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Abstract—Ultrasonic wave propagation in human cancel-
lous bone is considered using Biot’s theory modified by the
Johnson–Koplik–Dashen model for viscous exchange be-
tween fluid and structure. The transmission coefficient is
derived for a slab of porous material. Experimental results
for fast and slow waves transmitted through human cancel-
lous bone samples are given and compared with theoretical
predictions.

I. Introduction

Since trabecular bone is an inhomogeneous porous
medium, the interaction between ultrasound and bone

will be highly complex. Modelling ultrasonic propagation
through trabecular tissue has been considered using porous
media theories, such as Biot’s theory [1], [2].

The Biot theory is an established way of predicting ul-
trasonic propagation in an inhomogeneous material and
was originally applied to fluid-saturated porous rocks for
geophysical testing. The Biot model treats both individ-
ual and coupled behavior of the frame and pore fluid. En-
ergy loss is considered to be caused by the inelasticity of
the skeletal frame and the viscosity of the pore fluid as
it moves relative to the frame. The model predicts that
sound velocity and attenuation in a two-phase medium
will depend on frequency, the elastic properties of the con-
stituting materials, porosity, permeability, tortuosity, and
effective stress. This method should allow us to relate the
physical parameters of our sample to ultrasonic velocity
and attenuation.

Applications of Biot’s theory to trabecular bone have
enjoyed varying degrees of success [3]–[9]. The theory pre-
dicts two compressional waves: a fast wave, where the fluid
(marrow) and solid (calcified tissue) move in phase, and
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a slow wave where fluid and solid move in and out of
phase. Fast and slow waves were identified independently
in bovine trabecular bone in the late 1990s by Hosokawa
and Otani [8], [9].

Pore geometry in ordinary porous media is not simple,
and direct calculation of the viscous and thermal interac-
tion between the fluid and the structure is not easy. Use-
ful information can be obtained from the simple case of
porous materials with cylindrical pores. Kirchhoff’s theory
[10] of sound propagation in cylindrical tubes provides a
general description of viscous and thermal effects, but this
description is unnecessarily complicated for many appli-
cations. Moreover, the fundamental equations of acoustics
that are used in the Kirchhoff theory can be very diffi-
cult to solve in the case of a non-circular cross section. A
simplified model in which thermal and viscous effects are
treated separately has been worked out by Zwikker and
Kosten [11] for use with circular cross sections. The valid-
ity of this model was justified later [12], [13] for a range
of radii from 10−3 cm to several centimeters at acousti-
cal frequencies. This model was used to describe viscosity
effects in slits and cylindrical tubes with a circular cross
section. The thermal exchange effects were related to the
viscous effects by a model worked out by Stinson [13]. The
effective density was calculated by Craggs and Hildebrandt
[14], [15], using the finite element method [16], [17]. The
calculation has been done for slits and cylindrical tubes
with a circular cross section, and also for cylindrical tubes
with triangular, rectangular, and hexagonal cross sections.
In common porous materials, modelling the bulk modu-
lus and effective mass from the geometry of the frame is
generally impossible. This explains why models describ-
ing sound propagation in these materials are mostly phe-
nomenological. A review of the models worked out before
1980 can be found in a work by Attenborough [18].

In 1987, a substantial contribution was made by John-
son et al. [19] with their theory of dynamic fluid flow (i.e.,
as a function of frequency) in porous media, introducing
the concept of dynamic tortuosity and permeability and
viscous characteristic length. Originally, the research was
mainly oriented on geophysical and petroleum industry ap-
plications. The Johnson et al. model was used for differ-
ent kinds of porous materials [5], [19]–[32]. In the case
of porous media saturated by gas, Allard [20] has given
an analogous theory for thermal effects, by introducing
the concept of thermal characteristic length. Lafarge et al.
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[33], [34] have extended this theory by adding the concept
of thermal permeability, which plays an important part in
low frequency approximation.

One important assumption of the Biot theory is that
the wavelength must be large compared with the dimen-
sions of a macroscopic elementary volume. This volume has
well-defined properties, such as porosity, permeability, and
elastic moduli, which are representative of the medium.
Scattering effects are thus neglected. However, when the
sizes or features of the trabecular bone are close to the
wavelength, scattering effects must be taken into account
[35]–[37]. This alternative method of predicting ultrasonic
propagation in a porous material will consider that the in-
homogeneous medium scatters the incident field, the total
field being the sum of all contributions from the scatter-
ing matrix. The sample can be modelled by considering
the scattering to be either single or multiple, depending
on the geometry of the scatterers and the properties of the
constituent materials.

The purpose of this article is to solve the direct prob-
lem of the ultrasonic wave propagation in cancellous bone
using the Biot theory modified by Johnson et al. [19]. The
transmission coefficient is calculated analytically in the fre-
quency domain. Experimental results for waves transmit-
ted through samples of human cancellous bone are given
and, finally, a comparison with theoretical predictions is
made.

II. The Biot Theory

More than 40 years ago, Biot [1], [2] proposed a semi-
phenomenological theory that provides a rigorous descrip-
tion of the propagation of acoustical waves in a porous
medium saturated by a compressible viscous fluid. Such
diphasic materials are supposed to be elastic and homo-
geneous. This theory derives the equations of motion for
each phase (i.e., the solid frame and the fluid) based on en-
ergy considerations that include the inertial, potential, and
viscous coupling between the two phases. For an isotropic
porous medium, three different bulk modes are predicted,
i.e., two compression waves and one shear wave. One com-
pressional wave, the so-called wave of the first type or fast
longitudinal wave, and the transverse wave are similar to
the two bulk waves observed in an anisotropic linear elas-
tic solid. The other longitudinal wave, called a wave of the
second kind, or slow wave, is diffusive at low frequencies
and propagative at high frequencies. It was observed for
the first time by Plona [38] in 1980 and in subsequent years
by others [39]–[42]. Others workers (e.g., Van Dongen et
al. [42]) have studied the propagation of weak shock waves
in permeable foams, using the linear Biot theory. An im-
portant contribution to understanding Biot’s theory was
made by Norris [43] and Rasolofosaon [44].

Biot’s theory was initially introduced for petroleum
prospecting and research. Due to its very general and
rather fundamental character, it has been applied in var-
ious fields of acoustics such as geophysics, underwater
acoustics, seismology, etc.

In the Biot model, the deformable porous medium is
viewed as a continuum consisting of a solid phase and one
fluid. The medium’s stress-strain relations are generally
expressed in terms of elastic constants of the solid and
fluid phases. These relations are introduced into the con-
servation of linear momentum and solid and fluid mass
balance equations. Elastic constants of the constitutive re-
lations are either obtained experimentally or determined
theoretically. In this study, the equations governing the
phenomenon are presented at macroscopic level. They are
obtained by averaging the microscopic equations, which
are valid at a point within an individual phase present in
the system over a representative elementary volume.

Biot derived his theory of wave propagation in porous
media from the Lagrangian point of view and the concept
of generalized coordinates. We will be concerned with ho-
mogeneous and isotropic systems only, so the Lagrangian
density is a scalar quantity. In this description, what hap-
pens in the representative elementary volume is not pri-
mary, but the individual motion of the phases is taken
into account. In this model, it is assumed that the skele-
ton of the porous medium and the pore space form their
own contiguous cluster, and for relatively small deviations
the frame is considered to be perfectly elastic.

Biot ignores the microscopic level and assumes that con-
tinuum mechanics can be applied to measurable macro-
scopic quantities. He postulates the Lagrangian point of
view and uses Hamilton’s principle to derive the equa-
tions governing wave propagation. Rigorous approaches
for obtaining the equations of motion are the homogeniza-
tion theory (e.g., Burridge and Keller [45]) and volume-
averaging methods (e.g., Pride et al. [46], Pride and Berry-
man [47]), both of which link the microscopic and macro-
scopic worlds. We follow Biot’s approach, owing to its sim-
plicity.

The main assumptions of the theory are

• Infinitesimal transformations occur between the refer-
ence and current states of deformation. Displacements,
strains, and particle velocities are small. Consequently,
the Eulerian and Lagrangian formulations coincide as
far as the first order. The constituent equations, dissi-
pations forces, and kinetic momenta are linear. (Strain
energy, dissipation potential, and kinetic energy are
quadratic forms in the field variables.)

• The wavelength is large compared with the dimensions
of a macroscopic elementary volume. This volume has
well-defined properties, such as porosity, permeabil-
ity, and elastic moduli, which are representative of the
medium. Scattering effects are thus neglected.

• Conditions are isothermal.
• Stress distribution in the fluid is hydrostatic. (It may

be not completely hydrostatic, since the fluid is vis-
cous.)

• The liquid phase is continuous. The matrix consists of
the solid phase and disconnected pores, which do not
contribute to porosity.
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Fig. 1. Problem geometry.

• In most cases, the material of which the frame is made
is isotropic. Anisotropy is due to preferential align-
ment of the pores (or cracks).

III. Direct Problem: Application to Cancellous

Bone

The direct scattering problem is that of determining
the scattered field as well as the internal field that arises
when a known incident field impinges on the cancellous
bone with known physical properties. When a sound wave
in the fluid impinges upon a cancellous bone at normal
incidence, part of it is reflected back into the fluid, part is
transmitted into the cancellous bone as a fast wave, and
part is transmitted as a slow wave. For non-normal angles
of incidence, part of it is also transmitted as a shear wave.
In this paper we consider only the transmission at normal
incidence. In this section some notation is introduced. The
problem geometry is shown in Fig. 1. A homogeneous can-
cellous bone occupies the region 0 ≤ x ≤ L. This medium
is assumed to be isotropic and to have an elastic frame. A
short sound pulse impinges normally on the medium from
the left. It generates solid and fluid displacements −→u and−→
U , respectively, inside the cancellous bone, which satisfies
the propagation equations:

ρ̃11(ω)
∂2−→u
∂t2

+ ρ̃12(ω)
∂2−→U
∂t2

= P
−→∇ .(

−→∇ .−→u ) + Q
−→∇ (

−→∇ .
−→
U )

− N
−→∇ ∧ (

−→∇ ∧ −→u ), (1)

ρ̃12(ω)
∂2−→u
∂t2

+ ρ̃22(ω)
∂2−→U
∂t2

= Q
−→∇ (

−→∇ .−→u ) + R
−→∇ (

−→∇ .
−→
U ).
(2)

The Biot coefficients ρ̃mn = ρmn + (−)m+nb/jω, where
ω = 2πf is the angular frequency of motion, and ρmn are
the “mass coefficients,” which are related to the densities
of solid (ρs) and fluid (ρf ) phases by ρ11 + ρ12 = (1 −
φ)ρs and ρ12 + ρ22 = φρf , respectively. The coefficient ρ12
represents the mass coupling parameter between the fluid
and solid phases and is always negative: ρ12 = −φρf (α −
1), α being the tortuosity of the cancellous bone. If the
dynamic tortuosity α(ω) is defined by α(ω) = α−jbφ/ωρf ,
mass and viscous couplings appear in the same function,
and ρ̃mn = ρmn when α(ω) is used in the place of α.

To extend his theory to a high frequency range, Biot [1],
[2] multiplied the drag coefficient b by a frequency correc-
tion factor, which represents deviation to Poiseuille fric-
tion as frequency increases. This correction is, in fact, a

modification in fluid density through the tortuosity fac-
tor α. Fluid density is hence renormalized by the viscous
interactions. Unfortunately, in the case of materials with
non-cylindrical pores, the Biot correction factor is gener-
ally not valid [19].

The correction factor is given by the dynamic tortuosity
α(ω) in the following form: ρf → ρfα(ω). Its theoretical
expression [19] is

α(ω) = α∞

⎛⎝1 +
ηφ

jωα∞ρfk0

√
1 + j

4α2
∞k2

0ρfω

ηΛ2φ2

⎞⎠ ,
(3)

where α∞ is the tortuosity [20], and Λ is the viscous char-
acteristic length [19]. The function α(ω) expresses the vis-
cous exchanges between the fluid and the structure, which
plays an important role in damping the acoustic wave in
cancellous bone.

The parts of the fluid affected by this exchange can
be estimated by the ratio of a microscopic characteristic
length of the medium, for example, pore sizes, to the vis-
cous skin depth thickness δ = (2η/ωρ0)1/2. This domain
corresponds to the region of the fluid in which velocity
distribution is disturbed by the frictional forces at the in-
terface between the fluid and the frame. With this modifi-
cation, the coefficients of the equations of motion are now
frequency dependent.

At high frequencies, viscous skin thickness is very thin.
The viscous effects, which are concentrated in a small vol-
ume near the surface of the frame δ/r � 1, can be ne-
glected. The fluid then behaves almost like a perfect fluid
(without viscosity). The high frequency approximation of
the α(ω) function is given by [19]

α(ω) = α∞

(
1 +

2
Λ

(
η

jωρf

)1/2
)

. (4)

When α(ω) is used instead of α, the frequency coefficients
ρ̃11(ω), ρ̃12(ω), and ρ̃22(ω) are given by

ρ̃11(ω) = ρ11 +
2φα∞

Λ

(
ρfη

jω

)1/2

,

ρ̃12(ω) = ρ12 − 2φα∞
Λ

(
ρfη

jω

)1/2

, and

ρ̃22(ω) = ρ22 +
2φα∞

Λ

(
ρfη

jω

)1/2

.

Let σs
ij and σf

ij be the frame and fluid stress tensors, re-
spectively, and εij = 1

2 (uij + uji) the frame strain tensor.
The stress-strain equations in the cancellous bone [48] are
given by

σs
ij =

[
(P − 2N)∇−→u + Q∇−→

U
]
δij + N(uij + uji),

(5)

σf
ij = −φpfδij = (R∇−→

U + Q∇−→u )δij . (6)

In these equations, pf is the pressure of the fluid, and
P , Q, and R are generalized elastic constants which are
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related, via gedanken experiments, to other measurable
quantities, namely, φ (porosity), Kf (bulk modulus of the
pore fluid), Ks (bulk modulus of the elastic solid), and Kb

(bulk modulus of the porous skeletal frame). N is the shear
modulus of the composite as well as that of the skeletal
frame. The equations that explicitly relate P , Q, and R to
φ, Kf , Ks, Kb, and N are given by

P =
(1 − φ)

(
1 − φ − Kb

Ks

)
Ks + φ Ks

Kf
Kb

1 − φ − Kb

Ks
+ φ Ks

Kf

+
4
3
N,

Q =

(
1 − φ − Kb

Ks

)
φKs

1 − φ − Kb

Ks
+ φ Ks

Kf

,

R =
φ2Ks

1 − φ − Kb

Ks
+ φ Ks

Kf

.

The Young modulus and the Poisson ratio of the solid
Es, νs and of the skeletal frame Eb, νb depend on the
generalized elastic constant P , Q, and R via the relations:

Ks =
Es

3(1 − 2νs)
,

Kb =
Eb

3(1 − 2νb)
,

N =
Eb

2(1 + νb)
.

(7)

It is assumed that the pressure field and the normal stress
in the cancellous bone are continuous at the boundary of
the material, at x = 0, and at x = L. Using these condi-
tions, it is possible to obtain the transmission coefficient
(Appendix A):

T (ω) =
jω2ρfc0F4(ω)

(jωρfc0F4(ω))2 − (jωF3(ω) − 1)2
, (8)

where F3 and F4 are given in Appendix A.

IV. Ultrasonic Measurements

As an application of this model, some numerical sim-
ulations are compared with experimental results. Experi-
ments are performed in water using two broadband Pana-
metrics A 303S piezoelectric transducers (Panametrics,
Waltham, MA) with a central frequency of 1 MHz in wa-
ter; 400-V pulses are provided by a 5058PR Panamet-
rics pulser/receiver. The signals received are amplified to
90 dB and filtered above 10 MHz to avoid high frequency
noise (energy is totally filtered by the sample in this up-
per frequency domain). Electronic interference is removed
by 1000 acquisition averages. The experimental setup is
shown in Fig. 2. The parallel-faced cubic samples, with
volume in the cm3 range, were machined from human can-
cellous bone in femoral heads. The physical parameters (φ,
α∞, Λ, Eb, and νb) of the bone are measured by techniques
[25]–[28] developed initially for air-saturated porous mate-
rials such as plastic foams and fibrous mats. When the

Fig. 2. Experimental setup for ultrasonic measurements.

TABLE I
Biot’s Model Parameters of Cancellous Bone.

Parameters M1
Thickness L (cm) 0.82

Porosity φ 0.94
Tortuosity α∞ 1.059

Viscous characteristic length Λ (µm) 204
Poisson ratio of the solid 0.36

Poisson ratio of the skeletal frame 0.2
Young modulus of the skeletal frame (GPa) 1.56

Young modulus of the solid (GPa) 13
Solid density ρs (kg/m3) 1960

liquid saturating the cancellous bone is drained from the
pores and replaced by air, partial decoupling of the Biot
waves occurs due to the tremendous difference in density
between the frame and air. The fluid particles do not have
enough mass to generate motion in the heavy solid frame,
and thus the slow wave propagates in the fluid wherein it
is detected (in non-contact manner) by a transducer. The
parameters α∞, φ, and Λ are determined by measuring
the slow wave propagating in air-saturated cancellous bone
(equivalent fluid model). The porosity φ and the tortuosity
α∞ are determined by measuring the wave reflected by the
first interface of the bone sample at oblique incidence [27],
[28]; Λ is evaluated by measuring the transmitted wave
[27]. With contact excitation [5], the fast wave travels in
the solid frame and some air particles move along with the
frame. The velocity of the fast wave approaches the veloc-
ity in the frame as measured in vacuum and is given by
vL =

√
Kb + 4

3N/(1 − φ)ρs. By measuring the fast wave
velocity of a sample whose pores are filled with air, one
finds Kb + 4/3N . The shear modulus N can be evaluated
independently by measuring the velocity of the shear wave.
The expression of the shear wave velocity is given by [20]
vT =

√
N/(1 − φ)ρs. By measuring vL and vT experimen-

tally, we deduce Kb and N , and then the values of Eb and
νb using the relations (3). Sample characteristics are given
in Table I.

The transmitting transducer insonifies the sample at
normal incidence with a short (in time domain) pulse.
When the pulse hits the front surface of the sample, part
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Fig. 3. Incident signal.

Fig. 4. Spectrum of the incident signal.

is reflected, part is transmitted as a fast wave, and part
is transmitted as a slow wave. When any of these compo-
nents, travelling at different speeds, hits the second sur-
face, a similar effect takes place: part is transmitted into
the fluid, part is reflected as a fast wave. The incident ex-
perimental signal generated by the transducer is shown in
Fig. 3 and its spectrum in Fig. 4. The condition of high
frequency range given earlier, (2η/ωρ0)1/2 � r, is verified
by the component of the spectrum of the incident signal.

We show in Fig. 5 the experimental transmitted signal
for the sample of cancellous bone; the first waveform cor-
responds to the fast wave and the second one to the slow
wave. The two waves are easily distinguishable. These two
waves are described by the Biot theory given in the pre-
vious section. The spectrum of the transmitted waves is
given in Fig. 6. This spectrum shows the frequency com-
ponents of the two waves. Using the incident signal, the
physical characteristics of the bone sample, and the ex-
pression of the transmission coefficient (8), we simulate the
transmitted signal. Fig. 7 shows the comparison between
experimental transmitted signals (solid line) and simulated
signals (dashed line) for the cancellous bone sample. The

Fig. 5. Transmitted signal.

Fig. 6. Spectrum of the transmitted signal.

Fig. 7. Comparison between experimental transmitted signal (solid
line) and simulated transmitted signal (dashed line).
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experimental data and theoretical prediction are seen to
match closely, which allowed us to conclude that the mod-
ified Biot theory using the Johnson et al. model [19] is
quite suitable for describing the propagation of ultrasonic
waves in cancellous bone.

V. Conclusion

In this paper, analytical calculus of the transmission co-
efficient of a slab of porous material with an elastic frame
is established. This calculus is based on Biot’s theory mod-
ified by Johnson et al. model [19] to describe the viscous
interaction between fluid and structure. Experimental vali-
dation of this model using waves transmitted through sam-
ples of human cancellous bone was performed and found
to produce excellent agreement between theory and exper-
iment.

Appendix A

Expression of the Transmission Coefficient

The expression of the transmission coefficient is given by

T (ω) =
jω2ρfc0F4(ω)

(jωρfc0F4(ω))2 − (jωF3(ω) − 1)2
,

where F3 and F4 are given by (9) (see next page).
The functions λ1(ω) and λ2(ω) are given by (10) (see next
page), with

τ1 = R′ρ11 + P ′ρ22 − 2Q′ρ12,

τ2 = A (P ′ + R′ + 2Q′) ,

τ3 =
(
P ′R′ − Q′2) (

ρ11ρ22 − ρ2
12

)
, and

τ4 = A
(
P ′R′ − Q′2) (ρ11 + ρ22 − 2ρ12) .

Coefficients R′, P ′, and Q′ are given by

R′ =
R

PR − Q2 ,

Q′ =
Q

PR − Q2 , and

P ′ =
P

PR − Q2 .

The functions �1(ω) and �2(ω) are given by (11) (see next
page), where

τ5 = (R′ρ11 − Q′ρ12) ,

τ6 = A (R′ + Q′) ,

τ7 = (R′ρ12 − Q′ρ22) .

The coefficients Ψ1(ω), Ψ2(ω), and Ψ(ω) are given by

Ψ1(ω) = φZ2(ω) − (1 − φ)Z4(ω),
Ψ2(ω) = (1 − φ)Z3(ω) − φZ1(ω),
Ψ(ω) = 2(Z1(ω)Z4(ω) − Z2(ω)Z3(ω)),

and the coefficients Z1(ω), Z2(ω), Z3(ω), and Z4(ω) by

Z1(ω) = (P + Q�1(ω))λ1(ω),
Z2(ω) = (P + Q�2(ω))λ2(ω),
Z3(ω) = (Q + R�1(ω))λ1(ω),
Z4(ω) = (Q + R�2(ω))λ2(ω).
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