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Abstract This paper is concerned with the study of the stability of Runge-
Kutta-Pouzet methods for Volterra integro-differential equations with delays.
We are interested in the comparison between the analytical and numerical
stability regions. First, we focus on scalar equations with real coefficients. It
is proved that all Gauss-Pouzet methods can retain the asymptotic stability
of the analytical solution. Then, we consider the multidimensional case. A
new stability condition for the stability of the analytical solution is given.
Under this condition, the asymptotic stability of Gauss-Pouzet methods is
investigated.
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1 Introduction

Many phenomena in science and engineering can be modelled by initial value
problems for functional differential equations. When solving such equations
numerically, the question arises as to whether the stability properties of the
continuous problem are retained by the discretization. A typical procedure
is then to select a representative class of model problems, and to study the
stability properties of the continuous solution and of the numerical solution
as a function of the model problem parameters. A basic model problem in
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this field is the discrete delay equation

y′(t) = αy(t) + βy(t− τ), (1.1)

where α, β ∈ R and τ is a fixed positive number. A very large body of results
have been obtained for this equation, see, e.g., Refs. [3,4,7,8,10–14,26,27,29].
Relevant to the case of the distributed delay equation

y′(t) = αy(t) + γ

∫ t

t−τ

y(ν)dν, (1.2)

however, only few results on numerical stability have been published. Baker
and Ford [2] investigated the analytical stability region of (1.2) and
numerically showed that some linear multistep methods combined with an
appropriate quadrature rule are highly stable, with a stability region that
approximates the analytical stability region. Luzyanina, Engelborghs and
Roose [25] recently gave some stability results of multistep methods under
a sufficient condition for the stability of (1.2). Huang and Vandewalle [19]
considered a more general equation than (1.2), i.e.,

y′(t) = αy(t) + βy(t− τ) + γ

∫ t

t−τ

y(ν)dν, (1.3)

and proved that the repeated trapezium rule retains the asymptotic stability
of (1.3). Wu and Gan [30] further extended the above study to the case of
neutral equations.

A natural question that follows, and which will be studied in the present
paper, is the stability of high order Runge-Kutta methods, especially
collocation methods, for scalar distributed delay equations of type (1.3).
Another important problem is the investigation of the stability of multi-
dimensional systems. Unfortunately, at present, there are no explicit
conditions known which are suitable to describe the complete, i.e., delay-
dependent stability region of the latter. One normally resorts to the use of
some sufficient conditions for stability of the differential equation
system to analyze the stability of numerical methods. For example, in’t Hout
[20], Hu and Mitsui [17], and Koto [21] studied the stability of Runge-Kutta
methods for systems of discrete delay differential equations of type (1.1).
In the case of distributed delay equations, Koto [22] recently proved that
every A-stable natural Runge-Kutta method of Pouzet type can preserve the
delay-independent stability of the underlying system. Huang [18] obtained a
similar result for linear multistep methods of Pouzet type. Zhao et al. [32],
and Zhang and Vandewalle [31] gave some stability conditions for neutral
delay-integro-differential equations and investigated the stability of several
classes of numerical methods under those conditions. For stability analysis
of general Volterra functional differential equations, we refer the reader to
Ref. [23].

This paper is organized as follows. In Section 2, we first consider the
delay-dependent stability of Runge-Kutta-Pouzet methods of high order for
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distributed delay differential equations. We will prove that all Gauss-Pouzet
methods retain the asymptotic stability of (1.3). We also show that the
implicit Euler-Pouzet rule violates this property. The latter is different from
the case of discrete delay equations. Next, in Section 3, we turn our attention
to the case of higher dimensions. A new stability condition for the analytical
solution is derived. Under this condition, the asymptotic stability of Runge-
Kutta-Pouzet methods is studied. In Section 4, some numerical examples are
given. We end in Section 5 with some concluding remarks.

2 Stability analysis for scalar equations

2.1 Analytical stability region

Without loss of generality, we fix the delay τ to 1 and consider the model
equation

y′(t) = αy(t) + βy(t− 1) + γ

∫ 0

−1

y(t+ ν)dν, t > 0, (2.1)

where α, β, γ ∈ R and y(t) = ψ(t) on [−1, 0]. By looking for solutions of the
form y(t) = exp(λt), we are led to the characteristic equation

λ = α+ β exp(−λ) + γ

∫ 0

−1

exp(λν)dν. (2.2)

In correspondence with the infinite-dimensional nature of equation (2.1),
equation (2.2) normally has an infinite number of roots λ ∈ C. Yet, the
number of roots in any right half-plane Reλ > η, for η ∈ R, is finite (cf. Ref.
[16]). The condition of asymptotic stability of the zero solution to (2.1) is
equivalent to the condition that all the roots of algebraic equation (2.2) have
a negative real part. The analytical stability region S∗ is given by

S∗ = {(α, β, γ) : all roots of (2.2) satisfy Reλ < 0}.
We use the notation S∗(β) to denote the stability region in the (α, γ)-plane
for a fixed β. We proved in Ref. [19] that S∗(β) is bounded above by the line

C∗(β) = {(α, γ) : α+ γ = −β},
and bounded below by the curve

C0(β) =
{

(α, γ) : α(θ) = β +
θ sin θ

1 − cos θ
,

γ(θ) =
1
2
(β2 − α2(θ) − θ2), θ ∈ (0, 2π)

}
. (2.3)

As an illustration, we have drawn the stability regions in the (α, γ)-plane for
two different values of β in Fig. 1.

2.2 Runge-Kutta-Pouzet methods for delay integro-differential equations

Let (A, b, c) denote a given Runge-Kutta method characterized by the s× s
matrix A = (aij) and vectors b = (b1, . . . , bs)T, c = (c1, . . . , cs)T. In this
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Fig. 1 Stability region of (2.1), bounded by line C∗(β) and by curve C0(β) in
(α, γ)-plane ((a) β = 2; (b) β = 8) together with curves separating regions

with different numbers (as indicated) of roots in the right half-plane

paper we assume that
s∑

j=1

bj = 1.

Set tn = nh, n ∈ Z, with h = 1/m for m a positive integer. Approximating
both differential and integral parts in (2.1) with the Runge-Kutta method,
we find the following scheme (cf. Ref. [22]):
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y
(n)
i = yn + h

s∑
j=1

aij(αY
(n)
j + βY

(n−m)
j + γG

(n)
j ), i = 1, . . . , s,

G
(n)
i = h

s∑
j=1

aijY
(n)
j + h

m∑
k=1

s∑
j=1

bjY
(n−k)
j − h

s∑
j=1

aijY
(n−m)
j ,

i = 1, . . . , s,

yn+1 = yn + h

s∑
j=1

bj(αY
(n)

j + βY
(n−m)
j + γG

(n)
j ),

(2.4)

where yn and Y (n)
j are approximations to y(tn) and y(tn + cjh), respectively,

and G(n)
i denotes an approximation to the integral

∫ 0

−1

y(tn + cih+ ν)dν =
∫ tn+cih

tn

y(ν)dν+
∫ tn

tn−m

y(ν)dν −
∫ tn−m+cih

tn−m

y(ν)dν.
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Koto [22] has pointed out that this scheme has the same order as the under-
lying Runge-Kutta method for ordinary differential equations. This follows
from the Pouzet-type Runge-Kutta theory for Volterra integro-differential
equations by Brunner, Hairer and Norsett [5] and Lubich [24]. Note that,
here, we do not consider the computation of the required initial values.

The characteristic equation of scheme (2.4) is given by

detM(m, ξ) = 0. (2.5)

With I standing for the s × s identity matrix and e = (1, . . . , 1)T ∈ R
s, we

have

M(m, ξ)

=

⎡
⎢⎢⎢⎢⎣
I − α+ βξ−m

m
A− γ(1 − ξ−m)

m2
A2 − γ

m2

m∑
k=1

ξ−kAebT −e

−α+ βξ−m

m
bT − γ(1 − ξ−m)

m2
bTA− γ

m2

m∑
k=1

ξ−kbT ξ − 1

⎤
⎥⎥⎥⎥⎦ .

The numerical stability region Sm of the scheme for any fixed m is given by

Sm = {(α, β, γ) : all roots of (2.5) satisfy |ξ| < 1}.
For any fixed β, we will use Sm(β) to denote the stability region in the
(α, γ)-plane.

2.3 Two examples

First, we consider Θ-methods, which are Runge Kutta methods with (A, b, c)
= (Θ, 1,Θ). In this case, M(m, ξ) will be denoted by MΘ(m, ξ) and satisfies

MΘ(m, ξ) =

⎡
⎢⎢⎢⎢⎣

1 − (α + βξ−m)Θ
m

− γ(1 − ξ−m)Θ2

m2
− Θγ
m2

m∑
k=1

ξ−k −1

−α+ βξ−m

m
− γ(1 − ξ−m)Θ

m2
− γ

m2

m∑
k=1

ξ−k ξ − 1

⎤
⎥⎥⎥⎥⎦ .

It is known that all Θ-methods with Θ ∈ [1/2, 1] can preserve the stability of
the analytical solution (τ(0)-stability, cf. Ref. [11]) in the case of fixed delay
problems (i.e., γ = 0). Here we show that this does not necessarily hold when
γ �= 0.

Proposition 2.1 If Θ > 5/6, then S∗ � S2.

Proof We fix β = 2 and prove that S∗(2) � S2(2). Stability region S∗(2) is
depicted in Fig. 1(a). S∗(2) is bounded to the right by the line C∗(2) : α+γ =
−2 (α < 4) and the curve C0(2), which intersect each other only at the point
(α(0), γ(0)) = (4,−6).

It is easy to verify that detMΘ(m,−1) = 0 if and only if

(2Θ − 1)
(
α+ (−1)mβ +

1
2m

γ(1 − (−1)m)(2Θ − 1)
)

= 2m.
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Hence, when m = 2, the line

α =
4

2Θ − 1
− 2

lies outside S2(2). From the assumption Θ > 5/6 it follows that this line lies in
the left half-plane α < 4, i.e., this line will cross the analytical stability region
S∗(2). Hence, S∗(2) � S2(2), which further gives S∗ � S2. This completes
the proof. �

Remark 2.2 In fact, our numerical investigation seems to indicate that

S∗ ⊆
∞⋂

m=1

Sm

possibly only for Θ = 1/2 although

S∗(0) ⊆
∞⋂

m=1

Sm(0)

possibly for all Θ ∈ [1/2, 1] (see, for example, Fig. 2).

Fig. 2 Local boundaries of analytical stability region and numerical stability region of
Θ-methods for β = 2 and m = 8. (a) Case Θ = 0.6; the analytical stability region is the

area between the two solid lines, starting at (4,−6). The numerical boundary locus
(dotted line), starting near (4.15,−6.15), crosses the analytical region. (b) Case

Θ = 0.5; the numerical boundary locus (dotted) lies below C0(2) starting at (4,−6)



Stability for Volterra equations with delays 69

Next, we provide an example of an A-stable method that violates S∗(0) ⊆⋂∞
m=1 Sm(0). To that end, we consider the 2-stage Lobatto IIIC method

0 1/2 −1/2

1 1/2 1/2

1/2 1/2

(2.6)

Using the boundary locus technique (cf. Refs. [1,2]), we draw a part of
the boundary of the stability region in the (α, γ)-plane for β = 0 in Fig.
3(a). One observes that the boundary of the stability region of the method
intersects the boundary of the analytical stability region.

Fig. 3 Local boundaries of analytical stability region (solid) and numerical stability
region (dotted) for β = 0. (a) The 2-stage Lobatto IIIC method for m = 2;

(b) the 3-stage Gauss method for m = 1

Remark 2.3 For the case of a fixed delay (i.e., β �= 0 and γ = 0), it is
well known that the Lobatto IIIC methods cannot completely preserve the
asymptotic stability of the analytical solution (cf. Refs. [10,13]). Here, we
showed that a similar result holds for the distributed delay case β = 0 and
γ �= 0.

2.4 Gauss methods

In this subsection, we derive a positive result on the stability of Runge-Kutta-
Pouzet methods of Gauss type. Since the roots ξ of (2.5) depend continuously
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on the parameters α, β and γ, we conclude that

S∗ ⊆
∞⋂

m=1

Sm

if, for every m � 1, all the values (α, β, γ) satisfying (2.5) with |ξ| = 1
lie outside the analytical stability region S∗. This property is central to the
so-called boundary locus or root locus technique (cf. Refs. [1,2]). For our
analysis, we introduce the following notations:

Um = {(α, β, γ) : (2.5) has at least a root ξ with |ξ| = 1},
U1

m = {(α, β, γ) : (2.5) has at least a root ξ with ξ = 1},
U2

m = {(α, β, γ) : (2.5) has at least a root ξ with |ξ| = 1 but ξ �= 1}.
The notations Um(β), U1

m(β) and U2
m(β) stand for the corresponding sets in

the (α, γ)-plane for any fixed β. Note that

∂Sm ⊆ Um = U1
m ∪ U2

m.

We remark that U1
m and U2

m may intersect each other. In that case, (2.5) has
at least two roots with |ξ| = 1 and one of them is ξ = 1.

Lemma 2.4 For any Runge-Kutta method (2.4) and m � 1,

C∗ ⊆ U1
m ⊆ Um.

Proof A straightforward computation shows

M(m, 1) =

⎡
⎢⎣
I − α+ β

m
A− γ

m
AebT −e

−α+ β + γ

m
bT 0

⎤
⎥⎦ . (2.7)

Therefore, detM(m, 1) = 0 if α+ β + γ = 0. This completes the proof. �
In general, we do not necessarily have C∗ = U1

m. For example, U1
m also

contains the line α+ β = 2m for the 2-stage Lobatto IIIC method (2.6).

Lemma 2.5 For any Gauss method (2.4) and m � 1,

C∗ = U1
m.

Proof Our proof is based on the so-called W -transformation. According to
Th 5.6 of Chap. IV in Ref. [15], there exists for each Gauss method a matrix
W such that

W−1AW =

⎡
⎢⎢⎢⎢⎢⎢⎣

1/2 −ξ1
ξ1 0 −ξ2

ξ2
. . . . . .
. . . 0 −ξs−1

ξs−1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

=: XG,
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with ξk = 1/(2
√

4k2 − 1). This matrix also satisfies

WTB = W−1, WTb = e1,

where
B = diag(b1, . . . , bs), e1 = (1, 0, . . . , 0)T.

Hence,

[
W−1 0

0 1

]
M(m, 1)

[
W 0
0 1

]
=

⎡
⎢⎣
I − α+ β

m
XG − γ

m
XGe1e

T
1 −e1

−α+ β + γ

m
eT1 0

⎤
⎥⎦ .

Expanding the determinant of the right-hand side along the last column, we
find

detM(m, 1) = −α+ β + γ

m
detΞ,

where

Ξ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
ξ2(α+ β)

m

−ξ2(α+ β)
m

. . . . . .

. . . 1
ξs−1(α+ β)

m

−ξs−1(α+ β)
m

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Therefore,
detM(m, 1) = 0 ⇐⇒ α+ β + γ = 0,

which gives U1
m = C∗. �

In order to determine U2
m, we present some preliminary results first.

Lemma 2.6 For ξ �= 1, the characteristic equation (2.5) is equivalent to

det
[
I − α+ βξ−m

m

(
A+

1
ξ − 1

ebT
)
− γ(1 − ξ−m)

m2

(
A+

1
ξ − 1

ebT
)2]

= 0. (2.8)

Proof The conclusion follows from the relation
⎡
⎣ I

1
ξ − 1

e

0 1

⎤
⎦M(m, ξ)

=

⎡
⎢⎢⎣

I − α + βξ−m

m

(
A +

1

ξ − 1
ebT

)
− γ(1 − ξ−m)

m2

(
A +

1

ξ − 1
ebT

)2

0

−α + βξ−m

m
bT − γ(1 − ξ−m)

m2
bT

(
A +

1

ξ − 1
ebT

)
ξ − 1

⎤
⎥⎥⎦ .

�
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Remark 2.7 The proof actually implies that detM(m, ξ) is equal to

(ξ − 1) det
[
I − α+ βξ−m

m

(
A+

1
ξ − 1

ebT
)
− γ(1 − ξ−m)

m2

(
A+

1
ξ − 1

ebT
)2]

.

Hence, ξ = 1 is a removable singularity of detM(m, ξ) because the matrix
entries of M(m, ξ) are continuous functions of ξ, hence also detM(m, ξ) is
continuous with respect to ξ.

Let
R(z) = 1 + bTz(I −Az)−1e

be the stability function of a Runge-Kutta method (cf. Ref. [15]). The
lemma below is based on the following characterization of R(z) :

R(z) =
det(I − zA+ zebT)

det(I − zA)
. (2.9)

Lemma 2.8 The following equality holds :

(ξ − 1) det
(
I − z

(
A+

1
ξ − 1

ebT
))

= ξ det(I − zA) − det(I − zA+ zebT), (2.10)

where the left-hand side is interpreted as the limit for ξ → 1 when ξ = 1.
Furthermore, if and only if the polynomials det(I−zA) and det(I−zA+zebT)
have no common root, the following equivalence holds :

(ξ − 1) det
[
I − z

(
A+

1
ξ − 1

ebT
)]

= 0 ⇐⇒ ξ = R(z). (2.11)

Proof The conclusion follows from (2.9) and the equality
⎡
⎣ I − 1

ξ − 1
e

0 1

⎤
⎦

⎡
⎣ I − z

(
A+

1
ξ − 1

ebT
)

0

−zbT ξ − 1

⎤
⎦

=
[
I − zA 0
−zbT ξ −R(z)

] [
I −(I − zA)−1e
0 1

]
. �

Remark 2.9 Lemma 2.8 shows a relation between the eigenvalues of matrix
A+ 1

ξ−1eb
T and the boundary of the stability region of the method for ODEs

if we set |ξ| = 1. For reducible methods, however, this equivalence no longer
holds. For example, consider the following method:

1/2 1/2 0

c∗ 0 c∗

1 0
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where c∗ is a pending constant. It is easy to verify that

c∗ ∈ σ
(
A+

1
ξ − 1

ebT
)
, ξ �= 1.

On the other hand, the method can reduce to the implicit midpoint rule,
which has the whole imaginary axis as its boundary of the stability region.
So equivalence (2.11) does not hold if we set c∗ as a non-zero constant.

Using order stars, Guglielmi and Hairer [13] proved the following result
which will play an important role in our stability analysis.

Lemma 2.10 Let R(z) be symmetric and assume the order star A has the
whole imaginary axis as boundary with A lying to the left. Let function ϕ(y)
be the argument of R(iy), i.e.,

R(iy) = exp(iϕ(y)), (2.12)

in such a way that ϕ(0) = 0 and ϕ(y) is continuous. Then, the function ϕ(y)
is strictly monotonically increasing and it satisfies the following properties :

ϕ(−y) = −ϕ(y), ϕ(y) < y (y > 0), lim
y→∞ϕ(y) = sπ,

where s is the number of poles of R(z).

Let ξ = exp(iϕ), ξ �= 1. From Lemma 2.8, we conclude for the Gauss
methods that all the eigenvalues of A + 1

ξ−1eb
T lie on the imaginary axis.

We denote them as 1/(iy), and using (2.12), we find that equation (2.8) is
equivalent to

1 +
i
my

(α+ β exp(−imϕ)) +
γ

m2y2
(1 − exp(−imϕ)) = 0.

Separating real and imaginary parts yields
⎧⎪⎪⎨
⎪⎪⎩

1 +
1
my

β sinmϕ+
γ

m2y2
(1 − cosmϕ) = 0,

1
my

(α+ β cosmϕ) +
γ

m2y2
sinmϕ = 0.

These two equalities determine the parameter sets (α, β, γ) for which the
characteristic equation has roots of modulus one. For a given β, this leads
to a set of curves in the (α, γ)-plane, parameterized by ϕ for ϕ ∈ (0, sπ) but
cosmϕ �= 1. We will denote the curves by α(ϕ) and γ(ϕ), in order to avoid
confusion with the curves α(θ) and γ(θ) defined in (2.3). The set U2

m(β) is
given by

U2
m(β) =

�(ms−1)/2�⋃
k=0

Ck(β),
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where 
x� stands for the integer part of x, and

Ck(β) =
{
(α(ϕ), γ(ϕ)) : ϕ ∈

(2kπ
m

,
2(k + 1)π

m

)}
,

α(ϕ) = β +
my sinmϕ
1 − cosmϕ

, γ(ϕ) =
1
2
(β2 − α2(ϕ) −m2y2),

where y and ϕ satisfy (2.12). If ms is odd, we specifically define

C�(ms−1)/2�(β) =
{
(α(ϕ), γ(ϕ)) : ϕ ∈

((ms− 1)π
m

, sπ
)}
.

All the curves Ck(β) lie in the area γ � (β2 − α2)/2. C0(β) starts at (β +
2,−2(β + 1)) and approximates C0(β). The other curves Ck(β) start at ∞
and end at ∞ if ms is even. More precisely, we have the following result.

Lemma 2.11 For k = 1, 2, . . . ,

lim
mϕ→2kπ+0

α(θ) → +∞, lim
mϕ→2kπ−0

α(θ) → −∞, lim
mϕ→2kπ

γ(θ) → −∞.

These curves are very similar to those of the continuous case in Fig. 1.
We do not plot them here. The only case left, that of ϕ → sπ and ms is
odd, is more complicated because limϕ→sπ(1 − cosmϕ) = 2 and we have to
determine the limit limy→∞ y sinmϕ.

For the s-stage Gauss method the stability function is a diagonal Padé-
approximation, i.e.,

Rss(z) =
Pss(z)
Qss(z)

,

with Qss(z) = Pss(−z) and

Pss(z) = 1 +
s

2s
z +

s(s− 1)
2s(2s− 1)

z2

2!
+ · · · + s(s− 1) · · · 1

2s · · · (s+ 1)
zs

s!
.

Lemma 2.12 For the s-stage diagonal Padé-approximation, it holds that

lim
y→∞ y sinϕ(y) = (−1)s−12s(s+ 1),

where y and ϕ are defined by (2.12).

Proof A straightforward but technical computation shows that

lim
y→∞ y2R

′
ss(iy)

Rss(iy)
= 2s(s+ 1),

which, combined with limy→∞ ϕ(y) = sπ (Lemma 2.10), gives

lim
y→∞

sinϕ(y)
y−1

= lim
y→∞−ϕ

′(y) cosϕ(y)
y−2

= (−1)s−12s(s+ 1). �
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Using Lemma 2.12, we get the following limits for ms odd:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

lim
ϕ→sπ

α(ϕ) = β + lim
ϕ→sπ

(y sinϕ)
m sinmϕ

sinϕ(1 − cosmϕ)
= β + s(s+ 1)m2,

lim
ϕ→sπ

γ(ϕ) = −∞.

(2.13)

Now we give some further properties of the curves Ck(β).

Lemma 2.13 The curves Ck(β) do not intersect.

Proof Suppose that there exist ϕ1, ϕ2 ∈ (0, sπ) and corresponding y1, y2
defined by (2.12), such that

α(ϕ1) = α(ϕ2), γ(ϕ1) = γ(ϕ2).

These equalities immediately lead to y1 = y2. With Lemma 2.10, this gives
ϕ1 = ϕ2, which completes the proof. �
Lemma 2.14 The curves Ck(β) are ordered according to k.

Proof We consider the intersection of the curves Ck(β) and the line α = β.
The equality α(ϕk) = β, mϕk ∈ (2kπ, 2(k+1)π), k = 0, . . . , 
ms−1

2 �, implies

ϕk =
(2k + 1)π

m
, γ(ϕk) =

−m2y2(ϕk)
2

,

where y(ϕk) is determined by (2.12) corresponding to ϕk. From the
monotonicity of y(ϕ) by Lemma 2.10, we see that the curves Ck, k =
0, . . . , 
ms−1

2 �, are ordered in a natural way if ms is even. When ms is
odd, considering Lemma 2.13 and (2.13), we conclude that C�ms−1

2 � is the
lowest curve. This completes the proof. �
Theorem 2.15 For all Gauss methods, we have

S∗ ⊂
∞⋂

m=1

Sm.

Proof For any fixed β, we consider the reference point (α, γ) = (−|β|−1, 0).
It is easy to verify by Lemma 2.8 that, for the reference point, no ξ with |ξ| � 1
is a solution to (2.8). By continuity arguments, the whole connected region
containing the reference point belongs to the stability region of the method.
(In the next theorem we will show that the connected region actually is the
stability region.)

First note that both regions are bounded above by C∗(β) = U1
m(β). We

prove that the curve C0(β) lies below or to the right of C0(β) for any β and
m. To this end, we first prove C0(β) intersects C0(β) only at (α(0), γ(0)).
Suppose that there exist θ, mϕ ∈ (0, 2π) such that α(θ) = α(ϕ) and γ(θ) =
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γ(ϕ). Then we have θ = my, which givesmy ∈ (0, 2π). From the monotonicity
of function sinx/(1 − cosx) and the fact that ϕ(y) < y (Lemma 2.10), it
follows that

α(θ) = β +
my sinmy
1 − cosmy

< β +
my sinmϕ
1 − cosmϕ

= α(ϕ),

which contradicts the earlier assumption α(θ) = α(ϕ).
Next we prove that C0(β) lies below C0(β) (in the case ms > 1) or to

the right of C0(β) (in the case ms = 1). In the case of ms > 1, it is easy to
verify that

α(π) = α
( π
m

)
= β, γ(π) = −π

2

2
> γ

( π
m

)
.

In the case of ms = 1, for any γ(θ) = γ(ϕ), one has

α(θ) < β + 2 = α(ϕ)

because C0(β) is the line {(β + 2, γ) : γ ∈ (−∞,−2(β + 1))} (cf. Ref. [19]).
This completes the proof. �
Theorem 2.16 For all Gauss methods, the stability region Sm(β) is bounded
above by the line C∗(β) and below by the curve C0(β).

Proof At each point of a curve Ck(β), there exists a pair of critical roots
exp(±iϕ) exactly on the unit disk. Now we study to which side of the curves
the critical roots move outside the unit disk. Let ξ = exp(µ + iϕ) and let
1/(x + iy) be an eigenvalue of matrix A + 1

ξ−1eb
T. Then the characteristic

equation (2.8) is equivalent to

1 − α+ β exp(−m(µ+ iϕ))
m(x+ iy)

− γ(1 − exp(−m(µ+ iϕ)))
m(x+ iy)2

= 0.

We denote the left-hand side by F (α, γ, µ+ iϕ). Define

F1(α, γ, µ, ϕ) = ReF (α, γ, µ+ iϕ), F2(α, γ, µ, ϕ) = ImF (α, γ, µ+ iϕ).

Calculating the determinant detM , where

M =

⎡
⎢⎢⎣
∂F1

∂α

∂F1

∂γ
∂F2

∂α

∂F2

∂γ

⎤
⎥⎥⎦

µ=0

,

and noting that µ = 0 implies x = 0, we find

detM =
1 − cosmϕ
−m3y3

,

where y and ϕ satisfy (2.12). We have

detM

{
< 0, y > 0,
> 0, y < 0.
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We now apply Proposition 2.13 of Chap. XI in Ref. [9]. If we cross a curve
Ck(β) to the left with ‘left’ defined with respect to the direction of increasing
ϕ-coordinate for ϕ > 0, the critical roots ±iϕ enter the right half-plane, i.e.,
the number of roots ξ with |ξ| > 1 increases by 2. On the other hand, from
a result in Ref. [13], one has the scheme is not asymptotically stable for any
α � −β, γ = 0. By continuity arguments, we may conclude that the area
α + β + γ � 0 does not belong to the stability region. This completes the
proof. �
Remark 2.17 Specializing Theorems 2.15 and 2.16 to the case γ = 0, one
regains the stability result for Gauss methods as obtained by Guglielmi and
Hairer in Ref. [13]. Our results also extend the results given by Luzyanina,
Engelborghs and Roose [25], who focussed on the RHP-stability of linear
multistep methods; i.e., they addressed the question as to whether a
numerical stability region contains a wedge region given by (3.8), see Remark
3.4 below. Here we analyze whether a numerical stability region contains the
complete delay-dependent stability region.

Remark 2.18 Set

z(t) =
∫ t

t−τ

y(ν)dν.

Then, (2.1) can be transformed into a system of delay differential equations:
[
y′(t)

z′(t)

]
=

[
α γ

1 0

][
y(t)

z(t)

]
+

[
β 0

−1 0

][
y(t− 1)

z(t− 1)

]
. (2.14)

Hence, certain stability characteristics of (2.1) can be inferred from the
existing stability theory for general multi-dimensional systems of delay
equations. That theory, however, is not necessarily sharp for systems of
type (2.14); more precise results can be derived by studying (2.1) or the
particular 2-dimensional system (2.14) directly. We are not aware, for
example, of any positive results on delay dependent stability of numerical
methods for general multi-dimensional systems of delay equations that would
adequately cover equation (2.14). Some negative results, i.e., showing
instability, have been obtained (cf. Refs. [12,27]).

Remark 2.19 In this paper, we only consider the finite delay case. A
further topic is to study the stability of Volterra integro-differential equations
with infinite delays. For example, the following test problem,

y′(t) = αy(t) + βy(t− τ) + γ

∫ t−τ

0

y(s)ds, (2.15)

is worthy of further study and we will address this issue in future work. We
remark that, in the case of τ = 0, the analytical and numerical stability
of such equations was first analyzed by Brunner and Lambert [6] and by
Matthys [28].
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3 Stability analysis of the multidimensional case

3.1 Stability condition for the analytical solution

In this subsection, we consider the asymptotic stability of multi-dimensional
equations of the form

y′(t) = Ly(t) +My(t− τ) +K

∫ t

t−τ

y(ν)dν, t > 0, (3.1)

where L,M,K ∈ C
d×d and y(t) = ψ(t) on [−τ, 0]. The characteristic equation

equals

det
[
λId − L−M exp(−τλ) −K

∫ 0

−τ

exp(λν)dν
]

= 0, (3.2)

where Id is the d×d identity matrix. The zero solution of (3.1) is asymptoti-
cally stable if and only if all the roots λ of (3.2) have negative real parts. We
are not aware of any explicit conditions which are suitable to describe the
complete stability region of (3.1), although some sufficient conditions have
been found (cf. Refs.[22,31]). In the following, we will address this question
and derive some new stability results.

First, we introduce some notations. σ(·) and ρ(·) designate the spectrum
and spectral radius of a matrix; the sets C

+, C
−, C

0 denote the sets of
complex numbers with strictly positive real part, strictly negative real part,
and zero real part, respectively. The set denoted as D is the closed complex
unit disk. Finally,

Q =
{
z ∈ C : z = q

∫ 0

−1

exp(iθν)dν, θ ∈ [−2π, 2π], q ∈ [0, 1]
}
,

whose boundary is shown in Fig. 4.

Fig. 4 Boundary of the set Q
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Lemma 3.1⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂Q =
{
z ∈ C : z =

∫ 0

−1

exp(iθν)dν, θ ∈ [−2π, 2π]
}
,

Q =
{
z ∈ C : z =

∫ 0

−1

exp(λν)dν, λ ∈ C
+ ∪ C

0

}
.

(3.3)

Proof Let

z(θ) =
∫ 0

−1

exp(iθν)dν, θ ∈ [−2π, 2π].

Then
z(2π) = z(−2π) = 0, arg z(θ) =

θ

2
, θ ∈ (−2π, 2π).

The monotonicity of the argument of z(θ) gives the first statement.
Next, we prove the second statement. Let

F (λ) =
∫ 0

−1

exp(λν)dν.

Then F (λ) is analytical. It maps the open set C
+ into a connected open set.

Also, it maps the closed right half-plane in the extended complex plane into
a closed set, which we denote by Q0. Considering |F (λ)| � 1 when Reλ � 0
and limθ→±∞ F (iθ) = 0 = F (2πi), one can see that Q0 is bounded and

∂Q0 ⊆ {z ∈ C : z = F (iθ), θ ∈ R} ⊆ Q0.

Using the first statement of (3.3), we have Q ⊆ Q0. On the other hand, it is
easy to verify that F (iθ) ∈ Q when |θ| > 2π. Hence, ∂Q0 ⊆ Q, which gives
Q = Q0. �
Theorem 3.2 System (3.1) is asymptotically stable if

σ(L+ ξ1M + ξ2τK) ⊂ C
−, ∀ ξ1 ∈ D, ∀ ξ2 ∈ Q, (3.4)

or, equivalently,

σ(L + ξ1M + ξ2τK) ⊂ C
−, ∀ ξ1 ∈ ∂D, ∀ ξ2 ∈ ∂Q. (3.5)

Proof Suppose that (3.2) has a root λ ∈ C
+ ∪ C

0. Then

λ ∈ σ

(
L+M exp(−τλ) +K

∫ 0

−τ

exp(λν)dν
)
.

Set

ξ1 = exp(−τλ), ξ2 =
1
τ

∫ 0

−τ

exp(λν)dν.

Then ξ1 ∈ D and ξ2 ∈ Q. This contradicts with (3.4). Finally, (3.5) follows
from (3.4) by the properties of analytic functions. �
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Remark 3.3 A condition similar to (3.5) has been used to examine the
stability of numerical schemes (cf. Ref. [25]) for the scalar equation

y′(t) = αy(t) + γ

∫ t

t−τ

y(ν)dν, α, γ ∈ R. (3.6)

Remark 3.4 In the case of fixed delay (i.e., K = 0), it is known that
condition (3.4) or (3.5) is stronger than the sufficient and necessary condition
for delay-independent stability. That is, the stability region given by (3.5) is
a subset of the delay-independent stability region.

Remark 3.5 In the case of distributed delay (i.e., K �= 0), however, the
above observation does not hold. Condition (3.4) is not easily related to the
delay-independent stability condition. Consider, for example, equation (3.6).
The delay-independent stability region was studied by Koto [22], and is given
by

α < 0,
−α2

2
< γ � 0. (3.7)

For this problem, (3.5) reduces to

4.6033α ≈ −α
minθ∈[−2π,2π]

sin θ
θ

< τγ < −α. (3.8)

We have drawn in Fig. 5 the boundaries of these two regions as well as the
delay-dependent stability region given by (2.3). The boundary defined by the
second inequality of (3.8), is just the line C∗(0). The boundary defined by
the first inequality appears to be the tangent line to the curve C0(0). This
means that (3.8) defines the biggest wedge with top in the origin contained
in the delay-dependent stability region.

3.2 Numerical stability

Application of a Runge-Kutta method (A, b, c) of Pouzet type with constant
stepsize h = τ/m to (3.1), leads to the following scheme:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y
(n)
i = yn + h

s∑
j=1

aij(LY
(n)
j +MY

(n−m)
j +KG

(n)
j ), i = 1, . . . , s,

G
(n)
i = h

s∑
j=1

aijY
(n)
j + h

m∑
k=1

s∑
j=1

bjY
(n−k)
j − h

s∑
j=1

aijY
(n−m)
j , i = 1, . . . , s,

yn+1 = yn + h

s∑
j=1

bj(LY
(n)
j +MY

(n−m)
j +KG

(n)
j ).

(3.9)
The corresponding characteristic equation is of the form

det M(m, ξ) = 0. (3.10)

Using ⊗ to denote the Kronecker product, we have
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Fig. 5 (a) Delay-independent stability region of (3.6), given by (3.7); (b) stability

region as defined by the sufficient delay-dependent condition (3.8) for τ = 1; also shown

the boundary C0(0) of the exact delay-dependent stability region defined by (2.3)

M(m, ξ)

=

⎡
⎣ Isd − hA ⊗ (L + ξ−mM) − h2(1 − ξ−m)

(
A

(
A +

1

ξ − 1
ebT

))
⊗ K −e ⊗ Id

−hbT ⊗ (L + ξ−mM) − h2(1 − ξ−m)
(
bT

(
A +

1

ξ − 1
ebT

))
⊗ K (ξ − 1)Id

⎤
⎦ .

Koto [22] has proved that all A-stable Runge-Kutta-Pouzet methods
preserve the delay-independent stability of (3.1). We naturally wonder
whether all A-stable methods also preserve the analytical stability region
given by delay-dependent stability condition (3.4). The following result shows
that the answer is negative.

Theorem 3.6 Consider equation (3.6). For any γ>0 with α+τγ<0, there
exists an A-stable method (A, b, c) such that (3.9) is unstable for some stepsize
h = τ/m.

Proof The proof is constructive. We consider the Θ-method applied to (3.6).
In this case, the characteristic polynomial is given by

det MΘ(m, ξ) = ξ − 1 − τ

m
((ξ − 1)Θ + 1)

(
α+ (1 − ξ−m)

(ξ − 1)Θ + 1
m(ξ − 1)

γτ
)
.

Therefore,

det MΘ(1, 2) = 1 − τ(Θ + 1)
(
α+

Θ + 1
2

γτ
)
.
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We have det MΘ(1, 2) > 0 when Θ = 1, and det MΘ(1, 2) < 0 when Θ is
sufficiently large. Hence, there exists a Θ > 1 such that det MΘ(1, 2) = 0.
The corresponding Θ-method (3.9) is unstable. On the other hand, it is well
known that every Θ-method with Θ � 1/2 is A-stable. So we arrive at the
conclusion of the theorem. �

Another illustrative example is the 2-stage Lobatto IIIC method (2.6). In
Section 4, we will give a numerical investigation to show its instability.

Next, we study the characteristic roots of (3.10) in order to identify
methods that can preserve the stability region given by (3.4). We first state
a result from Ref. [22].

Lemma 3.7 If det(L+M + τK) �= 0, σ(L+M) ⊂ C
−, σ(A) ⊂ C

+ ∪ C
0,

and the Runge-Kutta method (A, b, c) is A-stable, then ξ = 1 is not a root of
(3.10).

A proof similar to that of Lemma 2.6 leads to the following lemma.

Lemma 3.8 For ξ �= 1, the characteristic equation (3.10) is equivalent to

det
[
Isd−h

(
A+

1
ξ − 1

ebT
)
⊗(L+ξ−mM)−h2(1−ξ−m)

(
A+

1
ξ − 1

ebT
)2

⊗K
]

= 0. (3.11)

Now we are in the position to state and prove the main result of this
section.

Theorem 3.9 Suppose that the Runge-Kutta method (A, b, c) is A-stable
and that det(Is−zA) and det(Is−zA+zebT) have no common roots. Assume
that L, M and K satisfy (3.4), and that

σ
(1 − ξ−m

m

(
A+

1
ξ − 1

ebT
))

⊂ Q whenever |ξ| = 1. (3.12)

Then, difference equation (3.9) is asymptotically stable.

Proof We first show that the assumptions of Lemma 3.7 are satisfied. From
condition (3.4) it follows that det(L + M + τK) �= 0 and σ(L + M) ⊂ C

−.
Since the method is A-stable, the stability function R(z) is analytic in C

−.
Considering (2.9) and the assumptions of the theorem, we have σ(A) ⊂ C

+∪
C

0. Hence, Lemma 3.7 guarantees that ξ = 1 is not a root of (3.10).
The next step uses Lemma 3.8. In order to prove stability of (3.9), it

remains to show that any ξ ∈ C with |ξ| � 1 and ξ �= 1 is not a root of (3.11).
Let λj(ξ) (j = 1, . . . , s) be the eigenvalues of matrix

1 − ξ−m

m

(
A+

1
ξ − 1

ebT
)
.

Those eigenvalues are analytic in the extended complex plane, except at the
origin; note that ξ = 1 is a removable singularity. Each λj(ξ) maps the open
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set {ξ ∈ C : |ξ| > 1} into a connected open set Qj, where Qj is bounded
since λj(ξ) is uniformly bounded for |ξ| � 1. Hence,

∂Qj ⊂ {λj(ξ) : |ξ| = 1}.
From (3.12) it follows that

λj(ξ) ∈ Q whenever |ξ| � 1. (3.13)

Let µj(ξ) be the eigenvalue of matrix (A+ 1
ξ−1eb

T) that satisfies

λj(ξ) =
1 − ξ−m

m
µj(ξ).

In view of Lemma 2.8, we have

1
µj(ξ)

∈ C \ SODE whenever |ξ| � 1 but ξ �= 1,

where
SODE = {z ∈ C : |R(z)| < 1}.

From the assumptions of A-stability and condition (3.4), it follows that

σ(L + ξ−mM + λj(ξ)τK) ⊂ C
− ⊂ SODE whenever |ξ| � 1.

Hence, for every j ∈ {1, . . . , s}, one has

1
µj(ξ)

/∈ σ(L+ ξ−mM + λj(ξ)τK) whenever |ξ| � 1 but ξ �= 1,

showing that (3.11) has no root ξ with |ξ| � 1 and ξ �= 1. This completes the
proof. �
Theorem 3.10 All the Gauss methods satisfy (3.12) for every m � 1.
Hence, they preserve the stability region given by (3.4).

Proof Consider the s-stage Gauss method. Let ξ = exp(iϕ). From Lemma
2.8, we have all the eigenvalues of A+ 1

ξ−1eb
T lie on the imaginary axis; we

denote them as 1/(iy). Using (2.12), we see that the eigenvalues of matrix

1 − ξ−m

m

(
A+

1
ξ − 1

ebT
)

are given by (1 − exp(−imϕ))/(imy), where y ∈ (−∞,+∞), ϕ ∈ (−sπ, sπ).
Note that ϕ and y satisfy (2.12) and that |y| > |ϕ| by Lemma 2.10. (The
above is interpreted as the limit 1 for ϕ → 0 when ϕ = 0.) Finally, (3.12)
follows by considering that

1 − exp(−imϕ)
imy

=
ϕ

y

∫ 0

−1

exp(imϕν)dν ∈ Q.
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This completes the proof. �
Remark 3.11 Maset [27] and Guglielmi [12] proved that no Runge-Kutta
method can preserve the asymptotic stability of all systems of delay
differential equations of high dimensions. However, high order collocation
methods are a class of important methods for solving functional differential
equations (cf. Refs. [3,4]). A natural question that follows is to what
extent such methods can preserve the stability of continuous systems. Here
we obtain a positive result that Gauss methods can preserve the stability of
a large class of delay integro-differential equations, which provides a firmer
theoretical support for their applications to functional differential equations.

4 Numerical experiments

We present some numerical examples in order to confirm our theoretical
findings. We consider the scalar equation (2.1) and we apply scheme (2.4).
We set m = 10, i.e., h = 0.1, and we take the initial values as follows:

Y
(k)
i =

k

m
, k = 1, . . . ,m; i = 1, . . . , s;

and ym+1 = 1. Formula (2.4) is then applied starting with n = m+ 1.
First, we consider the stability region S∗ defined in Section 2.1. For the

parameters
α = 3.8, β = 2, γ = −5.801,

it is easy to verify that (α, β, γ) is just inside S∗, close to the boundary defined
by α+γ = −β (see Fig. 1). The first 500 steps of the solution obtained by the
implicit midpoint rule (i.e., the second-order Gauss method) and obtained by
the implicit Euler method (the Θ-method with Θ = 1) are plotted in Fig. 6.
From the picture, it is obvious that the former is asymptotically stable; the
latter is unstable. This is in accordance with the theory from Section 2.

Next, we consider the stability region given in Section 3. For

α = −3.6195, β = 0, γ = −16.66, τ = 1,

one can verify that condition (3.8) holds (with the left inequality almost
being an equality). Hence, (α, β, γ) is just inside the stability region defined
by (3.4). The envelope of the numerical solution obtained with the 2-stage
Gauss method is plotted in Fig. 7(a). (The solution itself oscillates too
rapidly to be plotted.) The asymptotic stability of the numerical solution is
clearly visible, which illustrates the validity of Theorem 3.10. The envelope
of the solution obtained with the 2-stage Lobatto IIIC method (2.6) is shown
in Fig. 7(b). The instability of the method is obvious, although the growth
of error is at first not so dramatic as with the implicit Euler method in Fig.
6. This result confirms that not all A-stable methods preserve the stability
region defined by (3.4).
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Fig. 6 Numerical solution obtained with the implicit midpoint rule (a) and numerical

solution obtained with the implicit Euler method (b) for α = 3.8, β = 2, γ = −5.801

Fig. 7 Envelope of the numerical solution obtained with the 2-stage Gauss method (a)

and envelope of the numerical solution obtained with the 2-stage Lobatto IIIC method

(b) for α = −3.6195, β = 0, γ = −16.66
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5 Concluding remarks

We have studied the asymptotic stability of a fairly general class of scalar
distributed delay equations and of systems of distributed delay equations.
For the scalar case, an exact characterization of the delay-dependent
stability region is given. In the system case, a subset of the delay-dependent
stability region is identified, which differs from the delay-independent region
that was studied elsewhere. We have shown that Gauss-Pouzet type Runge-
Kutta methods preserve the delay-dependent analytical stability region,
derived from our sufficient condition for stability of the continuous solution.
Preliminary numerical investigations have shown that the Radau methods
also satisfy (3.12). Yet, a rigorous proof is still missing. This case requires
further investigation.
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