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Abstract. One of the important topics under active investigation in the
area of description logic (DL) is that of adding rules to the language. In
this paper, we observe that the logic FO(ID), which was developed as an
integration of ASP and classical logic, provides an interesting source of
inspiration for such extensions. In particular, it seems well-suited as an
upperbound to a hierarchy of increaslingly expressive extensions of DL
with rules. We demonstrate this by defining two interesting sublogics of
FO(ID), called ALCI(ID) and guarded ALCI(ID).

1 Introduction

Over the past decades, description logics have emerged as an important knowl-
edge representation technology. More recently, they have also had a significant
impact on industry, most notably with the adoption of OWL as a W3C standard.
In current research, we find a trend to investigate extensions of OWL with rules,
as done in e.g. [10]. In fact, the hierarchical Semantic Web architecture already
prescribes a Rule layer on top of the Ontology layer formed by OWL.

Traditionally, research on description logics has always recognized the im-
portance of the trade-off between expressivity and computational complexity,
as well as the fact that different applications require this trade-off to be made
differently. This has lead to the development of an entire hierarchy of logics,
ranging from for instance the tractable DL-Lite to OWL DL, or even further
to the undecidable OWL Full. In keeping with this tradition, a reasonable goal
for the research into extensions of OWL with rules might be to come up with
a hierarchy of logics, combining increasingly expressive description logics with
increasingly expressive kinds of rules.

In this paper, we want to call attention to the language FO(ID) [3]1 and
argue that it provides an ideal upperbound for such a hierarchy. FO(ID) is a
knowledge representation language that adds inductive definitions to first-order
logic. It represents these definitions in the same way as they typically appear
in mathematical texts, i.e., as an enumeration of a set of cases in which the
defined relation(s) holds; in FO(ID), each of these cases is represented by a rule.
For instance, in a textbook on propositional logic, we might find the following
inductive definition of the satisfaction relation:
? Joost Vennekens is a postdoctoral researcher of the FWO.
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Definition 1. Let I be an interpretation for a set of propositions Σ. For
a propositional formula ϕ in alphabet Σ, we define the relation I satisfies
ϕ, denoted I |= ϕ, by the following induction over the subformula order:

– For an atom p ∈ Σ, I |= p iff p ∈ I;
– I |= ϕ1 ∨ ϕ2 iff I |= ϕ1 or I |= ϕ2;
– I |= ¬ϕ iff I 6|= ϕ.

In FO(ID), this can be represented by the following set of definitional rules:
∀i, p Sat(i, p)← p ∈ i.

∀i, f1, f2 Sat(i, or(f1, f2))← Sat(i, f1) ∨ Sat(i, f2).
∀i, f Sat(i, not(f))← ¬Sat(i, f).


This definitions defines the predicate Sat/2 in terms of the predicate ∈/2 and the
term-building functors or/2 and not/1. We refer to this last kind of symbols—
∈/2, or/2 and not/1—as the open symbols of the definition, and to the other
ones as the defined predicates.

The definitional rules of FO(ID) cannot simply be reduced to implications
or equivalences, since this would fail to treat even the most basic inductive defi-
nitions (e.g., that of a transitive closure) correctly. Instead, they are interpreted
according to the well-founded model semantics for logic progams (parametrized
on the interpretation of the open predicate). As argued in [4], this ensure that—
also in the presence of negation—their meaning is indeed what one expects from
an inductive definition2.

A theory in FO(ID) now consists of, on the one hand, a set of such definitions
and, on the other hand, a set of regular first-order logic formulas. We remark that,
therefore, rules themselves are not FO(ID) formulas, but definitions, i.e., sets of
rules, are. The semantics of the first-order formulas is standard. The semantics
of the definitions is presented formally in the next section, but can be briefly
summarized as follows: each definition expresses a certain relation between its
defined predicates and its open symbols; therefore, such a definition ∆ is satisfied
in a first-order structure S, written S |= ∆, iff S interprets the defined predicates
in the way that its interpretation of the open predicates dictates.

The origins of FO(ID) lie in the area of logic programming. In particular,
FO(ID) is very closely related to the Answer Set Programming (ASP) paradigm.
The precise relation between FO(ID) and ASP is discussed in detail in [12]. One
of the main contributions that FO(ID) provides to this area is to show how a
tight integration of logic programming rules into classical logic can be achieved
in a conceptually clean way. Therefore, it might offer a way of combining DL
and ASP, that is, unlike the hybrid approaches of, e.g., [6] and [5], a true se-
mantic integration. This is interesting because, while hybrid approaches have the
advantage of technical flexibility, they are somewhat unsatisfactory from a philo-
sophical, knowledge theoretical perspective, since they do not shed much light on
2 The correspondence between the precise, well-understood but informal concept of

an inductive definion and the formal object that is the well-founded semantics can
of course, by nature, never be proven formally.



the relation between the meaning of statements expressed in the two languages.
Moreover, hybrid approaches also provide little modeling methodology to guide
users when constructing a joint LP/DL representation of some domain, since
they have a hard time satisfactorily answering the question of which knowledge
to represent in DL and which in LP.

To see what FO(ID) has to offer from a DL point-of-view, let us consider the
language of SWRL [10], which extends OWL with Horn clauses, i.e., implications
in which the antecedent is a conjunction of atoms and the consequent is either
an atom or is absent. This is perhaps the most obvious way of adding rules to
OWL, since it still stays within the bounds of FO. The example of a SWRL-rule
most commonly found in the literature is the following:

∀x, y, z Brother(x, z) ∧ Parent(z, y) ⊃ Uncle(x, y) (1)

This rule states that all brothers of parents are uncles, i.e., it expresses a sufficient
condition for being an uncle. In a dictionary, we would find one other such
sufficient condition, which can also easily be expressed as a SWRL rule:

∀x, y, z Husband(x, z) ∧Aunt(z, y) ⊃ Uncle(x, y) (2)

Where SWRL lacks expressivity, however, is that it cannot express that these two
sufficient conditions together also form a necessary condition, i.e., they cover all
cases in which someone is called an uncle. This lack of expressivity is particularly
striking, because the ability to define concepts (i.e., state both their necessary
and sufficient conditions) is considered one of the characteristic features of DL;
to quote what the DL handbook [1] has to say about DL’s ‘≡’-connective: “This
form of definition is much stronger than the ones used in other kinds of repre-
sentations of knowledge, which typically impose only necessary conditions; the
strength of this kind of declaration is usually considered a characteristic feature
of DL knowledge bases.”

The difference between stating only sufficient conditions and completely
defining a concept is not just a matter of idle semantics, but also has practical
implications. For instance, the two SWRL-rules above do not allow to conclude
the subsumption that uncles must have either spouses or siblings:

Uncle v ∃Husband.> t ∃Brother.>.

In FO, Uncle can be defined by the completion of rules (1) and (2):

∀x, y Uncle(x, y)⇔(∃z Brother(x, z) ∧ Parent(z, y))
∨ (∃z Husband(x, z) ∧Aunt(z, y)).

However, this representation has two disadvantages. The first, and least serious,
is that it does not reflect the modular structure of two seperate sufficient condi-
tions, which together are also necessary. By contrast, FO(ID) can represent this
definition as:{

∀x, y Uncle(x, y)← ∃z Brother(x, z) ∧ Parent(z, y).
∀x, y Uncle(x, y)← ∃z Husband(x, z) ∧Aunt(z, y).

}



This FO(ID)-definition is equivalent to (1), but has the advantage that one can
instantly recognise the two sufficient conditions. Moreover, retaining the inherent
modularity of the definition also makes the representation more elaboration tol-
erant: if we would decide to reserve the term Uncle for blood-relatives only (for
instance, because we want to introduce a separate concept UncleByMarriage
for the other case), then we simply need to remove one of the two rules from the
definition. Alternatively, should we ever discover another case in which people
are consider uncles, then we would simply need to add an additional rule to the
definition; for instance, after the state of Belgium allowed same-sex marriages in
2003, we might have added the following case:

∀x, y Uncle(x, y)← ∃z Husband(x, z) ∧ Uncle(z, y).

A second disadvantage of (1) is that this representation only works for defini-
tion which are not inductive (also called recursive), because, as is well-known, FO
cannot represent such definitions. As illustrated above, in mathematical texts,
such inductive definitions typically exhibit the same rule-based structure that
we find in the definition of uncle. Hence, it is quite natural to try to represent
them in the same way. This is now precisely what FO(ID) offers: a rule-based
representation for definitions, that also works for inductive ones. An example is
the following definition of the Ancestor relation:{

∀x, y Ancestor(x, y)← ∃z Ancestor(x, z) ∧Ancestor(z, y).
∀x, y Ancestor(x, y)← Parent(x, y).

}

Moreover, in FO(ID), negation can also be combined with recursion, as shown
by the third rule in the above definition of Sat/2.

In summary, FO(ID) incorporates rules into FO in a way that fits well with
the DL philosophy. The origin of DL lies with Brachman and Levesque’s ob-
servation [2] that two distinct forms of knowledge are of great importance for
knowledge-based systems: terminological knowledge, which defines the meaning
of relations and concepts; and assertional knowledge, which states properties of
the world. As is widely recognized in DL, definitions, which consist of both suf-
ficient and necessary conditions, form a key component of terminological knowl-
edge. Many definitions that we encounter in practice have a natural, modular
structure as a set of conditions, each of which is indivually sufficient, while taken
together they are also necessary. We find this structure both in non-inductive
definitions (e.g., that of Uncle) and in inductive definitions. FO(ID) offers a rule-
based representation that works in both cases. In this way, it covers a specific
kind of rules, namely definitional rules, which occur often in practice and whose
semantics differs from that of material implications.

While FO(ID) might be considered too expressive to be a useful DL itself,
we argue that it could serve well as an upperbound to a hierarchy of logics that
add increasingly expressive forms of rules to increasingly expressive description
logics. This also suggest that we can develop less expressive extensions of DL
with rules, which might be more useful in practice, by restricting the general



language FO(ID) as needed to regain certain desirable properties. We believe
that, in general, this is better than the opposite approach of gradually extending
a small tractable language into a more expressive one, since it allows the trade-off
between expressivity and complexity to be made more conciously and informedly,
which reduces the risk of creating an ad hoc language, whose boundaries are
decided more by coincidence than design.

This paper will try to back up our claims, by considering the description logic
ALCI and presenting two different extensions of ALCI with rules, both of which
are sublogics of FO(ID). Our goal here will be to regain two desirable properties
of description logics. The first such property is the intuitive syntactic sugar of
description logics, which hides away many of the complexities of classical logic
and enforces adherence to a useful, concept-centric style of knowledge represen-
tation. We will define a sublogic of FO(ID), called ALCI(ID), for which a similar
syntactic sugar exists. The second property is the decidability of deductive in-
ference. This too is an important property for many applications—even though
it is not always needed, as is witnessed by the fact that OWL Full and SWRL
(unless restricted to strongly safe rules) are both undecidable. We will show that
ALCI(ID) has a decidable guarded fragment. Finally, we will also briefly discuss
the relation between our FO(ID) based approach and several other approaches
to combining ASP, or other forms of LP, with DL.

2 Preliminaries: FO(ID)

This section summarizes the definition of FO(ID). Syntactically, a definition in
FO(ID) is a set of definitional rules, which are of the form:

∀x P (x)← ϕ(x).

Here, ϕ(x) is an FO formula whose free variables are x, and ‘←’ is a new sym-
bol, the definitional implication, which is to be distinguished from the material
implication of FO, which we denote by ‘⊂’. We refer to P (x) as the head of the
rule r, denoted head(r), and to the formula ϕ as its body, denoted body(r).

An FO(ID) formula is any expression that can be formed by combining atoms
and definitions, using the standard FO connectives and quantifiers. The mean-
ing of the FO formulas and boolean connectives is standard; we therefore only
need to define the semantics of a definition in order to define that of FO(ID).
Originally, this was formulated in logic programming terminology, defining the
semantics of a definition by (roughly speaking) its well-founded model. More
recently, however, [4] introduced a new, equivalent characterization of this se-
mantics, which is more natural and easier understand. Therefore, we will present
this new characterization.

Let us first introduce some semantical concepts. An interpretation S for a
vocabulary Σ consists of a non-empty domain D, a mapping from each function
symbol f/n to an n-ary functions on D, and a mapping from each predicate
symbols P/n to a relation R ⊆ Dn. A three-valued interpretation ν is the same
as a two-valued one, except that it maps each predicate symbol P/n to a function



P ν from Dn to the set of truth values {t, f ,u}. Such a ν assigns a truth value to
each logical atom P (c), namely P ν(cν1 , . . . , c

ν
n)). This assignment can be extended

to an assignment ν(ϕ) of a truth value to each formula ϕ, using the standard
Kleene truth tables for the logical connectives:

ϕ,ψ t, t t, f t, u u, f u, f f, f
ϕ ∨ ψ t t t u u f

ϕ t u f
¬ϕ f u t

and so on.
The three truth values can be partially ordered according to precision: u ≤p t

and u ≤p f . This order induces also a precision order ≤p on interpretations:
ν ≤p ν

′ if for each predicate P/n and tuple d ∈ Dn, P ν(d) ≤p P
ν′

(d).
For a predicate P/n and a tuple d ∈ Dn of domain elements, we denote by

ν[P (d)/v] the three-valued interpretation ν′ that coincides with ν on all symbols
apart from P/n, and for which P ν′

maps d to v and all other tuples d′ to P ν(d′).
We also extend this notation to sets {(P1(d1), . . . , Pn(dn)} of such pairs.

Our goal is to define when a (two-valued) interpretation S is a model of a
definition ∆. We call the predicates that appears in the head of a rule of ∆ its
defined predicates and we denote the set of all these byDef(∆); all other symbols
are called open and the set of open symbols is written Op(∆). The purpose of
∆ is now to define the predicates Def(∆) in terms of the symbols Op(∆), i.e.,
we should assume the interpretation of Op(∆) as given and try to construct a
corresponding interpretation for Def(∆). Let O be the restriction S|Op(∆) of S
to the open symbols. We are now going to construct a sequence of three-valued
interpretations (νO

α )0≤α≤β , for some ordinal β, each of which extends O; we will
use the limit of such a sequence to interpret Def(∆).

– νO
0 assigns O(P (d)) ∈ {t, f} to P (d) if P ∈ Op(∆) and u if P ∈ Def(∆);

– νO
i+1 is related to νO

i in one of two ways:
• Either νO

i+1 = νO
i [P (d)/t], such that ∆ contains a rule ∀x P (x)← ϕ(x)

with νO
i (ϕ[d]) = t

• Or νO
i+1 = νO

i [U/f ], where U is any unfounded set, meaning that it
consists of pairs of predicates P/n and tuple d ∈ Dn for which P νO

i (d) =
u, and for each rule ∀x P (x)← ϕ(x), we have that νO

i+1(ϕ[d]) = f .
– For each limit ordinal λ, νO

λ is the least upper bound w.r.t. ≤p of all νO
δ for

which δ < λ.

We call such a sequence a well-founded induction of ∆ in O. Each such sequence
eventually reaches a limit νO

β . It was shown in [4] that all sequences reach the
same limit. It is now this νO

β that tell us how to interpret the defined predicates.
To be more precise, we define that:

S |= ∆ iff S|Def(∆) = νO
β |Def(∆), with O = S|Op(∆).

Note that if there is some predicate P/n for which some tuple d ∈ Dn of domain
elements is still assigned u by νβ , the definition has no models extending O.
Intuitively, this means that, for this particular interpretation of its open symbols,



∆ does not manage to unambiguously define the predicates Def(∆), due to some
non well-founded use of negation.

In the rest of this paper, we will only consider relational vocabularies, that
is, there will be no function symbols of arity > 0.

3 ALCIALCIALCI(ID)

In this section, we present a fragment of FO(ID) that extends the description
logic ALCI with rules, while retaining a DL-like syntactic sugar.

We start from the usual connectives t, u, ·−, ¬, ∃ and ∀. In addition to this,
we introduce the following new ones:

– The operator ‘.’ takes the join of two binary relation, that is, R.S is the
relation consisting of all pairs (x, y) for which there exits a z such that
R(x, z) and S(z, y).

– The operator ‘×’ constructs the binary relation that is the Cartesian product
of two unary relations, that is, C×D contains all pairs (x, y) for which C(x)
and D(y).

These connectives can mapped to classical logic in a straightforward way; details
are shown in Figure 1.

ϕ 〈ϕ〉
R.S ∃x 〈R〉(x, z) ∧ 〈S〉(z, y)

C ×D 〈C〉(x) ∧ 〈D〉(y)

Fig. 1. The mapping 〈·〉 of ALCI(ID) to FO(ID).

In addition to these concept-building operators, we also have the usual ‘v’-
connective. In addition to this, we introduce the new connective ‘←’ to represent
a definitional rule. For instance, we can define the concept Uncle by the following
set of two definitional rules:{

Uncle← Brother.Parent

Uncle← Husband.Aunt

}

In general, if R is a role symbol and ϕ some description of a binary relation
(that is, 〈ϕ〉 is a formula in two free variables), then the ALCI(ID) statement
R ← ϕ represents the FO(ID) rule ∀x, y R(x, y) ← 〈ϕ〉(x, y). Similary, if C
is a concept symbol and ϕ a description of a unary relation (〈ϕ〉 has one free
variable), then C ← ϕ stands for ∀x C(x)← 〈ϕ〉(x).
ALCI is typically also defined to have the equivalence symbol ‘≡’, which

abbreviates two inclusions. Analogously, we also introduce the new symbol ‘ .=’
to represent definitions containing only a single rule, i.e., a statement C .= ϕ



stands for the definition {C ← ϕ}. We can, for instance, rephrase the above
definition of Uncle as

Uncle
.= Brother.Parent tHusband.Aunt

If such a definition using ‘ .=’ is not inductive (i.e., the role/concept on the
left-hand side does not appear in the right-hand side), it is simply equivalent to
a normal equivalence ‘≡’. However, unlike‘≡’, this ‘ .=’ also works for definitions
which are inductive, such as:

Ancestor
.= Parent tAncestor.Ancestor

Therefore, ‘ .=’ eliminates the need for a transitive closure construct such as ·+
or the reflexive-transitive closure ·∗ of e.g. [11]; it can also replace non-nested
uses of the explicit least fixpoint constructor µ.

A ‘ .=’-statement abbreviates a definition containing only a single rule. In
general, if a definition contains multiple rules with the same predicate in the
head, these can always be replaced by a single rule whose body is the disjunction
of the bodies of the original rules, as illustrated by the above definition of Uncle.
Therefore, each definition which defines only a single predicate can be stated
either in the rule-based format or using ‘ .=’. The advantage of ‘ .=’ is that it offers
a more compact representation. On the other hand, the rule-based format is more
elaboration tolerant, since rules can more easily be added or removed. Therefore,
it is more suited for definitions which are likely to change. For instance, a bank
might define the class of persons eligable for a loan as consisting of people with
a large income, people who own a house and people with a good credit history.
Each time the bank now tightens or relaxes its policy, certain rules would have to
be removed or added to this definition. Therefore, the rule-based representation
seems more appropriate in this case.

The rule-based representation is also more general than ‘ .=’, since it also
allows definitions by simultaneous induction. For instance, given a two-player
game whose move tree is described by the role Parent, we can define the nodes
in which I move and the nodes in which my opponent moves by the following
simultaneous induction (assuming I start):{

MyMove←(∃Parent.HisMove) t (∀Parent.⊥)
HisMove←∃Parent.MyMove

}

4 An example

In this section, we will illustrate the language ALCI(ID) by presenting a for-
malization of a simple game, sometimes found on mobile phones and such. The
player is presented a grid of coloured balls. He makes a move by selecting one
of these balls. The effect of this is that the entire colour-group to which the ball
belongs disappears; the remaining balls then fall down, yielding the next position
of the game, as depicted in Figure 2. The goal of the game is to remove all balls
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Fig. 2. The result of selecting ball 2.

from the grid in such a way as to score as many points as possible. However, we
will not discuss how points are scored, but instead focus only on how to specify
the effect of a move on the state of the board. To be more concrete, we will
define the new state in terms of both the old state and the move made by the
player. It is clear that, in principle, this is the bulk of the domain dependent
information that is needed to be able to plan out a winning strategy—the rest
can be handled by some generic game-playing planner.

To make things more concrete, let us first fix a representation for a state of
the game. We will represent a grid by two binary relations: a relation Up and a
relation Left, both with the obvious meaning. The starting grid in Figure 2, for
instance, would correspond to the following interpretations:

Up ={(5, 1), (9, 5), (6, 2), (10, 6), (7, 3),
(11, 7), (8, 4), (12, 8)};

Left ={(1, 2), (2, 3), (3, 4), (5, 6), (6, 7),
(7, 8), (9, 10), (10, 11), (11, 12)}.

We represent the player’s move by a unary predicate Chosen; the move made
in Figure 2 would correspond to Chosen = {2}. Our goal is now to define roles
Up′ and Left′, representing the next state of the game, in terms of the original
position described by Up, Left and Chosen.

We first define some useful auxilary relations. We begin by defining Above as
the transitive closure of Up:

Above
.= Up tAbove.Above

A ball is next to another ball if it is either to the left, to the right, underneath,
or on top of it:

NextTo
.= Left tRight t Up tBelow

Of course, Right and Below are simply the inverses of, respectively Left and
Up:

Right
.= Left− Below

.= Up−

The balls that disappear after the move are the chosen ball itself and all balls
belonging to the same colour-group:

Disappears
.= Chosen t ∃InColourGroup.Chosen



Being in the same colour group means being connected through a sequence of
balls of the same colour:

InColourGroup
.= (SameColouruNextTo)t InColourGroup.InColourGroup

This of course requires us to define when two balls have the same colour. This
will be the case if one ball has a colour, that is also the colour of the other ball.

SameColour
.= HasColour.HasColour−

Having defined which balls disappear, we can now easily define which balls re-
main as the complement thereof:

Remains
.= ¬Disappears

We now define the relation Above′, i.e., the “above”-relation as it will hold in
the next state. This will hold for any two remaining balls that were originally
above each other.

Above′
.= Above u (Remains×Remains)

We can now define the relation Up′ as the intransitive relation of which Above′

is the transitive closure:

Up′
.= Above′ u ¬(Above′.Above′)

We define an auxiliary concept OnGround′ as consisting of those balls that will
be on the ground in the new situations:

OnGround′
.= Remains u ¬∃Below.Remains

Having already defined Up′, all that remains is to define also Left′. Let us first
define when a ball is in the column to the left of some other ball.

InLeftColumn
.= Left t Left.(Above tAbove−)

We now define Left′ as consisting of all pairs of balls for which InLeftColumn
holds and which are both on the same height in the new situation:

Left′
.= InLeftColumn u ((OnGround′ ×OnGround′) t Up′−.Left′.Up′).

Note that this too is an inductive definition: the relation Left′ is first defined
for those pairs of balls that are both in the first row, then for those in the second
row, and so on.

This now concludes our representation of this game. We remark that this
example makes heavy use of the characteristic features of FO(ID): the ability to
express inductive definitions and to use negation in such definitions.



5 Inference in a fixed and finite domain

For DLs such as ALCI, deductive inference (i.e., deciding whether a formula
ϕ is a logical consequence of a theory T ) is decidable. While the possibility to
efficiently perform this inference task—and related ones such as subsumption
or consistency checking—has certainly contributed to the appeal of DL, the
need for fast deductive inference is not absolute. Indeed, sometimes DL theories
are not (primarily) intended to be used by a computer, but serve instead as a
means of communication between people. For instance, in the context of software
development, [17] uses a DL theory to represent an agreement between business
experts and software engineers about a common model of the application domain.
Even though in such cases we might still be interested in, e.g., consistency of the
theory, it is here less of a requirement that this can be verified fully automatically.

Moreover, even when the goal is to perform inference tasks on a theory, this
does not necessarily preclude the use expressive or even undecidable languages.
Indeed, recent trends in computational logic, in particular ASP, have shown
that show that many real-world problems can be solved by considering other,
“cheaper” inference tasks than traditional deduction. The central observation
here is that the solution to many interesting problems can be naturally charac-
terized as (part of) a finite structure/interpretation satisfying a given theory. By
performing reasoning in a fixed, finite domain (for instance, a finite Herbrand
universe), instead of in an open domain, the complexity of reasoning tasks tends
to decreases dramatically. Even deduction for full first-order logic (that is, de-
ciding whether a formula ϕ holds in all models of a theory T whose domain is
some given, finite set D) is then only co-NP.

Extending ASP’s model generation paradigm, [13] considered the inference
task of model expansion for FO(ID): given an interpretation S for some part
Σ0 of the alphabet Σ of a theory T , extend S with an interpretation for the
remaining symbols Σ \ Σ0, in such a way that the resulting interpretation is
a model of T . Since the given interpretation S for Σ0 already determines the
domain, there is no need to consider the possibility of unknown objects. They
showed that model expansion for FO(ID) captures the complexity class NP.

To illustrate the usefulness of this inference task, let us consider again the
example of the previous section. Here, we defined the next state of a game (Left′

and Up′) in terms of its old state (Left and Up) and a given move (Chosen). We
can therefore compute a new state of the game by performing model expansion
on the structure S for the alphabet Σ0 = {Left, Up,Chosen} that represents
the old state and the chosen move; the interpretation of Left′ and Up′ in the
resulting expanded model then gives us the new state. Moreover, because our
representation of the game defines all of its predicates except the ones in Σ0,
this computation can actually be done in polynomial times.



The IDP-system3 implements the task of model generation of FO(ID). A
program transforming ALCI(ID) syntax to input for this system can be down-
loaded online4

6 Guarded ALCIALCIALCI(ID)

As discussed in the previous section, there are interesting applications for DL,
and its extensions with rules, which only require reasoning with a fixed domain
and for which the undecidability of FO(ID) is therefore not a problem. However,
in other circumstances, open domain reasoning can still be necessary. Therefore,
in this section we will develop a decidable fragment of FO(ID).

Our fragment will be based on the guarded fragment of FO. We recall that
an FO formula ϕ is guarded if every one of its quantified subformulas is either
of the form ∃x G(x,y) ∧ ϕ(x,y) or ∀x G(x,y)⇒ ϕ(x,y), where G(x,y) is an
atom, called the guard of the formula, such that free(ϕ(x,y)) ⊆ free(G(x,y)).

We now define a similar guarded fragment of FO(ID). This fragment will
allow only theories consisting of precisely one definition and precisely one first-
order formula.

Definition 2. Let T be an FO(ID) theory, consisting of precisely one definition
∆ and one FO formula ϕ. T is guarded if

– ϕ is a guarded formula;
– for each rule ∀x P (x) ← ψ, it holds that ψ is a guarded formula and x ⊆
free(ψ);

– none of the guards is defined by ∆.

Exploiting a theorem from [7], we prove the following result in the appendix
to this paper.

Theorem 1. The guarded fragment of FO(ID) is decidable. More precisely, de-
ductive reasoning for FO(ID) is 2exptime-complete.

This of course raises the question of how this guarded fragment relates to the
ALCI(ID)-fragment defined above. It is easy to see that neither is subsumed by
the other. For instance, the ALCI(ID) formula P .= P.P translates to

{∀x, y P (x, y)← ∃z P (x, z) ∧ P (z, y).},

which is not in our guarded fragment. Conversely, the guarded fragment is not
subsumed by ALCI(ID) either, since, for instance, the latter only allows unary
and binary predicates, while the former allows arbitrary arities.

The two fragments do, however, have a significant intersection. Let us con-
sider a theory T in ALCI(ID) and examine which additional conditions need to
be imposed in order to ensure that its translation will be guarded.
3 http://www.cs.kuleuven.be/∼dtai/krr/software/idp.html
4 http://www.cs.kuleuven.be/∼joost/alc id.tar.gz



The guarded fragment of FO(ID) only allows theories to contain a single def-
inition, whereas an ALCI(ID) theory can have multiple definitions. In [18], we
examined when a set of definitions (∆i)1≤i≤n can be merged into a single equiv-
alent definition ∪i∆i. We showed there that the following condition is sufficient.

Condition 1 There exists a partial order ≤ on the predicates of the theory, such
that for all ∆i and P ∈ Def(∆i):

– if Q ∈ Def(∆i) then P ≥ Q;
– if Q appears in ∆i but does not belong to Def(∆i), then P > Q (i.e., P ≥ Q

and P 6≤ Q).

By imposing this condition on our theories, we are therefore able to merge
all definitions into a single definition, thus already satisfying that particular
requirement of our guarded fragment. Looking at the translation of ALCI(ID)
into FO(ID), it is quite clear that the only other cause for falling outside of the
guarded fragment is the fact that defined predicates might be used as guards.
We therefore also need the following restriction:

Condition 2 For every construct ∃R.C, ∀R.C or R.S that appears in T , it
must be the case that R is not defined, i.e., T does not contain any formulas of
the form R

.= ϕ or any definitions in which a rule R← ϕ appears.

We will say that an ALCI(ID) theory is guarded if it satisfies both Condition
1 and Condition 2.

Theorem 2. Let T be a guarded ALCI(ID) theory and let T ′ be the result of
merging all definitions in 〈T 〉 into a single definition. Then T ′ is equivalent to
〈T 〉 itself and belongs the guarded fragment of FO(ID).

To conclude this section, we recall that for SWRL, it has been shown that
decidability can be regained by a restriction to (strongly) safe rules [15]: a SWRL-
rule is safe if every one of its variables appears in an atom whose predicate is not
used anywhere in the TBox of the OWL theory (i.e., it is only allowed to appear
in other SWRL rules or in the ABox). This restriction has a somewhat similar
flavour to our Condition 2, in that it also requires that variables are “guarded”
by atoms about which there is not “too much” information present in the theory.

7 Related Work

In [5], a combination of DL and logic programs under the well-founded semantics
is investigated, while [6] presents an integration of DL and ASP. Unlike FO(ID)’s
semantic integration of LP and DL, these two approaches foster a strong sepa-
ration between the two components: essentially, they allow a logic program to
pose queries to a description logic theory, with the latter acting more-or-less as
a black box towards the former. In contrast, FO(ID) can offer a full semantic
integration in which both both logic programs and description logic axioms are



first-class citizens. As mentioned in the introduction, we feel that such a strong
intregration is more satisfactory from a knowledge theoretic point-of-view.

Description logic programs [8] and DL+log [16] are two strong integrations,
which both consider only a quite restricted language, with Grosof et al. focusing
on the intersection, rather than the union, of DL and LP, and Rosati only con-
sidering Datalog. By contrast, FO(ID) allows full first-order logic in the body of
rules.

[14] and [9] both provide strong semantic integrations for a more general kind
of rules. Even though we do not yet know the precise formal relation between
these languages and FO(ID), they seem to be about equally expressive. The main
difference with our approach is of a philosophical nature: FO(ID) makes a clear
distinction between its definitions, which are meant to express terminological
knowledge, and its first-order formulas, which are meant to express assertional
knowledge; the other two languages do not address the question of which kind
of knowledge should be expressed by which constructs in their language.

8 Conclusions and future work

FO(ID) is a knowledge representation language which integrates ASP-style logic
programming and classical logic. It shares the epistemological and philosophi-
cal foundations of description logic, by acknowledging the distinction between
terminological and assertional knowledge, and the need to represent both in a
knowledge based system. To represent terminological knowledge, it offers a def-
inition construct which is more general than that of description logics, allowing
a natural, rule-based representation of most of the common forms of (induc-
tive) definitions found in e.g. mathematical texts. So, FO(ID) actually contains
two rule-like constructs, namely material implications and definitional rules, and
makes a clear distinction between the meaning of these two, both at the formal
and informal level. This makes FO(ID) a suitable setting for a semantic study
of extensions of description logics with rules. In particular, we have argued that
it makes a good upperbound to an expressivity hierachy of such extensions, or,
to put it the other way around, that we could construct such a hierarchy by
restricting FO(ID) in various appropriate ways. We have tried to demonstrate
the appeal of this approach, by defining the language ALCI(ID) as syntactic
sugar for a certain fragment of FO(ID). Like FO(ID) itself, this language is not
decidable. However, this does not preclude it from having important computa-
tional applications, such as solving various types of fixed finite domain problems.
Because other applications of course do require general deductive reasoning, we
have also defined guarded ALCI(ID) as a decidable fragment.

There are two obvious ways in which this work could be extended. First of all,
this paper has considered just two languages in between ALCI and full FO(ID).
This is obviously still far from a thorough analysis of all the possibilities. Second,
we have only looked at the basic description logic ALCI. More expressive logics,
such as SHOIN (D) which underlies OWL-DL, could of course be extended with
rules by the same method by which we have extended ALCI in this paper. How



the expressivity of the underlying description logic affects the complexity of the
resulting extension with rules is another interesting question for future research.
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7. E. Grädel and I. Walukiewicz. Guarded fixed point logic. In LICS, pages 45–55,
1999.

8. B. Grosof, I. Horrocks, R. Volz, and S. Decker. Description logic programs: com-
bining logic programs with description logic. In Proc. 12th international conference
on World Wide Web, 2003.

9. S. Heymans, D. Van Nieuwenborgh, and D. Vermeir. Nonmonotonic ontological
and rule-based reasoning with extended conceptual logic programs. In Proc. 2nd
European Semantic Web Conference(ESWC), 2005.

10. I. Horrocks, P. F. Patel-Schneider, H. Boley, S. Tabet, B. Grosof, and M. Dean.
SWRL: A semantics web rule language combining OWL and RuleML, 2004. W3C
Submission, http://www.w3.org/Submission/2004/SUBM-SWRL-20040521/.

11. Maurizio Lenzerini. Tbox and abox reasoning in expressive description logics. In
In Proc. KR, pages 316–327. Morgan Kaufmann, 1996.
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