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Abstract
This paper presents an energy flow post-processing tool for structural dynamic analysis which is based on
conventional dynamic finite element (FE) analysis. Based on the global dynamic behaviour of a system and
on local subcomponent descriptions, the energy flow between the various components can be predicted, as
can the energy dissipation within individual subcomponents. This information can assist a design engineer
in making design modifications and holds potential in optimising high-frequency energy based models, such
as statistical energy analysis (SEA) models. The developed approach is implemented using a commercially
available FE code and is validated for both simple academic cases and for an industrial vehicle body-in-white.

1 Introduction

As time-to-market in car manufacturing industry play a crucial role, in parallel with experimental methods,
accurate predictions and simulations of the behavior of new car structures become more and more important.
These analyses help identify components sensitive to vibrations that could possibly lead to deterioration of
ride comfort and safety.

A wide range of tools are available for the study of the dynamic behaviour of mechanical structures. At high
frequencies, Statistical Energy Analyses (SEA) [2] represents a widely accepted theoretical framework for
the analysis of the dynamic response of complex structures. Complex vibro-acoustic systems are modelled as
a composition of subsystems of similar modes. Due to the effects of the structural uncertainties, uncertainties
in the boundary conditions and the large number of modes contributing to the response at high frequencies,
SEA uses mechanical energy as the primary variable. As the general response descriptor also the energy flow
between components and the input powers are used.

At lower frequencies, the Finite Element Method (FEM) [1] is the most conventional tool and widely used to
predict the dynamic behaviour of a structure. A discrete description of the continuum leads to mass, stiffness
and damping matrices that represent the spatial distribution of these quantities in terms of larger number of
local shape functions. The dynamic behaviour of a structure is then expressed in terms of the magnitude
and phase of the response at discrete frequencies and discrete locations. Often the response is described in
terms of the frequency response functions. To simplify calculation of these quantities, a modal analysis is
usually performed and mode shapes and natural frequencies are found from solving an eigenvalue problem.
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Often, one of the criticisms directed at the use of the finite element method at higher frequencies is the use of
such response coordinates. Since frequency response functions are obtained from a summation of vectorial
quantities, they are sensitive to the perturbation in modal properties.

At higher frequencies, when the high order modes with shorter wavelength contribute to the response, the
FEM has some deficiencies. The number of elements required to adequately describe the response is increas-
ing rapidly with frequency. The computational cost of the eigenproblem also increases rapidly with the size
of the problem matrices. There are, however, circumstances where a FE model can be useful to determine
vibrational response at higher frequencies.

The results from the finite elements model can equally be viewed in terms of spatial and temporal averaged
energies and powers, and the application of the FEM to energy flow modelling is not new. Various studies
have viewed the response of a finite element model in terms of an energy flow model [3]-[7]. The finite
element method has also been used to calculate the structural intensity [8, 9]. The interest on investigation
of structural power flow arises for practical reasons, because the structural power flow indicates the mag-
nitude and direction of vibrational energy flow at the coupling coordinates, and energy distribution offers
information of energy transmission paths and positions of sinks of mechanical energy. Dissipative elements,
mechanical modification and active vibration control can be used for an alteration of energy flow paths within
the structure and the amount of mechanical energy injected into the structure. Of primary practical concerns
are complex built-up structures, which can be successfully treated only by measurement or by numerical
computation when prediction of structural behaviour in higher frequency is needed.

In this paper an energy flow model, presented in [6], is used as post-processing tool for dynamic analysis
of structures. The next section gives a brief introduction to the energy flow model from FEM and some
improvement are made to calculate the power flow between components. This is followed by a discussion
on how the FE model should be built for estimation of energy distribution within the components. The
vibrational behaviour of a system comprising two plates and a vehicle body in white (BIW) are used as
examples.

2 Background: finite element analysis and energy flow model

Since finite element analysis is used in this paper for calculating the mechanical energy of components and
the power flow between them, a brief overview of the method is presented, which is described in more detail
in reference [6]. In FEM the structure is discretized and the stiffness and mass matrices K and M are
determined. If it is assumed, that the excitation is time harmonic and damping is introduced by a loss factor
η, the response is given by:

[
K(1 + iη)− ω2M

]
U = F (1)

where U is a vector of nodal degrees of freedom and F is the time harmonic excitation with angular frequency
ω. If the response is known, the potential V and kinetic T energies of whole system are:

V =
1
4
UHKU T =

1
4
ω2UHMU, (2)

where H denotes the complex conjugate or Hermitian transpose. Due to the estimation of subsystem me-
chanical energies, the mass and stiffness matrices Msi and Ksi of subsystem i have to be found. The nodal
coordinates Usi for subsystem si are subset of the global coordinates U and are related to them by:

Usi = SiU, (3)

1610 PROCEEDINGS OF ISMA2008



where Si is a transformation matrix. Some of the global coordinates U lie only in one subsystem, some lie
in two and therefore represent coupling coordinates. With known response at the subsystem i the potential
and kinetic energies of subsystem i are:

Vsi =
1
4
UHST

i KsiSiU T =
1
4
ω2UHST

i MsiSiU, (4)

where the superscript T denotes the transpose. The time-averaged input powers and the coupling powers
between subsystem i and j and the power dissipated in subsystem i are then given by:

Pin =
1
2
< (iωFHU

)
Pij =

1
2
< (iωFH

ij Uij

)
Pd =

1
2
ωηUH

i KiUi, (5)

where Fij and Uij are the internal forces and displacements at the coupling coordinates between the sub-
systems i and j and < denotes the real part. Although it is quite possible to calculate the response using
equation (1), it is very time consuming to solve this equation at each discrete frequency. It is numerically
more efficient to proceed by modal decomposition, using the global modes of the whole system. While theo-
retically there are as many modes as nodal degrees of freedom, the contribution of many of the modes can be
often neglect for practical purposes. A modal analysis yields the natural frequencies ωj and mode shapes Ūj

for j = 1, . . . ,m, where m is the number retained modes. If it is assumed that the normal modes are mass
normalized, then the response of the system is:

U = ΦY, (6)

where Φ is the truncated modal matrix constructed from the first m eigenmodes and Y being the vector of
modal responses. The elements in the vector Y are given by:

Yj = αjFj , (7)

where the modal force Fj and modal receptance αj are given by:

Fj = φT
j F αj =

1
ωj(1 + iη)− ω2

(8)

2.1 Frequency-averaged response

While the equations (4) can be used to calculate the energies in subsystem i, substantial computational
benefits can be made by rearranging these expressions, so that they are more appropriate for calculating the
frequency-averaged energies of the subsystem j. Since the detailed derivation of the simplified equations is
given in reference [6], only the final equations are given below:

Vj =
∑
m,p

(ψmpκi,mp) Γmp Tj =
∑
m,p

(ψmpµi,mp)ω2Γmp, (9)

where the term Γmp is frequency dependent and is given by

Γmp =
1
4
α∗mαp, (10)

where αm and αp are modal receptances, given by equation (8).
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The expression
ψmp =

∑
i,k

φjmφkpF
u∗
j F u

k (11)

is termed the (m,p)th force distribution term, and matrices κi and µi are given by:

κi = ΦTST
i KiSiΦ µi = ΦTST

i MiSiΦ (12)

We are often interested in the response to the broadband excitation rather than the discrete frequency re-
sponse. If it is assumed that the spatial distribution of the excitation is frequency independent, the varying of
the excitation force with frequency is given by

F(ω) = γ(ω)F (13)

then the frequency-averaged mechanical energies can be found by substituting equation (13) into equation (9)
and by integrating these equations over the frequency range and noting that only the term Γmp is frequency
dependent. The frequency-averaged value Γmp between frequencies ω1 and ω2 is given by

θmpV =
1
Ω

ω2∫
ω1

Γmpdω θmpT =
1
Ω

ω2∫
ω1

ω2Γmpdω, (14)

where Ω = ω2 − ω1 is the analysed frequency band.

The time-averaged input power to subsystem i and the power flow between subsystem i and j can be calcu-
lated in a similar manner to the mechanical energies.

2.2 Power flow and modal parameters

In any modal approach, the number of modes that are used in the analysis has to be appropriately chosen.
Usually, for computation of the displacement field or its time derivatives, the number of modes is chosen
in such a way that the highest eigenfrequency used in computation is a few times higher than the excitation
frequency. In many papers and application cases, this criterion has proven to be a valuable engineering rule
of thumb to limit the number of modes that have to be calculated. However, it is noted that this criterion is
not sufficient when structural intensity was concerned [9], which is a vectorial quantity of power flow. Struc-
tural power flow is a result of an interaction between the internal forces (stresses) and the corresponding
velocities. The stresses are proportional to the spatial derivatives of the displacements. The spatial distri-
butions of stresses are not as smooth as the corresponding distributions of displacements. For example, the
bending displacements of a simply supported beam due to a concentrated static force can be represented
by a smooth polynomial type function, while the corresponding distribution of the lateral shear force has
a jump at the force position. The same can be observed in the vicinity of any abrupt change of geometry
(cross-section, thickness) or of material properties of the structure. The number of modes sufficient for an
accurate estimation of the smooth displacement field, generally is not sufficient for the approximation of its
spatial derivatives. Therefore the required number of modes for an accurate analysis of dynamic stresses
may increase by one or more orders of magnitude [9].

For large industrial sized problems, the modal analysis would lead to a large number of eigenmodes. This
may result in insufficient memory size, hence a direct solver is sometimes preferred over a conventional
modal solution.

1612 PROCEEDINGS OF ISMA2008



3 Examples

After having outlined the approach to be adopted, and before going on to perform post processing of the
results obtained with the FE analysis, the procedure for energy flow calculations from FEM is given:

1. Pre-processing: create a mesh, with a commercial FE package, and add loads and boundary conditions.

2. Create the subsystems (sub-components) and define the coupling coordinates, the coupling coordinates
can be common only to two subsystems, otherwise the coupling has to be moved inside the component
to the next closest node. When a coupling coordinate is common to three or more subsystems, then
the power flows are not defined uniquely.

3. Global assembly of the system matrix equation and subsystem matrices, calculate the global mass and
stiffness matrices K and M and the subsystems mass and stiffness matrices Ki and Mi

4. Perform modal decomposition or direct frequency response analysis.

5. post-processing: visualisation and interpretation of the results.

First, a structure with simple geometry is analysed then computations are performed for a vehicle automotive
BIW. All FE calculations were performed using MSC/Nastran version 2005. The preprocessing and post
processing procedures were performed with Python.

3.1 Stiffened plate

An assembly of two coupled plates, attached to each other at an angle of 35◦, was used as test structure.
The horizontal plate is rectangular with a square opening, the inclined plate is rectangular with one corner
removed. The assembly is attached with four bolts to the ground. Figure 1 shows the assembly with its main
dimensions. The material of the structure is steel, and the material properties are: modulus of elasticity,
E = 2.1 · 1011 N/m2; mass density, ρ=7850 kg/m3; Poisson ratio, ν=0.3; and material damping loss factor
η =0.02.
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Figure 1: Simple test case. The dimensions are specified in m and the thickness of the plates is 0.003m.

The finite element model consists of 5345 QUAD4 MSC/Nastran shell elements and 8 CHEXA elements.
The horizontal plate consists of 3100 QUAD4 elements, and the inclined plate consists of 2245 QUAD4
elements. All shell elements have an approximately unit aspect ratio. The mesh satisfies the condition of
being less than a sixth of the wavelength for frequencies lower than 4 kHz. The bolts are modelled with
CHEXA elements, which attach the plate assembly to the ground. Three forces of 100 N are applied on the
top left side of plate 1, point F in Figure 1, in three translation degrees of freedom (DOF). The ends of the
bolts are rigidly grounded, which means that the output power is zero and that all power is dissipated by
material damping of the plates and the bolts. This example was selected to test the described procedure in
following ways:
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• verify the lowest number of the eigenmodes which have to be included, so that the estimated mechan-
ical energies are accurate.

• verify the mechanical energy balance on component level.

• verify that all input power to one component is equal to the sum of the dissipated power in the compo-
nent and the power flow from the component

The inclusion of sufficient structural modes is important for the accuracy of the predicted mechanical ener-
gies. This can be seen from Figure 2, which shows the effect of taking different number of eigenmodes into
account when calculating the energy level of plate 1 and 2 with Ω = 800 Hz. The relative solution accuracy
of the modal approach is given by:

Error =
Vj + Tj

V + T
· (100%), (15)

where Vj and Tj are potential and kinetic energy, calculated by modal approach, where all modes up to j-th
mode are taken into account. V and T are potential and kinetic energy calculated by direct approach. As
can be seen from Figure 2, for good accuracy (within 3 %), all modes up to at least three times the highest
excitation frequency should be retained.
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Figure 2: Error in mechanical energies for plate 1 (· · · ) and plate 2 (×××) for variations in the number of
eigenmodes taken in modal analysis at 800Hz.

The potential and kinetic energy of both the plates and the four bolts are calculated according to equation (4)
and the sum of the components potential energy has to be equal to the sum of the components kinetic energy.
The total kinetic and potential energy calculated on the component level for excitation frequencies from 200
to 1200 Hz with a resolution of 10 Hz are shown in Figure 3. The curves are identical at lower frequencies
and high frequencies, but diverge slightly in the frequency band 400-600 Hz. This divergence is due to the
truncation of the modal matrix. Since only the structural modes up to three times the forcing frequency are
retained the deformation of the bolts can not be described in a sufficiently accurate manner. The bolts also
have high mechanical energy content in this frequency range.

The sum of input powers, coupling powers and powers dissipated in plate 1 for excitation frequencies from
200 to 1200 Hz with resolution of 10 Hz is shown in Figure 4(a). Input power values range from 1 to 20 W,
with several resonances corresponding to various wave motion types presented in the plates.

A measure of the accuracy of the power flow calculation can be obtained by means of a power balance
calculation involving input power, output power and dissipated power summations. The ”lost power” in a
given solution can be calculated by equation 16. As can be seen from Figure 4(b), the relative power flow
error is low. Only in the low frequency region the error is close to 1 %. This implies perfect power balance
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Figure 3: Energy balance calculated on the component level. — total kinetic energy, - - - total potential
energy.

results, which means that for all excitation frequencies the total power dissipation almost exactly matches
the difference between the input and the output power flow.

PError = (
∑

Pin −
∑

Pout −
∑

Pdiss)/
∑

Pin (16)
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Figure 4: (a) Power flow curves for the plate 1, — input power; · · · dissipated power in plate 1; - - - coupling
powers. (b) Power balance error curve for plate 1.

Because of the simplicity of the considered plate example, it is feasible to calculate the power flows using
modal coordinates. However, in case more complex problems are tackled, i.e. problems with a very large
number of dofs, a modal approach is not feasible any more (see section 2), and a direct approach has to be
used to calculate power flows. The example discussed in the next section involves such a problem, where the
energy content is calculated by modal approach and the power flow by direct approach.

3.2 Body-in-white

An automotive body-in-white (BIW) is analysed by presented method. The FEA model of the vehicle is
depicted in Figure 5. To analyse the BIW with the presented method first the subcomponents have to be
built [10]. The procedure results in 70 subcomponents, which are grouped together into beams, joints and
panels. The complete model of the BIW used to provide modal vectors has approximately 1413000 degrees
of freedom and 235400 elements. The bulk of the elements in the model are quadrilateral and triangular shell
elements, and solid elements are used to model the spot welds. The energy distribution and power flow in the
BIW are analysed for the case when the excitation force is applied at the front left spring tower. A random
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Figure 5: Body in white and analysed components.

and frequency dependent excitation force (see Figure 6 (a)) was equally distributed on 8 nodes around the
spring tower and the direction was chosen to be normal to the surface.

First the modal analysis is done to extract the eigenvectors and eigenfrequencies of the BIW to calculate the
energy content of the components. The eigenmodes up to the frequency 400 Hz are extracted. In Figure 6
(b) the global mode count is shown. As can be seen in the figure, the modal density is getting very high at
frequencies above 150 Hz (the modal density is here approximately 1 mode/Hz). A modal understanding of
the structure is no longer relevant due to the high number of overlapping modes contributing to the observed
responses.
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Figure 6: (a) Excitaion force at spring tower. (b) Mode count of the BIW structure.

Instead of the response at discrete positions the frequency average mechanical energy content of the com-
ponents is estimated according to the equations given in section 2.1. The frequency averaged mechanical
energy content of the components was studied in 1/3 octave bands. Due to the different components size
and consecutive different masses, the mechanical energy of the component is divided by its mass. In this
way the frequency averaged energy density of each component was estimated. The energy content of the
components in the BIW for two 1/3 octave bands, around the center frequencies 100 Hz and 160 Hz, are
shown in Figure 7. In the 1/3 octave band with center frequency 100 Hz, Figure 7 (a), it can be seen that
extremely high energy density is at rear part of the car. In 1/3 octave band with center frequency 160 Hz,
Figure 7 (b), the highest energy density has the fire wall, and other components have relatively low energy
density. Such information can assist design engineer in making decision an which component to modify to
assure lower vibrations.

In addition the to the frequency average energy maps in 1/3 octave bands, the mechanical energy of compo-
nents is estimated at discrete frequencies. The results are shown for four components only in Figure 8. The
location of the components is shown in Figure 5. With known mechanical energy content of the components
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(a) (b)

Figure 7: Mechanical energy density in the components of the BIW in 1/3 octave bands at: (a) center
frequency 100 Hz; (b) center frequency 160 Hz.

at discrete frequencies the vibrational behaviour of the components can be better understood.
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Figure 8: Mechanical energy content of the subcomponents, — potential energy; − − − kinetic energy. (a)
Beam Nr.30, (b) Beam Nr.22, (c) Beam Nr.20, (d) Joint Nr.7

From Figures 8 it can be seen that the potential and kinetic energy are not equal at low frequencies. At higher
frequencies they converge to the same value, as is assumed by SEA.

The second step in BIW analysis was to use the direct approach to calculate the response of the BIW when
excited by the force shown in Figure 6 (a). The calculation was performed in the frequency range 10 Hz to
180 HZ with a resolution of 1 Hz. The calculated response is then used to estimate the power flow between
the components. Figure 9 shows the power flow from beam 33 to joint 7 and from beam 33 to joint 10. Since
the joints 7 and 10 are the only two components to which beam 33 is attached, the sum of the power flow
curves is equal to the dissipated power in beam 33. The power flow analysis shows the net power flow from
or to the components. The power flow paths for the complete structure can be estimated and the locations of
the source of the vibrations and power sinks may be found.
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Figure 9: Power flow balance for B-pillar (beam33); — power flow from B33 to J7; −−− power flow from
B33 to J10.

With known mechanical energies of the components and known coupling powers, there is possibility to
estimate the coupling loss factors (CLF) for SEA analysis. However, care must be taken in using the results
of such studies. When using FE to estimate the CLF, indirect exchange of energy is allowed between the
systems that are not directly coupled to each other. This is not assumed in SEA.

4 Conclusion

This paper discusses the application of an energy based post-processing method, which is based on con-
ventional FE analyses. Making use of FE analysis results and system matrices, the structural energy levels
and energy flows of and between various components of an assembly system are determined. Being able to
calculate this information, allows design engineers to gather new insights in their systems and helps them in
interpreting deterministic FE results from an energy point of view. Also, SEA parameters, such as Coupling
Loss Factors, may be estimated. The applicability of the method has been illustrated by means of a simple
plate example and a industrial BIW vehicle model.
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