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SUMMARY

This paper presents a convexity-based homotopy solution procedure to non-convex optimal control
problems (OCPs) arising in model predictive control. The approach deals with a special class of
OCP formulations where the dynamic system involved is control-affine and the objective is a penalty
on deviations from a state reference trajectory. The non-convex OCP is modified by introducing a
penalized pseudo state and a homotopy parameter which gradually transforms the original problem
into a convex one. The method solves first this convex formulation and uses the result to initialize the
solution of the next problem on the zero path, recovering the original OCP. The proposed methodology
is evaluated for the benchmark control problem of an isothermal chemical reactor with Van de Vusse
reactions and input multiplicity. For the simple case with control horizon one, the method is able to
find the global solution due to the convex initialization, while local optimization techniques only lead
to a local minimum. Copyright c© 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Non-convex optimal control problems (OCPs) are of particular interest in the control
community since control problems with embedded nonlinear ordinary differential equations
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2 J. BONILLA, M. DIEHL, F. LOGIST, B. DE MOOR, AND J. VAN IMPE

(ODEs) are inherently non-convex. They arise in each Nonlinear Model Predictive Control
(NMPC) routine where an OCP is solved at each sampling instant. Because non-convex OCPs
are generally difficult to solve, researchers develop methods and new formulations in order to
deal with them efficiently and accurately. One of the features of these kind of problems is that
they exhibit local minima, therefore derivative-based optimization techniques can easily lock
onto a local solution if the problem is not initialized appropriately.

The classical global optimization approaches to deal with non-convex OCPs are based
on relaxation techniques which convexify the problem [1]. The use of spatial Branch and
Bound methods (B&B) [2] combined with the convex relaxation of Bolza- type functionals
has been also proposed for the solution of finite dimensional non-convex OCPs [3]. However,
there is still a lot of work in improving the computational demand of B&B methods and
finding tighter convex relaxations to functionals with embedded ODEs [4]. On the other hand,
mathematicians and practitioners have realized that several non-convex optimization problems
can be reformulated such that the new formulation exhibits convexity [5]. The advantages of
using convex formulations lie not only in the fact that local solutions are global, but also in
that they exhibit polynomial-time convergence, and that efficient and reliable methods to solve
such convex problems are well developed [6].

This work proposes a method to solve nonconvex OCP with a particular structure in the
cost and constraints. In particular, a control-affine model structure is assumed together with
an objective which penalizes deviations from a desired reference trajectory. Many nonlinear
dynamic systems of practical interest present the control-affine structure which enables the
applicability of the method. Examples of these kind of systems arise for instance in the
chemical industry (e.g., distillation columns and continuous stirred tank reactors -CSTRs) and
mechanical engineering (e.g., car maneuvering and robot arm manipulators). The convergence
to the global optimum, for these OCPs, can be improved by first solving a related convex
formulation, which is connected by a homotopy path to the original problem, and using
this solution to initialize the original OCP. The proposed technique resembles a continuation

method for global optimization [7] where, by means of filtering techniques, the original cost is
gradually transformed into a smoother function with fewer local minimizers. An optimization
algorithm is then applied to the transformed function, tracing the minimizers back to the
original cost.

The paper is organized as follows: in Section 2 the basis of dynamic optimization in the
Nonlinear Model Predictive Control (NMPC) framework is addressed. Section 3 introduces
the proposed approach to solve non-convex OCPs. Section 4 illustrates the applicability of the
method to parameter estimation and optimal control problems. Section 5 presents the results
of a closed loop simulation for an NMPC applied to a chemical reactor with input multiplicity.
Finally, Section 6 summarizes the main conclusions.

2. NONLINEAR DYNAMIC OPTIMIZATION AND PREDICTIVE CONTROL

NMPC is a technique based on the online solution of an open loop optimal control problem
over a finite time horizon. Figure 1 depicts the main signals and parameters in a classic NMPC

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
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CONVEXITY-BASED HOMOTOPIES FOR NMPC 3

Reference trajectory

Control Horizon

Prediction Horizon

Figure 1. Model predictive control scenario.

strategy [8].

In Figure 1, at the present time, t, the future behavior of the process states, x̂(t), is predicted
over a time horizon, T , based on the state information, x(t), and an available dynamic model
of the process. The term NMPC generally refers to the formulation of predictive control using
nonlinear models. Based on the prediction of the process behavior, a cost function is evaluated
and optimized subject to a set of constraints imposed by the application and the designer. A
future control scenario û(t) is computed by solving the optimization problem. Ideally, there
would be no process disturbances or model uncertainties and the OCP could be solved for
infinite horizon. In this case, the optimized control signal û(t) could be applied to the process
like an open loop control. However, this situation is obviously unrealistic and some feedback
needs to be incorporated. Therefore, the optimal control û(t) is implemented until a new
measurement or estimate of the states becomes available. At that point, a new prediction is
executed and a new OCP is formulated based on the current state, shifting the entire procedure
one step ahead. Hence, model predictive control is often referred to as receding horizon control.

The general algorithm for NMPC can be summarized in the following steps :

1. Observe the process in order to obtain the estimate of the current states and disturbances.
2. Calculate the optimal control trajectory û(t) over the time interval T by minimizing the

proposed cost subject to the problem constraints.
3. Implement the optimal control open loop until a new state estimate becomes available.
4. Return to Step 1.

The dynamic optimization problem in NMPC can be formulated as follows. Consider the
general nonlinear dynamic system with differential states x(t) and controls u(t):

ẋ(t) = f(x(t), u(t)), (1)

x(0) = x0. (2)

A set of constraints imposed on the states and controls X and U respectively, defines the
feasible region for the OCP, X × U. Several assumptions can be made concerning the sets U

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
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4 J. BONILLA, M. DIEHL, F. LOGIST, B. DE MOOR, AND J. VAN IMPE

and X in order to make the OCP problem less difficult to solve. For instance, box constraints
defined by time invariant sets of the form

X = {x ∈ R
nx | xmin ≤ x ≤ xmax} (3)

U = {u ∈ R
nu | umin ≤ u ≤ umax}

are common because process inputs and outputs have limited ranges. These constraints
introduce a convex feasible set [9] to the nonlinear optimal control problem. The cost to
be optimized can be formulated, in general, as a Bolza-type objective over the time horizon
T , as the one used in (4). There, L is the Lagrange term which is often a function of the
prediction errors with respect to a desired trajectory. The terminal cost or Mayer term E can
be used to enforce stability as an alternative to a terminal constraint. By following the above
considerations, the general OCP is formulated as:

min
x(·),u(·)

∫ T

0

L(x(t), u(t)) dt+ E(x(T )), (4)

subject to

ẋ(t) = f(x(t), u(t)), t ∈ [0, T ], (5)

x(0) = x0, (6)

x(t) ∈ X, t ∈ [0, T ], (7)

u(t) ∈ U, t ∈ [0, T ], (8)

x(T ) ∈ XT . (9)

3. A CONVEXITY-BASED HOMOTOPY

In this section the proposed method is presented. Although the method’s main focus lies
on control problems with control-affine process models, it is also shown that it can be easily
extended to the parameter estimation case where the process model is affine in the parameters.

3.1. The optimal control problem

Let us present the problem we are interested in by specifying further the OCP introduced
previously. The particular OCP, for a control- affine process model, is formulated in the form:

OCP : min
x(·),u(·)

∫ T

0

‖x(t)− xref(t)‖2Q dt+ ‖x(T )− xref(T )‖2QT
, (10)

subject to

ẋ(t) = f(x(t)) + g(x(t))u(t), t ∈ [0, T ], (11)

x(0) = x0, (12)

x(t) ∈ X, t ∈ [0, T ], (13)

u(t) ∈ U, t ∈ [0, T ], (14)

x(T ) ∈ XT . (15)

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
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CONVEXITY-BASED HOMOTOPIES FOR NMPC 5

We assume that the optimization task involves a desired state trajectory, xref(t) (xref(t) ∈
C1) and no knowledge of a desired input trajectory uref(t) is provided. Moreover, we consider
xref(t) ∈ X, i.e., the desired state trajectory is feasible with respect to the inequality
constraints.

Let us now make the following additional assumptions.

Assumption 1

1. The sets U, X and XT are convex.
2. The state penalization matrix Q is positive definite and QT is positive semi-definite.
3. f(x(t)) and g(x(t)) ∈ C1 and the solution of ẋ(t) = f(x(t)) + g(x(t))u(t) is uniquely

determined by u(t) and x(0).

Remark 1

Convexity in the sets X and U is, e.g., satisfied if the controls and states are constrained by
simple bounds, thus U× X is a hypercube.

In order to simplify the notation, we introduce the following norm:

‖x‖2J =

∫ T

0

x(t)TQx(t)dt+ x(T )TQTx(T ). (16)

Additionally, as Q ≻ 0, we say x = y a.e. if ‖x− y‖2J = 0.

We present the homotopy formulation by introducing a pseudo state xc(t) ∈ R
nx and a

scalar parameter λ ∈ (0, 1) that interpolates between the original problem (λ→ 1) and one of
its possible homotopies (λ→ 0) as follows:

P (λ) : min
x(·),u(·),xc(·)

1

λ
‖x− xref‖2J +

1

1− λ
‖xc − x‖2J (17)

subject to

ẋc(t) = f(x(t)) + g(x(t))u(t), t ∈ [0, T ], (18)

xc(0) = x0, (19)

xc(t) ∈ X, t ∈ [0, T ], (20)

u(t) ∈ U, t ∈ [0, T ], (21)

xc(T ) ∈ XT . (22)

This augmented parametric OCP defines a family of optimization problems as a function
of the parameter λ. Other forms of homotopy maps are also possible where the parameter
enters linearly or nonlinearly in the problem. However, our choice here is twofold. On the
one hand we restrict the homotopy parameter to lie in the interval (0, 1). On the other
hand, there is an equivalence of the presented formulation with quadratic penalty methods for
constrained optimization [10]. This equivalence allows us to illustrate convergence conditions
of the parametric problem minimizer to the solution of the original OCP. In addition, we
introduce the related convex problem

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
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6 J. BONILLA, M. DIEHL, F. LOGIST, B. DE MOOR, AND J. VAN IMPE

CVX : min
xc(·),u(·)

‖xc − xref‖2J (23)

subject to

ẋc(t) = f(xref(t)) + g(xref(t))u(t), t ∈ [0, T ], (24)

xc(0) = x0, (25)

xc(t) ∈ X, t ∈ [0, T ], (26)

u(t) ∈ U, t ∈ [0, T ], (27)

xc(T ) ∈ XT , (28)

where the model (24) can be seen as a Taylor series expansion of the original model (18)
around the state reference trajectory, i.e., xc(t) = xref(t) + δx(t). The right-hand side in (24),
corresponds to the zeroth order term in the expansion with a non-fixed u(t) since no knowledge
of a possible input reference trajectory, uref(t), is provided. Higher order terms depending on
uref(t) and xref(t) are neglected.

The following additional technical assumptions on the presented optimization problems are
introduced:

Assumption 2

There exist unique global solutions for the problems OCP (10)-(15), P (λ) (17)- (22) and
CVX (23)-(28), namely (x∗ocp(t), u

∗
ocp(t)), (x

∗
P(λ)(t), u

∗
P(λ)(t), x

∗
cP(λ)(t)) and (x∗c cvx(t), u

∗
cvx(t)),

respectively.

Assumption 3

1. The parametric problem solution (x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) converges pointwise to

(x∗P(1)(t), u
∗
P(1)(t), x

∗
cP(1)(t)), when λ goes to one, i.e.,

lim
λ→1

(x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) = (x∗P(1)(t), u

∗
P(1)(t), x

∗
cP(1)(t)) pointwise. (29)

2. The parametric problem solution (x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) converges pointwise to

(x∗P(0)(t), u
∗
P(0)(t), x

∗
cP(0)(t)), when λ goes to zero, i.e.,

lim
λ→0

(x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) = (x∗P(0)(t), u

∗
P(0)(t), x

∗
cP(0)(t)) pointwise. (30)

Let us introduce the following lemmata whose proofs are provided in the Appendix:

Lemma 1

The solution of the parametric problem (17)-(22) approaches the solution of the original OCP
(10)-(15) in the limit when λ goes to one, i.e.,

(x∗P(1)(t), u
∗
P(1)(t)) = (x∗ocp(t), u

∗
ocp(t)), ∀ t ∈ [0, T ] a.e. (31)

x∗cP(1)(t) = x∗ocp(t), ∀ t ∈ [0, T ] a.e.. (32)

Lemma 2

The solution of the parametric optimization problem P (λ) is in the limit, when λ goes to zero,
equivalent to the solution of the convex optimization problem in (23)-(28), i.e.,

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
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CONVEXITY-BASED HOMOTOPIES FOR NMPC 7

(x∗cP(0)(t), u
∗
P(0)(t)) = (x∗cvx(t), u

∗
cvx(t)), ∀ t ∈ [0, T ] a.e. (33)

x∗P(0)(t) = xref(t), ∀ t ∈ [0, T ] a.e.. (34)

Lemma 3

If xref(t) is a feasible trajectory for some unknown controls ū(t), i.e., ẋref(t) = f(xref(t)) +
g(xref(t))ū(t), then ū(t) is obtained exactly by solution of the convex problem (23)-(28).
Moreover, (x∗P(λ), u

∗
P(λ)) = (xref , ū) for all λ ∈ [0, 1].

Convergence of the parametric problem solution to the global solution of the original OCP
is guaranteed only if we are able to find the global solution for each P (λ) as shown in the
appendix. This condition is only easily satisfied for the first problem on the homotopy path
namely P (0) where a convex problem is addressed as shown in Lemma 2.
In this context, we propose to solve the non-convex OCP with the given structure, by

convexifying it through the formulation in (17)-(22) with λ = 0. The solution of the convex
homotopy is used to initialize successive OCPs when moving λ towards 1 in order to recover
the original formulation. Numerical examples illustrate how the method can be applied in
the predictive control and parameter estimation frameworks in Section 4. We note that the
method is a heuristic that is not guaranteed to find the global solution of the non-convex
original problem. However, in view of Lemma 3, it is able to find the correct controls for
a trajectory that is perfectly trackable, this situation is presented in Figure 2a. For small
values of ‖x− xref‖2J the situation in Lemma 3 is nearly recovered as presented in Figure 2b.
Nevertheless, complications can appear for higher values of ‖x−xref‖2J such as bifurcations as
illustrated in Figure 2c.

3.2. Parameter estimation problem

The convex-homotopy based approach resembles some smoothing methods for parameter
estimation where the model is fitted in terms of some function expansion [11]. Here, the

Situation in Lemma 3 Benevolent Situation Possible complications

‖x∗
ocp − xref‖2J = 0 ‖x∗

ocp − xref‖2
J
small ‖x∗

ocp − xref‖2J big

local min.

local min.local min.
global min.

global min.
global min.

u∗

cvx

u∗

cvx

u∗

cvx

λλλ 000 111

(a) (b) (c)

Figure 2. Some possible behaviours of the homotopy path in the space (x, u, xc).
Notice that the benevolent situation in (b) is covered with Assumptions 2 and 3 for
small trajectory changes. However, if Assumption 2 does not hold, complications

like bifurcations or emergence of a new local minima can appear as in (c).

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
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presented approach for OCPs is extended to the parameter estimation problem (PEP) where
the dynamic model exhibits a special structure in the parameters to be estimated, i.e., the
system is affine in the parameters. Additionally, it is assumed that measurements of the state
vector are available.

Consider a PEP† where it is desired to fit the dynamic behavior of the states x(t) to a set
of measurements xm(t):

min
x(·),p

‖x− xm‖2J (35)

subject to

ẋ(t) = f(x(t), um(t)) + g(x(t), um(t))p, t ∈ [0, T ], (36)

x(t) ∈ X, t ∈ [0, T ], (37)

p ∈ P. (38)

Let us assume that P and X are convex sets, xm(t) ∈ X and a fixed input um(t) corresponding
with the measurement data xm(t) is provided. Following the same approach presented in the
OCP case, the PEP can be reformulated by introducing a pseudo state xc(t) and a homotopy
parameter λ:

Pp(λ) : min
xc(·),x(·),p

1

λ
‖x− xm ‖2J +

1

1− λ
‖xc − x‖2J (39)

subject to

ẋc(t) = f(x(t), um(t)) + g(x(t), um(t))p, ∀ t ∈ [0, T ], (40)

xc(t) ∈ X, t ∈ [0, T ], (41)

p ∈ P. (42)

Since the dynamic system in (36) is parameter-affine, the procedure presented in the OCP
case can be applied. When λ tends to one in (39)-(42), the original problem is recovered. On
the other hand, when it goes to zero, the term ‖ x − xm ‖2J is penalized strongly leading to
x(t) = xm(t) and allowing the formulation of the convex problem:

min
xc(·),p

‖xc − xm‖2J (43)

subject to

ẋc(t) = f(xm(t), um(t)) + g(xm(t), um(t))p, t ∈ [0, T ], (44)

xc(t) ∈ X, t ∈ [0, T ], (45)

p ∈ P. (46)

Consequently, it is possible to use convex optimization methods to find an initial guess for
the original PEP by solving the related convex problem in (43)-(46). The result is used to

†Notice that the problem is formulated such that the initial condition is also optimized.

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
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CONVEXITY-BASED HOMOTOPIES FOR NMPC 9

initialize the subsequent PEPs on the homotopy path with λ towards one in order to recover
the original formulation. Although other less general convex formulations have been proposed
based on the idea of evaluating the system at the measurements [12], the proposed convex
problem exhibits less sensitivity with respect to high frequency noise in the measurements [13].
Moreover, the use of the homotopy refines the convex solution towards the original parameter
estimation problem. The advantages of this approach for a non-convex PEP are illustrated in
the following section.

4. CONVEXITY IN NUMERICAL EXAMPLES

In order to illustrate the applicability of the proposed method to the solution of dynamic
optimization problems, we consider two study cases where the nonlinear dynamic models
involved are affine in terms of the non-penalized optimization variables.

4.1. Parameter Estimation Problem

Let us analyze the dynamic system

(

ẋ1(t)
ẋ2(t)

)

=

(

0 1
−p 0

)(

x1(t)
x2(t)

)

= f(x(t), p), (47)

which corresponds to a Harmonic Oscillator. Notice that this autonomous system is affine in
the parameter p to be estimated.

Consider the optimization problem to estimate the parameter p with a Lagrange term defined
in the least squares sense and a vanishing Mayer term. The solution of the problem aims to
match a given set of measurements xm(t) with the model states x(t) over a time interval [0, T ].
By defining x(t) = [x1(t) x2(t)]

T , the PEP is formulated as:

min
x(.),p

‖x− xm‖2J subject to ẋ(t) = f(x(t), p), t ∈ [0, T ], (48)

with Q(t) = 1, ∀ t ∈ [0, T ] and QT = 0.

The measurement xm(t) is contaminated with harmonics of the fundamental frequency,
√
p,

in order to emphasize the presence of local minima. Figure 3 illustrates the non-convex cost

ψ(p) = min
x(.)

‖x− xm‖2J subject to ẋ(t) = f(x(t), p), t ∈ [0, T ]. (49)

Clearly, the success of an optimization algorithm for this case depends strongly on parameter
initialization in the neighborhood of the solution.

The problem is formulated as in (39)-(42), without constraints on p and xc(t), i.e., P = R
np

and X = R
nx . Figure 4 depicts the cost

ψ(p, λ) = min
x(.),xc(.)

1

λ
‖x−xm‖2J+

1

1− λ
‖xc−xm‖2J subject to ẋc(t) = f(x(t), p), t ∈ [0, T ],

(50)
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Figure 3. Non-convex cost ψ(p) arising from the parameter estimation problem
(48), when optimized over x(.).

to be minimized with respect to p when the parameter λ moves between zero and one. This
plot is obtained by minimizing first over x(t) and xc(t) in such a way that the cost ψ(p, λ) in
Figure 4 is already optimal in x(t) and xc(t). Notice that λ going to zero leads to a convex
problem, while values of λ close to one lead to the original cost. Consequently, the original
problem can be solved by solving first the convex reformulation which provides an initial guess
for the original PEP (48).

4.2. The Optimal Control Problem

Since the continuous time OCP is an infinite dimensional optimization problem, the decision
variables are parameterized in direct solution approaches so that the problem can be formulated
as a finite dimensional nonlinear programming problem (NLP). Here, we assume that the
controls are first parameterized by piecewise constant functions and that the model is
discretized using finite differences or higher order schemes for its numerical solution. Although,
for the current study, the direct single shooting technique is used due to its implementation
simplicity, more efficient approaches such as collocation [14] and multiple shooting [15] can
also be exploited.

Consider the benchmark problem presented in [16], where an isothermal CSTR with the
Van de Vusse reactions

A
k1−→ B

k2−→ C, (51)

2A
k3−→ D

is analyzed. The CSTR dynamics are governed by the set of nonlinear differential equations
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Figure 4. Cost function for a set of objective functions between the original
problem and the convex problem on the homotopy path for the PEP (39)-(42).

Ċa(t) =
F (t)

V
(Ca,0(t)− Ca(t)) − k1Ca(t)− k3C

2
a(t), (52)

Ċb(t) = k1Ca(t)− k2Cb(t)−
F (t)

V
Cb(t), (53)

where F (t) represents the feed flow, while V is the reactor volume. Ca(t) and Cb(t) represent
the concentrations of the reactant A and the intermediate B, respectively (see Figure 5).
Constants k1, k2 and k3 are reaction rates. It is assumed that the reactor volume, V , remains
constant and that the feed consists of pure A with a concentration Ca,0(t). The intermediate
concentration Cb(t) is controlled by manipulating the feed rate.

Table I summarizes the parameters and nominal conditions for this benchmark problem.
This particular system exhibits input multiplicity as illustrated in Figure 6. Consequently, the
formulation of a cost in terms of the errors with respect to a desired trajectory can generate
two possible control values. Hence, a local optimization technique can easily be attracted by a
local minimum, delivering a suboptimal solution, if it is initialized inappropriately. However, for
this particular application, global optimization approaches are able to find a better solution as
proposed in [17]. Our approach suggests a computationally less demanding heuristic to address
the problem of finding a global solution to this problem.

Let us define x(t) = [Ca(t) Cb(t)]
T and u(t) = F (t)

V
. The OCP for the CSTR output

concentration can be formulated as
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Table I. CSTR parameters and nominal conditions

Parameter Value

k1 50 1/h
k2 100 1/h
k3 10 L/(gmol.h)
V 1 L
Fmin 0 L/h
Fmax 200 L/h
F̄ 180.95 L/h
C̄a,0 10 gmol/L
C̄a 6.181 gmol/L
C̄b 1.1 gmol/L

min
x(.),u(.)

‖x− xref‖2J (54)

subject to

x(0) = x0 (55)

ẋ(t) = f(x(t)) + g(x(t))u(t) t ∈ [0, T ], (56)

x(t) ∈ X, t ∈ [0, T ], (57)

u(t) ∈ U, t ∈ [0, T ], (58)

where xref(t) represents the state trajectory and no reference trajectory for the controls is
provided. In the numerical solution, the control u(t) is discretized piecewise constant with Nu

intervals.

F (t)

Ṫ = 0

Ca(t) Cb(t)

Ca,0(t)

V̇ = 0

Figure 5. Isothermal CSTR.
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Figure 6. Steady state gain for the CSTR process for different values of the input
concentration Ca,0.

The presented nonlinear dynamics is discretized with a sampling rate of 0.002 h (7.2 s)
and solved for a prediction horizon T = 0.06 h (30 samples) with a constant control along
the prediction horizon [17], i.e., the control horizon, Nu is set to one. The differences between
model states and state trajectory are penalized in a different proportion along the time interval
[0, T ]. The discrete version of the penalization matrix Q is set to diag(1e−3 2e−1) L2/(gmol2h)
while QT is diag(1e−3 80)L2/(gmol2).

The cost defined by

ψ(u) = min
x(.)

‖x− xref‖2J (59)

subject to (55) and (56) is illustrated in Figure 7. It corresponds to the cost to minimize when
a step change on the reference trajectory, xref(t), is performed. The original problem has one
global and one local solution. Clearly, if a local optimization technique starts with an initial
guess close to the constraints, the solution to the original NLP locks on to the upper bound
of u(t) leading to the local minimizer, ulm(t).

The OCP (54)-(58) is modified using the proposed approach by introducing the norm on
xc(t)− x(t) and the homotopy parameter λ leading to the parametric problem (17)-(22) with
XT = R

nx . Figure 8 shows the homotopy maps for different values of λ in the interval (0, 1)
where ψ(λ, u) is analogous to (50), i.e.,the cost value in (17) is first minimized with respect to
x(t) and xc(t). Notice that the extremes of the map correspond to a convex function, and to
the cost given by the original problem in Figure 7, respectively. In this example it is possible to
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Figure 7. Original cost for the CSTR open loop optimal control problem when
first optimized over x(t). The value ulm corresponds to the local minimizer

attain the global optimum, if the OCP (54)-(58) is convexified with the proposed approach and
the local technique is employed for increasing values of λ performing each time the initialization
with the previously computed optimal solution.

Figure 9 shows the behavior of ‖xc − x‖2J as a function of the homotopy parameter. Notice
that it tends to zero as λ goes to one, recovering the original OCP. This plot corresponds to
the values of ‖xc − x‖2J on the zero path illustrated in Figure 8.

Additionally, the condition presented in Lemma 3 is illustrated in Figure 10, where the
problem is assumed in steady state and neither changes in the reference nor disturbances
are applied. Following this condition the optimal state trajectory for the OCP satisfies
x∗ocp(t) = xref(t) meaning that the system remains in steady state. As stated in Lemma 3,
the optimal solution of the original OCP (54)-(58) equals the solution provided by the convex
cost given by P (0). Hence, in order to obtain the global solution for the original OCP for
x∗ocp(t) = xref(t) it would be enough to solve the convex OCP P (0). Notice that the original
OCP for λ = 1 is still highly non-convex.

5. CLOSED LOOP SIMULATIONS

In order to illustrate the applicability of the method in the NMPC framework, a closed loop
simulation study is performed. Notice that in NMPC the NLP resulting from (54)-(58) has
to be solved at each sampling instant. A nonlinear open loop observer is implemented in
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increasing monotonically, leading to u∗(t) when λ→ 1.
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Figure 9. Behavior of the norm on ‖xc − x‖2J as a function of the homotopy
parameter for the CSTR example. This plots corresponds to the zero path values

in Figure 8

order to estimate the possible process disturbances and model states. The state reference
trajectory is calculated from the desired process output (intermediate concentration Cb(t)) and
the estimated disturbance as proposed in [18]. No knowledge of the input reference trajectory
is provided. At each sampling instant the problem is solved first using the homotopy approach
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Figure 10. Cost functions for a set of the problems between the original OCP and
its convex formulation on the homotopy path for the CSTR control example. In

this case x∗
ocp(t) = xref(t) leading to u∗

P(λ) = u∗
ocp ∀ t ∈ [0, T ].

with λ = 0, i.e., the convex problem is addressed, and after, the original NLP (λ = 1) is solved
using as initial guess the solution provided by the convex OCP. Consequently, one quadratic
programming problem (QP) and one NLP are solved every 7.2 s. The former one to obtain the
initial guess for u(t) and the latter to refine the approximated solution. Nevertheless, whenever
necessary, methods to follow the zero path can be incorporated [19].
In order to evaluate the performance of the closed loop NMPC with the presented method,

a test scenario is proposed. The test consists of reference changes and disturbance rejection.
During the first 0.05 h of simulation, the system reaches steady state. Hereafter, The output
reference trajectory is changed at 0.15 h and 0.6 h. On the other hand, disturbances are
applied by changing the feed concentration at 0.3 h and 0.45 h. Figure 11 presents the results
for a tracking and disturbance rejection test using both, an NLP solver based on sequential
quadratic programming (SQP)‡ and the proposed convexity-based homotopy approach. Both
algorithms are initialized with the same initial state [x1, x2]

T = [6.18, 1.1]Tgmol/L. On the one
hand, to calculate the first control move, the proposed approach does not require initialization
in u(t) since the first problem to solve is convex. On the other hand, the NLP solver requires
an initialization which clearly affects the convergence to a solution. In this simulation study,
the control is initialized to u(t) = 180.94h−1 which corresponds to the control value for the
given initial state. The proposed approach immediately finds the right control, causing the
strong change in the control action and the big peak in Cb(t). Notice that the homotopy

‡The MATLABr (The Mathworks Inc., Natick) NLP, fmincon solver is used for this simulation study
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Figure 11. Tracking and disturbance test for the NMPC applied to the CSTR
using a local optimizer and convexity-based homotopy approach. The problem is
solved with a control horizon Nu = 1. The convex approach is switched on at

t=0.05 hours with the same initialization as in the local approach.

Copyright c© 2010 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2010; 00:1–6
Prepared using ocaauth.cls



Postprint version of paper published in Optimal Control Applications and Methods 2010, vol. 31, 
pages 393–414. 

The content is identical to the published paper, but without the final typesetting by the publisher. 

Journal homepage:  http://onlinelibrary.wiley.com/journal/10.1002/%28ISSN%291099-1514   
Original file available at: http://onlinelibrary.wiley.com/doi/10.1002/oca.945/abstract  

 

18 J. BONILLA, M. DIEHL, F. LOGIST, B. DE MOOR, AND J. VAN IMPE

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
10

−2

10
−1

10
0

10
1

 

 

C
o
m
p
u
ta
ti
o
n
T
im

e
(s
)

Simulated Time (h)

Convex-homotopy methodTime Constraint = 7.2 s
Local optimization approach

Figure 12. Computational demand for the studied test scenario with Nu = 1.

approach finds the global solution while the local optimization technique, which is each time
initialized with the previous solution, finds only a local optimum. For the tracking problem,
evaluated by performing the changes in reference as mentioned, the NLP locks onto the
upper bound of u(t). On the other hand, the homotopy approach finds the global solution
as illustrated in the cost function plot. Similar behavior can be noticed when evaluating the
disturbance rejection properties. When the process is perturbed, the classical technique finds
a local solution while the proposed method is able to compute the global solution. Notice also
that for this cost formulation, a local minimum leads to steady state errors with respect to
the reference trajectory.

For the 0.8 h simulation, 400 NLP problems are solved. The test has been executed using a
Intel Core 2 Duo microprocessor at 1.6 GHz running a linux distribution with 2 GB of RAM.
Figure 12 presents the computational demand of the evaluated algorithms. In both cases, the
computational demand is below the time constraint of 7.2 s, making the approach feasible for
implementation.

The OCP is also solved when increasing the degrees of freedom to Nu = 30. Figure 13
shows the optimal control provided by the local optimization technique and the proposed
method for the case studied in Figure 8 but using 30 control moves. The convex initialization
combined with the local optimizer is still able to provide what we believe to be the global
solution with a considerably lower objective§. Additionally, the closed loop behavior of the
process is evaluated with the test scenario described previously and an increased control
horizon, Nu = 30. Figure 15 depicts the behavior of the NMPC when input concentration and
reference changes are performed. In this case, the proposed method is still able to compute
the appropriate control sequence, while the local optimization technique provides a suboptimal

§For this non-convex problem in 30 variables it is nearly impossible to verify that the global solution was found.
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Figure 13. Optimal control trajectory provided by the optimization methods when
a step change in the reference is performed at 0.15h. The control horizon is set to

Nu = 30.
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Figure 14. Computational demand for the studied test scenario in Figure 15 with
increased control horizon Nu = 30.

solution which drives the system to the wrong steady state value exhibiting steady state errors.
The computational demand of the simulation is presented in Figure 14 where the time employed
by both algorithms is still smaller than the sampling period Ts of 7.2 s.
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Figure 15. Tracking and disturbance test for the NMPC applied to the CSTR
using a local optimizer and convexity-based homotopy approach. The problem is
solved with a control horizon Nu = 30. The convex approach is switched on at

t=0.05 hours with the same initialization as in the local approach.
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6. CONCLUSIONS

We have presented a convexity-based homotopy method to initialize non-convex OCPs arising
in optimal control problems where the dynamic model involved is affine in the controls and the
objective is a penalty on deviations from a desired state reference. It has been demonstrated
that the method can be easily extended to parameter estimation problems when the dynamic
model is affine in the parameters to be estimated. We have investigated the applicability
of the method to two particular examples in the field of parameter estimation and optimal
control where the proposed approach provides an initial guess to the original OCP, helping
local optimization methods to find the global optimum. The validity of the method for NMPC
applications has been illustrated through a benchmark problem in chemical process control
where the approach was able to find the optimal control trajectory while a classical technique
locks onto a local solution. Finally, computational aspects of the method have been addressed
in order to illustrate its feasibility. In summary, the presented approach promises to become an
attractive heuristic for a smart initialization of a specific class of non-convex optimal control
problems, using the power of convex optimization.
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APPENDIX

In this section Lemmata 1, 2 and 3 are proven using Assumptions 1, 2 and 3. The proof
introduced here follows the formulation presented in [20] for quadratic penalty methods in
constrained optimization.

Proof of Lemma 1

Consider the augmented OCP:

min
x(.),u(.),xc(.)

‖x− xref‖2J (60)

subject to

ẋc(t) = f(x(t)) + g(x(t))u(t), t ∈ [0, T ], (61)

xc(0) = x0, (62)

xc(t) ∈ X, t ∈ [0, T ], (63)

u(t) ∈ U, t ∈ [0, T ], (64)

xc(T ) ∈ XT , (65)

xc(t) = x(t) t ∈ [0, T ]. (66)
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whose solution exactly matches the solution of the original problem (10)-(15), since the
added equality constraint (66) can be trivially satisfied by the new added variable xc(t). This
additional degree of freedom is introduced in order to provide the same number of optimization
variables for the original OCP and the parametric one.

We proceed with the proof by reformulating the parametric OCP (17)-(22) such that the
homotopy term penalizing the original cost is factorized:

P (λ) : min
x(.),u(.),xc(.)

1

λ

(

‖x− xref‖2J + µ(λ)‖xc − x‖2J
)

(67)

subject to

ẋc(t) = f(x(t)) + g(x(t))u(t), t ∈ [0, T ], (68)

xc(0) = x0, (69)

xc(t) ∈ X, t ∈ [0, T ], (70)

u(t) ∈ U, t ∈ [0, T ], (71)

xc(T ) ∈ XT . (72)

and

µ(λ) =
λ

1− λ
. (73)

Formulation (67)-(72) resembles the cost used in quadratic penalty methods where the
second term in the right-hand side of (67) corresponds to an equality constraint. The scaling
factor 1

λ
, in (67) is neglected since scaling has no effects on the solution. Moreover, for the

case we are interested in, i.e., λ increasing towards 1, this factor tends to one. Notice that (73)
defines an equivalence between λ going to 1 and µ going to +∞.

Now, suppose that (x∗ocp(t), u
∗
ocp(t), x

∗
c ocp(t)) is a global solution to the OCP (60)-(66), hence

x∗c ocp(t) = x∗ocp(t). Suppose also that (x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) is a global solution to the

parametric OCP (17)-(22). Notice that any solution to the OCP (60)-(66) lies in the feasible
set of the parametric OCP, i.e., (68)-(72) are satisfied by (x∗ocp(t), u

∗
ocp(t), x

∗
c ocp(t)) ∀ t ∈ [0, T ].

Since (x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) is a unique global solution of the parametric problem

and ‖x∗c ocp − x∗ocp‖2J = 0, the following inequality holds:

‖x∗P(λ) − xref‖2J + µ(λ)‖x∗cP(λ) − x∗P(λ)‖2J ≤ ‖x∗ocp − xref‖2J (74)

After dividing (74) by µ(λ) and re-arranging terms, we obtain

‖x∗cP(λ) − x∗P(λ)‖2J ≤ 1

µ(λ)

(

‖x∗ocp − xref‖2J − ‖x∗cP(λ) − x∗P(λ)‖2J
)

. (75)

Following Assumption 3 and taking the limit when λ→ 1 in (75) yields
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‖x∗cP(1) − x∗P(1)‖2J ≤ lim
λ→1

1

µ(λ)

(

‖x∗ocp − xref‖2J − ‖x∗cP(λ) − x∗P(λ)‖2J
)

= 0. (76)

Due to Assumption 1, Q ≻ 0 and QT � 0, hence, the left-hand-side of inequality (76) cannot
be negative. Consequently,

‖x∗cP(1) − x∗P(1)‖2J = 0, ∀ t ∈ [0 T ] a.e. (77)

This condition corresponds to the additional constraint (66) imposed to the augmented OCP
in (60) with the new variable xc(t).

Additionally, taking the limit in (74) gives

lim
λ→1

(

‖x∗P(λ) − xref‖2J + µ(λ)‖x∗cP(λ) − x∗P(λ)‖2J
)

≤ ‖x∗ocp − xref‖2J . (78)

The non-negativity of µ(λ) directly implies positiveness of the limit in left-hand side of (78),
yielding

‖x∗P(1) − xref‖2J ≤ ‖x∗ocp − xref‖2J . (79)

Hence, due to the uniqueness of the solution the following equalities hold,

x∗P(1)(t) = x∗ocp(t), a.e. (80)

x∗cP(1)(t) = x∗P(1)(t), a.e. (81)

x∗ocp(t) = x∗c ocp(t), a.e. (82)

and u∗P(1) is uniquely determined by the set of constraints (68)-(72) which is the same set as

the original OCP (61)-(66). Consequently,

(x∗P(1)(t), u
∗
P(1)(t), x

∗
cP(1)(t)) = (x∗ocp(t), u

∗
ocp(t), x

∗
c ocp(t)), a.e. (83)

meaning that the solution of the parametric OCP (17)-(22) converges to the solution of the
original OCP (10)-(15) in the limit when λ goes to one.

Proof of Lemma 2

The proof of Lemma 2 follows the same structure as the proof of Lemma 1. Consider an
equivalent formulation of the convex optimization problem (23)-(28):

min
xc(·),u(·),x(·)

‖xc − xref‖2J (84)

subject to

ẋc(t) = f(x(t)) + g(x(t))u(t), t ∈ [0, T ], (85)

xc(0) = x0, (86)

xc(t) ∈ X, t ∈ [0, T ], (87)

u(t) ∈ U, t ∈ [0, T ], (88)

xc(T ) ∈ XT , (89)

x(t) = xref(t), ∀ t ∈ [0, T ]. (90)
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whose solution exactly matches the solution of the original convex problem (23)-(28) since the
added equality (90) is satisfied by the introduced extra variable x(t).

Let us reformulate the parametric OCP as:

P (λ) : min
x(.),u(.),xc(.)

1

1− λ

(

α(λ)‖x − xref‖2J + ‖xc − x‖2J
)

(91)

subject to (68) to (72) and

α(λ) =
1− λ

λ
. (92)

The cost in (91) corresponds to a quadratic penalty formulation where the first norm in the
cost is considered an equality constraint. Notice also that α goes to +∞ as λ goes to zero.
Again, the scaling factor 1

1−λ
has no influence on the cost in the limit case.

Assume that (x∗cvx(t), u
∗
cvx(t), x

∗
c cvx(t)) is a unique global solution to the convex OCP (84)-

(90), and (x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) is a unique global solution to the parametric OCP

P (λ). Notice that any solution to the convex OCP in (84)-(90) is a feasible trajectory for the
parametric OCP P (λ) i.e., (18) to (22) are satisfied by (x∗cvx(t), u

∗
cvx(t), x

∗
c cvx(t))) ∀ t ∈ [0, T ].

Since the reformulated parametric problem (91) exhibits the same structure as the problem
in (67) in the proof of Lemma 1, the same procedure presented there can be applied here,
leading to:

‖x∗P(0) − xref‖2J = 0 (93)

and

‖x∗P(0) − xref‖2J ≤ ‖x∗c cvx − xref‖2J . (94)

where (x∗P(0)(t), u
∗
P(0)(t), x

∗
cP(0)(t)) is a limit trajectory according to Assumption 3. Hence, the

following equalities hold

x∗cP(0)(t) = x∗c cvx(t), a.e. (95)

x∗P(0)(t) = xref(t), a.e. (96)

x∗cvx(t) = xref(t), a.e. (97)

and u∗P(0) is uniquely determined by the set of constraints (68)-(72) which is the same set in

the original convex problem (85)-(89). Consequently,

(x∗P(0)(t), u
∗
P(0)(t), x

∗
cP(0)(t)) = (x∗cvx(t), u

∗
cvx(t), x

∗
c cvx(t)), a.e. (98)

meaning that the solution of the parametric OCP (17)-(22) converges to the solution of the
original convex OCP (23)-(28) in the limit when λ goes to zero.
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Proof of Lemma 3

If x∗ocp(t) = xref(t), (xref(t), ū(t), x∗c ocp(t)) is a solution of the OCP (60)-(66). Moreover,

(xref(t), u∗ocp(t), x
∗
c ocp(t)) minimizes the objective of the parametric OCP in (17) with

function value zero. Due to Assumption 2, we have thus (x∗P(λ)(t), u
∗
P(λ)(t), x

∗
cP(λ)(t)) =

(xref(t), ū(t), xref(t)) for all λ ∈ [0, 1].
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