
Comment on ‘‘Possible Observation of Phase
Separation near a Quantum Phase Transition in Doubly
Connected Ultrathin Superconducting Cylinders of
Aluminum’’

In a recent Letter [1], Wang et al. propose the explana-
tion of the anomalous steplike behavior of the resistance of
long doubly connected nanocylinders by the presence of
quantum phase transition (QPT). The main points of their
explanation are (i) the observed steplike features of the
resistance appear in close vicinity to QPT, and (ii) the steps
in the resistance themselves feature a transition to an
inhomogeneous state where the superconducting phase is
regularly split into 2n identical regions separated by normal
interfaces, where n is the step’s number. However, closer
analysis shows that the claimed interpretation cannot be
substantiated.

First of all, we mention that steps in the resistance
(Figs. 1 and 2 in [1]) can be already distinguished for
values of field much lower than the QPT field. Moreover,
the monotonous broadening of these steps with the applied
field is also clearly seen, which has a natural mean-field
origin (see below). Therefore, there is no argument for the
authors’ statement ‘‘whatever drives the QPT, it is also
responsible for the emergence of the regular steplike fea-
tures’’ (from Fig. 1 of Ref. [1], in our opinion, this regu-
larity seems to be overstated).

While there are no clear physical reasons why the pro-
posed phase separation in segments should be stabilized by
fluctuations at the QPT, we first check whether such a
phase can appear within a mean-field approach. In the
mean-field description the supposed inhomogeneous phase
should be at least metastable, i.e., the transition from a
homogeneous to nonhomogeneous phase should be of the
first order. While for a thin plate of thickness t the criterion

for a first order transition in parallel field is �ðTÞ< t=
ffiffiffi

5
p

[2], for a hollow cylinder of radius R, the condition is

�ðTÞ< ffiffiffiffiffi

Rt
p

. However, the latter condition is not fulfilled
for the samples investigated in Ref. [1]. For example, in the
sample Al-3, the dirty-limit penetration depth �ð0Þ ¼
136 nm, and we get

ffiffiffiffiffi

Rt
p ¼ 50 nm (with the mean-free

path lel ¼ 16 nm, R ¼ 75 nm, and t ¼ 33 nm).
As an alternative simpler explanation, we propose a

minimal BCS model in the limit of vanishing current and
in the assumption of slowly varying diffusivity (or equiva-
lently, the coherence length �ð0Þ) along the tube [Fig. 1(a)].
In such a system we expect a distribution of local critical
temperature TcðHÞ along the tube. The normalized local
critical temperature � ¼ TcðHÞ=Tcð0Þ is found from the
standard equation lnð�Þ þ c ð1=2þ a=�Þ � c ð1=2Þ ¼ 0
with the pair-breaking parameter a ¼ 2½�ð0Þ=�R�2 �
ð�=�0Þ2 [3] (the vorticity is zero) for each position along
the tube. The total resistance was calculated in the approxi-
mation where it is taken proportional to the normal fraction
of the cylinder’s length [Fig. 1(b)]. Comparison with ex-

perimental data [1] shows that the resistance steps and their
broadening with the applied field are very well reproduced
for nearly all fields and temperatures. The broadening of
the resistive transition is due to the widening of the distri-
bution of a with increasing field, i.e., are due to the
distribution of �ð0Þ. The steps are naturally explained by
the presence of extrema in the smooth variation of �ð0Þ
along the tube axis. We stress that the characteristic length
of these variations is �10 �m, i.e., much larger than �ð0Þ
and R.
In conclusion, we argue that both the steplike behavior

of the resistance in doubly connected nanocylinders and
the broadening of resistive transitions in a wide range of
magnetic fields are not the manifestation of the QPT in
these systems but result from conventional BCS physics
including the modulation of disorder along the cylinder.
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FIG. 1 (color online). (a) Variation of �ð0Þ along the axis.
(b) Thick lines: theoretical resistance-versus-temperature curves
for fixed applied field of (from left to right) 456, 449, 445, 440,
435, 430, 425, 420, 415, 410, 405, 400, 347, 295, 246, 197, 145,
and 0 Gauss. Joined dots: experimental data for Al-3 from
Ref. [1].
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