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S U M M A R Y
The Spectral Analysis of Surface Waves (SASW) method is a technique for the identification
of the thickness, dynamic shear modulus, and damping ratio of shallow soil layers. The method
consists of an in situ experiment to determine the dispersion curve of the soil and the solution
of an inverse problem where the corresponding soil profile is identified. The SASW method
has been used to investigate pavement systems, to assess the quality of ground improvement,
to determine the thickness of waste deposits, and to identify the dynamic soil properties for
the prediction of ground vibrations. In this paper, the focus is on the last application.

The information on the dynamic soil properties provided by the dispersion curve is limited.
The dispersion curve is insensitive to variations of the soil properties on a small spatial scale
and at a large depth. As a result, the solution of the inverse problem in the SASW method is
non-unique and hence uncertain. The prediction of ground vibrations is therefore based on a
soil model with uncertain properties.

In this study, a Bayesian approach is followed to solve the inverse problem in the SASW
method. A prior stochastic soil model is first formulated using the information that is available
before the SASW test is performed. A Markov chain Monte Carlo method is used to transform
the prior model into a posterior stochastic soil model that accounts for the SASW test results.
Finally, the prediction of ground vibrations is addressed. The posterior soil model is used to
assess the robustness of the predicted vibrations, accounting for the uncertainty on the results
of the SASW test. As an example, the free field vibrations due to a hammer impact on a concrete
foundation are considered. More complicated problems, such as the prediction of road and rail
traffic induced vibrations, can be addressed in a similar way.

Key words: Inverse theory; Probabilistic forecasting; Wave propagation.

1 I N T RO D U C T I O N

The Spectral Analysis of Surface Waves (SASW) method is a non-

invasive method to determine the dynamic properties of shallow

soil layers (Nazarian & Desai 1993; Yuan & Nazarian 1993). The

method has been used to investigate pavement systems (Nazarian

& Stokoe II 1984), to assess the quality of ground improvement

(Cuellar & Valerio 1997), to determine the thickness of waste de-

posits (Kavazanjian et al. 1994), and to identify the dynamic soil

properties for the prediction of ground vibrations (Pyl et al. 2004;

Lombaert et al. 2006; Masoumi et al. 2007). The last category covers

the calculation of vibrations in the free field or in buildings due road

or rail traffic, industrial machinery, and construction activities. This

study is performed in the context of this category of applications.

The SASW method is based on the dispersive characteristics of

surface waves in a layered medium and consists of three steps. The

first step involves an in situ experiment where vibrations are gen-

erated at the soil’s surface using a falling weight, an instrumented

impact hammer, or a hydraulic shaker. The free field response is

measured with geophones or accelerometers. In the second step,

an experimental dispersion curve is determined using the phase of

the transfer functions between the receiver signals. It is assumed

that the response at a sufficiently large distance from the source

is dominated by dispersive surface waves. In the third step, an in-

verse problem is solved to obtain the dynamic shear modulus of the

soil. The direct stiffness method (Kausel & Roësset 1981; Kausel

2006) or an equivalent formulation is used to calculate the theo-

retical dispersion curve of a soil with a given stiffness profile. The

stiffness profile is iteratively adjusted in order to minimize a misfit

function that measures the distance between the theoretical and the

experimental dispersion curve.

The dispersion curve is insensitive to variations of the soil prop-

erties on a small spatial scale or at a large depth. The information

on the soil properties provided by the dispersion curve is there-

fore limited. As a result, the solution of the inverse problem is

non-unique: the soil profile obtained with a classical deterministic

optimization scheme is only one of the profiles that fit the experimen-

tal data. Alternative solution methods have therefore been developed
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to identify the ensemble of soil profiles fitting the experimental data

(Sambridge & Mosegaard 2002).

Several authors assume that the relation between the shear mod-

ulus and the dispersion curve is only weakly non-linear and that the

uncertainty on the experimental dispersion curve is small (Lai et al.
2005; Strobbia & Foti 2006). In this way, the inverse problem can

be linearized in the vicinity of a reference solution, which is ob-

tained using a local or global optimization scheme. The covariance

function of the solution then follows directly from the covariance

function of the measurement data. In this approach, the ensemble

of acceptable soil profiles is characterized by a mean profile and a

covariance function.

If the uncertainty on the measurement data increases or if the

problem is more than weakly non-linear, the misfit function may be

complex and even multimodal. In such cases, the reference solu-

tion loses its meaning as single most probable soil profile and the

linearization of the inverse problem may lead to a substantial under-

estimation of the variance of the solution (Sambridge & Mosegaard

2002). The only robust technique to assess the uncertainty on the soil

profile then is a Monte Carlo inversion method where an ensemble

of acceptable soil profiles is generated.

Monte Carlo inversion methods are based on a relatively simple

concept. A large number of soil profiles is randomly generated. For

each profile, the correspondence with the experimental data is as-

sessed. Only the profiles fitting the experimental data are accepted.

However, the direct application of a Monte Carlo inversion method

is not practical: the probability of generating an acceptable soil pro-

file is very small. Therefore, a Markov chain Monte Carlo method is

applied, where soil profiles are generated in a controlled way. The in-

version procedure is started with an acceptable soil profile obtained

from a classical deterministic inversion scheme. Each subsequent

profile is generated through a small random perturbation of the pre-

vious profile. The acceptance rate is determined by the magnitude of

the perturbations: smaller perturbations lead to a higher acceptance

probability. This technique is called a Markov chain Monte Carlo

method as the sequence of accepted samples constitutes a Markov

chain (Robert & Casella 2004; Tierney 1994).

Markov chain Monte Carlo methods are used in a wide variety

of scientific fields. Applications range from the calculation of fail-

ure probabilities in reliability analysis (Au & Beck 2001), over the

characterization of social networks based on a small number of ob-

servations (McDonald et al. 2007), to the reconstruction of ancestral

relationships among different species of organisms in the field of

evolutionary biology (Larget & Simon 1999). All these applica-

tions are characterized by a very small probability of generating a

sample of interest, such as a sample for which failure occurs in a

reliability analysis. The use of a classical Monte Carlo method is

consequently unfeasible and Markov chain Monte Carlo methods

are therefore resorted to.

Monte Carlo inversion techniques are usually applied in the

framework of a Bayesian updating scheme (Bayes 1763; Bernardo

& Smith 2000). The Bayesian approach combines the information

available before the experiment (the prior information) with the in-

formation provided by the experimental data. The prior information

is first used to assign a prior probability to every conceivable soil

profile. The prior probability reflects the degree of belief that a

soil profile is the true profile, accounting for the prior information

but not for the experimental data. A likelihood function is subse-

quently defined as a measure of the degree to which a given profile

fits the experimental data. This function expresses the probability

that the experimental data are observed, given a certain soil profile.

The posterior probability of each soil profile is finally calculated as

the (normalized) product of the prior probability and the likelihood

function. The posterior probability reflects the degree of belief that

a soil profile is the true profile, accounting for both the prior infor-

mation and the experimental data. Usually, it is impossible to obtain

an explicit expression for the posterior probability distribution. In

such cases, a Markov chain Monte Carlo method can be used to

obtain an ensemble of samples that follows the posterior probability

distribution.

Mosegaard & Tarantola (1995) use a Markov chain Monte Carlo

inversion technique for a geophysical problem where the density of

the soil is derived from the gravity at the soil’s surface. The soil is

modelled as a layered medium. A prior probability density function

(PDF) is formulated for the thickness and for the density of each

layer. This prior stochastic soil model is sampled by means of a

Markov chain Monte Carlo method. For each sample, the gravity at

the soil’s surface is calculated. Next, the Metropolis rule (Metropolis

et al. 1953; Hastings 1970; Robert & Casella 2004) is used to ac-

cept or to reject the sample, depending on the correspondence with

the experimental data. This leads to an ensemble of soil profiles

distributed according to the posterior probability distribution.

Shapiro & Ritzwoller (2002) apply a similar technique for the

identification of the shear wave velocity of the earth’s crust and up-

per mantle. The experimental data consist of a large set of Rayleigh

and Love wave dispersion curves collected during earthquakes. For

each sample drawn from the prior model, the experimental data

are compared with the theoretical dispersion curves, which are effi-

ciently calculated by means of a Taylor expansion around a reference

solution. Finally, the ensemble of acceptable models is inspected for

features that occur in every member of the ensemble. These features

follow with high probability from the experimental data and are re-

ferred to as persistent.

Beaty et al. (2002) use a simulated annealing procedure to derive

the shear modulus of shallow soil layers from the fundamental and

higher Rayleigh mode dispersion curves. The simulated annealing

method is a global optimization method. The procedure is similar

to the Markov chain Monte Carlo method used by Mosegaard &

Tarantola (1995), but the likelihood function and the random step

size are gradually modified as the algorithm proceeds, in order to

arrive at the global minimum of the misfit function. Beaty et al.
(2002) also apply the method with a fixed likelihood function and

step size to estimate the variance of the identified soil profile.

In this paper, a site in Lincent (Belgium) is considered. An in situ
experiment is conducted to determine the experimental dispersion

curve of the soil at this site. A Markov chain Monte Carlo method

is used for the inversion of the dispersion curve. An ensemble of

acceptable soil profiles is constructed that reflects the uncertainty

on the SASW results and allows the assessment of the resolution of

the SASW test. The final objective of the paper is to study the im-

pact of the resolution of the SASW test on the prediction of ground

vibrations. As an example, the free field vibrations due to a hammer

impact on a concrete foundation are considered. The uncertainty on

the predictions is calculated by means of a Monte Carlo simulation

using the ensemble of acceptable soil profiles. More complicated

problems such as traffic induced vibrations in the built environment

can be addressed in a similar way. This paper focuses on the identi-

fication of the dynamic shear modulus of the soil, although the same

methodology can be used to identify the material damping ratio.

In Section 2, the in situ SASW experiment and the derivation of

the experimental dispersion curve are briefly reviewed. Section 3 fo-

cuses on the calculation of the theoretical dispersion curve from the

frequency-wavenumber domain Green’s function of the soil. The

adequacy of this approach is illustrated for soil profiles with an
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irregularly varying shear modulus, where the fundamental Rayleigh

wave does not dominate the response. In Section 4, the Markov

chain Monte Carlo inversion procedure is discussed. First, a prior

stochastic model is proposed for the dynamic shear modulus. The

variation of the shear modulus with depth is modelled as a random

process characterized by a marginal PDF and a covariance func-

tion. Second, a likelihood function is formulated that reflects the

correspondence between the experimental dispersion curve and the

theoretical dispersion curve for every soil profile. Third, the poste-

rior stochastic soil model is derived from the prior model and the

likelihood function. The posterior model is sampled by means of a

Markov chain Monte Carlo method. This leads to an ensemble of

acceptable soil profiles that reflects the uncertainty on the SASW

results. Power wavelet spectra of the prior and the posterior shear

modulus are compared to assess the resolution of the SASW test in

terms of depth and spatial scale. In Section 5, the free field vibrations

due to a hammer impact on a concrete foundation are calculated.

The results are compared with experimental data. The variability of

the free field response is considered in order to assess the robustness

of the SASW test for the prediction of ground vibrations.

2 T H E E X P E R I M E N TA L D I S P E R S I O N

C U RV E

Within the frame of this study, a site is considered in Lincent (Bel-

gium) next to the high speed railway track L2 between Brussels and

Köln. In preparation of the construction of the high speed railway

track, borings and cone penetration tests have been carried out on

this site (Karl 2005). Furthermore, seismic cone penetration tests

(SCPTs) and SASW tests (using a deterministic inversion proce-

dure) have been performed (Karl 2005; Pyl & Degrande 2001). The

borings revealed the presence of a silt top layer with a thickness of

about 1.2 m, followed by a fine sand layer reaching to a depth of

3.2 m and a sequence of very stiff layers of arenite and clay. The

SASW tests indicated the presence of a layer with a thickness of

3 m and a shear wave velocity between 150 and 160 m s−1 on a half-

space with a shear wave velocity between 250 and 280 m s−1. The

shear wave velocity resulting from the SCPTs increases almost lin-

early from about 160 m s−1 at 1 m depth to about 280 m s−1 at 6 m

depth.

These experimental data have been used for the validation of a

numerical model for the prediction of railway induced vibrations

(Lombaert et al. 2006) but are not taken into consideration in this

study. Instead, another SASW experiment is conducted. Surface

waves are generated by means of a hammer impact on a small foun-

dation and recorded by means of ten accelerometers in the free field.

The square concrete foundation is cast in situ to obtain an optimal

contact with the soil. The width of the foundation is 0.5 m, the height

is 0.2 m, and the mass is 125 kg. The impact hammer has a mass of

5.5 kg. The vertical component of the free field response is recorded

by means of seismic accelerometers located at distances of 2, 3, 4,

6, 8, 12, 16, 24, 32 and 48 m from the centre of the foundation.

Nazarian’s method is used to derive the experimental dispersion

curve from the phase of the transfer functions between pairs of

receivers (Nazarian & Desai 1993). First, the average cross-power

spectral density Ŝi j (ω) between receivers i and j is computed as:

Ŝi j (ω) = 1

N

N∑
k=1

âk
i (ω)âk∗

j (ω), (1)

where âk
i (ω) denotes the frequency content of the acceleration at re-

ceiver i for hammer impact k, âk∗
j (ω) denotes the complex conjugate

of âk
j (ω), and N is the number of hammer impacts. In the present pa-

per, N = 10 hammer impacts are used. The transfer function Ĥ i j (ω)

from receiver i to receiver j is estimated as:

Ĥ i j (ω) = Ŝ j i (ω)

Ŝii (ω)
. (2)

The coherence �̂i j (ω) of the signals at receivers i and j is defined

as:

�̂i j (ω) = Ŝi j (ω)Ŝ∗
i j (ω)

Ŝii (ω)Ŝ∗
j j (ω)

. (3)

The coherence �̂i j (ω) is a measure for the data quality as a function

of the frequency. A unit value indicates a perfectly linear relation

between the signals i and j. A smaller value may indicate noise

disturbing the measurements or non-linear behaviour of the soil.

The receivers at 2 and 4 m, 3 and 6 m, 4 and 8 m, 6 and 12 m,

8 and 16 m, 12 and 24 m, 16 and 32 m and 24 and 48 m from the

centre of the foundation are taken as pairs. For each receiver pair,

the phase velocity of the surface wave is estimated as:

CE
R(ω) = −ω�ri j

θi j (ω)
, (4)

where �rij is the distance between the receivers and θ ij(ω) is the

unfolded phase of the transfer function Ĥ i j (ω). For a fixed frequency

ω, the estimation CE
R(ω) of the phase velocity is withheld if the

following criteria are met:

�̂i j (ω) ≥ �̂min (5)

rmin ≤ �ri j

λE
R(ω)

≤ rmax. (6)

Eq. (5) imposes a threshold on the coherence function to limit the

influence of incoherent noise. A value of �̂min = 0.95 is used. Eq. (6)

ensures that the ratio of the distance �rij and the estimated surface

wavelength λE
R(ω) = 2 πCE

R(ω)/ω is within certain bounds. The

lower bound rmin acts as a high-pass filter that limits the contribution

of body waves, while the upper bound rmax serves as a low-pass filter

to remove the high frequency components contaminated by coherent

noise (Nazarian & Desai 1993). Values rmin = 1 and rmax = 3 are

used.

Fig. 1 shows the resulting phase velocity for all receiver pairs, as

well as a fifth order polynomial approximation. The dispersion curve

is obtained in the frequency range between 19 and 167 Hz where it

decreases from 198 to 132 m s−1. The corresponding Rayleigh wave-

length varies from 10.4 to 0.8 m. In the following, the polynomial

approximation is referred to as the experimental dispersion curve
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Figure 1. Experimental dispersion curve (grey dots) and approximating

polynomial (black dots) obtained for the site in Lincent (Belgium).
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CE
R(ω) and used for comparison with the theoretical dispersion

curve.

3 T H E T H E O R E T I C A L D I S P E R S I O N

C U RV E

Thomson (1950) and Haskell (1953) have formulated transfer ma-

trices in the frequency-wavenumber domain for the study of wave

propagation in layered media. The transfer matrices follow from the

exact solution of the wave equations for a linear elastic horizontally

layered isotropic medium and express the relationship between the

displacements and the tractions at the boundaries of a homogeneous

layer or half-space of the medium.

Kausel & Roësset (1981) have presented a formulation with stiff-

ness matrices as an alternative to the Haskell-Thomson transfer ma-

trix approach. This formulation is referred to as the direct stiffness

method. Compared to the use of transfer matrices, the stiffness ma-

trices have the advantage that they are symmetric and allow for an

efficient numerical implementation.

In the direct stiffness method, the dynamic equilibrium of a lay-

ered half-space is expressed in the frequency-wavenumber domain

as:

K̃ũ = t̃, (7)

where K̃ is the stiffness matrix of the layered half-space and ũ and

t̃ are the displacements and the external tractions at the layer inter-

faces. The matrix K̃ depends on the material properties of the elastic

medium, the horizontal wavenumber kr, and the frequency ω. The

natural modes of vibration of the layered half-space can be found

as non-trivial solutions of the equilibrium eq. (7) when the layered

half-space is not loaded by external forces, so that t̃ = 0. Non-trivial

solutions exist if the following characteristic equation is satisfied:

det K̃ = 0 (8)

This equation corresponds to a transcendental eigenvalue prob-

lem in terms of the real frequency ω and the complex horizontal

wavenumber kr, whose imaginary part represents wave attenuation

in the horizontal direction. This eigenvalue problem has an infinite

number of solutions and must be solved by search techniques. The

solution of the characteristic eq. (8) in the complex wavenumber

domain allows to determine the surface wave dispersion and atten-

uation curves, analogously to the analysis of surface waves in an

elastic half-space (Rayleigh 1887), a layer on an elastic half-space

(Achenbach & Epstein 1967) and a multilayered elastic medium

(Haskell 1953).

In the SASW method, it is customary to assume that the dis-

placements at the soil’s surface are dominated by the fundamental

Rayleigh wave. Eq. (8) is used to determine the phase velocity of

the fundamental Rayleigh wave. The resulting theoretical disper-

sion curve is compared with the experimental dispersion curve in

order to identify the soil profile. This approach can lead to erroneous

results if the soil contains soft layers overlain by stiffer layers. In

such cases, higher Rayleigh modes may affect the surface displace-

ments and the dispersion curve derived from the experimental data

may differ from the fundamental Rayleigh wave dispersion curve

(Gucunski & Woods 1991; Tokimatsu et al. 1992). Several authors

have attempted to tackle this problem following two different strate-

gies.

In the first strategy, all modes contributing to the experimental

surface displacements are identified separately and compared with

the corresponding theoretical dispersion curves obtained through

eq. (8) (Gabriels et al. 1987; Beaty et al. 2002; Levshin et al.
2005). This approach requires a large number of sensors. Fur-

thermore, it is not always possible to differentiate the dispersion

curves of higher modes using the experimental data (Levshin &

Panza 2006).

In the second strategy, Nazarian’s method (Nazarian & Desai

1993) is used to derive a single experimental dispersion curve from

the measured surface displacements, which is compared with an ef-

fective theoretical dispersion curve that accounts for the dominance

of higher modes. This approach does not exploit all information

provided by the experimental data, but is more robust. The number

of sensors remains limited. Ganji et al. (1998) have calculated the

effective theoretical dispersion curve by means of a numerical sim-

ulation of an actual SASW test and the application of Nazarian’s

method to the simulated results. Gucunski & Woods (1992) have

inspected the wavenumber content of the soil’s response due to a

vertical harmonic load at the soil’s surface in order to determine the

dominant mode.

In this paper, a methodology similar to the approach of

Zomorodian & Hunaidi (2006) is followed. The effective theoretical

dispersion curve is calculated as CT
R(ω) = ω/kT

R(ω). Here, kT
R(ω) is

the horizontal wavenumber kr where the modulus of the Green’s

function ũG
zz(kr , ω) reaches its absolute maximum for a fixed fre-

quencyω. The Green’s function ũG
zz(kr , ω) represents the vertical dis-

placement at the soil’s surface due to a vertical harmonic point load

at the soil’s surface and is calculated in the frequency-wavenumber

domain by means of the direct stiffness method.

This approach gives acceptable results for soil profiles contain-

ing a soft layer overlain by stiffer layers. As an example, the method

is applied to two soil profiles considered as benchmark problems

in different papers on this subject (Lai 1998; O’Neill et al. 2003;

Zomorodian & Hunaidi 2006). Both profiles consist of three ho-

mogeneous layers on a homogeneous half-space. The thickness d,

shear wave velocity C s, pressure wave velocity Cp, hysteretic ma-

terial damping ratio β (for both shear and pressure waves), and

density ρ of the layers and half-space are given in Tables 1 and 2.

For both profiles, the effective theoretical dispersion curve CT
R (ω) is

derived from the wavenumber domain Green’s function ũG
zz(kr , ω).

A reference solution is obtained from the numerical simulation of

an SASW test with 10 receivers, following the approach of Ganji

et al. (1998). Fig. 2 compares both with the theoretical dispersion

curves of all modes obtained from eq. (8). The dispersion curve of

the fundamental Rayleigh wave differs from the reference solution

due to the dominance of higher modes. A satisfactory agreement

Table 1. Benchmark soil profile 1.

Layer d Cs Cp β ρ

(m) (m s−1) (m s−1) (kg m−3)

1 10 400 800 0.030 1800

2 5 300 600 0.035 1700

3 10 400 800 0.030 1800

4 ∞ 500 1000 0.025 1800

Table 2. Benchmark soil profile 2.

Layer d Cs Cp β ρ

(m) (m s−1) (m s−1) (kg m−3)

1 2 180 300 0.010 1800

2 4 120 857 0.010 1800

3 8 180 1286 0.010 1800

4 ∞ 360 1323 0.010 1800
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Figure 2. Effective theoretical dispersion curve CT
R(ω) obtained from the

wavenumber domain Green’s function ũG
zz(kr , ω) (grey line) compared with

a reference solution derived from the numerical simulation of an SASW test

(black dots) and with the theoretical dispersion curves of all modes (thin

black lines) for (a) soil profile 1 and (b) soil profile 2.

between the effective theoretical dispersion curve CT
R(ω) and the

reference solution is obtained in both cases.

4 T H E S T O C H A S T I C I N V E R S E

P RO B L E M

4.1 The prior model

In this subsection, a prior model is formulated for the soil at the

site in Lincent. This model is based on the information on the soil

properties that is available before the SASW test is performed. In

the following subsections, a Bayesian updating scheme is followed

to transform the prior soil model into a posterior soil model that

accounts for both the prior information and the data obtained from

the SASW test.

As indicated in Section 2, a large number of in situ tests has been

performed on the site in Lincent in the recent past. A considerable

amount of information is therefore available for inclusion in the

prior model. However, the results of these tests are disregarded in

this paper. Only a minimum of information is incorporated in the

prior model. This approach is followed in order to restrict the impact

of the prior information on the resulting posterior stochastic soil

model. In this way, the posterior model allows for the most unbiased

assessment of the resolution of the SASW test, since it is not affected

by (prior) information originating from other tests.

The objective of the SASW test is to identify the dynamic soil

properties for the prediction of the ground vibrations due to a ham-

mer impact on a concrete foundation. This vibration prediction prob-

lem is addressed in the next section, where the predicted results are

also compared with experimental data. The frequency range of in-

terest extends from 20 to 150 Hz. In this range, the coherence of

the measured hammer force and the free field response is good and

the experimental data can be used as a reference for the predicted

ground vibrations. A preliminary study of this vibration prediction

problem shows that the variation of the dynamic shear modulus be-

low a depth of 6 m does not affect the results in the frequency range

of interest. It is therefore unnecessary to identify the variation of

the shear modulus below 6 m or to include it in the prior stochastic

soil model. The soil is therefore modelled as a layer with a thickness

L = 6 m where the shear modulus varies with depth on a homoge-

neous half-space.

In the layer 0 ≤ z ≤ L, the shear modulus is modelled as a random

process μ(z, θ ), where z is the vertical coordinate and θ is the co-

ordinate in the random dimension (Kolmogorov 1956; Doob 1996).

In the half-space z ≥ L, the shear modulus equals μ(L, θ ). The other

dynamic soil properties (Poisson’s ratio, damping ratio and density)

are assumed to be known a priori as the focus in this paper is on the

identification of the dynamic shear modulus. The following values

are used for both the layer and the half-space: the Poisson’s ratio is

ν = 1/3, the density is ρ = 1800 kg m−3, and the hysteretic material

damping ratio is β = 0.03 for both pressure and shear waves. The

soil is modelled by means of the direct stiffness method (Kausel &

Roësset 1981; Kausel 2006), using 60 layer elements with a thick-

ness d = 0.1 m on top of a half-space element.

The shear modulus μ(z, θ ) is modelled as a stationary non-

Gaussian process characterized by a marginal PDF pμ(μ) and a

covariance function Cμ(z1, z2). This approach might seem more

complicated than the use of a profile consisting of homogeneous

layers with a random thickness and a random shear modulus,

but it offers the advantage that the statistical properties (e.g. the

correlation length) of the prior shear modulus can be explicitly

chosen.

A uniform PDF pμ(μ) ranging from 10.1 to 162 MPa is used

(Fig. 3a). This range corresponds to a minimal shear wave velocity
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Figure 3. (a) Prior marginal PDF pμ(μ) and (b) prior covariance function

Cμ(z) of the soil’s dynamic shear modulus μ(z, θ ).
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of 75 m s−1 and a maximal shear wave velocity of 300 m s−1, which

is typical for shallow soil layers in Belgium.

Since the process μ(z, θ ) is stationary, the covariance function

Cμ(z1, z2) can also be written as Cμ(z) with z = |z2 − z1|. This

function is given by:

Cμ(z) = σ 2
μ

π z

2lc

K1

(
π z

2lc

)
, (9)

where K 1 is a first order modified Bessel function of the second kind

(Abramowitz & Stegun 1965) and lc is the correlation length. The

function Cμ(z) belongs to the Matérn class of spatial covariances

(Handcock & Stein 1993). It can be shown that the realizations

of a random process with this covariance function are continuous

(Kent 1989), which is a desirable property for a random process

that models the shear modulus of a soil. The correlation length lc

determines the spatial scale of the variation of the random process

μ(z, θ ). The choice of the correlation length lc based on the prior

information is a difficult task. A relatively small value l c = 0.25 m

is adopted in this study. In this way, the prior model contains strong

variations of the shear modulus on a small spatial scale compared

to the wavelength of the waves in the soil. The comparison with

the resulting small-scale variations in the posterior model allows

to assess the resolution of the SASW test. The covariance function

Cμ(z) is shown in Fig. 3(b).

In the following, the shear modulus μ(z, θ ) is discretized so that

the random behaviour of the prior model is controlled by a small

number of independent Gaussian random variables. Following a

method described by Grigoriu (1998), the shear modulus μ(z, θ ) is

modelled as a translation process:

μ(z, θ ) = g[η(z, θ )] = F−1
μ {Fη[η(z, θ )]}. (10)

Herein, η(z, θ ) is a standard Gaussian process and g is a mem-

oryless transformation defined in terms of the cumulative density

function Fμ(μ) of the non-Gaussian process μ(z, θ ) and the standard

Gaussian cumulative density function Fη(η). The covariance func-

tion Cη(z1, z2) of the underlying process must satisfy the following

equation:

Cμ(z1, z2) = E{μ(z1, θ )μ(z2, θ )} − m2
μ

= E{g[η(z1, θ )]g[η(z2, θ )]} − m2
μ

=
∫ ∫

R2

g(η1)g(η2)pη[η1, η2, Cη(z1, z2)] dη1dη2 − m2
μ,

(11)

where E is the expectation operator, mμ is the mean value of the

shear modulus μ(z, θ ), and pη(η1, η2, C) denotes the joint PDF of

a bivariate standard Gaussian vector with correlation coefficient C.

Eq. (11) must be solved iteratively for fixed values of z1 and z2 to

obtain the covariance function Cη(z1, z2). The double integral can be

evaluated using Gauss-Hermite quadrature (Abramowitz & Stegun

1965) if the integration variables η1 and η2 are first decorrelated. The

solution Cη(z1, z2) of eq. (11) only exists if the following condition

is met (Grigoriu 1998):

Cμ(z1, z2) ≥ E{g[η(θ )]g[−η(θ )]} − m2
μ, (12)

where η(θ ) is a standard Gaussian variable. If this condition is

met and if the function Cη(z1, z2) is positive semi-definite, then

Cη(z1, z2) is the covariance function of the underlying Gaussian

process η(z, θ ).

The underlying Gaussian process η(z, θ ) is discretized by means

of a Karhunen–Loeve decomposition of order M (Ghanem & Spanos
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Figure 4. The first five Karhunen–Loeve modes f k (z) of the underlying

Gaussian process η(z, θ ). Darker lines represent modes of lower order.

1991):

η(z, θ ) ≈
M∑

k=1

√
λk fk(z)ξk(θ ). (13)

The random variables ξ k(θ ) are mutually independent and stan-

dard Gaussian. The deterministic constants λk and functions f k(z)

are the eigenvalues and corresponding eigenfunctions satisfying the

following equation:∫ L

0

Cη(z1, z2) f (z2) dz2 = λ f (z1). (14)

This integral equation is a homogeneous Fredholm equation of the

second kind and can only be solved analytically in very specific

cases. It is solved here by means of a Galerkin type procedure de-

veloped by Ghanem & Spanos (1991), which is equivalent to the

Rayleigh–Ritz method (Baker 1977). The integral eq. (14) has an

infinite number of solutions, which are sorted in descending order

of eigenvalue λk . Only the M lowest order Karhunen–Loeve modes

f k(x), corresponding to the highest eigenvalues λk , are withheld in

the decomposition (13).

The first five Karhunen–Loeve modes f k(z) are shown in Fig. 4.

This figure shows that modes of higher order vary on a smaller spa-

tial scale than modes of lower order. The order M of the Karhunen–

Loeve decomposition (13) therefore determines the smallest scale

of variations incorporated in the discretized random process μ(z, θ ).

The objective of the SASW test is to predict the ground vibrations

due to a hammer impact on a concrete foundation. In a preliminary

study, it is observed that the waves in the soil due to the hammer

impact only resolve the large-scale variations of the shear modu-

lus (Schevenels et al. 2007). As a result, the contribution of the

Karhunen–Loeve modes of higher order is unimportant. Only the

first M = 16 Karhunen–Loeve modes are therefore withheld in the

prior model.

The random state of the prior model is determined by the random

vector ξ(θ ) collecting the random variables ξ k(θ). These random

variables follow a multivariate standard Gaussian probability distri-

bution:

ρξ(ξ) = 1

(2π )M/2
exp

(
−‖ξ‖2

2

)
, (15)

where ‖ξ‖ is the L2-norm of the vector ξ. The PDF ρξ(ξ) charac-

terizes the prior stochastic soil model and is therefore referred to as

the prior PDF.

In order to simulate the random process μ(z, θ ), a random num-

ber generator is used to produce realizations of the random variables

ξ k(θ ). These are introduced in equation (13) to obtain a realization
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Figure 5. (a) Ten realizations of the shear modulus μ(z, θ ) drawn from

the prior stochastic soil model and (b) corresponding theoretical dispersion

curves CT
R(ω) (grey lines), compared with the experimental dispersion curve

CE
R(ω) (black dots).

of the underlying Gaussian process η(z, θ ), which is finally trans-

formed by means of eq. (13) into a realization of the dynamic shear

modulus μ(z, θ ). Fig. 5 shows ten realizations of the dynamic shear

modulus μ(z, θ ), as well as the corresponding effective theoretical

dispersion curves CT
R(ω). The curves are compared with the exper-

imental dispersion curve CE
R(ω) obtained in Section 2. It is clear

that the theoretical and the experimental curves do not correspond,

which is not surprising since the experimental data are not yet taken

into account.

4.2 The likelihood function

For every soil profile in the prior model, the misfit between the

theoretical dispersion curve CT
R(ω) and the experimental dispersion

curve CE
R(ω) is characterized by the likelihood function Lξ(ξ). The

likelihood function Lξ(ξ) is a PDF specifying the probability that

the experimental data CE
R(ω) are observed for a given state ξ of the

system. This probability depends on the uncertainty on the experi-

mental dispersion curve. In this study, the likelihood function Lξ (ξ)

is defined as:

Lξ(ξ) =
⎧⎨
⎩

0 if max
ω

∣∣CT
R(ω) − CE

R(ω)
∣∣ > �CR

1
2�CR

if max
ω

∣∣CT
R(ω) − CE

R(ω)
∣∣ ≤ �CR

, (16)

where �C R = 5 m s−1. Eq. (16) implies that the error on the exper-

imental dispersion curve is smaller than �C R = 5 m s−1. All soil

profiles for which the deviation of the theoretical dispersion curve

CT
R(ω) from the experimental dispersion curve CE

R(ω) does not ex-

ceed the threshold value �CR are acceptable and equally likely,

while the other profiles are unacceptable.

As an example, Fig. 6 shows two realizations of the random

shear modulus μ(z, θ ), as well as the corresponding theoretical
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Figure 6. (a) Two realizations of the random shear modulus μ(z, θ ) and

(b) corresponding theoretical dispersion curves CT
R(ω), compared with the

experimental dispersion curve CE
R(ω) (black dots) and the bounds imposed

by the likelihood function Lξ(ξ) (grey area). The black line corresponds to

an acceptable soil profile, the grey line to an unacceptable soil profile.

dispersion curves CT
R(ω). These curves are compared with the ex-

perimental dispersion curve CT
R(ω) and the bounds imposed by the

likelihood function Lξ(ξ). The theoretical dispersion curve CT
R(ω)

corresponding to the first realization of the shear modulus μ(z, θ )

is within bounds over the entire frequency range where the experi-

mental dispersion curve is determined. This realization is therefore

acceptable. The theoretical dispersion curve CT
R(ω) corresponding

to the second realization of the shear modulus μ(z, θ ) is out of

bounds around 30 Hz and above 110 Hz, where the deviation from

the experimental dispersion curve CE
R(ω) exceeds the threshold value

�C R = 5 m s−1. As a consequence, this realization is not acceptable.

The choice of this likelihood function is rather arbitrary and sub-

jective. Alternatively, a likelihood function can be formulated on

the basis of a more rigorous estimation of the variability of the

experimental dispersion curve. O’Neill (2004) presents a numer-

ical study of the influence of various sources of uncertainty on

the experimental dispersion curve, such as the position and tilt of

the sensors. Marosi & Hiltunen (2004) determine the variance of the

experimental dispersion curve using a large sample of experimental

data collected from two test sites and find a coefficient of variation

of 2 per cent. Lai et al. (2005) follow a similar approach and find

coefficients of variation ranging from 1.1 to 5 per cent in the low

frequency range and from 0.23 to 1.25 per cent in the high frequency

range.

4.3 The Bayesian updating scheme

In this subsection, a Bayesian approach is followed to transform

the prior soil model into a posterior soil model, using the likeli-

hood function Lξ(ξ). The posterior soil model is characterized by a
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posterior PDF σ ξ(ξ), which is formally defined as:

σξ(ξ) = kρξ(ξ)Lξ(ξ). (17)

The normalization constant k is introduced to ensure that the poste-

rior PDF σξ(ξ) integrates to one. Eq. (17) can not be used to obtain a

closed-form expression for the posterior PDF σ ξ(ξ) as the likelihood

Lξ(ξ) is not explicitly known. Therefore, the posterior PDF σ ξ(ξ) is

not calculated, but a Markov chain Monte Carlo inversion method

is applied instead to obtain a population of soil profiles distributed

according to the posterior PDF σ ξ(ξ).

In the literature, a wide variety of algorithms is available to con-

struct a Markov chain that follows a prescribed but not explicitly

known probability distribution (Robert & Casella 2004). The most

popular is the Metropolis–Hastings algorithm (Metropolis et al.
1953; Hastings 1970; Robert & Casella 2004), which is used in

this work. The Metropolis–Hastings algorithm proceeds as follows.

First, a candidate ξ′
i+1 for the next state ξ i+1 is randomly gener-

ated as a perturbation of the current state ξ i using a conditional

PDF q(ξ′
i+1|ξ i). This PDF determines the probability that the chain

moves from the state ξ i to the state ξ′
i+1 and is referred to as the pro-

posal distribution. Next, the Metropolis–Hastings acceptance prob-

ability r(ξ i, ξ
′
i+1) is calculated as:

r (ξi , ξ
′
i+1) = min

{
σξ(ξ′

i+1)

σξ(ξi )

q(ξi |ξ′
i+1)

q(ξ′
i+1|ξi )

, 1

}
, (18)

where the factor q(ξ i |ξ′
i+1)/q(ξ′

i+1 |ξ i) vanishes if the proposal dis-

tribution q is symmetric, that is, if the transition from ξ i to ξ′
i+1 and

the transition from ξ′
i+1 to ξ i are equally probable. This is the case in

the original Metropolis algorithm. Finally, the candidate ξ′
i+1 for the

next state ξ i+1 is accepted with probability r(ξ i, ξ
′
i+1). To this end,

a realization u of an auxiliary random variable U(θ ) with a uniform

probability distribution between 0 and 1 is generated. The candidate

ξ′
i+1 is accepted if and only if u < r(ξ i, ξ

′
i+1). If the candidate is

rejected, the next state ξ i+1 is set equal to the current state ξ i. This

procedure results in a sequence of soil profiles characterized by the

vectors ξ i in the Markov chain, which are distributed according to

the posterior PDF σ ξ(ξ).

Following the approach proposed by Mosegaard and Tarantola

(Mosegaard & Tarantola 1995), candidates are accepted in two

stages. In the first stage, the acceptance probability r1(ξ i, ξ
′
i+1)

is calculated from the prior PDF ρξ(ξ) as:

r1(ξi , ξ
′
i+1) = min

{
ρξ(ξ′

i+1)

ρξ(ξi )

q(ξi |ξ′
i+1)

q(ξ′
i+1|ξi )

, 1

}
. (19)

The likelihood function Lξ(ξ) is accounted for in the second stage,

using the acceptance probability r2(ξ i, ξ
′
i+1):

r2(ξi , ξ
′
i+1) = min

{
Lξ(ξ′

i+1)

Lξ(ξi )
, 1

}
. (20)

The particular definition of the likelihood function Lξ(ξ) used in

this study implies that Lξ(ξ′
i+1) can only be 0 or 1

2�CR
. As a result,

the acceptance probability r2(ξ i, ξ
′
i+1) is either 0 or 1. This means

that the candidate state ξ′
i+1 is accepted if and only if the likelihood

Lξ(ξ′
i+1) is equal to 1

2�CR
, which is the case if the deviation be-

tween the theoretical dispersion curve CT
R(ω) and the experimental

dispersion curve CE
R(ω) does not exceed the threshold value �CR.

It can be proven that this two-stage approach is equivalent to

the use of the acceptance probability r(ξ i, ξ
′
i+1) defined in eq. (18)

(Mosegaard & Tarantola 1995). The numerical cost of the two-stage

approach is smaller as the likelihood Lξ(ξ′
i+1) does not have to be

computed for candidate states that have already been rejected in the

first stage. In this way, the number of theoretical dispersion curves

to calculate is reduced.

In this analysis, the Markov chain is started at a state ξ1 for which

the likelihood Lξ(ξ1) = 1
2�CR

and stopped after N = 106 steps. The

proposal density q(ξ′
i+1 |ξ i) is defined as a Gaussian PDF centred

around the current state ξ i:

q(ξ′
i+1|ξi ) = 1

(2π )M/2σ M
q

exp

(
−‖ξ′

i+1 − ξi‖2

2σ 2M
q

)
. (21)

The standard deviation σ q determines the step size in the Markov

chain. A larger step size results in a faster exploration of the support

of the posterior PDF σ ξ(ξ), but also in a lower acceptance rate of

candidate states. A standard deviation σ q = 0.08 is used, resulting

in an acceptance rate of about 0.2.

Fig. 7 shows the shear modulus and the theoretical dispersion

curve for ten successive states in the Markov chain. Due to the rel-

atively small step size σ q = 0.08 used to generate new candidate

states from the previous state, the difference between the realiza-

tions of the shear modulus shown in Fig. 7(a) remains limited. As a

result, the difference between the corresponding theoretical disper-

sion curves in Fig. 7(b) is also limited. As the algorithm proceeds,

the theoretical dispersion curve stays close to the experimental

curve, so that a relatively large fraction of the candidate states is

accepted.

The proposal density q(ξ′
i+1|ξ i) defined in eq. (21) assigns a

positive probability to any subset of the vector space of random

variables ξ k(θ ). The Markov chain can therefore proceed in a single

step from the current state ξ i to any other state. As a result, the

chain can be proven to converge to the posterior PDF σ ξ(ξ) for

every initial state ξ1 (Tierney 1994; Robert & Casella 2004). The

convergence of the chain after an infinite number of steps is therefore

guaranteed, but it is very difficult to assess the convergence of a chain

(a)
0 50 100 150 200

0

1

2

3

4

5

6

Shear modulus [Mpa]

D
e

p
th

 [
m

]

(b)
0 50 100 150 200

100

120

140

160

180

200

220

Frequency [Hz]

P
h

a
s
e

 v
e

lo
c
it
y
 [

m
/s

]

Figure 7. (a) Shear modulus and (b) dispersion curve for ten successive

candidate states in the Markov chain. Black lines correspond to acceptable

candidates, grey lines correspond to unacceptable candidates.
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Figure 8. (a) Mean and (b) standard deviation of the random variables ξ k (θ )

in the Markov chain. Darker lines correspond to lower order Karhunen–

Loeve modes.

truncated after a finite number of steps. Robert & Casella (2004)

suggest to monitor the convergence of averages and the convergence

to independent sampling. Both are explained and verified in the

following.

The average mξk (n) and standard deviation σξk (n) of the first n
samples of the random variables ξ k in the Markov chain are calcu-

lated as follows:

mξk (n) = 1

n

n∑
i=1

ξik (22)

σξk (n) =
√

1

n

n∑
i=1

ξ 2
ik − m2

ξk
(n). (23)

The results are shown in Fig. 8. Both statistics mξk (n) and σξk (n)

remain approximately constant after 2 × 105 samples, indicating

that the truncated Markov chain has converged.

The convergence to independent sampling is assessed through the

correlation coefficients cξk (�i) of successive states in the Markov

chain:

cξk (�i) = 1

σ 2
ξk

(N )

[
1

N − �i

N−�i∑
i=1

ξikξ(i+�i)k − m2
ξk

(N )

]
. (24)

The results are shown in Fig. 9. The correlation between samples

vanishes after about 4000 steps, suggesting that two samples in the

Markov chain are mutually independent if they are 4000 or more

steps apart from one another. The chain, therefore, contains about

106/4000 = 250 mutually independent samples.

The number of samples required for convergence is high and, con-

sequently, the computational cost to construct the chain is large. The

calculation is performed on a single AMD Opteron 150 processor in

about 100 hr. In order to reduce the computation time, it is possible

0 2000 4000 6000 8000 10000
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0.2

0.4
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1

Figure 9. Correlation coefficient cξk (�i) of the random variables ξ k (θ ) in

the Markov chain. Darker lines correspond to lower order Karhunen–Loeve

modes.

to construct multiple chains in parallel on a high performance com-

puting cluster. If the parallel chains start from the same point ξ1,

the first samples in all chains are concentrated in the same neigh-

bourhood, which leads to biased results. The first part of the chains

should therefore be discarded. This part is commonly referred to as

the burn-in period. The number of burn-in iterations required for

the chains to become mutually independent can be derived from the

correlation coefficients cξk (�i) shown in Fig. 9.

Another option to reduce the computation time is the use of a di-

rectional Metropolis–Hastings algorithm. Such an algorithm favours

large steps in directions for which the expected acceptance proba-

bility is high. The aim is to accelerate the exploration of the support

of the posterior PDF σ ξ(ξ) with a minimal effect on the accep-

tance rate. In this analysis, a different proposal density q(ξ′
i+1|ξ i)

could be used to provoke larger steps in the direction of the vari-

ables ξ k(θ ) corresponding to the Karhunen–Loeve modes of higher

order. These modes have a minimal impact on the dispersion curve

(Schevenels et al. 2006). Starting from an acceptable soil profile, a

(large) perturbation of the contribution of these modes to the random

shear modulus μ(z, θ ) is therefore unlikely to yield an unacceptable

soil profile. As an alternative, it is possible to adaptively update

the proposal density during the course of the simulation in an ef-

fort to maximize both the exploration speed and the acceptance rate

(Eidsvik & Tjelmeland 2006).

4.4 The posterior model

The Markov chain constructed in the previous subsection represents

the posterior stochastic soil model. The study of the posterior model

and the comparison with the prior model allows to estimate the

resolution of the SASW test. In this subsection, the resolution of the

SASW test is assessed in terms of depth and spatial scale.

Fig. 10(a) shows ten realizations of the shear modulus μ(z, θ )

selected from the Markov chain. These realizations are separated

by more than 4000 steps and can therefore be considered as mutu-

ally independent. The corresponding theoretical dispersion curves

CT
R(ω) are shown in Fig. 10(b) and compared with the experimental

dispersion curve CE
R(ω). The difference between the theoretical and

the experimental curves does not exceed the threshold value �CR

that has been imposed via the likelihood function Lξ(ξ). Hence, all

soil profiles in Fig. 10(a) fit the experimental data relatively well.

The variability of the profiles is large, however. Below a depth of

2 m, or about 0.2 times the largest wavelength in the experimental

dispersion curve, only a small reduction of the variability is ob-

served compared to the prior model (Fig. 5a). The resolution of the
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Figure 10. (a) Ten realizations of the shear modulus μ(z, θ ) drawn from the

posterior stochastic soil model and (b) corresponding theoretical dispersion

curves CT
R(ω) (grey lines), compared with the experimental dispersion curve

CE
R(ω) (black dots).

SASW test below this depth is poor. A similar observation has been

made by Beaty et al. (2002).

The realizations of the posterior shear modulus μ(z, θ ) shown

in figure 10a exhibit pronounced variations on a small spatial scale

compared to the measured Rayleigh wavelengths. These variations

depend to a large extent on the small-scale variations incorporated

in the prior soil model. It is therefore informative to compare the

prior and the posterior variability of the shear modulus μ(z, θ ) on

different spatial scales. This is possible via the random variables

ξ k(θ ). In the prior model, the random variables ξ k(θ ) are mutually

independent Gaussian variables with unit standard deviation. In the

posterior model, the variables ξ k(θ ) are no longer independent or

Gaussian, and their standard deviation is given by the final value of

the curves in Fig. 8(b). This value is smaller than one for all variables

ξ k(θ ). The Bayesian updating scheme therefore leads to a reduction

of the variance, especially for the variables ξ k(θ ) corresponding to

the lowest order Karhunen–Loeve modes. These modes represent

the large-scale variations of the shear modulus μ(z, θ ). In an SASW

test, large-scale variations of the shear modulus μ(z, θ ) are therefore

better resolved than small-scale variations. The limited resolution

of the SASW test is explained as follows: the phase velocity of the

Rayleigh wave depends on the spatial average of the soil properties

in a region near the surface with a thickness proportional to the

Rayleigh wavelength. Small-scale variations of the soil properties

are averaged out and have no effect on the dispersion curve.

The small-scale variations in the posterior soil model have also

been observed by other authors addressing similar problems with

Monte Carlo inversion methods (Sambridge & Mosegaard 2002).

Some authors consider the occurrence of these small-scale variations

as a drawback of Monte Carlo inversion methods as they are believed

to be physically unrealistic. This argument does not hold in this

case: soil profiles exhibiting variations that are (a priori) considered
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Figure 11. Real (black line) and imaginary (grey line) part of a fourth order

Paul wavelet ψ(z).

as physically unrealistic should be assigned a zero (or very small)

prior probability through the selection of a proper prior covariance

function Cμ(z), with a sufficiently large correlation length lc.

It is impossible to separate the influence of the depth and the

spatial scale on the resolution of the SASW test. Wavelet analy-

sis provides a tool to reveal the combined influence of both. The

wavelet power spectrum |W (z, kz)|2 of the prior and the poste-

rior shear modulus μ(z, θ ) is calculated following the guidelines of

Torrence & Compo (1998). For each depth z and each wavenum-

ber kz , the random shear modulus μ(z, θ ) is projected on a fourth

order Paul wavelet ψ(z) (Fig. 11) that is translated and dilated so

that it is centred around z in the spatial domain and around kz in

the wavenumber domain. The wavelet power spectrum |W (z, kz)|2
represents the variance of the projection. Prior to the projection,

the shear modulus μ(z, θ ) is padded with zeros outside the domain

[0, L] and the wavelet ψ(z) is properly normalized. The results are

shown in Fig. 12. The hatched area near the boundaries of the do-

main [0, L] represents the cone of influence, where the spectrum is

affected by the padding procedure and should be interpreted with

care (Torrence & Compo 1998).

Fig. 12(a) shows the prior wavelet power spectrum |W (z, kz)|2 of

the dynamic shear modulus μ(z, θ ). This spectrum does not vary

with depth. The posterior spectrum shown in Fig. 12(b) reveals a

clear reduction of the variance of the shear modulus μ(z, θ ), espe-

cially in the region near the surface. For large wavenumbers, the re-

duction of the variance disappears at a depth of about 2 m or 0.2 times

the largest wavelength in the experimental dispersion curve. This

confirms that the SASW test easily resolves the variation of the

shear modulus on a large spatial scale and close to the surface.

5 T H E T R A N S F E R F U N C T I O N S

O F T H E S O I L

In this section, the focus is on the prediction of ground vibrations.

The experiment conducted to measure the dispersion curve at the

site in Lincent is reconsidered but the focus is now on the amplitude

instead of the phase of the response. The modulus of the foundation-

soil transfer function Ĥ (ω), defined as the ratio of the vertical free

field displacement û(ω) and the hammer force p̂(ω) on the founda-

tion, is considered.

Two Monte Carlo simulations are performed, where the

foundation-soil transfer function Ĥ (ω) is predicted for 1000 re-

alizations of, respectively, the prior and the posterior stochastic soil

model. For each realization, a dynamic foundation-soil interaction

problem is solved by means of a method based on the subdomain for-

mulation developed by Aubry & Clouteau (1992). The equilibrium
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Figure 12. (a) Prior and (b) posterior wavelet power spectrum |W (z, kz)|2
of the soil’s dynamic shear modulus μ(z, θ ). The hatched area is the cone of

influence.

equations of the foundation are formulated using a finite element

model of the foundation and a boundary element model of the soil

(Bonnet 1995). The boundary element model is based on the Green’s

functions of a layered half-space, so that only the foundation-soil

interface has to be discretized. The Green’s functions are calcu-

lated in the frequency-wavenumber domain using the direct stiffness

method (Kausel & Roësset 1981; Kausel 2006) and transformed to

the frequency-spatial domain by means of the inverse Hankel trans-

form algorithm developed by Talman (1978). Finally, the 95 per cent

confidence region of the modulus of the foundation-soil transfer

function Ĥ (ω) is estimated from the simulations. The convergence

of the results is verified by means of a comparison of the confidence

region calculated for the first and the second half of the realizations.

Figs 13 and 14 show ten realizations and the 95 per cent confi-

dence region of the modulus of the foundation-soil transfer func-

tion Ĥ (ω), calculated with the prior and the posterior stochastic soil

model, respectively. The results are compared with the experimental

data. The frequency range of interest extends from 20 to 150 Hz in

the near field and from 20 to 100 Hz in the far field. Only in this

range, the coherence �̂(ω) of the measured force p̂(ω) and response

û(ω) exceeds a threshold value �̂min = 0.95 and the experimental

results are reliable. Moreover, the parameters L and M in the prior

stochastic soil model have been chosen as a function of the fre-

quency range of interest. The simulated results outside this range

(below 20 Hz) should therefore be interpreted with care.

The correspondence of the measured and the predicted

foundation-soil transfer functions in Fig. 14 is satisfactory in the low

frequency range. In the high frequency range, the transfer functions

are overestimated. This overestimation appears to be due to an un-

derestimation of the material damping ratio. The material damping

ratio can not be solely responsible, however: a similar overestima-

tion is observed at all source–receiver distances, while the material

damping ratio especially affects the far field response. Increasing the

material damping ratio in order to fit the predicted and measured re-

sponse in the near field would therefore lead to an underestimation

of the measured response in the far field.

Another possible explanation for the overestimation of the free

field response is non-linear behaviour of the soil under the founda-

tion. This explanation is also put forward by Auersch (1994), who
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Figure 13. Ten realizations (grey lines) and 95 per cent confidence region (grey area) of the modulus of the prior transfer function Ĥ (ω) compared with the

experimental data (black line) for a source–receiver distance of (a) 4 m, (b) 8 m, (c) 16 m and (d) 32 m. The modulus of the measured transfer function Ĥ (ω) is

plotted as a solid line if the coherence function �̂(ω) exceeds a threshold value �̂min = 0.95.
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Figure 14. Ten realizations (grey lines) and 95 per cent confidence region (grey area) of the modulus of the posterior transfer function Ĥ (ω) compared with

the experimental data (black line) for a source–receiver distance of (a) 4 m, (b) 8 m, (c) 16 m and (d) 32 m. The modulus of the measured transfer function Ĥ (ω)

is plotted as a solid line if the coherence function �̂(ω) exceeds a threshold value �̂min = 0.95.

observed a similar overestimation of measured ground vibrations in

the higher frequency range.

An additional cause of the discrepancy between the predictions

and the measurements might be a (local) deviation from a horizon-

tally layered soil profile. In the higher frequency range, the response

of the foundation (and, consequently, the free field response) is to

a large extent determined by the properties of the soil directly un-

der the foundation. A local variation of the soil properties might

therefore have an impact on the vibrations in the free field.

Compared to the prior transfer functions, the variability of the

posterior transfer functions is smaller. Within the frequency range

of interest, the strongest reduction of the variability is observed be-

tween 20 and 50 Hz. In this range, the waves travel through relatively

shallow soil layers where they resolve only the large-scale variations

of the shear modulus μ(z, θ ). These variations are well resolved in

the SASW test. As a result, the posterior uncertainty on the transfer

functions Ĥ (ω) is relatively small. Any acceptable soil profile can

therefore be used for a robust prediction of the free field vibrations

in this frequency range (provided that the material damping ratio

of the soil is known). Such a soil profile can be obtained with a

classical deterministic inversion procedure.

At lower frequencies, the wavelength of the waves in the soil is

large and the waves in the soil reach deeper layers. The properties

of these layers can not be determined from an SASW test on ac-

count of its limited resolution in terms of depth. A high posterior

uncertainty on the foundation-soil transfer functions is therefore ex-

pected. However, this cannot be observed in figure 14 due to the use

of a stochastic soil model where the spatial variation of the shear

modulus at depths larger than L = 6 m is not accounted for. As a

result, this study can not be used to determine the lower bound of the

frequency range where the SASW test allows for a robust prediction

of the free-field vibrations. It can only be concluded that this bound

is below the frequency range of interest here.

At higher frequencies (above 50 Hz), the reduction of the variabil-

ity of the posterior transfer functions in Fig. 14 is less pronounced.

In this range, the waves in the soil are affected by the small scale

variations of the shear modulus μ(z, θ ). These variations are poorly

resolved in the SASW test, resulting in a high posterior variability

of the transfer functions. This implies that the use of a soil profile

obtained from an SASW test with a deterministic inversion proce-

dure can lead to an inaccurate prediction of the free field vibrations

in the frequency range above 50 Hz.

It is clear that the frequencies mentioned in the above discussion

are not general. They are only valid for SASW tests comparable

to the test in Lincent, where the experimental dispersion curve is

obtained in the range from about 20 to 160 Hz.

These conclusions can be used to assess the robustness of the

SASW test for the prediction of road or rail traffic induced vibra-

tions. For road traffic induced vibrations, the frequency content is

mainly situated between 10 and 30 Hz. In this range, an SASW test

comparable to the test performed in Lincent allows for a robust pre-

diction of the free field vibrations. For rail traffic induced vibrations,

the frequency content is mainly situated in the range up to 100 Hz.

In this range, the free field vibrations are affected by the small-scale

variations of the shear modulus. These variations are not resolved in

an SASW test comparable to the test performed in Lincent. This re-

sults in uncertain vibration predictions. These conclusions support

the observations made in references (Lombaert & Degrande 2003)

and (Lombaert et al. 2006), where the experimental validation of

a numerical model for the prediction of, respectively, road and rail

traffic induced vibrations is addressed. In both cases, the prediction

is based on an SASW test similar to the test performed in Lincent.

The predictions are compared with experimental data, revealing a

very close correspondence for road traffic induced vibrations but

not for rail traffic induced vibrations. A possible explanation is the

limited resolution of the SASW test in the higher frequency range,
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resulting in a higher uncertainty in the prediction of rail traffic in-

duced vibrations.

The uncertainty in the prediction of rail traffic induced vibrations

can be reduced through a modification of the SASW test or the use of

a different soil investigation technique with a finer spatial resolution.

The methodology elaborated here allows to assess if the resolution

of such an alternative technique is sufficient or to design a test that

delivers the required resolution. As an example, it is possible to

determine the optimal distance between the geophones used in the

SCPT in order to minimize the uncertainty in the prediction of rail

traffic induced vibrations.

6 C O N C L U S I O N

In this paper, the determination of the dynamic shear modulus of

shallow soil layers from an SASW test is addressed in a probabilis-

tic framework. A Bayesian updating technique is used to identify an

ensemble of soil profiles that fit the experimental dispersion curve.

First, a prior stochastic soil model is formulated using the informa-

tion on the soil properties that is available before the SASW test

is performed. Next, a Markov chain Monte Carlo method is ap-

plied to sample the prior stochastic soil model. For each sample,

the theoretical dispersion curve is calculated and compared with the

experimental dispersion curve. The Metropolis rule is used to ac-

cept or reject a sample based on the correspondence of both curves.

In this way, only the soil profiles that fit the experimental data are

withheld and a population of profiles is obtained that follows the

posterior stochastic soil model. The posterior model accounts for

both the prior information and the measurement data.

The prior and the posterior stochastic soil model are compared

to assess the resolution of the SASW method. The resolution of

the SASW method is limited in terms of spatial scale and depth.

Large-scale variations of the shear modulus close to the soil’s sur-

face are well resolved. As the depth increases and the spatial scale

decreases, the resolution of the SASW test deteriorates, resulting in

an uncertain soil characterization.

Finally, the prediction of ground vibrations is considered. The

foundation-soil transfer functions are calculated in a Monte Carlo

simulation, using both the prior and the posterior stochastic soil

model. The results of both simulations are compared in order to

assess the robustness of the SASW method. In a limited frequency

range, the waves in the soil are only affected by the large-scale vari-

ations of the soil properties in a region close to the surface. These

variations are well resolved in the SASW test. Consequently, the

variability of the transfer functions is relatively small. The SASW

method can therefore be considered as a robust method for vibra-

tion predictions in this frequency range. In the lower frequency

range, the waves in the soil reach deeper layers. The properties

of these layers can not be determined from an SASW test due

to its limited resolution in terms of depth. As a result, the vari-

ability of the transfer functions is larger. In the higher frequency

range, the waves are affected by the small-scale variations of the

soil properties. These variations are poorly resolved in the SASW

test, also resulting in a high variability of the transfer functions.

In both the lower and the higher frequency range, a soil inves-

tigation technique with an adapted spatial resolution is required

for robust ground vibration predictions. To this end, the SASW

test should be modified or a different soil investigation technique

should be used. The resolution of such an alternative technique can

be assessed and optimized with the methodology followed in this

paper.
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