
The approximation of multivariate integrals

Ronald Cools
Department of Computer Science

Katholieke Universiteit Leuven, Belgium

Abstract

A cubature formula is an approximation of a multi-variate integral by a weighted sum of
function values. Several criteria are used to construct such approximations. The best known
criterion is probably that of (algebraic) degree, indicating that the approximation is exact for
polynomials up to that degree. The type of rules that receives most attention nowadays are
lattice rules.

In the 1970-80’s many cubature formulas were constructed for low dimensional standard
regions. Several theories were developed for cubature formulas of algebraic degree. In practice
both turned out to be very limited. In recent years some old methods were used again and
simply because computers became more powerful, new results were obtained. Progress even
for 2- and 3-dimensions and standard regions such as a cube or simplex was rather small.
We will sketch the fundamentally different approaches used to construct cubature formulas
of algebraic degree, emphasizing their merits and limitations.

In recent years the focus of research on multi-variate integration moved to higher and
higher dimensions. A few decades ago, Monte Carlo methods were reigning there without
competition. Recently the impact of quasi-Monte Carlo methods increased. These methods
are developed with a totally different quality criterion in mind and are developed for hy-
percubes only. Based on the name, many people still believe these are stochastic methods,
some variant of Monte Carlo methods. Quasi-Monte Carlo methods are however fully de-
terministic methods, using points that are designed to be ‘better than random’, aiming at a
faster convergence. Meanwhile quasi-Monte Carlo methods have shown that for some type of
problems they are to be preferred. The fact that they are developed for hypercubes can be
worked around: Using some transformations quasi-Monte Carlo methods can also be used for
simplices and the entire space. We will point the attention of the audience to these recent
trends, emphasizing a particular class of methods known as lattice rules.

1


