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Abstract
This paper presents a structural model for an unloaded tyre, based ona three-dimensional flexible ring on
an elastic foundation. The ring represents the belt and the elastic foundation represents the tyre sidewall.
The model is valid till 300 Hz and includes a model of the wheel and the air cavity. This makes the model
suitable for the prediction of structure borne interior noise. Unlike most ringmodels, which consider only
in-plane modes, the presented model also predicts modes that involve torsionof the belt in the circumfer-
ential direction. The parameterization of the model, which does not require detailed knowledge about the
tyre construction, is based on the main geometrical properties of the tyre anda limited modal test. Com-
parison between measured and calculated responses shows that the tyre-wheel model describes the dynamic
behaviour with acceptable accuracy. Because the model is physical based, it could be applied to describe
other operational conditions such as loading and rotation.

1 Introduction

It has been estimated that approximately 80 million people in the European Union are exposed to unac-
ceptably high traffic noise levels [1]. The two main vehicle exterior noise sources are drivetrain noise and
tyre/road noise. Despite the complexity of the involved noise sources, significant reductions of the drivetrain
noise were achieved. With regard to the tyre/road component of the vehiclenoise, progress has been much
slower which makes currently tyre/road the most important source of vehiclenoise for driving speeds above
40 km/h [2]. From the perspective of the vehicle manufacturer, tyre/roadinteraction is a significant contrib-
utor to the perceived overall vehicle interior noise and vibration levels [3]. The NVH (Noise, Vibration and
Harshness) performance of a vehicle has become a distinctive marketing and design criteria.

Based on their nature, tyre/road noise generating and amplification phenomena are divided in two groups:
vibrational and aerodynamical phenomena.

The vibrational phenomena consider the structural vibrations of the tyre which are caused by the interactions
between tyre and road. Different types of structural waves can be identified [4, 5]: bending, longitudinal
and shear waves. The exterior sound radiation due to the structural vibrations is significant below 1500
Hz and is found to be mainly caused by bending vibrations [6]. At frequencies below 500 Hz the tyre
shows modal behaviour; this means that structural waves at certain frequencies constructively interfere. The
damping of the tyre rubber increases with increasing frequency; thus causing the structural waves to decay
rapidly in amplitude away from the excitation area. At for instance 3200 Hz, the response level drops by
approximately 40 dB by half-way around the belt [7]. Pinnington et al. [5]showed that no modal behaviour
around the belt appears above 500 Hz, which means that the belt can be approximated as an infinite beam
in the circumferential direction. In addition to the directly radiated exterior noise from a vibrating tire, tire
vibrations are also transmitted through the spindle and suspension towards the vehicle. Those vibrations then
cause noise radiation in the vehicle interior. Measurements showed that the interior noise below 400 Hz very
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Figure 1: Flexible ring on elastic foundation with internal pressure.

well correlates to the forces measured at the spindle [8]. Moreover, thestructure born noise contribution
dominates the interior noise below 500 Hz [9, 3]. Besides the structural resonances of the tyre structure,
acoustic resonances appear in the air cavity. The first cavity resonance for an unloaded tyre appears in the
frequency range between 200 Hz and 250 Hz. Sakata et al. [8] revealed for the first time that the acoustic
cavity resonance significantly contributes to the interior tyre/road noise.

The aerodynamical phenomena can be describes in general as air displacement mechanisms. The interaction
between tyre and road causes pressure variations in the surrounding air. The frequency range for this air-
borne noise is typically from 500 Hz till 3000 Hz [2]. In this paper, the aerodynamical phenomena will not
be considered.

Driven by the increasing awareness for tyre/road noise, the availability of accurate simulation tools is essen-
tial in the reduction of tyre/road noise. A wide range of tyre models are available, ranging from physical till
statistical models [10]. The structural finite element tyre model presented in this paper is based on a three-
dimensional flexible ring on an elastic foundation. The ring represents the belt and the elastic foundation
represents the tyre sidewall. The model is valid till 300 Hz and includes a model of the wheel and the air
cavity. This makes the model suitable for the prediction of structure borne interior noise. Unlike most ring
models which consider only in-plane motion, the presented model also predictsmodes that involve torsion
of the belt in the circumferential direction. The parameterization is based on the main geometrical properties
of the tyre and a limited modal test.

2 Analytical ring model

2.1 Equations of motion

Figure 1 shows a drawing of the flexible ring on an elastic foundation. The displacementsu3 anduθ are the
radial and tangential displacement of the neutral surface. The neutralsurface is referred to as the surface
where the stresses are from the membrane type; bending stresses are zero in the neutral surface. All dis-
placements are considered to be constant over the belt width. The radius,thickness, width and density of the
ring are represented byR, h, b andρ, respectively. The inner surface of the ring is subjected to a pressure
p (Pa).k3 andkθ are the stiffness values per unit area (Nm−3) of the distributed radial and tangential linear
springs.q3 andqθ are the distributed loads per unit of area. The equations of motion for the ringare [11]:

D
R4 (∂2uθ

∂θ2 − ∂3u3
∂θ3 ) + K

R2 (∂2uθ
∂θ2 + ∂u3

∂θ )− kθuθ + qθ = ρh∂2uθ
∂t2

(1)

D
R4 (∂3uθ

∂θ3 − ∂4u3
∂θ4 )− K

R2 (∂uθ
∂θ + u3) + 1

R2
∂
∂θ (N r

θθ
∂u3
∂θ )− k3u3 + q3 = ρh∂2u3

∂t2
(2)
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D andK represent the bending and membrane stiffness, respectively. Those stiffnesses are expressed as a
function of the Young’s modulusE, Poisson constantν and ring thicknessh.

D = Eh3/12(1− ν2) (3)

K = Eh/(1− ν2) (4)

The internal pressure on the ring causes a circumferential pretension inthe ring.N r
θθ represents the preten-

sion force resultant in the ring per unit width of the ring.

N r
θθ ≈

pR

1 + k3R2/(hE)
(5)

Three assumptions were made to obtain the equations of motion. Firstly, transverse shear deflections of
the ring are neglected. Secondly, the stress component acting in the normaldirection to the neutral surface
is neglected. At last, the Love simplifications for thin shells are applied [11]. The latter implies that the
shell in-plane displacements vary linearly through the shell thickness and that the out-of-plane deformation
is constant through the shell thickness.

2.2 Natural frequencies

For the eigenvalue analysis, the distributed loadsq3 andqθ are set equal to zero. At a natural frequency, each
point of the ring moves harmonically which leads to the following expression for the radial and tangential
displacement:

u3(θ, t) = Ancos(nθ − φ)ejωnt (6)

uθ(θ, t) = Bnsin(nθ − φ)ejωnt (7)

n is an integer number, representing the circumferential wave number. The arbitrary phase angleφ has to
be taken into account since a perfectly axisymmetric ring does not have a preference for the orientation of
its modes. The orientation of a mode is purely dependent on the position of the external force that excites
that mode. The proposed displacements in equations (6) and (7) do not consider variations over the width of
the ring. This presumption will limit the set of modes that result from this eigenvalue analysis. Substitution
of equations (6) and (7) into the equations of motion and elimination of the time dependent portion of the
solution leads to two new equations that can be written in matrix form:

[
(ρhω2

n − Dn4

R4 − K
R2 − n2Nr

θθ
R2 − k3) (−Dn3

R4 − Kn
R2 )

(−Dn3

R4 − Kn
R2 ) (ρhω2

n − Dn2

R4 − Kn2

R2 − kθ)

]{
An

Bn

}
=
{
0
}

(8)

The characteristic equation is obtained by setting the determinant of the abovederived coefficient matrix to
zero.

ω4
n + K1ω

2
n + K2 = 0 (9)

with,
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K1 = (−1/ρh)

[
(n2 − 1)(Dn2

R4 + K
R2 ) + n2Nr

θθ
R2 + k3 + kθ

]
(10)

K2 = (1/ρ2h2)

[
kθ(Dn4

R4 + 1
R2 (K + n2N r

θθ)) + k3kθ

+DK
R6 n2(n2 − 1)2 + n2( D

R4 + K
R2 )(n2Nr

θθ
R2 + k3)

] (11)

For each value ofn, a pair of eigenvalues are found as the roots of equation (9). The obtained eigenvalues
are the square of the natural frequencies.

ω2
n,1 =

1
2

(
−K1 −

√
K2

1 − 4K2

)
(12)

ω2
n,2 =

1
2

(
−K1 +

√
K2

1 − 4K2

)
(13)

The mode shape corresponding to each natural frequency can be calculated by substituting equations (12)
and (13) into (8) and solving this matrix equation forAn andBn. The amplitude ratio of the radial and
tangential displacement of the mode shape is derived from one of the two equations of (8):

An

Bn
=

ρhω2
n − kθ − n2

R2 ( D
R2 + K)

n2

R2 (Dn2

R2 + K)
(14)

Equation (14) shows that for values ofn > 1, the radial componentAn is dominant for the eigenfrequencies
ωn,1. For the eigenfrequenciesωn,2, the tangential componentBn is dominant. For valuesn < 1, no general
conclusion about the nature of the mode shape can be drawn.

2.3 Tyre mode naming convention

Figure 2 explains the naming convention used for the structural tyre mode shapes. An unambiguous naming
convention for the modes of an unloaded tyre was proposed by Wheeler et al. [12]. This convention uses
two integer indices which describe the bending order of the belt package inthe two directions. The format
of the notation is (n,a). The first indexn represents the number of circumferential bending wavelengths of
the belt. The second indexa represents the number of half-wavelengths in the axial direction of the belt
at a circumferential location where the shape is at an extreme radial displacement. The above described
convention is ambiguous for some of the modes in which the belt translates or rotates as a rigid structure.
For those modes, an additional label -such as: lateral, pitch, torsion- is added to indicate the rigid body
motion of the belt.

2.4 Rigid ring modes

The first modes of a flexible ring on elastic foundation are modes in which the ring mainly translates or
rotates as a rigid structure. Three of those modes will be used to calculate thesidewall stiffness of the
presented tyre model. Therefore, an expression for the natural frequency is derived for those three modes.
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n=1 n=2 n=4

a=0 a=1 a=2

Figure 2: Naming convention for tyre structural modes (n,a). n =circumferential index; a =belt cross-
sectional index

2.4.1 Torsion mode

At the torsional resonance, the ring rotates as a rigid structure around the lateral axis. The natural frequency
of this mode is derived from equation (12) by settingn = 0.

ω2
torsion = ω2

0,1 = 1
2

(
1
ρh( K

R2 + k3 + kθ)− 1
ρh( K

R2 + k3 − kθ)

)
= kθ/ρh

(15)

An alternative way to calculate the natural frequency of the torsion mode, isto consider the system as a
single degree of freedom spring-mass system. The tangential elastic foundation acts as a rotational stiffness
and the rigid ring acts as a rotational inertia.

2.4.2 (1,0) mode

At this resonance, the ring translates as an almost perfectly rigid structurein the plane of the radial and
tangential stiffnesses. The natural frequency of this mode is derived from equation (12) by settingn = 1.

ω2
(1,0) = ω2

1,1

= 1
2ρh

(
2( D

R4 + K
R2 ) + (Nr

θθ
R2 + k3 + kθ)

−
√

4( D
R4 + K

R2 )2 + (Nr
θθ

R2 + k3 − kθ)2
) (16)

Whenk3=kθ andN r
θθ = 0, equation(16) simplifies to:

ω2
(1,0) =

k3 + kθ

2ρh
(17)

This corresponds to the case in which the ring translates as a perfectly rigidstructure. Whenk3 6= kθ and/or
N r

θθ 6= 0, there will be a slight deformation of the ring in the (1,0) mode.

2.4.3 Axial mode

At the axial resonance, the ring translates as a rigid structure along the lateral axis. The natural frequency
of this mode can not be derived from equations (12) or (13) because the lateral motion was not included in
the equations of motion. However, the system can be considered as a singledegree of freedom spring-mass
system. The axial elastic foundation acts as stiffness and the rigid ring acts as mass.
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ω2
axial =

ka

ρh
(18)

3 Development of the structural tyre model

This section describes the finite element based structural tyre model of an unloaded tyre, clamped at the wheel
hub. The model is applied to a smooth tyre of size 205/55R16. The model is based on a three-dimensional
flexible ring on an elastic foundation. The ring represents the belt and the elastic foundation represents the
tyre sidewall. The model, which is implemented in ABAQUS, is valid up till 300 Hz and includes a model
of the wheel and the air cavity.

3.1 Wheel model

The dynamic interaction between tyre and wheel has an effect on the vehicle NVH. Different wheels can
produce perceptible differences in vehicle interior noise. In the frequency range 200 to 350 Hz, differences
in interior sound pressure level up to 5 dB were found between a steel wheel and an aluminium wheel [13].
Consequently, the dynamic behaviour of the wheel should be included in thetire model. In general, the
first resonance of a steel wheel (range 150-200 Hz) is much lower compared to an aluminium wheel of the
same size (range 300-350 Hz) [12]. In the presented model, a steel wheel with rim diameter 16” is used.
Figure 3a shows the finite element model of the wheel. The model does not include a damping definition.
The geometry of the wheel is modelled in detail because the flexibility of rim and disk are highly influenced
by their complex shape. An attempt was made to use a geometrical simplified wheelmodel; however,
the dynamic behaviour could not be accurately described. An eigenvalueanalysis was performed on the
wheel model, clamped at the spindle. Figure 3b shows the first four calculated wheel modes. Comparison
with experimental results shows that the predicted resonance frequencies are withing5% of the measured
frequencies. The total mass of the wheel model also corresponds to the measured total mass. This total mass
is of importance when the tyre model is used in a full vehicle model in which the wheel mass contributes to
the unsprung mass of the vehicle suspension.

1st rim bending mode Rim pitch mode

166.8 Hz 209.5 Hz

Rim axial mode

368.3 Hz

2nd rim bending mode

454.4 Hz

rimdisk

a b

Figure 3: (a) Finite element model of the steel wheel. (b) Mode shape and natural frequency of the first four
calculated wheel resonances.
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3.2 Treadband ring model

A radial tyre is composed of radial plies (carcass) that are enclosed bya steel reinforced belt and tread layer.
In the presented tyre model, the treadband is modelled as an isotropic three-dimensional ring. Despite this
drastic simplification, the tyre model exhibits acceptable accuracy in the frequency range of interest, as will
be shown in the results and validation section of this paper. The assumption ofisotropy is reasonable for the
two types of modes the model describes.

As a general engineering approach, energy dissipation in a structure isapproximated by a mathematical
model. However, for complex structures such as tyres, it is not obvious which damping model is most
appropriate. Geng et al. [14] showed that the commonly used simplification ofproportional viscous damping
does not provide an adequate description of the physical energy dissipation in tyres. A more general viscous
damping distribution is needed, which results in a more complex identification of thedamping model.

The non-linear static material behaviour of the ring is described by the Neo-Hookean hyperelastic material
model. This model is applicable for incompressible and nearly incompressible materials and is commonly
used when no accurate material data is available. Since energy dissipation inrubberlike materials has a
hysteretic character, their dynamic characteristics are often expressedas a complex Young’s modulusE∗ .

E∗ = E
′
+ iE

′′
= E

′
(1 + iη) (19)

The real partE
′
is referred to as the storage modulus, whereas the imaginary partE

′′
is referred to as the loss

modulus.E
′
is the component of the stress-strain ratio in phase with the applied strain;E

′′
is the component

90o out of phase with the applied strain. It is also appropriate to view a material’s damping performance
in relation to its stiffness. Therefore, damping is expressed by the ratio between imaginary and real part
of the complex Young’s modulus, which is referred to as the loss factorη. In this tyre model, the material
properties of the treadband are considered to be frequency independent. This corresponds to proportional
hysteretic damping and is a widely used assumption for structure borne sound applications in the frequency
range of interest. The value for the loss factor and the Poisson’s ratio are obtained from literature [5, 7] and
have proven to be a good assumption. The elastic storage modulus is obtainedby adjusting its value in order
to obtain a good correspondence between modelled and measured dynamic response.

The parameters of the ring are listed in table 1. The ring is descritized in the finiteelement model by 4-node
shell elements (ABAQUS S4R elements). The elements allow transverse sheardeformation and account for
finite membrane strains and arbitrarily large rotations. 90 elements are used in the circumferential direction
and 12 elements in the axial direction. A convergence analysis confirmed that this mesh is sufficiently dense
in the frequency range of interest.

Parameter Description Value
Rout Tyre outer radius 0.316 m
h Treadband thickness 14.1 mm
b Treadband width 0.185 m

E
′

Elastic storage modulus 4.5 108 N m−2

η Loss factor 0.15
ν Poisson ratio 0.45
ρ Density 1452 kg m−3

Table 1: Parameters of the treadband ring model.

3.3 Tyre sidewall model

The tyre sidewalls are approximated by distributed spring-damper systems in radial, tangential and axial
direction. The sidewall stiffness is composed out of a structural contribution and a pressurized membrane
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contribution. The structural contribution originates from the bending, shear and tensile stiffness of the side-
wall. The pressurized membrane contribution originates from the fact that during a deflection of the sidewall,
work is done against the inflation pressure [15].

The elastic foundation is distributed along the circumference at both edges of the treadband ring. An ex-
perimental modal analysis on an unloaded tyre, clamped at the spindle, shows that the first four resonances
behave like a spring-mass system in which the sidewall acts as a spring and the treadband as a mass [16].
Therefore, the tyre behaviour can be approximated as a ring on an elasticfoundation and equations (15), (17)
and (18) can be used to calculate the sidewall stiffness from the undampednatural frequency of the torsional,
(1,0) and axial mode, respectively. Table 2 lists the measured resonancefrequency and modal damping -
expressed as a fraction of the critical damping- of the torsional, (1,0) andaxial mode. This modal test can be
performed fast and a minimum of two tri-axial accelerometers is required to make a distinction between the
different modes. From those modal parameters, the distributed linear spring constantk and viscous damping
constantc of the sidewall can be calculated using equation (20). This equation describes the relation between
the undamped natural frequencyω, damped natural frequencyΩ and damping ratioξ for a single degree of
freedom system.

Ω = (
√

1− ξ2) ω with ξ =
c

2
√

k m
and ω =

√
k

m
(20)

The calculated sidewall spring and damping constants are shown in table 3 and are calculated per unit of area
of the treadband ring.

Experimental modal test
Tyre mode Freq.[Hz] Mod. damping [%]
axial 47.20 1.87
torsion 74.25 6.39
(1,0) 91.26 4.49

Table 2: Experimental tyre modal parameters of torsional, (1,0) and axial mode.

Parameter Description Value
k3 Radial sidewall stiffness 9.0 106 N m−3

c3 Radial sidewall viscous damping 885 N s m−3

kθ Tangential sidewall stiffness 4.47 106 N m−3

cθ Tangential sidewall viscous damping 1222 N s m−3

ka Axial sidewall stiffness 1.80 106 N m−3

ca Axial sidewall viscous damping 227 N s m−3

Table 3: Sidewall stiffness and damping constants (values per unit of ringarea).

The calculation of the radial sidewall stiffness is based on equation (17),which is valid whenk3=kθ and
N r

θθ = 0. Although this assumption is not satisfied here, the difference on the radialstiffnesses, calculated
with equation (16) and (17) is found to be0.4% for the presented tyre. For pneumatic tyres, inflated at a
broad range of pressures, it is found that(Nr

θθ
R2 + k3 − kθ)2 is negligible with respect to(2( D

R4 + K
R2 ))2; and

(Nr
θθ

R2 ) can be neglected with respect to(k3 + kθ). This justifies the use of equation (17) in the calculation of
the tyre sidewall stiffness.

The above presented sidewall model is based on the assumption that the dynamic behaviour of the sidewall
can be described by means of a spring-damper system. This simplifies the parameterisation of the tyre model
significantly, however, it limits the model to the prediction of the (n,0) and (n,1) modes (figure 2 ). For the
cross-sectional bending modes of higher order (a > 1), the sidewall dynamic behaviour deviates too much
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from a spring-damper system. Unlike the real tyre sidewall, the presented simplified sidewall model has no
mass. Therefore, half of the sidewall mass is assigned to both treadband ring and wheel.

3.4 Air cavity model

The tyre structural behaviour is significantly affected by the presence of the inner air cavity [17]. The first
cavity resonance for an unloaded tyre appears in the frequency range between 200 Hz and 250 Hz. The
air cavity acoustic resonances also appear as distinct narrow peaks in the spectrum of the vehicle interior
noise [8]. Therefore, the structural-acoustic coupling between tyre and air cavity is included in the presented
tyre model.

The air cavity is discretized using 8-node linear brick acoustic elements and iscoupled to the structural mesh
of the wheel and treadband ring. The sidewalls of the cavity are considered to be acoustically rigid. The
cross-section of the air cavity is meshed with 134 acoustic elements and the meshcontains 90 elements in
the circumferential direction. The values of the bulk modulus and the density of air are taken to be 308kPa
and 2.614kgm−3, respectively, and represent the properties of air at a temperature of20 oC and a pressure
of 2.2 105 Pa. The cavity model does not include a damping definition. Typically, the loss factor for the air
in the tyre is a factor 100 smaller than the loss factor of the tyre tread [18].

3.5 Tyre-wheel assembly

X

Z Z

Y

Z

XY

Figure 4: Fully assembled tyre-wheel model (cavity mesh is not shown).

Figure 4 shows the fully assembled tyre model. For clarity, the cavity mesh is notdepicted. First, a static
analysis of the tyre inflation is performed. The wheel centre is clamped and the tyre is inflated to2.2 105 Pa
in a geometric non-linear analysis. The inflation pressure is applied to the rim outer surface and the treadband
ring inner surface. This pressure loading induces a circumferential pretension in the ring which significantly
contributes to the tyre stiffness (see section 2). Besides the circumferential tension, the tyre treadband is also
subjected to an axial tension. This tension is not induced by the inflation pressure in the model and therefore
this tension will be applied as an external loading. The calculation of the axialtension is based on a model
in which the sidewall is represented as an inextensible membrane with circular section [19].

N r
yy =

p hs

2
(21)

WhereN r
yy represents the axial tensile force of the ring per unit of circumferential length. hs andp are the

sidewall height and the tyre inflation pressure, respectively. For a tyresidewall height of0, 075 m and an
inflation pressure of2.2 105 Pa, the axial tensile forceN r

yy becomes8250 N m−1.
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4 Results and validation

The presented tyre model will be validated by comparing measured and calculated frequency response func-
tions and modal parameters. The response calculations in this section assumethe tyre to be linear. Once the
tyre is inflated, this is a valid assumption within a wide range of excitations [14].

4.1 Eigenvalue analysis

After the static analysis in which the tyre is inflated, an eigenvalue analysis is performed in which the
first 80 undamped eigenvalues of the tyre model are calculated. This analysis is followed by a complex
eigenvalue extraction, based on the Lanczos subspace projection method[20]. This method is an iterative
Krylov subspace method. The real eigenvectors of the undamped eigenvalue analysis are used to define the
projection subspace. Stiffness and damping properties cannot be modified during an eigenvalue calculation,
thus the frequency dependent material properties have to be evaluated at a specific frequency. In this model,
the complex Young’s modulus is constant for all frequencies; therefore, the solution will not depend on the
evaluation frequency.

An experimental modal analysis is performed on the unloaded tyre-wheel assembly. The wheel is clamped at
a rigid spindle, obtaining the same boundary condition as the simulation. The tyreis excited at the treadband
by an electrodynamic shaker (B&K 4809). The shaker is connected to the tyre through an impedance sensor
(PCB 288D01). In order to excite all tyre modes in the frequency range of interest, the shaker is aligned such
that excitation is provided in radial, tangential and axial direction. Tri-axialaccelerometers (PCB 356A15)
are used to measure the response of points on the treadband and wheel.

TEST MODEL
Mode Freq.[Hz] Damping [%] Freq.[Hz] Damping [%]
axial∗ 47.2 1.87 47.5 1.51
(1,1) 56.9 2.14 52.9 1.42
torsion∗ 74.3 6.39 74.0 6.04
(2,1) 89.4 2.07 85.4 1.98
(1,0)∗ 91.3 4.49 91.1 3.56
(2,0) 118.5 3.26 114.1 2.97
(3,0) 142.0 2.78 136.8 2.82
(4,0) 170.0 3.01 165.0 3.13
(3,1) 171.9 2.73 168.3 4.35
1st rim bending 187.2 2.12 183.3 3.35
rim pitch 189.9 0.69 190.1 1.52
(5,0) 201.8 2.41 200.6 3.98
(4,1) 222.9 3.57 221.3 5.48
1st acoustic 225.8 0.25 223.8 0.66
(6,0) 233.8 2.82 244.0 5.36
(5,1) 252.6 4.13 266.3 6.77
(7,0) 268.9 2.98 295.4 7.28

Table 4: Comparison between measured and calculated modal parameters (∗ indicate modes that are used in
the parameterization of the model).
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(1,0) mode

91.3 Hz 91.1 Hz

(1,1) mode

56.9 Hz 52.9 Hz

118.5 Hz 114.1 Hz 142.0 Hz 136.8 Hz

(2,0) mode (3,0) mode

201.8 Hz 200.6 Hz 222.9 Hz 221.3 Hz

(5,0) mode (4,1) mode

Figure 5: Comparison between measured (left) and calculated (right) mode shapes.

Comparison of the calculated damped natural frequencies with the measurednatural frequencies showed
that the calculated natural frequencies were underestimated. This is a result of the parameterization of
the tyre sidewall (section 3.3) in which the flexibility of the wheel is not taken intoaccount. Therefore,
the sidewall stiffness values have to be increased in order to obtain the correct natural frequencies for the
torsional, (1,0) and axial mode. First, the axial and tangential sidewall stiffness values have to be updated
separately, based on the natural frequency of the axial and torsionalmode, respectively. The axial mode is
predominantly influenced by the axial sidewall stiffness, whereas for thetorsional mode, it is the tangential
sidewall stiffness. Finally, the radial stiffness has to be updated, basedon the natural frequency of the (1,0)
mode. This natural frequency is mainly dependent on the tangential and radial stiffness; however, only the
radial stiffness has to be updated because the tangential stiffness has already been updated, based on the
torsional mode. In this way, the three sidewall stiffness values can be updated independently. A steel wheel
is used in the model, which causes the axial, tangential and radial stiffness tobe increased by13 %, 4.5 %
and29 %, respectively to obtain the measured natural frequency for the torsional, (1,0) and axial mode.

Table 4 gives a comparison between the measured and calculated modal parameters till 300 Hz. The eigen-
frequency predictions are within five percent, except for the (1,1) mode(error−7 %), the (5,1) mode (error
+5.4 %) and the (7,0) mode (error+9.8 %). The increasing error on the last two modes is caused by the
cross-sectional bending modes of higher order (a>1) which start to appear between 300 and 350 Hz. The
presented model can not describe those modes correctly as the sidewall dynamic behaviour of those modes
deviates too much from a spring-damper system.

Figure 5 compares some of the measured mode shapes with calculated mode shapes of the model. The air
cavity is not shown because no acoustic pressure measurements in the cavity were performed during the
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experimental modal test. The calculated and measured mode shapes show good agreement. All calculated
modes were identified in the modal test and vice versa. Most poles are found to be double as the unloaded
tyre is axisymmetric.

4.2 Steady-state harmonic analysis

This analysis calculates the steady-state linearized response of the tyre-wheel model to a harmonic excitation
at the treadband. The response is calculated till 300 Hz. Rather than a direct calculation, in which the
response is calculated in terms of the physical degrees of freedom of themodel using the mass, damping and
stiffness matrices, a subspace-based method is used here to calculate the harmonic response. This approach
is less computationally expensive than a direct calculation and is still able to include frequency-dependent
material properties. Figure 6 compares the measured and calculated intertance frequency response function
(FRF) of the radial, tangential and axial response due to a harmonic force. The position of the excitation force
and the response point is indicated next to the graphs. The differencesbetween measured and calculated
FRF’s are acceptable. The largest errors appear around anti-resonances since the response is there most
sensitive to position and allignment errors of the accelerometers. Both measured and calculated FRF of the
tangential response show a distinct peak around 225 Hz, which corresponds to the first air cavity resonance.

RADIAL a / F3
TANGENTIAL a / F

q

AXIAL a / Fa a3

F

a
q

aa F

Z
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Y

X

Figure 6: Magnitude and phase of intertance FRF. Measured (solid) andcalculated (dashed).
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4.3 Sensitivity analysis

Figure 7 shows the normalised sensitivity of the calculated resonance frequencies for four different model pa-
rameters. The sensitivities are approximated by a forward finite difference approach. The natural frequency
of the torsional, (1,0), (1,1) and axial mode are nearly insensitive for variations of the treadband ring elastic
storage modulusE′. This means, as expected, that the treadband ring deformation is small for those modes.
As the circumferential wave numbern increases, the elastic storage modulus has an increasing influence on
the natural frequencies. The axial and torsional mode are found to be insensitive for radial sidewall stiffness
variations. The modes with higher circumferential wave number (n > 3) become less sensitive for radial
stiffness variations. The torsional and axial mode are most sensitive forthe tangential and axial sidewall
stiffness, respectively. This confirms that The sensitivity analysis confirms that the torsional, (1,0) and axial
mode are the most appropriate modes to characterise the sidewall stiffness,as those modes have the highest
sensitivity for sidewall stiffness changes.

Figure 7: Normalised sensitivity of the calculated resonance frequenciesfor different model parameters.

4.4 Influence of orthotropic material definition

A radial tyre is composed of radial plies (carcass) that are enclosed bya steel reinforced belt and tread layer.
Due to the orientation of the rubberized plies and the steel wires in the belt, the tyre treadband exhibits
orthotropic behaviour. For radial tyres, the circumferential Young’s modulus is approximately twice as big
as the cross-sectional Young’s modulus [5, 15]. An eigenfrequencyanalysis is performed on a model with
isotropic and orthotropic material definition. The treadband ring material parameters for both models are
listed in table 5. It is assumed that the treadband is in a state of plain stress. Thisis a reasonable assumption
since the radial stress componentσ33 is relatively small throughout the ring thickness. Only in the close
vicinity of the inner surface, where the inflation pressure acts, does this stress component reach magnitudes
that are considerable.
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Parameter Description Value
E Elastic storage modulus (ISOTROPIC)4.5 108 N m−2

ν Poisson ratio (ISOTROPIC) 0.45
Eθθ Elastic storage modulus 4.5 108 N m−2

Eyy Elastic storage modulus 2.25 108 N m−2

Gθy Elastic shear modulus 5.0 107 N m−2

νθy Poisson ratio 0.45

Table 5: Isotropic and orthotropic treadband ring material parameters.

The undamped natural frequencies for both isotropic and orthotropic treadband are compared in figure 8.
The orthotropic material definition has a higher influence on the (n,1) modes,compared to the (n,0) modes.
Moreover, the influence increases with increasing circumferential wavenumbern. This is a result of the
elastic material properties that become more important as the circumferential bending wavelength decreases
(figure 7). The axial, torsional and acoustic resonance are not influenced by the orthotropic material def-
inition. An orthotropic treadband ring material definition can improve the model accuracy; however, four
material constants need to be determined. This requires either a more complex model updating procedure or
a more detailed knowledge of the tyre construction and its materials.

Figure 8: Undamped natural frequencies for the isotropic (dashed) and orthotropic (solid) model.

5 Conclusions

This paper describes a physical based structural tyre model for the analysis of the tyre dynamic behaviour
below 300 Hz. The model describes all modes that appear in this frequency range, unlike most ring models
that are limited to in-plane modes. The main assumption is that the dynamic behaviourof a tyre in this
frequency range can be approximated by a flexible three-dimensional ring on an elastic foundation. The
model is implemented as a finite element model. The fully assembled tyre model includesa wheel and air
cavity model, which is necessary to describe all physical phenomena below300 Hz.

The parameterization of the model is based on simple geometrical properties ofthe tyre and the experimental
modal parameters of the torsional, (1,0) and axial mode. A sensitivity analysis confirmed that those modes
are best suited for the sidewall stiffness characterization. Despite the drastic, well considered simplifica-
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tions, comparison between measured and calculated responses shows that the tyre-wheel model describes
the dynamic behaviour with acceptable accuracy.

As the model is physical based, it could also be applied to predict the dynamicbehaviour under different
operating conditions, such as loading and rotation. However, a more detailed description of the treadband
and a non-linear sidewall stiffness formulation might be needed then. Although the model only provides
response of points on the treadband, it could also be used to predict the structure borne noise radiation below
300 Hz. In this frequency range, the noise radiation is mainly dominated by thetread area [3]. Driving
on roads with cobblestones, transverse joints, railroad crossings, ... are situations in which the exterior tyre
noise is dominated by structure borne noise radiation below 500 Hz.
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