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Abstract— This paper presents a synthesis procedure for the design of both robust and gain scheduled H2 static output feedback

controllers for discrete-time linear systems with time varying parameters. The parameters are assumed to vary inside a polytope

and have known bounds on their rate of variation. The geometric properties of the polytopic domain are exploited to derive a finite

set of linear matrix inequalities that consider the bounds on the rate of variation of the parameters. A numerical example illustrates

the proposed approach.
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Resumo— Este artigo propõe um procedimento de síntese para o projeto de controladores estáticos por realimentação de saída

com ganhos robustos ou escalonados e critério H2 para sistemas lineares discretos com parâmetros variantes no tempo. Os parâ-

metros variam com taxas limitadas, supostas conhecidas, dentro de um politopo. Propriedades geométricas do conjunto politópico

são utilizadas para a obtenção de um conjunto finito de desigualdades matriciais lineares que leva em conta as limitações nas taxas

de variação dos parâmetros. Um exemplo numérico ilustra o método proposto.

Palavras-chave— Sistemas lineares variantes no tempo; Sistemas discretos no tempo; Desempenho H2 garantido; Controle por

ganho escalonado.

1 Introduction

Linear parameter varying (LPV) control has received a

lot of attention from the control community since LPV

models are useful to describe the dynamics of linear

systems affected by time varying parameters as well

as to represent nonlinear systems in terms of a family

of linear models (Rugh and Shamma, 2000). In the

LPV control framework, the scheduling parameters

that govern the variation of the dynamics of the system

are usually unknown, but supposed to be measured or

estimated in real-time (Shamma and Athans, 1991).

There is a continuing effort towards the design of

high performance LPV controllers, see (Apkarian and

Adams, 1998; Apkarian et al., 1995; Packard, 1994;

Leith and Leithead, 2000; Scherer, 2001; De Caigny

et al., 2007).

Several results for analysis and synthesis have

been proposed based on different types of Lyapunov

functions that are able to guarantee closed-loop sta-

bility and performance. However, many of these ap-

proaches (see for example (Kaminer et al., 1993; Peres

et al., 1994)) use the notion of quadratic stability

where the Lyapunov matrix is assumed constant. This

generally leads to conservative results for practical ap-

plications since it allows arbitrarily fast variation of

the scheduling parameters.

To mitigate some of the conservatism associated

with the quadratic stability-based approaches, many

works using parameter-dependent Lyapunov functions

have been published. For discrete-time linear time

varying (LTV) systems, the design of stabilizing con-

trollers has been presented, for example, in (Daafouz

and Bernussou, 2001; Leite and Peres, 2004), where

the parameters are allowed to vary arbitrarily inside a

polytope and in (Oliveira and Peres, 2008) where their

rate of variation is bounded. With respect to the de-

sign of H∞ controllers, results have been presented

in (Montagner et al., 2005b; Montagner et al., 2006;

Montagner et al., 2007) for continuous-time LTV sys-

tems and in (Montagner et al., 2005a; De Caigny

et al., 2008) for discrete-time LTV systems. A bound

on the rate of variation of the parameters is considered

in (Montagner et al., 2006) for the continuous-time

case and in (De Caigny et al., 2008) for the discrete-

time case. On the other hand, design methods for

continuous-time H2 controllers have been developed

in (Xie, 2005; de Souza and Trofino, 2006; Montagner

et al., 2007). In particular, (Xie, 2005) and (de Souza

and Trofino, 2006) consider bounds on the rate of vari-

ation. To the best of our knowledge, no methods have

been published that consider the use of parameter-

dependent Lyapunov functions for the design of H2

controllers for discrete-time LTV systems. Therefore,

the aim of this paper is to provide linear matrix in-

equality (LMI) conditions for the synthesis of gain

scheduled H2 static output feedback controllers for

discrete-time linear systems with time varying param-

eters belonging to a polytope with a prescribed bound

on the rate of variation.

Our paper is organized as follows. Section 2 pro-

vides preliminary material concerning the modeling

of the uncertainty domain. Section 3 defines the H2

performance of discrete-time LTV systems. Section 4



provides a finite set of LMIs to calculate an upper

bound on the H2 performance of polytopic LTV sys-

tems, while Section 5 extends this result to the syn-

thesis of gain scheduled and robust H2 static output

feedback controllers. Section 6 shows the benefits of

our approach for a numerical example. Conclusions

are presented in Section 7.

2 Preliminaries

Consider the discrete-time LTV system

x[k+1] = A(α [k])x[k]+Bw(α [k])w[k]+Bu(α [k])u[k]

z[k] = Cz(α [k])x[k]+Du(α [k])u[k]
(1)

where α [k] ∈ R
N is the vector of varying parameters,

x[k] ∈ R
n the state, w[k] ∈ R

r the exogenous input,

u[k] ∈ R
m the control input and z[k] ∈ R

p the system

output. There is no feed through term from w[k] in the

output equation since this makes the H2 performance

unbounded. The system matrices A(α [k]) ∈ R
n×n,

Bw(α [k]) ∈ R
n×r, Bu(α [k]) ∈ R

n×m, Cz(α [k]) ∈ R
p×n

and Du(α [k]) ∈R
p×m belong to the polytope

D = { (A,Bw,Bu,Cz,Du)(α [k]) :

(A,Bw,Bu,Cz,Du)(α [k]) =
N

∑
i=1

αi[k]

(A,Bw,Bu,Cz,Du)i , α [k] ∈ ΛN} ,

where, for all k ≥ 0, the vector of time varying param-

eters α [k] belongs to the unit simplex

ΛN =

{

ξ ∈R
N :

N

∑
i=1

ξi = 1,ξi ≥ 0, i = 1, . . . ,N

}

.

(2)

For all k ≥ 0, the rate of variation of the parame-

ters

∆αi[k] = αi[k+1]−αi[k], i = 1, . . . ,N (3)

is assumed to be limited by an a priori known bound

b such that

−bαi[k] ≤ ∆αi[k] ≤ b(1−αi[k]), i = 1, . . . ,N (4)

with b ∈ R, b ∈ [0,1]. As recently discussed in

(Oliveira and Peres, 2008), less conservative results

can be obtained by explicitly taking into account that

∆αi[k] satisfies (4). Following (Oliveira and Peres,

2008), the space where the vector ∆α [k] can assume

values can be modeled by the set

Γb =
{

δ ∈R
N : δ ∈ co

{

h1, . . . ,hN
}

,

N

∑
i=1

h
j
i = 0, j = 1, . . . ,N, h ∈R

N
}

.

The first step to construct the vectors h j is to observe

that due to (2) and (3), one has

N

∑
i=1

∆αi[k] = 0.

Solving this equality under the extreme values of (4),

one has the following vectors (solutions) h j (depend-

ing on both b and α [k])

[

h1 · · ·hN
]

= b











1−α1[k] −α1[k] . . . −α1[k]

−α2[k] 1−α2[k] . . . −α2[k]

...
...

. . .
...

−αN [k] −αN [k] . . . 1−αN [k]











By taking the convex combination of the N columns h j

using β [k] ∈ ΛN , the following expression is obtained

∆α j [k] = b(β j [k]−α j [k]). (5)

3 H2 performance for LTV systems

This section introduces the H2 performance for LTV

systems. For discrete-time linear time invariant sys-

tems, three main definitions (e.g. (Stoorvogel, 1993))

are usually employed to characterize the H2-norm:

1. If G(z) represents the transfer function matrix of

a system G, then its H2-norm can be defined as

||G(z)||22 :=
1

2π

∫ 2π

0
Tr

{

G(e jω)T G(e jω)
}

dω.

2. If {e1, . . . ,er} is a basis for the input space and

zi[k] is the output of the system G when an im-

pulse δ [k]ei is applied, then its H2-norm can be

defined as

||G||22 :=
r

∑
i=1

||zi||22.

3. If z[k] is the system output for a zero-mean white

noise Gaussian process w[k] with unit covariance,

then the H2-norm of a system G can be defined

as

||G||22 := limsup
T→∞

E

{

1

T

T

∑
k=1

z[k]
T z[k]

}

, (6)

where E denotes the expectation operator and

0 < T ∈Z denotes the time horizon.

The first definition cannot be extended to time

varying systems, since, in this case, the notion of

transfer function is not well defined. On the other

hand, definitions 2 and 3 can be extended to time vary-

ing systems. In general, these two definitions will not

provide the same values. Moreover, in definition 2,

the computation of the norm can depend on the basis

chosen for the input space. Therefore we define the

H2 performance of a discrete-time LTV system using

definition 3 as in (Stoorvogel, 1993; Green and Lime-

beer, 1995; Barbosa et al., 2002).

Consider the following discrete-time LTV system

G, given by

G :=

{

x[k+1] = A[k]x[k]+B[k]w[k]

z[k] = C[k]x[k], x[0] = 0,
(7)

with x[k] ∈R
n the state, w[k] ∈R

r the exogenous input

and z[k] ∈ R
p the system output. Matrices A[k], B[k],



and C[k] have compatible dimensions and are assumed

bounded for all k ≥ 0. Assuming that G is exponen-

tially stable, we define the H2 performance using (6).

Lemma 1 Let G be given by (7). Then an upper

bound for the worst-case time varying H2 perfor-

mance defined by (6) can be characterized as follows.

Suppose there exist bounded sequences P[k] and W [k]

such that for k ≥ 0

[

P[k+1]−A[k]P[k]A[k]T B[k]

B[k]T I

]

> 0

and for k > 0

[

W [k] C[k]P[k]

P[k]C[k]T P[k]

]

> 0.

Then

||G||22 ≤ inf
P,W

sup
k

Tr{W [k]} .

4 H2 performance for polytopic systems

This section presents a guaranteed upper bound for

the H2 performance for the specific case of polytopic

LTV systems.

Theorem 2 The system (1) in open-loop has a guar-

anteed H2 performance bounded by
√

ν if, for all

α [k] ∈ ΛN , there exist symmetric positive definite ma-

trices P(α [k]) and W (α [k]) such that





P(α [k+1]) ⋆ ⋆
P(α [k])A(α [k])T P(α [k]) ⋆

Bw(α [k])T 0 I



 > 0,

[

W (α [k]) ⋆
P(α [k])Cz(α [k])T P(α [k])

]

> 0,

ν = inf
P,W

sup
α[k]∈ΛN

Tr{W (α [k])} .

The above characterization of the H2 perfor-

mance can be extended by introducing additional in-

strumental matrix variables, in a similar way as done

in (de Oliveira et al., 2002) for the time invariant poly-

topic case.

Theorem 3 The system (1) in open-loop has a guar-

anteed H2 performance bounded by
√

ν if, for all

α [k] ∈ ΛN , there exist a matrix G(α [k]) and symmet-

ric positive definite matrices P(α [k]) and W (α [k]) such

that




P(α [k+1]) ⋆ ⋆
G(α [k])T A(α [k])T Θ ⋆

Bw(α [k])T 0 I



 > 0,

[

W (α [k]) ⋆
G(α [k])Cz(α [k])T Θ

]

> 0,

ν = inf
G,P,W

sup
α[k]∈ΛN

Tr{W (α [k])}

with Θ = G(α [k])+G(α [k])T −P(α [k]).

It is worth to emphasize that the conditions of

Theorem 3, which consist in evaluating the parame-

ter dependent LMIs for all α [k] in the unit simplex ΛN ,

lead to an infinite dimensional problem. However, it

will be shown in Theorem 4 that a finite-dimensional

set of LMIs in terms of the vertices of the polytope

D can be obtained by imposing on the Lyapunov ma-

trix P(α [k]) the following affine parameter-dependent

structure

P(α [k]) =
N

∑
i=1

αi[k]Pi, α [k] ∈ ΛN , (8)

Note that using (5) and (8), it can be shown that

P(α [k+1]) =
N

∑
i=1

((1−b)αi[k]+bβi[k])Pi.

Theorem 4 The system (1) in open-loop has an H2

performance bounded by
√

ν if there exist matrices

Gi ∈ R
n×n and symmetric positive definite matrices

Pi ∈R
n×n and Wi ∈R

p×p such that





(1−b)Pi +bPℓ ⋆ ⋆
GT

i AT
i Gi +GT

i −Pi ⋆
BT

w,i 0 I



 > 0,

for i = 1, . . . ,N and ℓ = 1, . . . ,N,





(1−b)(Pi +Pj)+2bPℓ ⋆ ⋆
GT

j AT
i +GT

i AT
j Ξ22 ⋆

BT
w,i +BT

w, j 0 2I



 > 0,

with Ξ22 = Gi + GT
i + G j + GT

j − Pi − Pj for ℓ =
1, . . . ,N, i = 1, . . . ,N −1 and j = i+1, . . . ,N,

[

Wi ⋆
GT

i CT
z,i Gi +GT

i −Qi

]

> 0,

for i = 1, . . . ,N,

[

Wi +Wj ⋆
GT

j CT
z,i +GT

i CT
z, j Ξ22

]

> 0,

for i = 1, . . . ,N −1 and j = i+1, . . . ,N, and

ν = min
Gi,Pi,Wi

max
i

Tr{Wi} .

5 Gain scheduled static output feedback

In this section, the analysis result presented in Theo-

rem 4 is extended to provide a finite set of LMI con-

ditions for the synthesis of a gain scheduled H2 static

output feedback controller for system (1).

We assume that the first q states of the system can

be measured in real-time for feedback without corrup-

tion by the exogenous input w[k], i.e.

y[k] = Cy x[k]

where y[k] ∈R
q is the measured output. The matrix Cy

is independent of the time varying parameters and has

the structure

Cy =
[

I 0
]

,



with I ∈ R
q×q the identity matrix and 0 ∈ R

q×n−q

the zero matrix. If this is not the case, one can use

a similarity transformation as proposed in (Geromel

et al., 1996), whenever the output matrix is not af-

fected by the time varying parameter.

Our goal is to provide a parameter-dependent con-

trol law

u[k] = K(α [k])y[k], with K(α [k]) ∈R
m×q,

such that the closed-loop system

x[k+1] = Acl(α [k])x[k]+Bw(α [k])w[k]

z[k] = Cz,cl(α [k])x[k],
(9)

with

Acl(α [k]) = A(α [k])+Bu(α [k])K(α [k])Cy

Ccl [α[k]] = Cz[α[k]]+Du(α [k])K(α [k])Cy

is exponentially stable with a guaranteed H2 perfor-

mance bounded by
√

ν for all possible variation of the

parameter α [k] ∈ ΛN .

A solution to this gain scheduled H2 static output

feedback design problem, in terms of a finite set of

LMIs, is provided by the next theorem.

Theorem 5 If there exist matrices Gi,1 ∈R
q×q, Gi,2 ∈

R
n−q×q, Gi,3 ∈R

n−q×n−q, Zi,1 ∈R
m×q, and symmetric

positive definite matrices Pi ∈ R
n×n and Wi ∈ R

p×p

such that





(1−b)Pi +bPℓ ⋆ ⋆
GT

i AT
i +ZT

i BT
u,i Gi +GT

i −Pi ⋆

BT
w,i 0 I



 > 0, (10)

for i = 1, . . . ,N and ℓ = 1, . . . ,N,





(1−b)(Pi +Pj +2b)Pℓ ⋆ ⋆
Θ21 Θ22 ⋆

BT
w,i +BT

w, j 0 2I



 > 0

with

Θ21 = GT
j AT

i +GT
i AT

j +ZT
j BT

u,i +ZT
i BT

u, j

Θ22 = Gi +GT
i +G j +GT

j −Pi −Pj

for ℓ = 1, . . . ,N, i = 1, . . . ,N −1 and j = i+1, . . . ,N,

[

Wi ⋆
GT

i CT
z,i +ZT

i DT
u,i Gi +GT

i −Qi

]

> 0, (11)

for i = 1, . . . ,N,

[

Wi +Wj ⋆
Θ21 Θ22

]

> 0,

with

Θ21 = GT
j CT

z,i +GT
i CT

z, j +ZT
j DT

u,i +ZT
i DT

u, j

Θ22 = Gi +GT
i +G j +GT

j −Pi −Pj

for i = 1, . . . ,N −1 and j = i+1, . . . ,N, and

ν = min
Zi,Gi,Pi,Wi

max
i

Tr{Wi} . (12)

for i = 1, . . . ,N, with

Gi =

[

Gi,1 0

Gi,2 Gi,3

]

and Zi =
[

Zi,1 0
]

are feasible, then the parameter-dependent scheduled

static output feedback gain

K(α [k]) = Ẑ(α [k])Ĝ(α [k])−1,

with

Ẑ(α [k]) =
N

∑
i=1

αi[k]Zi,1, Ĝ(α [k]) =
N

∑
i=1

αi[k]Gi,1,

stabilizes the system (1) with a guaranteed H2 perfor-

mance bounded by
√

ν for all α ∈ ΛN and ∆α ∈ Γb.

Some remarks are in order now. First, if all states

are available for feedback, i.e., y[k] = x[k], the LMIs in

Theorem 5 provide conditions for the existence of a

gain scheduled state feedback control law

u[k] = K(α [k])x[k].

Second, the particular case of a robust H2 static output

feedback controller u[k] = Ky[k] is easily derived from

Theorem 5, as shown in the next corollary.

Corollary 6 If there exist matrices G11 ∈R
q×q, G21 ∈

R
n−q×q, G22 ∈R

n−q×n−q, Z11 ∈R
m×q, and symmetric

positive definite matrices Pi ∈R
n×n such that (10) for

i = 1, . . . ,N and ℓ = 1, . . . ,N and (11) and (12) for

i = 1, . . . ,N are feasible with

Gi = G =

[

G11 0

G21 G22

]

and Zi = Z =
[

Z11 0
]

then, a robust static output feedback controller that

stabilizes (1) with guaranteed H2 performance is

given by K = Z11G−1
11 .

If all states are available for feedback and the

bound b on the rate of variation is b = 0, the above

Corollary 6 reduces to the robust H2 state-feedback

case given by Theorem 9 from (de Oliveira et al.,

2002).

6 Numerical Example

Consider the polytopic time varying system (1) for n =
3 and N = 2 with the following system matrices:

[

A1 A2

]

=µ





1 0 −2 0 0 −1

2 −1 1 1 −1 0

−1 1 0 0 −2 −1



 ,Bw,1 =





0

1

0



,

Bw,2 =





0

0

1



,Bu,i =





1

0

0



 ,Cz,i =





1

1

1





T

,Du,i = Dw,i = 0,

i = 1,2, with µ ∈ R a given nonnegative scalar.

These system matrices are borrowed from (Oliveira

and Peres, 2008).

The aim in this example is to determine the maxi-

mum bound bmax on the rate of parameter variation as



a function of the scalar µ such that the system can be

stabilized by an H2 static output feedback controller.

Using respectively the LMI conditions from Theo-

rem 5 and Corollary 6, both gain scheduled and robust

output feedback controllers are designed for three dif-

ferent cases of the measurement equation y[k] = Cyx[k].

Case 1: only the first state is assumed to be measured.

Case 2: the first two states are available. Case 3: all

states are available for feedback.

Figure 1 shows the resulting maximum allowed

bound bmax on the rate of variation for the different

control designs as a function of the scalar µ . The la-

beling is as follows. The results for Case 1 are shown

in solid lines, Case 2 in dashed lines and Case 3 in

dash-dotted lines. For each one of these three cases,

the robust static output feedback controllers are re-

spectively denoted by R1, R2 and R3 (using thin lines).

Likewise, the gain scheduled static output feedback

controllers are denoted by G1, G2 and G3 (using thick

lines).

0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

 

 

µ

bmax
R1 R1

R2

R2

R3

R3

G1

G1

G2

G2

G3

G3

Figure 1: Maximal bound bmax on the rate of parame-

ter variation as a function of the scalar µ .

For low values of µ , all control designs result in

controllers that allow the parameters to vary arbitrarily

fast in the unit simplex since bmax = 1. However, as µ
increases, the maximal allowed bound bmax becomes

smaller. Obviously, this occurs first for the robust case

R1, since it is the most restrictive control design. If

more states can be measured, the curves, for both the

gain scheduled and robust designs, move to the right,

i.e., for the same bmax, higher values of µ still give

rise to feasible controllers. Note also that since the

gain scheduled controllers are less restrictive than the

robust controllers, the curves associated with the gain

scheduled controllers are always on the right of the

curves associated with the corresponding (in terms of

output measurements) robust controllers.

To check the achieved performance using our new

design procedure, µ is now fixed to be µ = 0.4525.

Figure 2 shows the achieved upper bound
√

ν on the

H2 cost of the closed-loop system (9) (on a logarith-

mic scale) as a function of the allowed bound 0≤ b≤ 1

on the rate of variation. As expected, Figure 2 shows

that as the number of states available for feedback in-

creases, the achieved upper bound
√

ν on the H2 cost

becomes smaller.
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log10

√
ν

R1 R1

R2

R2

R3

R3

G1

G1

G2

G2

G3

G3

Figure 2: Guaranteed upper bound
√

ν on the H2 cost.

For all control designs, it is clear from Figure 2,

that as the bound b increases, the performance be-

comes worse since the upper bound
√

ν increases. In

the robust case R1 and R2, and the gain scheduled case

G1, the upper bound
√

ν increases very fast as the

value of the bound b increases. This can be expected

since Figure 1 shows that for the robust case R1 with

µ = 0.4525 the LMI conditions become infeasible for

b > 0.2466 (circle in Figure 1) and for the robust case

R2 the LMIs become infeasible for b > 0.8999 (dia-

mond in Figure 1). In the gain scheduled case G1 the

LMIs in Theorem 5 become infeasible for b > 0.6477

(square in Figure 1). In the other cases R3, G2 and G3,

the LMI conditions remain feasible for all vales of b.

For the case b = 0, the robust case R3 yields the

performance
√

ν = 2.3655, which is the same value

as the one obtained using Theorem 9 from (de Oliveira

et al., 2002). This is illustrated in Figure 2 by a square.

7 Conclusions

To the best of our knowledge, this is the first paper to

present LMI conditions for the design of gain sched-

uled static output H2 controllers for discrete-time

polytopic LTV systems using parameter-dependent

Lyapunov functions. Using a recently published mod-

eling approach for the uncertainty domain, our design

method includes a priori knowledge on the rate of vari-

ation of the parameters.

It is worth to emphasize that for the case where

the bound b on the rate of variation is b = 0, the re-

sult from Theorem 9 from (de Oliveira et al., 2002) is

encompassed as a special case of our results.
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