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It has been widely accepted in the past that the g tensor describing the Zeeman splitting of a Kramers
doublet is not uniquely defined. Here we show that with two basic requirements, (i) the invariance of the
Zeeman Hamiltonian under symmetry transformations and (ii) its continuous change with the variations of
the parameters of the system (geometry and crystal field), a unique determination of the elements of the g
tensor is achieved.
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The g tensor is a fundamental quantity of molecules and
impurity centers in solids characterizing the magnitude and
anisotropy of their magnetic moment in a given electronic
state. Experimentally, this quantity is most often extracted
from EPR spectroscopy [1,2]. Recently it became possible
to determine the g tensor straightforwardly from density
functional theory [3] and explicitly correlated ab initio
calculations [4,5]. The extraction and interpretation of
the g tensor is without problems in the case of weak
spin-orbit coupling effects; however, it faces significant
problems in the case of strong spin-orbit coupling. The
detailed information about the electronic structure offered
by ab initio calculations, in which the effects of spin-orbit
coupling are fully taken into account, does not amend the
situation. Actually, the problem arises from an apparent
indeterminacy of the g tensor [1,2]. Thus largely undeter-
mined are the signs of the main values of the g tensor: only
the sign of their product is definite since it defines the
direction of precession of magnetic moment in a magnetic
field [6]. It was argued that the signs of the main compo-
nents of the g tensor can be defined with certainty in
symmetric complexes [7]. However, the approach used in
[7] was doubted by other authors [8] and indeed, as we
shall see, it is not entirely correct. The current view on the
g tensor is that the signs of its components is a matter of
convention. In this Letter we show that the g tensor can be
unequivocally defined if the associated effective Zeeman
operator is enforced to meet standard requirements for a
Hamiltonian.

The g tensor (more exactly g matrix) is a generalization
of the gyromagnetic g factor, which expresses the magnetic
moment of an atom (�) via its spin (S) or angular momen-
tum (J) [1,2]:

 � � �ge�BS; � � �gJ�BJ: (1)

In these equations ge is the electron spin g factor, refer-
ring to the cases when the atom is described by the total
spin; gJ is the multiplet g factor, referring to the cases
when the atom is described by the total angular momentum

J � S�L, where L is the total orbital momentum of the
atom. Via Eqs. (1) the g factor also enters the Zeeman
Hamiltonian:

 Ĥ Zee � �� �H; (2)

where H is the applied magnetic field.
In Eq. (1) the magnetic and angular momenta are paral-

lel to each other (g is a number), which is the result of
atomic isotropy. In molecules and crystals the angular
momentum is not conserved anymore and both momenta
are generally not isotropic. Accordingly, the simple rela-
tions (1) are not valid and the degeneracy of electronic
states is not defined by the angular momentum quantum
number. Nevertheless we can associate a given
N-dimensional manifold of electronic states (e.g., molecu-
lar term or multiplet) to an effective spin (pseudospin) ~S,
whose value is chosen from 2~S� 1 � N. The matrices of
the components of the magnetic moment, written in the
basis of this manifold, can always be represented by com-
binations of spin matrices ~Si, i � x, y, z. The linear com-
bination of these matrices suffices in the case of
pseudospin doublets (~S � 1=2) and triplets (~S � 1):

 � � ��Bg~S; (3)

where g is a 3� 3 matrix. Equation (3) is an effective
operator, which after substitution in (2) gives an effective
Zeeman Hamiltonian. The components gij, (i, j � x, y, z)
of the matrix g are chosen to reproduce the Zeeman split-
ting of the given N-dimensional manifold. In the following
we confine ourselves to the case of a Kramers doublet.

In Eq. (1) the g factor connects well-defined physical
quantities and therefore is itself well defined. On the con-
trary, the matrix g relates in Eq. (3) the physical observable
� to an abstract operator ~S, and, therefore, is as undefined
as the latter. Thus unspecified is the coordinate system with
respect to which the Cartesian components of ~S are de-
fined. Any rotation of this pseudospin coordinate system,

 

~S 0 � R~S
~S; g0 � gR�1

~S
; (4)
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leaves Eqs. (2) and (3) invariant but makes g0 an almost
arbitrary real matrix. The degree of its arbitrariness can be
reduced by requiring this matrix to be a tensor, which
would correspond to the case when the magnetic moment
and the pseudospin are defined within the same coordinate
system. In this case g is described by a real symmetric
matrix [9]. Starting with g in an arbitrary form, its real and
symmetric form can always be achieved by a proper trans-
formation R~S in (4), which however is not unique. The
subsequent concomitant rotation of the real space and
pseudospin coordinate systems will bring this tensor to
the diagonal form and Eq. (3) transforms into

 �i � ��Bgi ~Si; (5)

where i � X, Y, Z denotes the main magnetic axes. The
practical way to do this is to diagonalize the symmetric
matrix ggy and to take the square root of its eigenvalues to
obtain gi [1,2,5,10]. This, however, will define them up to
the sign. The indeterminacy of the sign results from the fact
that the described procedure only brings the corresponding
axes of pseudospin and real space coordinate systems
parallel to each other without making them coinciding.
Consequently we are left with the freedom to change the
direction of two coordinate axes in opposite directions by a
� rotation around the third axis in the spin space, Eq. (4),
or an equivalent rotation in the real space [1]. This will
change the sign of the two corresponding gi components in
Eq. (5). However, the sign of the product gXgYgZ remains
unchanged since it is just the determinant of g, invariant
under rotations in both pseudospin and real spaces.
Therefore, we end up with four sets of g factors,
fgX; gY; gZg, differing by the signs of their components,
which cannot be discriminated further without rigorous
definition of the effective operators (2) and (3).

The first point in this definition is the requirement that
the pseudospin has the transformation properties of angular
momentum. This is a natural requirement given the fact
that the pseudospin reduces to normal spin in the limit of
vanishing spin-orbit coupling and orbitally nondegenerate
molecular terms. This already fixes the signs of gi (all are
positive) in the cases of relatively weak effects of spin-
orbit coupling (e.g., organic radicals and most of transition
metal complexes), so there are no problems to go from
Eq. (3) to Eq. (5).

In the case of a pure S � 1=2, the matrix RS of rotation
in spin space coincides with the matrix Rr of rotation in
real space because S is a vector in this space. Alternatively,
due to the isomorphism between SU2 transformation of the
(pseudo)spin functions and the R3 rotation in the real space
[1], we can identify the rotation in the spin space via basis
functions transformations induced by the rotations in the
real space:

 R r
�
�

� �
�

�0

�0

� �
� U�Rr�

�
�

� �
;

USU�1 � S0 � RSS;
(6)

where � � j1=2; 1=2i and � � j1=2;�1=2i are spin func-
tions defined with respect to an arbitrary quantization axis.
In the case of pseudospin we cannot apply the straightfor-
ward approach to define its rotation R~S, but we can always
follow the indirect way given by Eq. (6), if we replace �
and � by the corresponding wave functions of the Kramers
doublet related by time inversion, � and ��, respectively,
and S by ~S. Of course, the second equation in the first line
of (6) is only meaningful if the rotation in the real space Rr
corresponds to a symmetry operation of the system.
Therefore we consider next the transformation properties
of the pseudospin in different point groups.

The Kramers doublet can form nonseparably degenerate
irreducible representations (irreps) only in point groups
containing at least two symmetry axes and/or planes
(e.g., D2, C2v), where it is denoted by Em=2, m � 1; 3;
5; . . . [11]. If it is of (most widespread) E1=2 type, i.e.,
having the transformation properties of a true S � 1=2, we
can construct from � and �� a unique set of two linear
combinations ~� and ~� transforming under symmetry op-
erations of the corresponding group as � and � functions
of S � 1=2, respectively. The pseudospin matrices ~Si de-
fined in the basis of ~� and ~� will transform under symme-
try operations as the corresponding Cartesian components
of a true spin. Since now both� and ~S transform as vectors
of a real space the matrix g connecting them in Eq. (3) is a
true tensor having the symmetry properties of the corre-
sponding point group [12]. Writing Eq. (3) in the basis of ~�
and ~� quantized along one of the main magnetic axes, we
obtain a unique set of main values of the g tensor, obeying
the relations gX � gY � gZ � g for cubic and icosahedral
groups and gX � gY � g?, gZ � gk for axial groups.

Another type of symmetric Kramers doublets are char-
acterized by irreps Em=2 which can be represented as
Em=2 � E1=2�, where � is a nondegenerate real irrep of
the corresponding group. The two row functions of Em=2 do
not transform under symmetry operations as � and � of a
true spin. However they can be brought to such combina-
tions �0 and �0 which, being multiplied by an arbitrary
function ’� of symmetry �, will transform as the functions
~� and ~� of E1=2 defined above. For instance, in the cubic
groups this type of Kramers doublets corresponds to the
irrep E5=2��7�, for which � � �2. Obviously multiplication
by ’� does not change the symmetry of the calculated g
tensor, in particular, the sign of its main values (� � � �
�1). Moreover, it will not change the main values them-
selves if we choose j’�j � 1 [13]. We may conclude,
therefore, that in order to find the main values of the g
tensor corresponding to a pseudospin with transformation
properties of angular momentum, it would be enough to
write Eq. (3) in the basis of �0 and �0 quantized along one
of the main magnetic axes [14]. The above discussion
forms the basis of the Em=2 	 E1=2�S � 1=2� isomorphism,
exactly as �5 � �2 � �4 was used to find a �5 	 �4�L �
1� isomorphism [15].
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Finally, the third group of symmetric Kramers doublets
are characterized by irreps Em=2 which cannot be converted
into E1=2 by mere multiplication with a common ’� but
require convolution with degenerate irreps. This is the case
of E7=2 in icosahedral groups, some irreps in axial groups
of finite order (D3h and axial groups with the order of the
main axis higher than five), and all Em=2, m> 1 for axial
groups of infinite order [11]. However, inspection of the
selection rules shows that the icosahedral E7=2 is nonmag-
netic (g � 0), while all other mentioned irreps of axial
groups give zero matrix elements of the transversal mo-
menta, i.e., correspond to g? � 0. As a result the sign of
the determinant of g is undefined, therefore, in all these
cases the sign of gk is not of experimental relevance.

The two linear combinations of wave functions � and ��
corresponding to ~� and ~� in the case of Kramers doublet of
E1=2 type or to �0 and �0 in the case of the Kramers doublet
of Em=2 type isomorphous to the former (both nonseparably
degenerate), can be found by requiring their proper trans-
formations under two symmetry operations. The first one is
a rotation around the chosen quantization axis, which fixes
the relative contributions of � and ��. The second one is a
rotation connecting ~� and ~� (�0 and �0), which fixes their
relative phase. It is precisely the disconsideration of this
relative phase that led to different signs of gi components
of a cubic g tensor in [7]. Note that separable degenerate
irreps do not have the second type of rotation.

The second point of our consideration is an other basic
property of the effective operators, which we extend over
the operators (2) and (3) too, that continuous variations of
the parameters of the problem (geometry and crystal field)
induce their continuous change. As an example, we show
the calculations of the g factor for the ground state (�7) of a
series of actinide cubic complexes AcXn�6 of 5f1 type. The
calculations have been done by the first-principles relativ-

istic spin-orbit complete active space self-consistent field
(SO-CASSCF) method [16] with all-electrons basis sets of
double zeta-polarization quality [17]. Model parameters
were deduced from first-principles calculations. As can
be seen from Fig. 1, the g factor changes smoothly with
the crystal field parameter. Accordingly, the change of the
sign of the g factor occurs at the point g � 0.

Obviously, the same can be said about distorted com-
plexes; their g tensors evolve continuously from symmetric
ones with variations of external parameters lowering the
symmetry of the Hamiltonian (e.g., low-symmetry distor-
tions). The necessary condition is that the corresponding
Kramers doublet changes continuously with the distortion
which is always the case. This means that the above
principle can be applied to arbitrarily distorted complexes,
where no symmetry criterion for construction of ~� and ~�
(�0 and �0) can be used. The same adiabatic principle tells
us that no sign change of the main components of the g
tensor occurs if evolving from the symmetric limit we did
not cross the zero point for some of its components. In the
point where at least one gi � 0, the sign of the product of
the components is undefined. However applying the adia-
batic principle we may conclude that, crossing this point,
the nonzero components will not change their sign, while
the zero component can only change the sign if its first
derivative after the external parameter is nonzero. This is
illustrated by calculations of the g tensor in the tetrago-
nally distorted 5f1 complexes considered above (Figs. 2
and 3). The obtained SO-CASSCF wave functions for the
lowest three Kramers doublets have been used for the
construction of ~� and ~� functions for the Kramers doublet
of �6 type [Fig. 3(c)] and�0 and�0 for the Kramers doublet
of �7 type [Figs. 3(a) and 3(b)], for which � � �3 (B1) in
the D4h group.

We can see in Fig. 2 that passing from linear PaCl2�6 to
square PaCl4 limits through the octahedral PaCl2�6 struc-
ture, several level crossings and avoided crossings occur.
Figure 3 shows that in the vicinity of these points, some of
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FIG. 1. Calculated g factor for the ground state Kramers
doublet of cubic actinide complexes by ab initio [16] (circles)
and by crystal field model (line) as function of the ratio between
the cubic crystal field and the spin-orbit coupling parameters of
the actinide ion.
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FIG. 2 (color online). Ab initio calculated multiplets of te-
tragonally distorted octahedral complex PaCl2�6 . Continuous
lines correspond to �7�E3=2� and dashed lines to �6�E1=2� irreps
of the D4h group. R0 is the equilibrium Pa-Cl distance in the
octahedral geometry and �R is the deviation of equatorial (left)
and axial (right) bond lengths.
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the g components change their sign. This is the conse-
quence of their nonzero derivative with respect to variation
of axial or equatorial components of the tetragonal field in
the zero point. It is also remarkable that the symmetry-
based approach for the construction of the g tensors is in
full agreement with this adiabatic principle. Obviously any
low-symmetry structure can be continuously deformed to
one of the reference symmetries, where the Kramers dou-
blet corresponds to E1=2 or an isomorphous Em=2 irrep and
the g tensor can be unambiguously defined. This allows us
to reduce the calculation of the g tensor in an arbitrary
structure to a simple procedure involving its evaluation for
several intermediate structures (or just crystal field pa-
rameters extracted from ab initio calculations [4]) in order
to keep its continuous change track.

In conclusion, we have shown that a unique definition of
the g tensor of a Kramers doublet can be achieved by
imposing angular momentum transformation properties
of the corresponding pseudospin in one of the reference
symmetries specified above, sufficient to obtain a
symmetry-consistent effective Zeeman Hamiltonian, and
the continuous change of its parameters with subsequent
lowering of the symmetry. We also proposed a methodol-
ogy to derive this g tensor from quantum chemistry calcu-
lations. Besides the calculation of the g tensor, the
proposed methodology allows us to identify the multielec-
tronic wave functions corresponding to ‘‘up’’ and ‘‘down’’
pseudospin states, which is indispensable for ab initio
description of magnetic interactions in terms of
pseudospins.
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FIG. 3 (color online). Ab initio calculated g factors for the
ground �7 (a), the first excited �7 (b), and the ground �6 (c)
states (the three lowest states of Fig. 2) as functions of the
tetragonal distortion (see Fig. 2 for the details). Continuous lines
correspond to gk and dashed lines to g?.
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