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1 Introduction

The breakdown point of an estimator is the largest fraction of contaminated data it can

withstand before giving estimates that are arbitrarily far o�. Unfortunately, many estimators

with a high breakdown point at the same time possess a low asymptotic e�ciency. (In this

paper we use the customary de�nition of asymptotic e�ciency, given by the ratio between

the Cram�er-Rao bound and the asymptotic variance of the estimator.) For instance, in

the univariate location model the sample median has a gaussian e�ciency of 63.7%. In

the analogous scale model, a typical estimator with 50% breakdown point is the MAD or

median absolute deviation (see, e.g., Hampel et al 1986), which is only 36.7% e�cient. Even

worse, the least median of squares (LMS) regression estimator converges at the n1=3 rate

(Rousseeuw 1984), and the same is true for the minimum volume ellipsoid (MVE) estimator

of multivariate location.

In order to improve the e�ciency, it has often been suggested to use the above-mentioned

estimators as starting point for k-step M-estimators. In the univariate case these were

extensively studied by Andrews et al (1972), who found that for k = 1 and certain  -functions

they perform quite well. In regression it was proposed to use 1-step M-estimators based on

LMS (Rousseeuw 1984, page 876) which yield a high asymptotic e�ciency (Jure�ckov�a and

Portnoy 1987). Similarly, Davies (1992) studied a 2-step M-estimator based on the MVE

and showed that it attains a high asymptotic e�ciency while retaining the 50% breakdown

point.

In all these instances it is possible to combine an arbitrarily high asymptotic e�ciency

with a 50% breakdown point by means of k-step M-estimators with a �xed �nite value of k.

It would seem that one gets the high e�ciency for free, but of course there is no free lunch.

The purpose of this note is to show that together with the e�ciency, also the worst-case bias

may go up. For this we will compute the bias curves of k-step M-estimators, which to our

knowledge have not yet been considered in the literature. Rather than striving for very weak

assumptions, we will focus on some typical examples in order to illustrate the phenomenon.

Section 2 deals with the framework of univariate location, in which the bias is most easily

visualized without much technical machinery. In this case the bias increases only a little with

k. Afterwards, in Section 3 we study the scale case, where the e�ect turns out to be far more

pronounced. Section 4 contains some concluding remarks.
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2 Estimation of location

Throughout this paper, the central model distribution F is assumed to be symmetric. In

this section we will work with the location model fF (x � �);�1 < � < 1g in which we

want to estimate the parameter �. For this we can use an M-estimator, which is the solution

Tn of an equation
1

n

nX
i=1

 (xi � Tn) = 0 (2.1)

based on the data set fx1; : : : ; xng: This corresponds to the functional T (G) given by

EG[ (X � T (G))] = 0 (2.2)

for any distribution G. We assume that

(P) The function  (x) is odd, bounded, increasing, and twice di�erentiable everywhere

except in at most a �nite number of points.

A typical choice is

 (x) = min(c;max(x;�c)) (2.3)

as proposed by Huber (1981) who showed that the resulting T is asymptotically minimax

when F = �, the standard gaussian distribution. Here we will use the Huber estimator (2.3)

with c = 1:35, yielding a gaussian e�ciency of 95%.

Instead of solving (2.2) to obtain the actual M -estimator we can also compute a k-step

M-estimator, of which there exist several versions (see Hampel et al 1986, pages 152-153)

with very similar behavior. We prefer the version given by the functional

T k(G) = T k�1(G) +
EG[ (X � T k�1(G))]

EF [ 0]

where the initial estimator T 0 is taken to be the median. Both the actual M-estimator and

the k-step M-estimator have a breakdown point of 50% because of (P). They also have the

same inuence function, given by

IF (x;T k; F ) =
 (x)

EF [ 0]

because T (F ) = 0. (Therefore, also the asymptotic e�ciency remains the same.)

However, the robustness of an estimator is not characterized solely by its IF (which

describes the e�ect of an in�nitesimal contamination) and its breakdown point (the fraction
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of contamination causing complete disaster). In between these extremes, the bias curve tells

us how much T k can change due to a given fraction " of contamination. Bias curves occurred

briey in Hampel et al (1986, page 117) but they were not used to full advantage before the

work of Martin and Zamar (1989) and Martin, Yohai and Zamar (1989).

For location estimators, bias curves are de�ned as follows. For " > 0 we consider F" =

fG; G = (1� ")F + "Hg where H ranges over all distributions. The bias curve of T k is then

B("; T k; F ) = sup
G2F"

jT k(G)j (2.4)

(plotted as a function of "). For the median (k = 0) it holds that

B("; T 0; F ) = F�1(
1

2(1� ")
): (2.5)

For general k we obtain the following result (all proofs are given in the Appendix).

Proposition 1. If t! t+ EF [ (X � t)]=EF [ 0] is increasing, then the bias curve of T k is

given recursively by

B("; T k; F ) = B("; T k�1; F ) +
(1� ")EF [ (X �B("; T k�1; F ))] + " (1)

EF [ 0]
(2.6)

for 0 � " < 0:5:

On the other hand, the bias curve of the actual M-estimator (2.2) is given by the implicit

equation

(1� ")EF [ (X �B("; T ; F ))] + " (1) = 0: (2.7)

Figure 1 shows the bias curves of these estimators in the gaussian case, using the Huber

 -function (2.3) for which t+ EF [ (X � t)]=EF [ 0] is indeed increasing. (This can be seen

by computing the derivative, equal to 1 � (F (t+ c) � F (t � c))=(F (c) � F (�c)), which is

positive.) It turns out that the bias curves of these location estimators are quite close to

each other. However, we will see that the di�erences are much larger in the scale case.

3 Estimation of scale

In the scale model fF (x=�); 0 < � <1g an M-estimator S(G) is de�ned as the solution of

the equation

EG[�(
X

S(G)
)] = �; (3.1)

where � = EF [�] and thus S(F ) = 1: We assume that
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(R) The function � is even, bounded, increasing for positive arguments, di�erentiable except

in at most a �nite number of points, and satis�es �(0) = 0.

Huber (1981, page 109) proposed the function

�(x) = min(x2; c2) (3.2)

which has the asymptotic minimax property when F = �. Moreover, for c not too small

this estimator is also optimally B-robust (Hampel et al 1986, page 122). We will focus on

the Huber estimator (3.2) with c = 2:38 because it attains a gaussian e�ciency of 95%. Its

breakdown point then becomes

"� =
�

�(1)
= 17%:

Within the class of scale M-estimators of type (3.2), there is thus a tradeo� between e�ciency

and breakdown point.

In order to compute k-step M-estimators we �rst need an initial estimator S0, for which

we take the median absolute deviation about the origin:

S0(G) = med
G

(jXj)=F�1(3=4) (3.3)

which is simple and has a 50% breakdown point. (Some other possibilities for S0 are discussed

by Rousseeuw and Croux 1993.) The k-step M-estimator (Huber 1981, page 147) is de�ned

recursively by

(Sk(G))2 =
1

�
(Sk�1(G))2EG[�(

X

Sk�1(G)
)]: (3.4)

(Note that the special case k = 1 has been used for approximating the objective function of S-

estimators (Rousseeuw and Leroy 1987, page 174), whereas � -estimators of scale (Yohai and

Zamar 1988, page 407) are obtained by inserting for S0 an M-estimator of scale determined

by a smooth function �1.)

Proposition 2. The inuence function of the k-step M-estimator of scale equals

IF (x;Sk; F ) =
�(x)� �

2�

1 � bk

1� b
+ bkIF (x;S0; F ) (3.5)

where b = (2� � EF [X�0(X)])=(2�) and k � 1.

In Figure 2 we plotted the inuence functions of k-step M-estimators with Huber �-

function (3.2). Note that all these inuence functions are discontinuous, which is due to the
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Table 1: E�ciency, � and "� for di�erent values of k

k e � ��

0 36.75 1.17 0.50

1 92.67 2.54 0.50

2 94.93 2.68 0.50

3 95.04 2.69 0.50

1 95.05 2.70 0.17

two jumps of IF (x;S0; F ) in (3.5). We also see that the inuence functions converge to that

of the actual M-estimator, because jbj < 1 in (3.5) implies that

lim
k!1

IF (x;Sk; F ) =
�(x)� �

EF [X�0(X)]
= IF (x;S;F ):

Table 1 gives the gaussian e�ciency e and the breakdown point "� of Sk, for a few values

of k. It also provides the gross-error sensitivity � which is de�ned as the supremum of

the absolute value of the inuence function (see Hampel et al 1986). We see that e and �

converge quickly, whereas "� remains 50% for any �nite k.

These results appear to justify the use of k-step M-estimators with large k, because their

e�ciency increases with k whereas their robustness does not seem to deteriorate. However,

we also have to consider their worst-case bias. The explosion bias curve of Sk is de�ned by

B+("; Sk; F ) = sup
G2F"

Sk(G) (3.6)

(with F" as in the previous section), and the implosion bias curve is

B�("; Sk; F ) = inf
G2F"

Sk(G): (3.7)

For the special case k = 0, we have the bias curves of the median deviation (see Martin

and Zamar 1989):

B+("; S0; F ) = F�1( 3�2"
4(1�"))=F

�1(34)

B�("; S0; F ) = F�1( 3�4"
4(1�")

)=F�1(3
4
):

(3.8)

The following result gives the bias of Sk for k � 1:
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Proposition 3. Assume that � is such that s! s2EF [�(X=s)] is an increasing function for

s � 0. Then the explosion bias curve of Sk is recursively given by 
B+("; Sk; F )

B+("; Sk�1; F )

!2

� = (1 � ")EF [�(
X

B+("; Sk�1; F )
)] + "�(1) (3.9)

for all k � 1 and 0 � " < 0:5, and the implosion bias curve by 
B�("; Sk; F )

B�("; Sk�1; F )

!2

� = (1� ")EF [�(
X

B�("; Sk�1; F )
)]: (3.10)

Note that for the Huber �-function (3.2) the mapping s ! s2EF [�(X=s)] is indeed in-

creasing.

For the k-step M-estimator with c = 2:38, the explosion bias curves are plotted in Figure

3a and the implosion bias curves in Figure 3b. The case k = 0 corresponds with the initial

estimator S0, whereas k =1 marks the bias of the actual M-estimator (3.1). The explosion

bias of the latter satis�es the equation

(1 � ")EF [�(
X

B+("; S; F )
)] + "�(1) = �

(see Martin and Zamar 1989), whereas its implosion bias satis�es

(1 � ")EF [�(
X

B�("; S; F )
)] = �:

The explosion bias curves in Figure 3a clearly show the price to be paid for taking k steps

away from the initial estimator. For any given fraction of contamination ", the maximal bias

B+("; Sk; F ) goes up with k, although each Sk still has the 50% breakdown point. This is a

typical example where the limit of a sequence of functions with the same vertical asymptote

(at " = 0:5) possesses a di�erent vertical asymptote (at " = 0:17). For " between 0.17 and

0.50 the value B+("; Sk; F ) tends to in�nity with k.

In Figure 3b we see that all Sk implode at " = 0:5, but the actual M-estimator does

not. Depending on the situation, this may or may not be desirable: when half of the

observations are zero, the actual M-estimator does not become zero (whereas the median

deviation and Sk do). Although the M-estimator already explodes at " = 0:17 it only

implodes at " = 1� 0:17 = 0:83.

4 Concluding remarks

Some important advantages of k-step M-estimators are their ease of computation and the

fact that they can attain an arbitrarily high e�ciency while inheriting the breakdown point
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of the initial estimator. But from the robustness angle, a high breakdown point is only a

necessary condition, not a su�cient condition (Rousseeuw 1984, page 877). The bias curve

gives a more complete description of an estimator's robustness.

It might appear that bias curves are rather pessimistic, because in (2.4) and (3.6)-(3.7)

one takes a supremum or an in�mum where H ranges over all distributions. However, in

many situations quite similar results are found by restricting H to a suitably chosen subclass

of distributions. For instance, for the estimators considered in this paper the same bias curves

are obtained when H ranges over the subclass of distributions which have their mass in a

single point, as can be seen from the proofs in the Appendix. On the other hand, restricting

attention to symmetric H, which is an unrealistic description of contamination, would yield

a zero bias in (2.4).

In this paper we have constructed the bias curves of k-step M-estimators in two typical

situations. In the location model the bias increases only slightly with k, whereas in the scale

model the bias curves are very di�erent. Our results con�rm the folklore that small values

of k (say, k = 1 or k = 2) are advisable. Larger values of k are generally not preferable due

to the increased bias. It is also recommended to use small values of k in multiparameter

problems (which typically contain a scale component in one form or another).

5 Appendix: proofs

Proof of Proposition 1. Denote by ck the right hand side of (2.6). Let F" = (1� ")F + "H,

where H can be any distribution. We will prove by induction that

jT k(F")j � ck: (5.1)

This is true for k = 0 and we assume by induction that it is also true for k � 1. Now

T k(F") = T k�1(F") +
(1 � ")EF [ (X � T k�1(F"))] + "EH [ (X � T k�1(F")]

EF [ 0]
: (5.2)

Using our induction hypothesis, the fact that  is increasing, t! EF [ (X�t)] is decreasing,

and our assumption that t ! t + EF [ (X � t)]=EF [ 0] is increasing, it follows from (5.2)

that T k(F") � ck for all k. It also follows that

T k(F") � �ck�1 +
(1� ")EF [ (X + ck�1)] + " (�1)

EF [ 0]
:

7



Since  is odd and F is symmetric it follows that T k(F") � �ck and therefore (5.1) is true.

Now consider a sequence Fn;" = (1 � ")F + "�xn where xn " 1. Here, �xn denotes the

distribution which has all its mass in the point xn. We claim that

lim
n!1

T k(Fn;") = ck: (5.3)

Since (5.3) is true for k = 0, we assume by induction that it is also true for k � 1. Now

T k(Fn;") = T k�1(Fn;") +
(1� ")EF [ (X � T k�1(Fn;"))] + " (xn � T k�1(Fn;"))

EF [ 0]
:

Using the continuity of t ! EF [ (X � t)] and of  (x) for large x, together with

limn!1 T
k�1(Fn;") = ck�1 proves (5.3) for all k � 0. 2

Proof of Proposition 2. Denote F" = (1� ")F + "�x. Since

(Sk(F"))
2 =

(Sk�1(F"))2

�

 
(1� ")EF [�(

X

Sk�1(F")
)] + �(

x

Sk�1(F")
)

!
;

we obtain by di�erentiation that

IF (x; (Sk)2; F ) =
2Sk�1(F )IF (x;Sk�1; F )

�
EF [�(

X

Sk�1(F )
)]

+
(Sk�1(F ))2

�

 
�EF [�(

X

Sk�1(F )
)]� E[X�0(

X

Sk�1(F )
)]
IF (x;Sk�1; F )

(Sk�1(F ))2
+ �(

x

Sk�1(F )
)

!
:

Using Sk�1(F ) = 1; EF [�(X)] = �; and IF (x; (Sk)2; F ) = 2IF (x;Sk; F ) yields

IF (x;Sk; F ) =
�(x)� �

2�
+ (

2� �EF [X�0(X)]

2�
)IF (x;Sk�1; F ):

Solving the above recurrence relation yields equation (3.5). 2

Proof of Proposition 3. Denote by bk the RHS of (3.9) and let ck = B+("; Sk�1; F )2bk=�.

We will �rst show that

B+("; Sk; F )2 � ck: (5.4)

We know that (5.4) holds for k = 0, and we assume by induction that it is also true for k�1.

Now take F" = (1 � ")F + "H where H can be any distribution. Then

Sk(F")
2 =

Sk�1(F")2

�
f(1 � ")EF [�(

X

Sk�1(F")
)] + "EH [�(

X

Sk�1(F")
)]g:
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Since Sk�1(F") � B+("; Sk�1; F ), EH [�(
X

Sk�1(F")
)] � �(1), and s! s2EF [�(

X
s
)] is increasing

in s, it follows that (5.4) is true. On the other hand, consider a sequence of distribution

functions Fn;" = (1� ")F + "�xn where xn !1: Then we claim that

lim
n!1

Sk(Fn;") = B+("; Sk; F ) for all k � 0; (5.5)

where B+("; Sk; F ) is de�ned by equation (3.9). For the initial scale estimator S0 it is easily

seen that (5.5) is true. Now assume by induction that (5.5) holds for k � 1. Then

lim
n!1

Sk(Fn;")
2 = lim

n!1

B+("; Sk�1; F )2

�
f(1 � ")EF [�(

X

Sk�1(Fn;")
)] + "�(

xn
Sk�1(Fn;")

)g:

Using the continuity of s! EF [�(
X
s
)] and the monotonicity of � proves (5.5).

The proof for the implosion bias curve is similar, making use of the contaminated distri-

bution F" = (1� ")F + "�0 which describes the occurrence of inliers. 2
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Fig. 1. Bias curves of k-step M-estimators of location starting from the median, using

Huber's  -function (2.3) with c=1.35.



Fig. 2. Inuence functions of k-step M-estimators of scale starting from the median

deviation, using Huber's �-function (3.2) with c=2.38.



(a)

(b)

Fig. 3. Bias curves of k-step M-estimators of scale; (a) for explosion, (b) for implosion.


