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Abstract

In graph mining, a frequency measure is anti-monotonic
if the frequency of a pattern never exceeds the frequency of
a subpattern. The efficiency and correctness of most graph
pattern miners relies critically on this property. We study
the case where the dataset is a single graph. Vanetik, Gudes
and Shimony already gave sufficient and necessary condi-
tions for anti-monotonicity of measures depending only on
the edge-overlaps between the intances of the pattern in a
labeled graph. We extend these results to homomorphisms,
isomorphisms and homeomorphisms on both labeled and
unlabeled, directed and undirected graphs, for vertex and
edge overlap. We show a set of reductions between the
different morphisms that preserve overlap. We also prove
that the popular maximum independent set measure assigns
the minimal possible meaningful frequency, introduce a new
measure based on the minimum clique partition that assigns
the maximum possible meaningful frequency and introduce
a new measure sandwiched between the former two based
on the poly-time computable Lovászθ-function.

1 Introduction

Recently, graph mining has emerged as a new field
within contemporary data mining that got a lot of atten-
tion over the last several years. The central task is to find
subgraphs, calledpatternsthat occur frequently in either a
collection of graphs, or in one large graph. Especially in
the single-graph setting, the notion of frequency, however,
is not at all straightforward. For example, the naı̈ve solu-
tion of taking the number of instances of the pattern as its
frequency has the undesirable property that extending a pat-
tern (i.e., making it more restrictive), may increase its fre-
quency. Hence, as pointed out by Vanetik, Gudes and Shi-
mony [13], a good frequency measure must be such that the
frequency of a super-pattern is always at most as high as that
of a subpattern. This property is calledanti-monotonicity.

Also for reasons of efficiency, anti-monotonicity of the fre-
quency measure is highly desirable, as it allows for pruning
large parts of the search space. The efficiency and correct-
ness of most graph pattern miners relies critically on the
anti-monotonic property of the used frequency measure.

An important class of anti-monotonic support measures
in the single graph setting is based on the notion of an over-
lap graph — a graph in which each vertex corresponds to a
match of the pattern and two vertices are connected by an
edge if the corresponding matches overlap. Vanetik, Gudes
and Shimony proved necessary and sufficient conditions for
anti-monotonicity in the single, labeled graph setting, in
which the vertices of the overlap graph represent subgraphs
of the data set isomorphic to the pattern, and the edges rep-
resent edge overlap [13] between the subgraphs.

In the context of graph mining, however, not only sub-
graph isomorphism and labeled graphs are important. On
the one hand, the importance of homeomorphic based graph
mining increased drastically with the study of biological
networks [1, 6]. On the other hand, in applications where
vertices can play several roles (e.g. social networks) homo-
morphism is more suitable. Homomorphism in the context
of data mining has been thoroughly investigated in the field
of inductive logic programming [11]. In this paper we ex-
tend the results of Vanetik, Gudes and Shimony to these
settings as well. Our main contributions are:

1. We study systematically all24 combinations of iso-,
homo-, or homeomorphism, on labeled or unlabeled,
directed or undirected graphs, with edge- or vertex-
overlap and extend the anti-monotonicity results.

2. In our proofs, we use reductions which are also of in-
terest in their own right, as they allow to transfer results
for different types of morphisms and overlap from one
setting to another. For an overview of the different re-
ductions, see Figure 1.

3. An interesting consequence of the reductions is that
any unlabeled, undirected graph is a potential vertex-
and edge-overlap graph in all considered settings.
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Figure 1. Overview of the reductions. R1, R2, and R3 are proven respectively in Theorems 25, 29,
and 33; the dashed and the dotted arrows in Prop. 12. Arrows re presenting reductions changing
γ-overlap into γ′-overlap are labeled with γ → γ′.

4. We show that (under reasonable assumptions) the
maximum independent set measure(MIS) of Vanetik,
Gudes and Shimony [13] is the smallest anti-
monotonic measure in the class of overlap-graph based
frequency measures. We also introduce the newmini-
mum clique partition measure(MCP) which represents
the largest possible one.

5. In general, both the MIS measure and the MCP mea-
sure are NP-hard to compute in the size of the overlap
graph. The Lov́asz measure is computable in poly-
nomial time and is sandwiched between the former
two measures. We show that the Lovász measure
induces an anti-monotonic overlap-graph based fre-
quency measure.

Due to space limitations, we omit the proofs for our theo-
rems and only state the results and intuitions in this version.
In Section 2 we review basic concepts from graph theory.
In Section 3 we introduce overlap graphs, support measures
and reductions between the different settings. Next, in Sec-
tion 4 we present our results on minimal, maximal and poly-
time computable meaningful overlap measures. In Section
5 we present our reductions and use them to extend the re-
sults to all 24 settings. Finally, we conclude in Section 6.

2 Preliminaries

We assume that the reader is familiar with most basic
graph theoretic notions and computational complexity. Any
textbook in these areas, such as [3] and [12] supply neces-
sary background.

Graphs A graphG = (V,E) is a pair in whichV is a
(non-empty) set ofverticesor nodesandE is either a set
of edgesE ⊆ {{v, w} | v, w ∈ V, v 6= w} or a set of
arcs E ⊆ {(v, w) | v, w ∈ V, v 6= w}. In the latter case

we call the graphdirected. A labeledgraph is a quadruple
G = (V,E,Σ, λ), with (V,E) a graph,Σ a non-empty fi-
nite, totally ordered set of labels, andλ a functionV → Σ
assigning labels to the vertices. We use the notationV (G),
E(G) andλG to refer to the set of vertices, the set of arcs
(edges) and the labeling function of a graphG, respectively.

By G, we denote the class of all graphs; byG→ (G↔),
the restriction to directed (undirected) graphs; and byGλ

(G•) the restriction to labeled (unlabeled) graphs. We often
combine notation; e.g.,G→

• for directed, unlabeled graphs.

Morphisms The following concepts introduced forG→
λ

are also valid for undirected and/or unlabeled graphs by
dropping the direction of the edges and/or the vertex-labels.

A homomorphismπ from H = (VH , EH ,Σ, λH) to
G = (V,E,Σ, λ) is a mapping fromVH → V , such that
∀(v, w) ∈ EH : (π(v), π(w)) ∈ E. If suchπ exists, we
say thatH is homomorphic toG.We callπ edge-surjective
if ∀(v′, w′) ∈ E ∃(v, w) ∈ EH : π(v) = v′ ∧ π(w) = w′

and call it surjective if it is both vertex- and edge-surjective.
An isomorphismfrom H to G is a bijective homomor-

phismπ from H to G. In that case, we say thatH is iso-
morphic toG and writeH ∼= G. We useH ⊆ G to denote
thatH ∼= g, for some subgraphg of G.

A path of lengthk in G is a sequence of vertices
(v0, . . . , vk) with (vi−1, vi) ∈ E. The verticesv1, . . . , vk−1

are called theinner vertices andv0, vk the endvertices of
the path. Two pathsP1 andP2 of G are calleddisjoint or
independentif no inner node ofP1 is in P2 and vice versa.

The set of all paths ofG is denotedPG, and of all paths
with end verticesv andw, PG(v, w).

A subgraph homeomorphismπ from H to G is a pair
of injective mappings fromV (H) → V (G) and from
E(H) → PG, such that∀(v, w) ∈ E(H):

π((v, w)) ∈ PG(π(v), π(w))∧
∀x ∈ π((v, w)) : ∀y ∈ V (H) \ {v, w} : π(y) 6= x,

and∀(v, w), (x, y) ∈ E(H):
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Figure 2. Examples of the different mor-
phisms. An isomorphic image of P (a), P ′ (b),
a homomorphic image of P ′ (c) and a home-
omorphic image of P (d). The edges of the
subgraph to which a pattern is mapped are in
bold. The image of a vertex of the pattern is
labeled with its identifier.

(v, w) 6= (x, y) ⇒ π((v, w)) andπ((x, y)) disjoint [10].
We callπ surjectiveif ∀v′ ∈ V (G) and∀e′ ∈ E(G):
[(∃v ∈ V (H) : v′ = π(v)) ∨ (∃e ∈ E(H) : v′ ∈ π(e))]

∧ [∃e ∈ E(H) : e′ ∈ π(e)].
By Homo, Iso andHomeo, we denote the class of graph

homomorphisms, isomorphisms and homeomorphisms, re-
spectively.

If for π : H → G ∈ {Homo,Iso,Homeo} it holds that
λH(v) = λG(π(v)), we callπ label-preserving. We will
always implicitly assume thatπ is label-preserving when
H,G ∈ Gλ.

Example 1. Fig. 2 illustrates the introduced morphisms for
unlabeled, undirected graphs. Note that in(c) the vertices
2,4 and 3,5 are mapped to the same vertex and in(d) the
edges{2, 3} and{3, 1} are mapped to paths of length 2.

3 Support measures and overlap graphs

Definition 2. A support measureon Gα
β is a functionf :

Gα
β × Gα

β → N that maps(P,G) to f(P,G) where P
is called the pattern,G is called the dataset graph and
f(P,G) is called thesupport ofP in G.

For efficiency reasons, most graph mining algorithms
use a level-wise or depth-first approach to generate frequent
patterns, expanding smaller patterns to larger ones, which
requires an anti-monotonic support measure:

Definition 3. A support measuref onGα
β is anti-monotonic

iff ∀p, P,G ∈ Gα
β : p ⊆ P ⇒ f(P,G) ≤ f(p,G).

Most support measures are based on thematchesof a
pattern in a graph:

Definition 4. Let K ∈ {Homo,Iso,Homeo} and P,G ∈
Gα

β , α ∈ {→,↔}, β ∈ {λ, •}.
A K-match ofP in G is a subgraphg ⊆ G for which

there exists a surjective mappingπ ∈ K from P to g. An
individual mappingπ from P to g is called anembedding
of P in G.

We call anIso-match ofP in G an instanceof P in G.

However, just counting the number ofK-matches of a
pattern inG does not result in an anti-monotonic support
measure, as larger patterns may have more matches (e.g, in
Figure 3, there are more instances ofP in G than triangles).

3.1 Overlap graph

Most anti-monotonic measures in a single graph setting
are based on the notion of anoverlapgraphGγ

P [13, 9]1:

Definition 5. Let P,G ∈ Gα
β , α ∈ {→,↔}, β ∈ {λ, •}.

Two subgraphsg1 and g2 of G have vertex-overlapif
V (g1)∩V (g2) 6= ∅ andedge-overlapif E(g1)∩E(g2) 6= ∅.

Let γ ∈ {vertex, edge} andK ∈ {Homo,Iso,Homeo}.
TheK-γ-overlap graphGγ

P of a patternP in the datasetG
is an undirected, unlabeled graph in which each vertex cor-
responds to aK-match of the patternP and two vertices are
connected if the correspondingK-matches haveγ-overlap.

Note thatGγ
P is always undirected and that the edges

depend on the used notion of overlap. For example,Gγ
P will

be denser for vertex-overlap than for edge-overlap because
the latter implies the former.

Let p, P,G ∈ Gα
β , γ ∈ {vertex, edge}, α ∈ {→,↔},

β ∈ {λ, •}, andK ∈ {Homo,Iso,Homeo}. Throughout
the article,P denotes the (super)pattern,p ⊆ P the sub-
pattern andG the dataset, a single graph.Gγ

P (Gγ
p ) is the

K-γ-overlap graph ofP (p) in G.
Vanetik, Gudes and Shimony [13] consider three oper-

ations on the overlap graphGγ
P : clique contraction, edge

removal and vertex addition, as defined below.

Definition 6. Let G = (V,E) ∈ G↔
• . Let K ⊆ G be a

clique inG. Theclique contractionCC(G,K) yields a new
graph G′ = (V ′, E′) in which the subgraphK ⊆ G is
replaced by a new vertexk /∈ V adjacent to{w | ∀v ∈
V (K) : {v, w} ∈ E}:

V ′ = V \ V (K) ∪ {k}
E′ = E \ {{v, w} | {v, w} ∩ V (K) 6= ∅}

∪{{k,w} | ∀v′ ∈ V (K) : {v′, w} ∈ E}.

1[13] uses the terminstancegraph instead of overlap graph. The term
instancesuggests the use of isomorphisms, and we consider support mea-
sures based on any kind of morphism, we follow the terminology of[9] to
avoid confusion.



The edge removalER(G, e) of the edgee = {v, w}
yields a new graphG′ = (V,E \ {{v, w}}).

Thevertex additionVA(G, v) of the vertexv /∈ V yields
a new graphG′ = (V ∪ {v}, E ∪ {{v, w} | w ∈ V }).

The rationale behind these operations is that theK-γ-
overlap graph ofP can be transformed into theK-γ-overlap
graph ofp by means of these operations. This can be seen
based on the following two observations:

Observation 1 AnyK-match ofP contains aK-match ofp.

Observation 2 Letg1, g2 be twoK-matches ofP andg′1 ⊆
g1 andg′2 ⊆ g2 be twoK-matches ofp. If g′1 andg′2
haveγ-overlap, so dog1 andg2.

These conditions hold for all settings considered in this arti-
cle. We quickly sketch the main ideas of the transformation
process and refer to [13] for the full details. For reasons of
simplicity we assume thatp contains at least one edge.

Let g′ ⊆ G be a match ofp, and letsuper(g′) be all
matches ofP in G containingg′. Because of Observa-
tion 1, every matchg of P in G must be in at least one
super(g′). Because of Observation 2,super(g′) forms a
clique inGγ

P , as they all overlap ong′. Furthermore, if there
is an edge{g′1, g

′
2} in Gγ

p , there is an edge between any two
g1 ∈ super(g′1) andg2 ∈ super(g′2) in Gγ

P . As such, an in-
duced subgraph ofGγ

p can be formed by subsequently con-
tracting the cliquessuper(g′) until for all g′ ∈ Gγ

p , either
super(g′) is empty, or a singleton. It is easy to see that one
can go from an induced subgraph ofGγ

p to Gγ
p : first add all

vertices not in the induced subgraph with node additions,
and then remove spurious edges with edge removals.

3.2 Overlap support measure

Definition 7. A graph measureis a functionf̂ : G↔
• → N.

Let o be a graph operation that transforms a graphG into
a grapho(G). A graph measurêf is increasingundero if
and only if∀G ∈ G↔

• : f̂(G) ≤ f̂(o(G)).

Definition 8. Let α ∈ {→,↔}, β ∈ {λ, •}, γ ∈ {vertex,
edge} andK ∈ {Homo,Iso,Homeo}.

A support measuref on Gα
β is a K-γ-overlap support

measureonGα
β , if there exists a graph measurêf such that

∀P,G ∈ Gα
β : f(P,G) = f̂(Gγ

P ).

Informally, an overlap support measure is a support mea-
sure that only depends on the overlap graph. Note that the
associated graph measuref̂ is always unique. An example
of an anti-monotonic overlap support measure is the mea-
sure that assigns to every patternP the size of the maximum
independent set (MIS) [13] ofGγ

P ; that is, the support is the
maximal number of matches that fit inG without overlap.
The main result of this article is the generalization of the
following theorem of Vanetik, Gudes and Shimony [13]:

Theorem 9(Vanetik, Gudes, Shimony).
Letα ∈ {→,↔}. AnyIso-edge-overlap support measuref
onGα

λ is anti-monotonic if and only if the associated graph
measurêf is non-decreasing under clique contraction, edge
removal and vertex addition.

We extend it to the complete space defined by the param-
etersα, β, K andγ. More formally:

Theorem 10. Let α ∈ {→,↔}, β ∈ {λ, •}, K ∈
{Iso,Homo,Homeo}, andγ ∈ {vertex, edge}.

Any K-γ-overlap support measuref on Gα
β is anti-mo-

notonic if and only if the associated graph measuref̂ is in-
creasing under clique contraction, edge removal and vertex
addition.

The proof of sufficiency, i.e., that anyK-γ-overlap sup-
port measuref is anti-monotonic if the associated graph
measure is increasing underCC, VA andER follows imme-
diately from the fact thatGγ

P can be transformed intoGγ
p

by these operations.
To prove necessity, Vanetik, Gudes and Shimony con-

struct for every unlabeled graphH and every operationo, a
triple (P, p,G) (whereP is a super-pattern,p a subpattern
andG a dataset) such thatGγ

P
∼= H andGγ

p
∼= o(H). So if

f would not be increasing under someo ∈ {CC,ER,VA},
there would be aH such thatf(H) > f(o(H)) and one
could construct aG, P andp such thatf(G,P ) > f(G, p),
which would mean thatf is not anti-monotonic. We follow
the same approach.

3.3 Reductions

The necessity proofs for most settings are based on re-
ductions fromK-matches forGα

β to K′-matches forGα′

β′ .

Definition 11. Let K,K′ ∈ {Iso,Homo,Homeo}, α, α′ ∈
{→,↔}, β, β′ ∈ {•, λ}, andγ, γ′ ∈ {edge, vertex}.

A K, γ-overlap onGα
β to K′, γ′-overlap onGα′

β′ reduc-

tion is a functionR : (Gα
β )3 → (Gα′

β′ )3 that maps a triplet
(p, P,G) to a triplet (p′, P ′, G′) such that:

(1) p ⊆ P iff p′ ⊆ P ′ and(2) Gγ
p
∼= G′γ

′

p′ ∧ Gγ
P
∼= G′γ

′

P ′ .

Note that this definition does not automatically imply
that the number ofK-embeddings ofP in G equals the num-
ber of embeddings ofP ′ in G′, asP ′ might have more/less
automorphisms thanP .

The following property gives reductions from unlabeled
to labeled graphs, and from undirected to directed graphs.

Property 12. For all α ∈ {→,↔}, γ ∈ {vertex, edge},
β ∈ {λ, •}, K ∈ {Iso,Homo,Homeo}, there exist reduc-
tions:



• fromK, γ-overlap onGα
• to K, γ-overlap onGα

λ ; and

• fromK, γ-overlap onG↔
β to K, γ-overlap onG→

β .

An overview of the reductions which follow from our
results in Section 5 are shown in Figure 1.

4 Minimal, Maximal and PTIME overlap
support measures

Let G = (V (G), {{v, w} | v, w ∈ V } \ E(G)), de-
note the complement graph ofG ∈ G↔

• . E.g., for thecom-
plete graphon k vertices,Kk = ({v1, . . . , vk}, {{vi, vj} |
1 ≤ i 6= j ≤ k}), Kk is the graph withk isolated ver-
tices. We call an overlap support measuref meaningfulif
it is anti-monotonic and assigns the frequencyk to k non-
overlapping matches, i.e.,̂f(Kk) = k.

An independent setof G is a subsetI of V (G) such that
∀v, w ∈ I : {v, w} /∈ E(G). A maximum independent set
(MIS) of G is an independent set of maximum cardinality
and its size is notated asmis(G). Up to now, all meaning-
ful overlap support measuresf we are aware of areMIS -
measures, i.e., the support off(P,G) = mis(Gγ

P ). MIS

was introduced and proven to be anti-monotonic in [13]. A
more compact proof can be found in [4].

4.1 MCP-measure

We introduce a new anti-monotonic overlap support
measure, inspired by theCC-operation:

Definition 13. A clique partitionof G ∈ G↔
• is a partition-

ing of V (G) into {V1, . . . , Vk} such that eachVi induces a
clique inG. A minimum clique partition(MCP) is a clique
partition of minimum size. Its size is denotedmcp(G).

The MCP -measure is defined by MCP(P,G) :
(P,G) → mcp(Gγ

P ).

Theorem 14. Let K ∈ {Iso,Homo,Homeo}, γ ∈
{vertex, edge}, andα ∈ {→,↔}, β ∈ {λ, •}. TheMCP -
measure is an anti-monotonicK-γ-overlap measure onGα

β .

It is interesting to compareMCP with MIS . Let χ(G)
be thechromatic numberof G, i.e., the minimal number of
colors to color the vertices ofG such that no two vertices
with the same color are adjacent, and letω(G) be theclique
number; the size of the largest clique inG.

First, it is known thatmcp(G) = χ(G) andmis(G) =
ω(G) (see, e.g., [5], section 5.5.1). Consequently,
mcp(G) ≥ mis(G),∀G ∈ G↔

• , since the size of a maxi-
mum clique is a lower bound for the chromatic number.

Informally, it is easy to see why this is so: let
{V1, . . . , Vk} be an MCP andI a MIS for G. We know
thatI contains at most one vertexvi of eachVi, 1 ≤ i ≤ k.
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Figure 3. Left: A pattern P and a graph G. The
5 Iso-matches of P in G are indicated by the
image in G of the edges outside the triangle.
Right: The Iso-edge-overlap graph Ge

P with a
MCP (dashed ellipses) and a MIS (white ver-
tices).

In other words, to decide whether we can include a match of
Vi, MIS forces us to choose either no match or exactly one
matchvi, which must be independent of all chosenvj ∈ Vj .
MCP , however, allows us to count a match inVi as soon
there isa match inVi which does not overlap witha match
in Vj . That is, we can make another choice for each(Vi, Vj)
pair.

Example 15. Let us look at an example: consider patternP
and the graphG as shown in Figure 3. The 5Iso-matches
of P are indicated by an identifier on the image inG of
the edges outside the triangle ofP . TheIso-edge-overlap
graph Ge

P of P in G is shown on the right in Figure 3
and is isomorphic to a pentagon. The white vertices mark
the MIS {1, 3} and the dashed ellipses mark theMCP

{{1}, {2, 3}, {4, 5}} of Ge
P . Hence, if we count match 1

with MIS , we can only take match 3 or match 4 as second
independent match, because 3 and 4 overlap, leading to a
MIS -support of2. This is a bit unnatural, because each of
the3 matches of the triangle can be extended to a match of
P in a way that they do not overlap with each other, which
would lead to a support of3 of P .

This more natural notion of counting independent
matches is exactly whatMCP -support allows us to do: we
do not count individual matches, but groups of matches ofP
sharing a match of a subpatternp (a triangle) and allow to
“switch” matches to decide whether a group is independent
of an other. In this example, the group{1} is independent
of the groups{2, 3} and {4, 5}, because it does not over-
lap with match3 respectively match4 and the group{2, 3}
is independent of the group{4, 5} because, for instance,
match2 and match5 do not overlap.

4.2 Bounding theorem and PTIME over-
lap support measure

Interestingly,MIS andMCP turn out to be the minimal
and the maximal possible meaningful overlap measures:



Theorem 16. Let K ∈ {Iso,Homo,Homeo}, γ ∈
{vertex, edge}, α ∈ {→,↔}, andβ ∈ {λ, •}.

For every meaningfulK-γ-overlap measuref onGα
β , and

everyP,G ∈ Gα
β , it holds that:

MIS (P,G) ≤ f(P,G) ≤ MCP(P,G) .

Proof. We use Theorem 10 to show both the minimality of
MIS and the maximality ofMCP .

Let H = GP , letmis(H) = k, and letI = {v1, . . . , vk}
be aMIS for H. Starting from the graph({v1, . . . , vk}, ∅)
we can add the verticesV (H) \ I using VA and remove
edges not inE(H) by ER. Sincef is meaningful, it is anti-
monotonic and thereforêf cannot decrease after each step,
starting fromf̂(({v1, . . . , vk}, ∅)) = k. As such,f̂(H) is
larger than or equal tok = mis(H).

On the other hand, letmcp(H) = k, and let
{V1, . . . , Vk} be an MCP for H and let Hcc =
CC(. . . CC(CC(H,V1), V2) . . . , Vk). Hcc does not have
edges: if it would, then joining the two cliques that were
contracted to two connected vertices ofHcc would give us
a smaller clique partition. Becausef is anti-monotonic,f̂
is increasing underCC and thus

f̂(H) ≤ f̂(CC(H,V1)) ≤ · · · ≤ f̂(Hcc) = f̂(Kk) = k .

Unfortunately, bothmis andmcp are known to be NP-
hard to compute in the size of the overlap graph. This leads
us to the following question: does there exist a meaningful
overlap measure which is efficiently computable?

A well-known measure that is sandwiched betweenmis

andmcp and that can be computed in polynomial time, is
the theta function, also known as the Lovász function [8].
There are several equivalent characterizations of this func-
tion. The most concise definition is probably:θ(G) =
minA λmax(A), whereλmax(A) denotes the largest eigen-
value of matrixA and the minimum is taken over all feasi-
ble matricesA such thatA⊤ = A, Aii = 1 andAij = 1 if
(i, j) 6∈ E(G).

Theorem 17. θ is a meaningful overlap measure.

5 Necessity for other morphisms and graph
settings

In the previous sections we considered measures on over-
lap graphs that are anti-monotonic w.r.t. the operationsVA,
ER andCC. Let us now return to the connection between
measures with this property and anti-monotonic graph sup-
port measures based on overlap graphs. [13] showed that
when considering unlabeled, undirected graphs under sub-
graph isomorphism, a graph support measure based on the

edge-overlap graph is anti-monotonic if an only if the corre-
sponding graph measure on the edge-overlap graph is anti-
monotonic w.r.t.VA, ER andCC. In this section, we gen-
eralize this result to all 24 settings. We do this by proving
a base case and then applying reductions from all the other
settings to this base case.

5.1 Necessity for labeled homomorphisms
and isomorphisms

As base case, we prove the necessity of the non-
decreasingness of̂f under the three graph operations for the
anti-monotonicity off for K, γ-overlap onGα

λ , for all com-
binations ofK ∈ {Iso,Homo}, γ ∈ {vertex, edge}, and
α ∈ {→,↔}. The proof will not rely on reductions, but
show the necessity directly for these cases. We show only
the undirected case, as the proof for the directed case is very
similar. Notice also that the directed case follows from the
undirected-to-directed reductions shown in Property 12.

We will essentially use invariants under subgraph homo-
morphism to force an injective homomorphism; i.e., to en-
sure isomorphism.

Let G ∈ G↔. Theodd girthgo(G) of G is the size of a
smallest cycle of odd length inG. ThedistancedG(v, w) is
equal to the length of a shortest path fromv to w in G. If no
such cycle respectively shortest path exist, we definego(G)
respectivelydG(v, w) equal to∞.

We will use the following well known invariants [7] to
force each subgraph homomorphism into an isomorphism:

Proposition 18. If H,G ∈ Gα
β , α ∈ {→,↔}, β ∈ {λ, •}

for which there exists a homomorphismπ : H → G, then

1. go(H) ≥ go(G),

2. ∀v, w ∈ V (H) : dH(v, w) ≥ dG(π(v), π(w)).

Remark that the first invariant implies that a cycle of
lengthk, with k odd, can only be mapped by a homomor-
phism to an odd cycle of length at mostk.

We will use the following graphs as patterns:

Definition 19. Letk + 1 be an odd integer.Bk denotes the
graph inG↔

λ defined by:

V (Bk) = Va ∪ Vb ∪ Vc ∪ Vd,
Va = {a1, . . . , ak, a′

1, . . . , a
′
k}, Vb = {b1, . . . , bk+1},

Vc = {c1, . . . , ck+1}, Vd = {d1, . . . , dk, d′1, . . . , d
′
k+1},

E(Bk) = Ea ∪ Eb ∪ Ec ∪ Ed ∪ ∪k
i=1{{ai, bi}, {ci, di}}

∪ {bk+1, ck+1},
Ea = ∪k

i=1{ai, a
′
i}, Eb = {bk+1, b1} ∪ ∪k

i=1{bi, bi+1},
Ec = {ck+1, c1} ∪ ∪k

i=1{ci, ci+1}, Ed = ∪k
i=1{di, d

′
i},

λBk
(u) = x,∀u ∈ Vx, x = a, b, c, d.

We call the edges{ai, a
′
i} arms, the edges{di, d

′
i} legs,

1 ≤ i ≤ k, the cycle induced byVb the torsoand the cy-
cle induced byVc thehip.
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Figure 4. The graphs Bk and Lk.

Lk ∈ G↔
λ denotes the subgraph ofBk induced byVc∪Vd

and is called thelower bodyof Bk.

An illustration of both graphs is shown in Figure 4.
Let P [1], P [2] andp[1], p[2] be two instances ofP = Bk

respectivelyp = Lk in a larger graphG and letsuper(g)
be equal to all matches ofP in G containingg ⊆ G. We
will use four types of overlap (see Figure 5):

lower body overlap: P [1] and P [2] share the complete
lower body, which is a single instance ofp, resulting in two
adjacent vertices inGγ

P and a single vertex inGγ
p ,

leg overlap: P [1] andP [2] share a leg, resulting in two ad-
jacent vertices inGγ

P and two adjacent vertices inGγ
p ,

arm overlap: P [1] andP [2] share an arm, resulting in two
adjacent vertices inGγ

P and two independent vertices inGγ
p ,

partial leg overlap: p[1] ⊂ P [1] shares a leg withp[2], with
super(p[2]) = ∅, resulting in a single vertex inGγ

P and two
adjacent vertices inGγ

p .

Note that in each type of overlap, there is always vertex
overlap if and only if there is edge overlap. When three or
more instances ofP or p overlap, we will always make sure
that an arm or leg is shared by at most two instances ofP
or p, which is always possible by takingk sufficiently large.
When two instances overlap, they always overlap once, i.e.,
if P [1] andP [2] have an overlap of typex, they do not have
an additional overlap of typey 6= x. We will call these re-
strictionsthe overlap conditionand assume implicitly that
they are obeyed at all times when constructing graphs by
overlapping instances ofP andp.

Lemma 20. Let G ∈ G↔
λ be a graph constructed fromn

overlapping instancesP [1], . . . , P [n] of P = Bk. Then,
theP [1], . . . , P [n] are the onlyHomo-matches ofP in G.

Theorem 21. Let α ∈ {→,↔}, γ ∈ {vertex, edge} and
K ∈ {Homo,Iso}. Any undirected graphH is a K-γ-
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Figure 5. The four overlap types: (a) lower
body overlap (b) leg overlap (c) arm overlap
(d) partial leg overlap

overlap graph, i.e., there always existP,G ∈ Gα
λ such that

H ∼= Gγ
P .

Theorem 22. Let α ∈ {→,↔}, γ ∈ {vertex, edge} and
K ∈ {Homo,Iso}. AnyK-γ-overlap support measuref on
Gα

λ is anti-monotonic only if the associated graph measure
f̂ is increasing under clique contraction, edge removal and
vertex addition.

5.2 Labeled isomorphisms to homeomor-
phisms

We will now show that we can reduce isomorphic map-
pings to homeomorphic mappings while preserving edge-
and vertex-overlap. First we show how to reduce isomor-
phic mappings to homeomorphic mappings for the labeled
case, and then we show how to reduce the labeled homeo-
morphisms to unlabeled homeomorphisms. We will only
give the proofs for the undirected cases, as the directed
cases can either be proven in a very similar way (replace
all edges by arcs), or by composition of the reduction for
the undirected case with the reduction from undirected to
directed of Prop. 12.

We first prove some invariants under subgraph homeo-
morphism which will be important in the proof of correct-
ness of both reductions in this section.

Thedegreeof a vertexv in a graphG ∈ Gα is defined as
∆G(v) := #{w | {v, w} ∈ E(G)}. Themaximum degree
of G is then∆(G) := maxv∈V (G)∆G(v).



Definition 23. Theconnection strength betweenv andw is
defined as

csG(v, w) := max{|P | : P ⊆ PG(v, w)
paths inP pairwise disjoint}

and themaximal connection strength between two nodes of
G as: CSG = maxv,w∈VG

csG(v, w) .

For G ∈ G↔, csG(v, w) is often called the local con-
nectivity of v andw. Notice that connection strength be-
tween nodesv andw is well known to be equivalent with
vertex-connectivity (Menger’s theorem [3]); i.e., the mini-
mal number of vertices that need to be removed to makev
andw disconnected.

Lemma 24. Let π be a subgraph homeomorphism fromH
to G. Then,

1. |V (H)| ≤ |V (G)| and|E(H)| ≤ |E(G)|;

2. ∀v ∈ V (H) : ∆H(v) ≤ ∆G(π(v));

3. ∀v, w ∈ V (H) : csH(v, w) ≤ csG(π(v), π(w)).

5.2.1 Labeled isomorphisms to labeled homeomor-
phisms

We first present the labeled case, i.e., aIso, γ-overlap on
G↔

λ to Homeo, γ-overlap onG↔
λ reduction. The reduction

R1 replaces each edgee by an induced subgraph(Ve, Ee)
containing the original end vertices and some new vertices.
We make sure that no new vertex can be the image of an
original vertex by labeling them with a new label.

Formally, letG ∈ G↔
λ with label alphabetΣ. Let R1 :

G → R1(G) ∈ G↔
λ ande = {u,w} ∈ E(G). We define

(Ve, Ee) as follows:

Ve = {u,w} ∪ {vi
e | 1 ≤ i ≤ 5},

Ve ∩ V (G) = {u,w},

Ee = {{u, v1
e}, {u, v2

e}, {v
1
e , v3

e}, {v
2
e , v3

e},

{v3
e , v4

e}, {v
3
e , v5

e}, {v
4
e , w}, {v5

e , w}}

Let e′ = {u′, w′} ∈ E(G). For e′ 6= e, we make sure that
Ve ∩ Ve′ = {u,w} ∩ {u′, w′} andEe ∩ Ee′ = ∅.

We are now ready to defineR1(G):

V (R1(G)) = V (G) ∪ ∪e∈E(G)Ve,

E(R1(G)) = ∪e∈E(G)Ee,

λR1(G)(u) = λG(u), ∀u ∈ V (G),

λR1(G)(ve) = l /∈ Σ, ∀ve ∈ V (R1(G)) \ V (G).

An illustration of the subgraph replacing an edge from a
vertex labeleda to a vertex labeledb is shown in Figure 6.

We can prove the following using connection strength:

Theorem 25. (P, p,G) → (R1(P ), R1(p), R1(G)) is a
Iso, γ-overlap onG↔

λ to Homeo, γ-overlap onG↔
λ reduc-

tion, γ ∈ {vertex, edge}.

l
l ba

l

l

l

Figure 6. The subgraph (Ve, Ee) used in the
reduction to replace an edge e = {u,w}, with
λ(u) = a and λ(w) = b.

L1 L2 L3

Figure 7. Label graphs for n = 3

5.2.2 Labeled to unlabeled homeomorphisms

We now show the reduction from the labeled case to the un-
labeled one; i.e., from vertex-overlap ofG↔

λ to γ-overlap
of G↔

• for all γ ∈ {vertex, edge}. We will use the fol-
lowing special label-graphsLn

i to replace the labelsΣ =
{l1, . . . , ln}.

Definition 26. Let 1 ≤ s < k be integers.Cs
k denotes the

graph inG↔
• with nodes{c0, . . . , ck−1} and edges

E := {{ci, cj} | j = (i + 1) modk . . . (i + s) modk}.
Let1 ≤ i ≤ n be integers.Ln

i denotes the graphCn−i+1
2(n+i) .

Hence,Cs
k is a cycle of lengthk, with additional edges:

every node is connected to itss successors (and hence also
its s predecessors). The graphsLn

i will be used in the proof
to replace labels. In Figure 7, the label graphs for an alpha-
bet of size3 have been given. Intuitively, we will replace
the labels of the vertices by “attaching” an appropriateLn

i

to the node. For a graph over the alphabetΣ = {l1, . . . , ln},
Ln

i will be used to replaceli. A first essential piece of the
proof is that for a givenn, no label-graphLn

i can be mapped
to another label-graphLn

j , j 6= i under homeomorphism.

Lemma 27. Let 1 ≤ i, j ≤ n be integers. There exists a
homeomorphism fromLn

i to Ln
j if and only ifi = j.

In all what follows,n will denote the size of the alphabet
Σ = {l1, . . . , ln}. We assume a functionι that maps the
label li to its indexi. We will slightly abuse the notation
ι, and useι(v) to denoteι(λ(v)). Let G be a graph inG↔

λ

over the alphabetΣ, with verticesV = {v1, . . . , vk} and
edgesE = {e1, . . . , em}.

In the proofs we will need many copies of the same
label graphLn

i . Therefore, we will need to rename the
vertices in these graphs to avoid confusion. We will use
L[vi] to denote the following isomorphic copy ofLn

ι(λ(vi))
:



Figure 8. Reduction for removing labels in the
case of homeomorphisms. The triangle in the
middle is the original graph G. The labels of
the top, left, right nodes were respectively l1,
l2, and l3.

V (L[vi]) = {ci
j | cj ∈ V (Ln

ι(vi)
)}, and E(L[vi]) =

{{ci
j , c

i
k} | {cj , ck} ∈ E(Ln

ι(vi)
)}. As such, any twoL[v]

and L[w] are disjoint wheneverv 6= w, even if λ(v) =
λ(w). We now define the reduction, parameterized byc.

Definition 28. For everyvi ∈ V (G), let the following sets
of vertices be given.

B(vi) = {bi
j | j = 1 . . . c} C(vi) = V (L[vi])

D(vi) = {di
j | j = 1 . . . c}

We assume all these sets are disjoint. Furthermore,c0(vi)
denotes the nodeci

0; i.e., the first node inL[vi].
Rc

2(G) is the following graph inG↔
• :

V (Rc
2(G)) := V (G) ∪

⋃

v∈V

(

C(v) ∪ D(v) ∪ B(v)
)

E(Rc
2(G)) := E(G) ∪

⋃

v∈V

E(L[v])

∪
⋃

v∈V

{{c0(v), d} | d ∈ D(v)}

∪
⋃

v∈V

{{v, b}, {b, c0(v)} | b ∈ B(v)}

An example of the reduction has been given in Figure 8.
Intuitively, the rationale behind the reduction is as follows:
the sub-graphsL[v] replace the label ofv. The nodesD(v)
are added in order to increase the degree of all nodesc0(v)
to at least2c + 2. All other nodes have degree at most2c.
This allows us to use degree-arguments to show that allc0-
nodes are mapped toc0-nodes. The nodesB(v) are added
to connect any label graphL[v] to the right nodev (b of be-
tween). Their numberc will be chosen so we can use con-
nection strength arguments to show that in a match always
label-graphs will be associated with the right node.

Using the arguments above, we can prove the following:

Theorem 29. Let p, P,G ∈ G↔
λ , and let c =

max{∆(G),∆(P ),∆(p), 2n} + 1. The functionR2 that
maps (p, P,G) to (Rc

2(p), Rc
2(P ), Rc

2(G)) is an Homeo,
vertex-overlap onGα

λ toHomeo, γ-overlap onGα
• reduction,

for all α ∈ {→,↔} andγ ∈ {vertex, edge}.

5.3 From labeled to unlabeled homomor-
phisms and isomorphisms

Finally, we extend the results for homomorphism and
isomorphism to unlabeled graphs. First, we will show that
our constructions for labeled graphs can be extended to un-
labeled graphs by using special subgraphs in the unlabeled
case to encode the labels from the labeled case. We will
focus on the most difficult case, homomorphism. For iso-
morphism, much simpler constructions are possible. Also,
we will discuss only the undirected case here. The directed
case is analogous.

The key idea for emulating labels with unlabeled sub-
graphs under homomorphism follows from the fact that
cliques are always mapped on cliques of the same size.

Lemma 30. Let G ∈ G↔. Letπ be a homomorphism from
Kk to G (whereKk is the complete graph withk vertices).
Then,π is a subgraph isomorphism mapping, i.e.π(Kk) is
a k-clique ofG.

Apart from the notations introduced in Definition 32, we
will also use

V w
j = {vw,j , vw,j+1 modσ(w), . . . vw,j+K modσ(w)}.

The subgraphs attached to the original vertices to represent
the labels are isomorphic to the graphsC

σ(w)
K as in Defini-

tion 26 and are illustrated in Figure 7.
We now formalize the encoding of labels with undirected

subgraphs:

Definition 31. Let G ∈ G↔
λ . Let k be (an upper bound

on) the clique number ofG. A Schema for Labeling with
Unlabeled Subgraphs (SLUS) forG is a pair (K,σ) such
that

• K ≥ max(k + 2, 2|Σ|);

• σ : Σ → N is an injective function mapping every
element from the alphabetΣ of labels on a distinct odd
integer such that

∀l ∈ Σ : 4(K + 1) < σ(l) < 5(K + 1).

When it is clear thatw is a vertex, we will useσ(w) as
a shorthand forσ(λG(w)). We now define a transformation
from labeled to unlabeled graphs:



Definition 32. Let G ∈ G↔
λ Let (K,σ) be a SLUS for

G. Then, we define the transformed (unlabeled) graph
RK,σ

3 (G) by

• the vertices ofRK,σ
3 (G) are

V (RK,σ
3 (G)) = ∪w∈V (G)V

w

whereV w = {wj | 0 ≤ j < σ(w)} where for allw,
w0 = w andwj , j = 1 . . . σ(w) are new vertices.

• the edges ofRK,σ
3 (G) are

E(RK,σ
3 (G)) = E(G) ∪ Elab

K,σ(G)

with Elab
K,σ(G) = ∪w∈V (G)E

w where

Ew = {{vw,j , vw,j+i modσ(w)} |

0 ≤ j < σ(w) ∧ 1 ≤ i ≤ K}

We can prove the following

Theorem 33. Let p, P,G ∈ G↔
λ such thatG has no

two adjacent vertices with the same label, and let(K,σ)

be a SLUS forp, P and G. Then, the functionRK,σ
3

that maps(p, P,G) to (RK,σ
3 (p), RK,σ

3 (P ), RK,σ
3 (G)) is a

Homo, vertex-overlap onGα
λ to Homeo, γ-overlap onGα

•

reduction, for allα ∈ {→,↔} andγ ∈ {vertex, edge}.

To generalize this result so thatG is not required to have
two adjacent vertices of the same label, we can first perform
an additional transformation, splitting all edges in two new
edges and labeling the new vertices in the middle of the
original edges with a new mid-edge label.

6 Discussion and conclusion

We extended the results of [13] to a range of different
settings. We proved the results for labeled homomorphism
as a base case and provided reductions which are more gen-
erally applicable to prove the results for the other settings.

We showed thatMIS andMCP are minimal and max-
imal anti-monotonic overlap support measures. We also
made a first step towards making the overlap support mea-
sures scalable by proving the anti-monotonicity of the
Lovász θ-function, a polynomial-time computable graph
measure sandwiched betweenMIS andMCP .

Several extensions of our work are possible, some of
those leading to smaller overlap graphs. An interesting one
concerns alternative definitions for matches. We considered
matches to be all vertices (edges) of the embedding of a pat-
tern in the dataset. Alternatively, we can consider patterns
where only a few distinguished vertices are taken into ac-
count for overlap. Making the set of vertices relevant for

overlap smaller reduces the size of the overlap graph. The
extension is straightforward in most of the cases considered
in this paper. As a special case, suppose only one vertex of
a pattern is considered relevant. The overlap graph is then
reduced to a set of isolated vertices of size at most|V (G)|.
[2] proposed a measuref(P,G) = minv∈P |{w ∈ V (G) :
∃π ∈ Iso : (π(P ) ⊆ G) ∧ (w ∈ V (π(P )))}|. One can
see this as the minimum over several measures, each con-
sidering one of the vertices ofP relevant. The minimum of
anti-monotonic functions is anti-monotonic itself.

There exist also different notions of overlap. E.g. [4]
defines harmful overlap, which is based on embeddings.
Two embeddingsπ1 and π2 of a patternP overlap iff
∃v ∈ V (P ) : π1(v), π2(v) ∈ π1(V (P )) ∩ π2(V (P )). This
notion then results in harmful overlap graphs. We expect
our reductions can be easily adapted to generalize also the
harmful overlap notion to the considered combinations of
directedness, labeledness and morphism choice.
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