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It is shown that magnetic quantum states characterized by a toroidal moment of the same order of magnitude
as the routinely measured molecular magnetization can arise in molecular wheels from the interplay between
isotropic exchange and on-site magnetic anisotropy. They represent the first example of noncollinear molecular
Néel states whose coupling can be strongly quenched as function of the orientation of the local anisotropy axes.

DOI: 10.1103/PhysRevB.77.220406 PACS number�s�: 75.50.Xx, 75.10.Jm, 75.30.Cr, 75.30.Gw

Nanostructures exhibiting a curling in-plane �vortex�
magnetic configuration are extensively investigated as novel
materials for magnetic data storage technology.1 Recent ad-
vancements in the field have been achieved via the experi-
mental characterization of vortex states in iron nanoislands,2

and of a ferrotoroidic magnetic phase in the oxide compound
LiCoPO4.3 Unusual transitions to ordered phases character-
ized by an electric toroid moment have been predicted in
nanodisks and nanorods.4 Toroidal configurations have inso-
far been identified solely as thermodynamic phases, and as
such their application is limited to information storage within
classical binary states.5 The identification of a quantum tor-
oidal magnetic configuration in single molecules would ex-
tend the application of vortex states to the domain of quan-
tum computation. Although toroidal moments in molecules
have been investigated as specific magnetic response proper-
ties leading to chiral discrimination,6 to date the predicted
effects are too small to be observed.

Molecular wheels have been proposed as promising can-
didates for the implementation of spin qubits.7 The dephas-
ing time of the associated spin states is determined by three
main causes: phonons, nuclear spins, and intermolecular di-
polar coupling.8 Whereas it has been shown that coupling to
phonons and electron spin coupling to proton spins can be
efficiently reduced at low temperatures and via deuteration,9

dipolar coupling between neighboring molecules remains a
drawback that can solely be addressed by sparse packing of
the molecular wheels. In this respect, provided it is possible
to devise an efficient way to address their states, magnetic
toroidal qubits would in principle offer a route to closer
packing, as their interaction with ��B decays much faster
with intercluster separation than dipolar interactions. How-
ever, all studies reported insofar on molecular nanomagnets
always assume that on-site magnetic anisotropies are charac-
terized by a collinear arrangement, thereby excluding from
the very start the possibility for the existence of noncollinear
magnetic states, such as the above-mentioned vortex states.
In this work we show that it is possible to prepare stable
toroidal magnetic states in molecular wheels, arising solely
from the interplay between isotropic exchange interaction
and local magnetic anisotropy.

The low-lying states of a wheel can be modeled by the
following effective spin Hamiltonian:10

H = − J�
i

si · si+1 + �
i

Disz,i
2 , �1�

where J is the exchange coupling constant and Di is the
single-ion axial zero-field splitting �ZFS� parameter. A com-
mon assumption is to consider the local anisotropy axes all
parallel to the wheel uniaxis, so that the spin operators ap-
pearing in Eq. �1� are all defined with respect to a common
reference frame. However, this is hardly ever the situation
met in real wheels.11 Furthermore, in order to explore toroi-
dal magnetic states the “collinear” hypothesis must be aban-
doned. Let us then consider plausible orientations of the lo-
cal axes, complying with the often encountered CN/2 or CN
rotational symmetries of wheels; the local anisotropy axes
are assumed to be in planes tangential to the wheel’s circum-
ference, and characterized by either �i� an alternating tilting
angle �� with respect to the main symmetry axis complying
with CN/2 symmetry �alternating configuration, see Fig. 1�,
or �ii� the same tilting angle +� for all sites, complying with
CN symmetry �parallel configuration�.

The pure spin toroidal moment operator is defined as �
=g�B�i

Nri�si, where �B is the Bohr magneton and g the
isotropic g factor. Ideal toroidal states would have to be char-
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FIG. 1. �Color online� The interplay between tilting of local
easy axes ��� and �anti�ferromagnetic isotropic exchange J in mo-
lecular wheels leads either to magnetic quantum states �top� or to
toroidal quantum states �bottom�.
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acterized by an exact toroidal quantum number. It can nev-
ertheless be shown that both for alternating and for parallel
configurations ��z ,H��0. However, we show here that a re-
alistic route to magnetic vortex states can be pursued by
considering the highly anisotropic limit of Eq. �1�. In the
limit �Di � � �J� characterizing molecular wheels made of,
e.g., Co�II� ions,12 a convenient basis to analyze the solutions
of Eq. �1� for N equivalent magnetic centers with spin s, and
spin projection mi along the local easy axis, is given by the
direct product of the single-ion spin states. Let us consider
the alternating configuration �Fig. 1�, arguably the most com-
monly encountered. Written in local spin coordinates, we can
partition Eq. �1� as H=HZFS+Hexch

0 +Hexch
1 , where HZFS

=D�isz,i
2 , Hexch

0 =−J��isz,isz,i+1 is an Ising-type exchange
Hamiltonian. The Ising coupling constant is given by J�
=J�cos2 �−cos � sin2 ��, where angles � and � are defined as
in Fig. 1. The basis functions �m1 ,m2 , . . . ,mN� are eigenfunc-
tions of the zeroth-order Hamiltonian HZFS+Hexch

0 with ei-
genvalues Em=D�imi

2−J��imimi+1. The ground state can
then be described in terms of the 2N-degenerate ground ZFS
multiplet associated to the products of local spin states with
maximal positive or negative projections along the local
�tilted� anisotropy axes, splitted into �N /2�+1 sets of degen-
erate levels equally spaced by energy gaps of 4Js2 by the
Ising exchange.

The resulting zeroth-order ground state is always doubly
degenerate. In particular, if J�0 �ferromagnetic coupling�
and �	�0 or J	0 �antiferromagnetic coupling� and ���0,
where �0=arctan�1 /�cos �� �top row of Fig. 1�, the ground
state can be described in terms of the ferromagnetic Ising
doublet �+s+s¯ +s� and �−s−s¯−s�. These states are mag-
netic as they possess a magnetic moment along the wheel
uniaxis given by Mz= �g�BNs cos �, which is also a good
quantum number. On the other hand, if J	0 and �	�0 or
J�0 and ���0 �bottom row of Fig. 1�, the ground state of
the wheel within the Ising-exchange picture is described by
the Néel doublet �+s−s¯−s� and �−s+s¯ +s�. These are
toroidal states, as for any ��0° they are characterized by �i�
M=0 �ii� and an origin-invariant toroidal moment �good
quantum number� aligned along the wheel’s uniaxis, given
by �z= �g�BRNs sin � �R is the wheel’s radius�. Within the
lowest ZFS multiplet, these states represent exact solutions,
since for s�1 /2 the operator Hexch

1 is only able to couple the
ground state doublet with excited ZFS multiplets, accessible
via an energy gap of the order of D.

How does this picture survive beyond the simple Ising
approximation? If �=0°, the non-Ising part of the exchange
Hamiltonian is proportional to �i�s+,is−,i+1+s−,is+,i+1�, so that
�i� the ferromagnetic Ising states are never coupled and thus
remain degenerate �ii� the Néel states can be coupled in high
order of perturbation theory �PT�, a fact that gives rise to the
splitting of the degenerate doublet, and to tunneling phenom-
ena of the Néel vector.13 However, when ��0°, the Ising
degeneracy can be removed both for ferromagnetic states
and for Néel �toroidal� states, in both alternating and parallel
configurations. This is most easily seen, in, e.g., the alternat-
ing case, by decomposing the perturbation Hexch

1 into single-
site excitations H1s �changes the spin on one site only�, and
nearest-neighbors double-excitations H1d �changes the spin
on nearest-neighbor sites�. In order to couple the two com-

ponents of the Ising doublet it is necessary for the perturba-
tion to invert the spin on each site, so that the simultaneous
excitation of two nearest-neighbor sites give rise to tunneling
processes in Nsth order of PT, whereas single-site excitations
give rise to much weaker mechanisms whose PT order is at
least twice as large. Considering only H1d, the coupling
Hamiltonian is written in terms of local spin coordinates as

H1d =
sin2 ��cos � − 1�

4 �
r

�s+
r s+

r+1 + s−
r s−

r+1�

+
2 cos2 � cos � + sin2 ��cos � − 1�

4 �
r

�s+
r s−

r+1 + s−
r s+

r+1�

−
i cos � sin �

2 �
r

�s+
r s−

r+1 − s−
r s+

r+1� . �2�

From Eq. �2� it is evident that both ferromagnetic and Néel
states degeneracy can be removed when ��0°: the former
via mechanisms based on �r�s+

r s+
r+1+s−

r s−
r+1�, the latter via

mechanisms based on �r�s+
r s−

r+1+s−
r s+

r+1� and �r�s+
r s−

r+1

−s−
r s+

r+1�. Nevertheless, the realization of molecular toroidal
�or ferromagnetic� states can be expected to be feasible on
the basis of three considerations. First, beyond some thresh-
old value for �D /J� the higher ZFS multiplets will be weakly
coupled to the ground state doublet. Second, the angular de-
pendence in Eq. �2� can be expected to lead to a set of ori-
entations of the tilting axes for which the relevant coupling
mechanisms will be vanishingly small. Finally, since the
lowest order of PT characterizing the coupling process is Ns,
the higher N and s the weaker the splitting produced.

In order to explore these ideas quantitatively and to deter-
mine the range of parameters needed for the realization of
toroidal states in molecular wheels, we proceed by calculat-
ing the exact eigenstates of Eq. �1�. We report here the results
of the full diagonalization for the alternating configuration
case, with N=6 and s=1. Figure 2 shows a plot of the energy
gap between the ground and the first excited state �i.e., the
exact splitting of the ground state Ising doublet� as function
of the tilting angle � and the �D /J� ratio. As expected the gap
decreases with increasing �D /J�. However, the decrease rate
shows markedly different features as function of the angle �.
For N=6 we have �0=54.7°. From the plot we can see that
when �	�0 �toroidal regime� the magnitude of the gap
steadily decreases as function of �D /J�, with larger rate for
smaller angles. The gap narrows with the slowest rate for �
=�0, for which value of the tilting the gap remains larger
than 0.1 �J� even for �D /J � 	10. This implies that for �
	�0 the smaller the angle the more stable is the degenerate
toroidal ground state. However small angles imply small val-
ues of �z. For ���0 the Ising ground state is ferromagnetic.
In this case, although a coupling mechanism is active, it can
be seen that the gap has a very sudden drop to about 10−4 �J�
for �D /J � 	5.

Much more promising for the realization of toroidal states
in molecular wheels is the case of ferromagnetic coupling. In
Fig. 3 we report the plot of the corresponding Ising doublet
splitting. In the strong exchange limit ��D /J � 
1� the ground
state is doubly degenerate for all angles �	�0, as expected
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by straightforward projection of the ZFS Hamiltonian within
the ground state exchange multiplet. Even for larger �D /J�,
when �	40°, the wheel’s states can be described in terms of
a degenerate ferromagnetic Ising doublet, despite the fact
that the degeneracy is exact only for �=0°. The relevant
coupling mechanism becomes efficient only for ��40°,
making the gap larger up to a maximal value. Then the gap
decays with increasing �D /J�. For �	�0, the larger the angle,
the slower the decrease, reaching a minimal decreasing rate
for �=�0. For ���0 the ground state is described in terms of
toroidal Néel states, coupled in high order PT via the rel-
evant mechanisms in Eq. �2�. For angles ��70°and already
for �D /J � 	4 the splitting of the Néel states drops very rap-
idly to values smaller than 10−5 �J�, so that these states can be

considered effectively degenerate. Furthermore, for large
values of the angle � the estimate of �z based on the Ising
model reaches its maximal magnitude, and the gap between
Néel states its minimal value. Hence, in the ferromagnetic
alternating configuration with ���0, already for �D /J � 	4,
we can expect the doubly degenerate ground state to be ap-
propriately described in terms of a toroidal quantum number.
Note that these results are not expected to depend qualita-
tively on the details of the exchange Hamiltonian in Eq. �1�,
chosen here isotropic for simplicity, given the large ratio
between anisotropy and exchange parameters.

The evolution of �z and Mz as functions of � has been
calculated using the exact ground state spin functions.14 The
results are reported in Fig. 4 for �D /J � =10. It can be clearly
seen that the greater stability of the degenerate ground state
�both toroidal and magnetic� achieved in the ferromagnetic
coupling case results in larger Mz and �z values for a wider
range of angles. For �D /J � =10 the maximal value of �z ��
=90° � is already equal to the value estimated on the basis of
the unperturbed Ising model ��z /R=6g�B�. The reason for
the efficiency of ferromagnetic coupling can be qualitatively
rationalized by plotting the Nsth power �sixth in this case� of
the angular factor multiplying the relevant operators in Eq.
�2�. The plots are reported in Fig. 5. Interestingly, it can be
seen that the range of � values for which toroidal states cou-
pling is active �small ��, and the range of � values for which
coupling between ferromagnetic states is most efficient
�large ��, almost do not overlap. Hence, in the antiferromag-
netic �ferromagnetic� case there occurs a perfect match �mis-
match� between the �toroidal or ferromagnetic� nature of the
ground state doublet, and the ability of the transversal

FIG. 2. �Color online� Logarithmic plot �base 10� of the Ising
doublet splitting ��� obtained by exact diagonalization of Eq. �1� in
six-center antiferromagnetic wheels with s=1 as function of the
local tilting angle � �alternating local axes� and �D /J�.

FIG. 3. �Color online� Logarithmic plot �base 10� of the Ising
doublet splitting � obtained by exact diagonalization of Eq. �1� in
six-center ferromagnetic wheels with s=1 as function of the local
tilting angle � �alternating local axes� and �D /J�.

FIG. 4. �Color online� Toroidal ��z� and magnetic �Mz� moments
in six-center wheels �s=1�, plotted as functions of the tilting angle
� for �D /J � =10, for both J�0 and J	0.
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Hamiltonian to remove the degeneracy. Ferromagnetic
wheels achieve maximal magnetization for small angles �Fig.
4� because the dominant mechanism able to remove degen-
eracy is vanishingly small for �	45° �Fig. 5�. Likewise, for
large angles, a very large �z value is achieved because the
mechanisms able to disrupt the Néel states degeneracy are
almost inactive for ��40°. The same arguments rationalize
the smaller values of �z and Mz when J	0.

The parallel configuration can be discussed in similar
terms, although now the zeroth-order ground state of antifer-

romagnetic �ferromagnetic� wheels is described by Néel
�Ising-ferromagnetic� doublet for any value of �, so that to-
roidal configurations can only be realized for ferromagnetic
molecules. The recently reported measurements of vanishing
low-temperature and/or low-field response to uniform mag-
netic fields of molecular wheels made up of dysprosium
triangles15 are unprecedented results in systems with an odd
number of unpaired electrons, and ab initio investigations
have shown that they can be explained in terms of purely
toroidal magnetic states with vanishing magnetic dipole
moment.16 The ferromagnetic cobalt wheel recently reported
in Ref. 12 represents another promising test case for the ex-
perimental detection of �z.

In conclusion, we have provided a characterization of mo-
lecular noncollinear magnetic states by introducing the idea
of toroidal magnetic states in molecular wheels, and quanti-
tatively identified the optimal conditions for their realization.
These findings represent an advancement in the understand-
ing of molecular magnetic nanoclusters in the strong aniso-
tropy regime, and can provide the basis for further research
on the identification of novel strategies for the implementa-
tion of molecular qubits not based on conventional spin
states.
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