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Abstract. We prove a conjecture formulated by Pablo M. Chacon and Guillermo A.
Lobos in [4] stating that every Lagrangian pseudo-parallel submanifold of a complex space
form of dimension at least 3 is semi-parallel. We also propose to study another notion of
pseudo-parallelity which is more adapted to the Kaehlerian setting.

1. Introduction.

A submanifold Mn of a Riemannian manifold (M̃m, g) is called pseudo-parallel if its
second fundamental form h satisfies

(1) R · h + φQ(g, h) = 0

for some function φ on M , where Q(g, h) is defined by

(2) Q(g, h)(X,Y, U, V ) = −((X ∧ Y ) · h)(U, V ) = h((X ∧ Y )U, V ) + h(U, (X ∧ Y )V )

and ∧ is defined by
(X ∧ Y )Z = g(Y, Z)X − g(X,Z)Y.

In (1) the Van der Waerden-Bortolotti curvature operator R acts on h as a derivation:

(R · h)(X, Y, Z, W ) = R⊥(X,Y )h(Z, W )− h(R(X,Y )Z,W )− h(Z,R(X, Y )W ),

where R⊥ is the normal curvature tensor and R is the Riemann curvature tensor of Mn.
Similarly X ∧ Y acts in (2) as derivation on h.

Pseudo-parallel submanifolds are introduced in [1] and [2] as a generalization of semi-
parallel submanifolds (i.e. satisfying R · h = 0) in the sense of [8]. The notion “pseudo-
parallel” generalizes the notion “semi-parallel” in the same way as pseudo-symmetry in
the sense of [9] generalizes semi-symmetry, in the sense of [15], [17] and [18]. See also [3],
[10], [11], [12], [13], [14] for further discussions and properties.

In this short note we consider pseudo-parallel Lagrangian submanifolds Mn of a com-

plex space form M̃n(4c) of constant holomorphic curvature 4c. In [4] it is proved that a

Lagrangian surface M2 of a complex space form M̃2(4c) is pseudo-parallel if and only if
it is (locally) flat or minimal and the authors conjecture that for n ≥ 3 pseudo-parallel
implies semi-parallel. We prove this conjecture.
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Theorem 1. A Lagrangian pseudo-parallel submanifold Mn of a complex space form

M̃n(4c) of dimension n ≥ 3 is semi-parallel.

Remark 1. For Kaehler manifolds of (complex) dimension n ≥ 3 it is proved in [7] that
the only pseudo-symmetric Kaehlerian manifolds are the semi-symmetric ones. For dimen-
sion 2, Z. Olszak gave an example of a non-semi-symmetric pseudo-symmetric Kaehlerian
manifold in [16]. This is an intrinsic analogue of our result.

2. Basic equations

We briefly recall from [6] some basic equations for Lagrangian submanifolds of complex
space forms. For any Lagrangian submanifold of a Kaehler manifold the following relation
holds between the shape operator A and the second fundamental form h:

J(AJXY ) = h(X,Y ) = J(AJY X).

From this equation it is clear that the cubic form C, defined by

C(X,Y, Z) = g(h(X,Y ), JZ),

is totally symmetric. Moreover, the curvature tensors satisfy:

R⊥(X, Y )JZ = JR(X,Y )Z,

R(X,Y ) = cX ∧ Y + [AJX , AJY ].

3. Proof of the Theorem

Let Mn be a pseudo-parallel Lagrangrian submanifold of a complex space form M̃n(4c)
and suppose that p ∈ Mn is a point such that φ(p) 6= 0 in (1).

Since g(h(V, W ), JZ) is symmetric in W and Z, from the Ricci identity we immediately
obtain that g((R · h)(X,Y, V,W ), JZ) is symmetric in W and Z. Since Mn is pseudo-
parallel and φ(p) 6= 0, we obtain that g(Q(g, h)(X, Y, V,W ), JZ) is symmetric in W and
Z. This implies that

g(Y,W )g(h(V,X), JZ)− g(X, W )g(h(Y, V ), JZ)

is symmetric in W and Z, hence

g(Y,W )g(h(V,X), JZ)− g(X, W )g(h(Y, V ), JZ)

= g(Y, Z)g(h(V, X), JW )− g(X, Z)g(h(Y, V ), JW ).

Taking X = W = V and Z, Y perpendicular to X, we get

(3) −g(X, X)g(h(Y, Z), JX) = g(Y, Z)g(h(X, X), JX).

First we choose a unit vector x of TpM such that the function f(v) = g(h(v, v), Jv),
defined on the unit sphere of TpM , attains a maximal value at x. Then we obtain by a
standard argument that g(h(x, x), Jv) = 0 for any unit vector v ⊥ x. Hence AJxx = λ1x
for some number λ1. Then taking X = x in (3), we obtain for y ⊥ x that AJxy = −λ1y.

For any such y ⊥ x, we take X = y and Y = Z = x in (3) and obtain

g(h(y, y), Jy) = −g(y, y)g(h(x, x), Jy) = 0.
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Hence, by the total symmetry of the cubic form, we get g(h(y, z), Jw) = 0 for all y, z, w ⊥ x.
Therefore h has a very simple form:

(4) h(x, x) = λ1Jx, h(x, y) = −λ1Jy, h(y, z) = −λ1g(y, z)Jx, y, z ⊥ x.

If λ1 = 0, then h vanishes at p. So from now on we assume that λ1 6= 0.
Since n > 2 we can choose orthonormal vectors y, z orthogonal to x. Then R(x, y)y =

(c− 2λ2
1)x and R(y, z)z = (c + λ2

1)y. Computing

(R · h)(x, y, y, y) + φ(p) Q(g, h)(x, y, y, y) = 0

gives us 3λ1(c− 2λ2
1) = 2φ(p)λ1 and hence

(5) φ(p) =
3

2
(c− 2λ2

1).

Similarly, from
(R · h)(x, y, y, z) + φ(p) Q(g, h)(x, y, y, z) = 0

we obtain

(6) φ(p) = (c− 2λ2
1).

Hence, from (5) and (6) we obtain that φ(p) = 0.
We conclude that either φ(p) = 0 or h = 0 at p. In both cases R · h vanishes at p. ¤

Remark 2. In case n = 2 it follows immediately from (4) that pseudo-parallelity with
φ(p) 6= 0 implies minimality at p. For n > 2 equation (4) implies that Mn is H-umbilical
in the sense of [5]. Hence we get an alternative proof of Theorem 1. We derive first the
formula (4), and then the rest of the proof follows from Proposition 3.4 of [4].

Remark 3. It seems that pseudo-parallelity of Lagrangian submanifolds is not the ideal
condition to study. The two terms of (1) in fact don’t have the same symmetries with respect
to J . It seems to be more interesting to study Lagrangian submanifolds with pseudo-parallel
cubic form, i.e. submanifolds satisfying the condition

R · C + φQ(g, C) = 0

or equivalently

C(R(X, Y )U, V, W ) + C(U,R(X, Y )V,W ) + C(U, V,R(X, Y )W )

= φC((X ∧ Y )U, V, W ) + C(U, (X ∧ Y )V,W ) + C(U, V, (X ∧ Y )W ).

Since for a surface M2 always holds that R(X, Y ) = K (X ∧ Y ), where K is the Gauss
curvature, it is clear that any Lagrangian surface has pseudo-parallel cubic form with
φ = K.
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