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Fibonacci lattice rules are equal weight integration rules for approximating 2-dimensional
integrals over a square. They have the form∫
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where Fk is the k-th Fibonacci number, defined by F0 = 0, F1 = 1 and Fk = Fk−1 + Fk−2 for
k > 1. There are many quality criteria for integration rules in general, and this is also the
case for lattice rules. We will focus on the trigonometric degree, as was done previously in
joint work of the speaker with Ian Sloan [2]. The trigonometric degree of Fibonacci lattices
is known explicitly and can be written in terms of Fibonacci numbers [1].

There is an interest in embedded pairs (or longer sequences) of integration rules. For
1-dimensional quadrature, Kronrod and Patterson extensions of Gauss quadrature rules are
well known. The idea behind this is that in practice one needs more than one approximation
to obtain an estimate for the integral as well as for the error of the approximation. If one
uses embedded integration rules, one can re-use function evaluations, and save computa-
tions. There are some analogous results for algebraic degree of precision in more than one
dimension. For the trigonometric degree case almost nothing is known.

We investigate pairs of embedded lattice rules, where the higher degree rule is an extension
of a Fibonacci lattice rule. Again we will see that the degree of the extended rule can be
written in terms of Fibonacci numbers. We will also see that such extensions are not always
economical. In other words, one must carefully select the rule one wants to extend.
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