction, and the instability is suppressed. Oth-
erwise, for lower temperatures, the maximum growth rates reached
at the saturation level will increase and approach that obtained for
bi-Maxwellian plasmas (Fig. 3b).

4.2 Transverse unstable modes

Let us now consider the electromagnetic waves and instabilities. It is
well known that the parallel electromagnetic perturbations can grow
and become unstable either because of the temperature anisotropy
– in this case, the competitive instabilities are the electron firehose
instability and the Whistler (Weibel-like) instability – or because
of the relative motion of the counterstreaming plasmas, when the
Whistler heat flux instability arises and relaxes the plasma system.
The theoretical approaches and the applications of these instabilities
for plasmas with Maxwellian distributions have been reviewed by
Gary (1993).

4.2.1 Electron firehose instability

The electron firehose instability arises when the plasma is hotter
along the direction of the stationary magnetic field (i.e. θ > θ⊥).
This instability is left-hand circularly polarized at k × B0 = 0,
and the electrons are non-resonant, g−

1,2 
 1. Only the ions are cy-
clotron resonant. However, here we do not discuss their contribution
because in the observations their distribution functions can be fitted
to a Maxwellian distribution. Moreover, the maximum growth rates
at saturation are sufficiently low (comparable or less than the ion
gyrofrequency), and without significant influence for the stability
of counterstreaming plasmas. However, this instability competes
with the ion firehose instability, which arises in the same conditions
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Figure 3. The growth rates of the longitudinal two-stream instability are
shown (solid lines), which are solutions of equation (7) for (a) θ1 = θ2 =
θ = 0.5 v0 and (b) θ = 0.2 v0. For comparison, dashed lines show the ape-
riodic solutions given by two symmetric counterstreams with Maxwellian
distributions and which correspond to an infinitely large spectral index,
κ → ∞.

of temperature anisotropy, θ > θ⊥, and therefore deserves to be
investigated separately.

4.2.2 (Whistler) Weibel-like instability

This instability is right-hand circularly polarized with the maxi-
mum growth rate at k × B0 = 0. The cyclotron resonant electrons
are those with moderately high temperatures and low-temperature
anisotropies, g+

1,2 � 1. Otherwise, the electrons with sufficiently
large anisotropies and low temperatures along B0 are non-resonant,
g+

1,2 
 1. Here, we should make an observation: when the elec-
trons are non-resonant the arguments (11) are sufficiently large (see
also equation 14), and we can use the power series of the modified
plasma dispersion function (9) from Summers & Thorne (1991),
finding, for example, for two values of κ

Z2(g 
 1) � − 3

4g

(
1 + 2

3g2

)
,

Z4(g 
 1) � − 7

8g

(
1 + 4

7g2

)
. (14)
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Figure 4. The dispersion curves (a) and the growth rates (b) are shown for
the transverse Whistler Weibel-like instability. The solutions of equation (10)
are plotted with solid lines for a thermal velocity vT1 = vT2 = vT � 0.1 c

and two spectral indices, κ = 2 (θ1 = θ2 = θ = 0.07 c) and κ = 4 (θ =
0.11 c). For comparison, dashed lines show the growing solutions given by
two symmetric counterstreams with Maxwellian distributions. In addition,
v1 = v2 = v0 = 0.1 c, ωp,e/|	e| = 10, and temperature anisotropy θ⊥/θ =
4.

Combining equation (14) with equation (13) we obtain for both
values of κ the same expression

Z0
2,4(g 
 1) � − 1

g

(
1 + 1

2g2

)
, (15)

which can be used in equation (10) to derive more simple analytical
forms of the dispersion relations.

Here, we keep the accuracy of an exact numerical evaluation, and
in Figs 4 and 5 we present the unstable Weibel-type modes, which
are solutions of equation (10). Comparing the Weibel instability in
an unmagnetized plasma with a temperature anisotropy, which is
purely growing (� ω � 0), in this case the parallel Weibel mode is
weakly propagating in time (� ω �= 0) because of the presence of
the stationary magnetic field. Therefore, it was called the Whistler
anisotropy instability (Gary 1993). In Fig. 5, we evaluate this in-
stability for a plasma without drifts (v1 = v2 = v0 = 0) but with
a thermal anisotropy of bi-kappa type. This is compared to the un-
stable solutions shown previously for a bi-Maxwellian anisotropy
(Gary 1993). In Fig. 4, we evaluate this instability for a counter-

1 2 3 4

0.02

0.04

0.06

0.08

0.1

Maxwellian

( a )Re (   ) /ω ωpe

kc /ωpe

κ = 2

κ = 4

1 2 3 4

0.05

0.1

0.15

0.2

0.25
Im (   ) /ω ωpe

( b )

Maxwellian

kc /ωpe

κ = 2

κ = 4

Figure 5. The dispersion curves (a) and the growth rates (b) are shown for a
Weibel-like instability. The solutions of equation (10) are plotted with solid
lines and in the same conditions as in Fig. 4 but with v1 = v2 = v0 = 0, which
means for a simple anisotropic plasma with a bi-kappa electron distribution
function. In contrast to the original Weibel mode, which is purely growing,
�(ω) = 0, 	 (ω) > 0, this unstable mode is slowly propagating in time (�(ω)
�= 0) because of the presence of the stationary magnetic field.

streaming plasma (v1 = v2 = v0 = 0.01 c) which also includes a
thermal anisotropy. In both cases, the real frequencies are indeed
much lower than the electron plasma frequency. However, for a
symmetric counterstreaming plasma as shown in Fig. 4, the insta-
bility undergoes a maximum as the wavenumber increases. It is then
followed by a significant decrease and shift into a left-handed po-
larized mode, where the shifting point in �(ω) = 0 corresponds to
the purely growing Weibel instability, 	(ω) > 0. This shifting point,
however, corresponds to an isolated Weibel mode (Tautz et al. 2006;
Tautz & Lerche 2007a; Tautz, Sakai & Lerche 2007), because only
at one single wavenumber is there an aperiodic Weibel mode. All
neighbouring waves do have a real frequency part, however small,
and thus propagate away with time. For the case of unmagnetized
plasmas, where isolated Weibel modes are excited in the presence
of asymmetric distribution functions, this has been investigated by
Tautz & Lerche (2007b).

Moreover, the existence of this instability is slightly extended
to larger values of the wavenumber in counterstreaming plasmas
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with bi-kappa distributions. However, the maximum growth rates
at saturation are, in general, smaller than those obtained for bi-
Maxwellian distributions (κ → ∞).

4.2.3 Whistler heat flux instability

This mode has the maximum growth rate at parallel propagation
(k × B0 = 0) and it is right-hand circularly polarized. The electrons
are highly resonant with this instability, which is mainly enhanced
by the asymmetry of the plasmas counterstreams when either the
density or temperature contrast is sufficiently high. We therefore
limit ourselves here only to mention this instability, and leave it for
a detailed parametric analysis elsewhere.

5 D ISCUSSION AND CONCLUSION

In this paper, we investigate the plasma instability due to a counter-
stream and/or anisotropic temperatures using analytical calculations
and subsequent numerical solving of the dispersion relations. Addi-
tionally, a homogeneous background magnetic field is assumed to
be aligned both with the axis of wave propagation and with the sym-
metry axis of the gyrotropic distribution function. In the literature,
such an instability is commonly referred to as the counterstream
instability, the Weibel-type or filamentation instability (depending
on the wave mode polarization), or as the Whistler instability (if
the modes are not aperiodic but weakly propagating). However, the
underlying physical mechanism is always the same and has been,
for example, brilliantly illustrated by Medvedev et al. (2004).

For parallel wave propagation, the necessary dispersion relations
are already known but have, so far, not been applied to the case of
kappa distributed plasmas. Such distributions are, however, impor-
tant because of their wide-ranging appearance, especially in dilute
plasmas, where equilibrium distributions of the Maxwellian type –
which are generally achieved by binary collisions between parti-
cles – are expected to have a tail of high-energetic particles. Thus,
the high-energetic particles can be well described by a power law,
leading to a kappa distribution, which, for low-energetic particles,
agrees with a Maxwellian.

The numerical evaluation of the dispersion relations shows sev-
eral interesting results. First, for all investigated wave modes, the
growth rates are reduced compared to the case of a Maxwellian
distribution. Secondly, at the so-called shifting point, where the real
part of the frequency vanishes and where the right-hand Whistler
instability changes into a left-hand damped wave mode, there is
an isolated, purely growing Weibel mode. Until now, such isolated
Weibel modes have been known only for asymmetric distribution
functions in unmagnetized plasmas.

Furthermore, the spectral index of the distribution function, κ , has
a strong influence on the maximum growth rate. Thus, if all other pa-
rameters were known, a measurement of the instability growth time
(which is inversely proportional to the maximum growth rate) could
provide a possible tool for the estimation of the particle distribution
spectral index. A similar approach has been used, for example, by
Tautz & Lerche (2006), who calculated the instabilities in the jet of a
gamma-ray burst (GRB) and found that only for an electron–proton
plasma are there instabilities for the relevant parameter regime. The
comparison of the instability growth time to the time-scale of the
GRB revealed that the instability has enough time to develop. Simi-
lar considerations could be made with the analysis shown here. The
application to a given astrophysical scenario that has a specific time-
scale enables one to determine an upper limit for the growth time.
However, this remains to be investigated further in future work.

In the forthcoming second paper, we will investigate the situation
of perpendicularly propagating wave modes. Furthermore, future
work should investigate the problem using numerical particle-in-
cell simulations in order to confirm the results derived here. Until
now, however, most simulations (as well as, by the way, analytical
calculations) use Maxwellians, although their actual existence in the
dilute plasmas of interstellar and interplanetary space is far from
being established.
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