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1 Introduction

The stabilization of systems with control laws having a
smaller amount of free variables than the system’s dimen-
sion is a difficult problem, and optimizing the stability ro-
bustness is even more challenging. In particular, given a
plant matrixA, a control matrixB and an observer matrixC
that are all dependent on some parameter vectorK, we are
interested in finding values forK such that

1. the system matrixA is stable,

2. theH2-norm of the system’s transfer functionT

T(s;K) = C(K)(sI−A(K))−1B(K),

is minimal.

It is assumed that the amount of free parameters is much
smaller than the system’s dimension, i.e. dim(K)≪ dim(A),
and that(A,B) is controllable and(C,A) is observable.

Concisely put, we want to solve the minimization problem

min
K
‖T(s;K)‖H2

over the set of stabilizingK. TheH2-norm, defined as

‖T(s;K)‖2H2
=

1
2π

∫ ∞

−∞
tr(T( jω ;K)∗T( jω ;K))dω ,

is a smooth function and thus relatively easy to optimize.
For theH2-norm to exist however, the system matrixA must
be stable, i.e. all its eigenvalues must reside in the left half
complex plane. This is equivalent to demanding that the real
part of the rightmost eigenvalue ofA, the so-called spec-
tral abscissaα(A), be negative. Objective functions derived
from α(A) unfortunately are in general not smooth, so one
typically ends up with a nonsmooth optimization problem
for the stabilization.

Recently, several nonsmooth optimization approaches have
been devised to overcome this difficulty. These methods
then result in a two stage approach for theH2-minimization
problem, with a first step that stabilizes the system, and a
second step that subsequently robustifies the system.

We present a framework that, making use of the smoothed
spectral abscissa [1], uses only smooth optimization tech-
niques to stabilize a system. If desired, the method can also
be adapted to optimize theH2-norm, which is performed in a
way simultaneously with the stabilization, thus without hav-
ing to worry about the (nonsmooth) first step of the tradi-
tional two-stage approach.

2 Stabilization and optimal H2-design

The method is based on the smoothed spectral abscissa. This
stability measure, denoted byα̃ε , is defined as the shiftσ for
which it holds that the functionf

f (A,B,C,σ) := ‖C(sI− (A−σ I))−1B‖2H2
. (1)

is equal toε−1. The functionf is nothing else than theH2-
norm of ashifted transfer function. The larger the shiftσ ,
the easier this function is to optimize. We therefore do a
series of optimizations with decreasingσ , where the new,
smallerσ is computed as a smoothed spectral abscissa. The
algorithm looks as follows.

Algorithm 1 OptimalH2 algorithm
Require: E > 1, ε > 0, initial K∗, σ = +∞

1: while σ > 0 do
2: σ ← α̃ε(A(K∗))
3: Solve

f ∗← min
K

f (A,B,C,max{σ ,0})

with K∗ as initial guess forK.
4: UpdateK∗ with the minimizer of step 1.
5: Decreaseε: ε ← ε/E
6: end while
7: return f ∗ and corresponding minimizerK∗

By putting simplyσ instead of max{σ ,0} on line 3, the
algorithm reduces to a pure stabilization method.
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