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Abstract

We present a micro-macro method for the simulation of large
elastic deformations of plant tissue. At the microscopic level we use
a discrete element model to describe the geometrical structure and
basic properties of individual plant cells. The macroscopic domain
is discretized using standard finite elements, in which the unknown
macroscopic material properties (the stress-strain relation) are com-
puted using the microscopic model in small sub-domains, called rep-
resentative volume elements (RVEs), centered around the macro-
scopic quadrature points. The boundary conditions for these RVEs
are derived from the macroscopic deformation gradient. The compu-
tation of the macroscopic stress tensor is based on the definition of
virial stress, as defined in molecular dynamics. The anisotropic Eu-
lerian elasticity tensor is estimated using a forward finite difference
approximation for the Truesdell rate of the Cauchy stress tensor. We
investigate the influence of the size of the RVE and the boundary
conditions via numerical experiments. We show that the multi-scale
method converges to the solution of the full microscopic simulation,
both for globally and adaptively refined finite element meshes and
achieves a significant speed-up compared with the full microscopic
simulation.
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Abstract

We present a micro-macro method for the simulation of large elastic deformations of plant
tissue. At the microscopic level we use a discrete element model to describe the geometrical
structure and basic properties of individual plant cells. The macroscopic domain is discretized
using standard finite elements, in which the unknown macroscopic material properties (the
stress-strain relation) are computed using the microscopic model in small sub-domains, called
representative volume elements (RVEs), centered around the macroscopic quadrature points.
The boundary conditions for these RVEs are derived from the macroscopic deformation gra-
dient. The computation of the macroscopic stress tensor is based on the definition of virial
stress, as defined in molecular dynamics. The anisotropic Eulerian elasticity tensor is esti-
mated using a forward finite difference approximation for the Truesdell rate of the Cauchy
stress tensor. We investigate the influence of the size of the RVE and the boundary conditions
via numerical experiments. We show that the multi-scale method converges to the solution of
the full microscopic simulation, both for globally and adaptively refined finite element meshes
and achieves a significant speed-up compared with the full microscopic simulation.

1 Introduction

Biological materials, such as plant tissue, are inherently multi-scale in nature. One is generally
interested in deformations at macroscopic length scales, which are typically much larger than the
size of individual cells. At the macroscopic scale, plant tissue exhibits visco-elasto-plastic behavior,
and deformation calculations for plant tissue are usually performed with the standard material
laws (stress-strain relations) for visco-elasto-plastic materials, e.g. [7, 28, 32]. These models have
proven their value in a wide number of engineering applications [39], but their applicability to
describe mechanical deformation of plant tissue can be questioned. Moreover, such models, even
if successful in describing visco-elasto-plastic deformation, do not explain why the underlying
tissue possesses these properties. To this end, one needs to resort to more microscopic modeling
techniques that take into account the structure of the tissue at the cellular level.

Several hypotheses about the visco-plastic behavior of plant tissue have been proposed in the
literature. It has been suggested that visco-elastic behavior can be explained by the viscosity of
the cell fluid [38] or the cell wall [23]. Alternative suggestions include the transport of air through
the intracellular spaces, which can be connected through micro-channels [48]. Cell fluid can also
seep through aquaporines in the cell wall, and be transported to the inter-cellular spaces or to
neighboring cells, giving rise to plastic deformations [42]. Other causes of plastic behavior of the
fruit tissue that have been suggested are the plasticity of the cell wall, tearing of the cell wall [21]
and sliding of the cells relative to each other [20]. Up to date, there is insufficient experimental
data available to be conclusive about the mechanisms at the cellular level.

So far, little work has been done to exploit information about microscopic features (at the
cellular level) to construct constitutive material laws for use in continuum models; see the book
by Gibson and Ashby [13] for an analytical approach to cellular solids and metal foams. At
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the scale of the individual cells, however, one can construct more accurate (microscopic) models
that incorporate at least some details of the interactions between individual cells, e.g. using an
individual-based approach such as discrete element modeling [10]. When verified by experiments,
such models can directly incorporate the visco-elasto-plastic mechanisms that are described above.

Unfortunately, simulations with such a microscopic model on macroscopic length scales are
prohibitively expensive.

In this paper, we therefore propose a multi-scale method for the simulation of large elastic
deformations of plant tissue. The method combines the computational efficiency of a macroscopic
finite element model with the modeling accuracy of a microscopic, individual-based description.
To this end, we estimate the constitutive stress-strain relation for the tissue, which is needed in the
finite element model, on the fly by local simulations with a microscopic model that incorporates
the effects of the cellular structure. Thus, a macroscopic analytical constitutive material law
is never assumed during the computations. Whenever a stress tensor, corresponding to a given
macroscopic deformation gradient, is needed in a quadrature point of the finite element mesh,
a microscopic simulation is performed inside a representative volume element (RVE), centered
around this quadrature point. The initial and boundary conditions for the RVE are determined
by the macroscopic deformation gradient, and the corresponding stress tensor is computed from
the equilibrium solution in the RVE.

For the microscopic model, we use a mass-spring method that models the cellular structure and
incompressibility of cell fluid. More precisely, a two-dimensional model of a unicellular epidermis
strip of onion was developed by Loodts et al [27]. From this model, we can compute a deformed
configuration under a given load or prescribed displacement. To study the microscopic mechanics
of plant tissue, a number of authors have used onion tissue because of its simple geometric structure
with large cells, the lack of inter-cellular spaces and the distinct sheets that can easily be separated.
We refer to work of Vanstreels et al [45], Hepworth and Bruce [16] and Wei et al [47] for the
experimental determination of stress-strain curves for onion epidermis tissue using tensile tests.
Blewett et al [3] performed compression tests on a single tomato cell to determine the elasticity
of the cell wall. Since the microscopic model only describes elastic deformations correctly, we do
not account for viscous and plastic effects at the macroscopic scales in the current paper.

Many authors have worked on the determination of macroscopic overall characteristics of het-
erogeneous materials. The most basic method for finding homogenized material properties is the
rule of mixtures, where only the volume fractions of the microscopic constituents are taken into
account. Other more advanced homogenization methods as the effective medium approximation
[33, 11], the variational bounding methods [15] and mathematical asymptotic homogenization the-
ory [2] often give reasonably good results for simple microscopic geometries and small strains. We
refer to [34] for details. For the computational homogenization of engineering materials, micro-
macro methods are described by Terada and Kikuchi [43], Smit et al [41], Feyel and Chaboche
[12], Miehe et al [30, 31]. Our work is based on the approach of Kouznetsova et al [24, 25, 26].
Most of these methods are based on the idea of representative volume elements. With increasing
computational power they have become a viable alternative to the so-called unit cell methods,
which assume a specific form of the constitutive stress-strain relation, and which estimate the
unknown parameters in this expression via simulations on the micro-structure, see e.g. [5, 44, 46].
Such a method, while computationally less demanding, is still limited by the assumptions made on
the macroscopic constitutive relation. In the micro-macro approach, such a constitutive relation
is never explicitly formulated. Instead, the stress-strain relation is evaluated from the micro-
structure at the spatial point and at the time that it is required. We note that these methods
are quite general, and that they can also take into account the viscous and plastic parts of the
deformation, see [26] for details.

Compared to the work of Kouznetsova et al, in which the microscopic model inside an RVE
is a finite element description of the heterogeneous material still using a continuum description,
we use a particle-based discrete element model of the cellular structure of the plant tissue as the
microscopic model. This requires us to be careful with the definition of stress. More specifically,
we need to define a stress measure (based on the concept of virial stress in molecular dynam-
ics) to enable the coupling between the microscopic discrete element model and the macroscopic
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Figure 1: Left: a typical top view of a piece of onion tissue (experiment). Center: a digital version,
in which every cell is modeled as a polygon. Right: a simplified version, in which the onion cells
are stacked like in a brick pattern.

continuum description.
The paper is outlined as follows. In section 2.1, we describe the microscopic model for onion

epidermis tissue. We give a brief overview of the large deformation continuum elasticity theory in
section 2.2. Section 2.3 covers the standard finite element discretization for the elasticity equations.
In section 3 we describe in detail how to combine these models into an efficient simulation. The
key element in our coupling strategy is the computation of stress from an RVE at the microscopic
level, given a deformation at the continuum level. The method is validated in section 4 using
numerical experiments comparing the results of the coupled micro-macro simulations with the full
microscopic simulation. We investigate the convergence for globally and adaptively refined meshes.
In section 5, we discuss the computational efficiency and possible extensions of the method and
give some references to the literature for dealing with incompressibility.

2 Microscopic and macroscopic models

2.1 The microscopic model

We start from a mechanical model of a unicellular epidermis strip of onion (Allium cepa), which
incorporates the micro-structural behavior at the cellular level [27]. Onion was chosen because
a single layer of individual cells can be isolated for experiments. Since onion cells are large and
form a fairly regular structure, experimental validation of the model is feasible. Figure 1 shows
how the cell structure, as seen in experiments, is simplified for use in the model.

The inherently three-dimensional onion tissue, with a constant thickness of 120 µm, is projected
on a plane, leading to a two-dimensional model, see figure 2 (left). The parts of the onion cell
walls that are parallel to the plane of the epidermis strip are called the external boundaries; they
form the interface between the cells and the atmosphere. The walls perpendicular to the plane of
the tissue strip form the interface between the cells, and we call them internal boundaries. Every
cell in the tissue is modeled as a polygon. The mass of the cell is discretized and concentrated in
nodes that are placed at the corners of this polygon.

In the model the following assumptions are made: the cell wall is linearly elastic, can only resist
tensile load, offers no resistance to bending, and is isotropic. Furthermore, there are no inter-
cellular spaces, the cell fluid is incompressible and there is no fluid transport through cell walls.
To this end, internal boundaries are modeled with internal boundary springs between the nodes
along the sides of the polygons, which mimic the linear elasticity. The cell walls of neighboring
cells, together with the corresponding middle lamella, are modeled as one single internal boundary
spring. The external boundaries are modeled with external boundary springs.

An average onion cell is more or less rectangular with width 480µm and height 120µm. A cell is
discretized with 5 nodes along its long axis and two nodes along the short axis. In the simulations
the rectangular cells are ordered in a brick pattern, see figure 2 (right). For this setting, the
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Figure 2: Left: projection of an actual three dimensional onion cell to the two-dimensional model.
Cell boundaries between cells are modeled with internal boundary springs. Cell boundaries parallel
to the strip of epidermis tissue are modeled with external boundary springs, diagonally in the two-
dimensional cell. Right: the cells are arranged as in a brick pattern with an average aspect ratio
of 1 to 4.

mass of a node can be calculated from the density of onion tissue, ρ = 1040 ± 90 kg/m3 to be
mi = 1.86 ·10−9 kg. The incompressibility of the cell fluid is approximated by means of a fictitious
pressure force that penalizes the difference between the current cell volume and the desired one,
i.e. the cell volume in the unloaded state V 0

k .
The dynamics of the system can be studied by time integration of the equations of motion

ṗi = qi , q̇i =
fRi
mi

(1)

for the nodes i with mass mi, position pi and velocity ṗi = qi. To study the deformation of a
strip of onion tissue, time integration is performed until the system reaches equilibrium.

The total force fRi = fSi + fPi + fEi consists of spring forces fSi , pressure forces fPi and
externally applied forces fEi . The spring force fSi in a spring connecting nodes i and j is given by

fSij =

{
0 pij ≤ p0

ij ,(
−kS{I,E}

(
pij − p0

ij

)
+ dS{I,E}ṗij

)
pij

pij
pij > p0

ij ,
(2)

where p0
ij is the rest length of the spring, pij = pj − pi and pij = ||pij ||. Based on experimental

data, the spring constant was set at kSI = 1306 N/m for the internal boundary springs and kSE =
1273 N/m for the external boundary springs [27]. The corresponding damping constants dS{I,E}
where chosen such that the springs are critically damped. This damping was introduced for
numerical stability of the time integration of (1) and has no physical meaning. The total spring
force on node i is then fSi =

∑
j 6=i f

S
ij .

The fictitious pressure force (mimicking the action of the cell fluid) on a piece of cell wall
between nodes i and j is perpendicular to this wall and is evenly divided over the two nodes. For
a node i the total pressure force fPi is found by summation over the neighboring cells k ∈ Ci and
summation over neighboring nodes j ∈ Nik connected to node i through an internal boundary
spring and belonging to cell k,

fPi =
∑
k∈Ci

∑
j∈Nik

−
(
kP
(
Vk − V 0

k

)
+ dP V̇k

) pij
2
nij , (3)

where Vk denotes the current cell volume, V̇k its time derivative, and nij is the normal direction
on the piece of cell wall between nodes i and j. The cell volume Vk is computed as the surface
of the polygon describing the cell and its derivative can be computed from the velocities of the
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corners of the polygon ṗi. We choose a large proportionality factor kP = 5 · 1010 N/m3 to ensure
that the regulation of the volume is achieved on a much smaller timescale than the dynamics of
the system. Again, the damping constant dP = 19.3 Ns/m3 is chosen as to critically damp the
pressure force. With these parameters, the incompressibility is approximately satisfied, with a
volume change of approximately 1% for a deformation of 20%, which is sufficient for our needs.
The material can be made arbitrarily incompressible by increasing the parameter kP .

Some of the approximations in this model could be considered to be relatively crude; neverthe-
less, the model gives good quantitative agreement with experiments, such as those done by Wei
et al [47].

2.2 Continuum elasticity theory

At the macroscopic level, the deformation of an object is described by continuum elasticity theory.
In this section, we introduce the governing conservation laws, the notion of stress and its relation
to deformation. The exposition will closely follow [4].

Let an object at time t = 0 be defined by its space coordinates X on the domain κ0. The
motion of this object can be described by a deformation mapping x = φ (X, t) of these coordinates
to the coordinates x at time t in the deformed domain κt. Capital letters will refer to the initial
configuration, also called the Lagrangian or material description, while lower case letters refer
to the deformed state, the Eulerian or spatial description. The deformation gradient tensor is
subsequently defined as

F =
∂φ

∂X
= ∇0φ,

in which the subscript 0 denotes that the derivative is taken with respect to the original config-
uration. The volume change is denoted by J = detF . We define the velocity field as v (x, t) =
∂φ (X, t) /∂t and the velocity field gradient is denoted by l = ∂v(x, t)/∂x = ∇v. The symmetric
part of the velocity gradient is called the rate of deformation tensor d = (l+ lT ) /2.

Deformations introduce forces in the interior of the body, which are measured per unit area as
stresses. We introduce the symmetric second order Cauchy stress tensor σ which is defined in the
spatial description. In the material description, we have the second Piola-Kirchhoff stress tensor
S, also called the engineering stress, which is related to the Cauchy stress by S = JF−1σF−T .
The relation between the spatial and material descriptions is given by so-called push-forward
and pull-back operators φ∗[·] and φ−1

∗ [·], resp., that transform material quantities to their spatial
analogs and vice versa. The Cauchy stress, for instance, can also be seen as a push-forward of the
Piola-Kirchoff stress, φ∗[S] = Jσ.

The spatial equilibrium equation is written as

divσ + f = 0, on κt, (4)

where f are body forces per unit volume. To obtain a closed equation, one needs a relation
between the deformation F and σ. This relation depends on the specific material considered. For
a hyperelastic material, this constitutive relation is given in the form of a strain energy function or
elastic potential Ψ(F (X),X) = Ψ(C(X),X), which is usually written as a function of the right
Cauchy-Green deformation tensor C = FTF . From this potential, the second Piola-Kirchhoff
stress tensor can be derived as

S(C(X),X) = 2
∂Ψ
∂C

. (5)

The time derivative of the second Piola-Kirchhoff stress tensor and the time derivative of the
Cauchy-Green deformation tensor are related by the linear rate equation

Ṡ =
1
2
C : Ċ =

1
2

∑
K,L

CIJKLĊKL, (6)

in which : denotes the double product or double contraction and the fourth order Lagrangian
elasticity tensor C is defined as

C = 2
∂S

∂C
= 4

∂2Ψ
∂C∂C

.
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Note that CIJKL = CKLIJ .
Equation (6) can also be written in the spatial description by performing a push-forward

operation on Ċ and Ṡ [4]. The push-forward of Ċ/2 is the rate of deformation tensor d. The
push-forward of Ṡ is the Truesdell rate of the Cauchy stress tensor, defined as

σ◦ = J−1Lφ[Jσ] = σ̇ − lσ − σlT + (trl)σ .

Here Lφ[·] = φ∗[d/dt(φ−1
∗ [·])] denotes the Lie type derivative, which is defined as the push-forward

of the time derivative of the pull-back. The spatial analog of the Lagrangian elasticity tensor is
the fourth order spatial Eulerian elasticity tensor c, which is related to the Lagrangian elasticity
tensor via

cijkl = J−1FiIFjJFkKFlLCIJKL = cklij .

The spatial analog of (6) then becomes

σ◦ = c : d . (7)

For the plant tissue considered in this work, the elastic potential Ψ(C(X),X) is not explicitly
available. Instead, the relations (5) and (6) have to be estimated via a simulation with the
microscopic model described in section 2.1.

2.3 Finite element formulation

In this section, we briefly describe the finite element discretization. We have chosen to use an up-
dated Lagrangian formulation, but an equivalent total Lagrangian formulation is also conceivable
[26], and would not influence the multi-scale coupling strategy of the present paper. Because the
microscopic model allows small volume changes (of approximately one percent for large deforma-
tions), no special precaution is necessary here to avoid the phenomenon of volumetric locking that
is common in finite element simulations of incompressible materials [4].

Multiplying equation (4) with a test function δv and integrating over the domain κt gives the
spatial virtual work equation∫

∂κt

n · σδvda−
∫
κt

σ : ∇δvdv +
∫
κt

f · δvdv = 0 , (8)

with n the normal vector on the boundary ∂κt. This equation naturally leads to a displacement
finite element method. For notational convenience, we omit (for now) the traction n · σ on the
boundary ∂κt. We approximate the domain κ by a set of nel finite elements κe, in which the
continuum displacement field u = x −X is discretized as ũ = x̃ − X̃. Here, the tilde indicates
that the quantities are only defined at discrete nodal points. The displacements of other points
can be found by linear interpolation u ≈∑aNaũa where Na is the shape function corresponding
to node a. Discretization of (8) leads to a nonlinear system of equations, in which the unknowns
ũ are the nodal displacements in each coordinate direction and for every node a

nel∑
e

(∫
κe

σ(ũ)∇Nadv −
∫
κe

∇Nafdv

)
= 0 , ∀a. (9)

In each step of a Newton-Raphson method, equation (9) is linearized,

nel∑
e

((∫
κe

∇Na · σ∇Nbdv

)
I +

∫
κe

BT

aDBbdv

)
∆ũ =

−
nel∑
e

(∫
κe

σ∇Nadv −
∫
κe

∇Nafdv

)
, (10)
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where in the case of plane strain,

D =
1
2

 2c1111 2c1122 c1112 + c1121

2c2222 c2212 + c2221

sym c1212 + c1221

 , (11)

denotes the spatial constitutive matrix and Ba the strain-displacement matrix,

BT

a =
[
∂Na/∂x 0 ∂Na/∂y

0 ∂Na/∂y ∂Na/∂x

]
.

The vector of unknowns ∆ũ gives a correction to the discrete displacements ũ of the nodal points.
The right hand side of (10) is the residual of the discretized virtual work theorem

Ra =
nel∑
e

(∫
κe

σ∇Nadv −
∫
κe

∇Nafdv

)
. (12)

We introduce the assembled tangent stiffness matrix K, whose elements are

Kab =
nel∑
e

(
K(e)

σ,ab +K(e)

c,ab

)
.

Here, K(e)

σ,ab is the initial stress component,

K(e)

σ,ab =
(∫

κe

∇Na · σ∇Nbdv

)
I, (13)

and K(e)

c,ab the constitutive component of the tangent matrix,

K(e)

c,ab =
∫
κe

BT

aDBbdv . (14)

Equation (10) can then be written in short as

K∆ũ = −R. (15)

To solve equation (15), we need to evaluate the integrals in the expressions for the stiffness
matrix ((13) and (14)) and the right hand side (12) of the linear equation. To this end, we use
a numerical quadrature rule. One then only needs the value of the Cauchy stress and the spatial
elasticity tensor c in the quadrature points; since we do not have a closed macroscopic model, this
information will be estimated using the microscopic model described in section 2.1.

Note that the inclusion of traction on the boundary would lead to an additional term in the
total assembled stiffness matrix, which does not depend on the material parameters.

3 Computation of macroscopic quantities

The macroscopic domain is discretized with a (macroscopic) finite element mesh. This discretiza-
tion is coupled to microscopic simulations in small subdomains centered around each macroscopic
quadrature point (so-called representative volume elements, or RVEs). This micro-macro method
is also called the RVE method [24]. The goal of these RVEs is to replace the constitutive relation,
which is assumed to exist but is unavailable in closed form.

In each quadrature point, the Cauchy stress σ and the spatial elasticity tensor c need to be
estimated from the RVE. To this end, micro-structural simulations are performed using boundary
conditions derived from the macroscopic displacement field. We compute the steady state solution
of the RVE in the absence of external forces, i.e. the displacements on the RVE that satisfy
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Figure 3: Left: one period of the brick pattern. Right: in the implementation only one cell is
used with shifted periodic boundary conditions. Nodes 1-6 correspond with nodes 5-10 in the
horizontal direction. Nodes 3-4-5 correspond with nodes 6-7-8 and nodes 1-2-3 with 8-9-10 in the
vertical direction. This way the brick pattern is preserved by simulating only one cell.

divσ = 0 on V RVE. External forces can be included afterwards at the macroscopic level in the
finite element model. The required stress at the quadrature point is then simply the volume
average of the stress tensor in the RVE; the corresponding elasticity tensor can be approximated
using a forward difference technique.

Two aspects are important when implementing the RVE method. In general, the size of the
RVE should be of the order of the characteristic length of the micro-structure of the material; when
this length scale is much smaller than the macroscopic domain under consideration, the method
achieves a good speedup compared to the full microscopic simulation. Second, it is important to
choose the boundary conditions of the RVE carefully to avoid bias in the stress estimates.

In the next subsections, we will give a detailed description of the implementation of the RVE
method: we will show how we choose the RVE and apply boundary conditions (section 3.1), how
to compute the Cauchy stress (section 3.2), and the spatial elasticity tensor (section 3.3).

3.1 Applying deformation on the RVE

To compute the stress corresponding to a given deformation in each RVE, we first impose the
required deformation via appropriate boundary conditions (BCs), after which we compute the
steady state solution. In principle, periodic, Dirichlet or Neumann boundary conditions may be
applied; however, it is shown in [43], that periodic boundary conditions are often the best choice.

In this case, we use periodic boundary conditions. It can easily be seen that the micro-
structure in this model in the undeformed, idealized state, is periodic with one period given by
figure 3 (left). However, by a careful implementation of the boundary conditions, simulations can
also be performed using an RVE consisting of only one onion cell.

As was also shown in [29], the deformation can be applied by imposing the displacement on
three points and holding these points fixed during the simulation. Displacements ũ6, ũ3 and ũ10

for the nodes 6, 3 and 10, see figure 3 (right), are computed from the macroscopic deformation
gradient as

[ũ6 ũ3 ũ10] = [FM − I] · [X6 X3 X10] ,

with FM the deformation gradient at the quadrature point as computed by the macroscopic finite
element model andXi the initial position of node i. Periodicity is enforced by letting forces, acting
from the interior of the cell on a node on the boundary of the domain, act on the corresponding
node of the opposite wall as well, see figure 3 (right). For consistency we need FM = F̄ µ, the
macroscopic deformation gradient FM must be equal to the volume average of the microscopic
deformation gradient over the RVE, F̄ µ,

F̄ µ =
1

V RVE
0

∫
V RVE

0

F µdV0,

in which the integral is taken over the initial volume of the RVE since the deformation gradient
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is defined over the initial configuration. In appendix A, this is shown for the combination of
boundary conditions and prescribed displacements that were used here.

3.2 Computation of stresses

Once the deformation is applied, the equations of motion for the nodes (1) are integrated in time
until equilibrium is reached. Subsequently, the average stress in the RVE is computed.

Since the notion of stress finds its origin in the classical continuum theory, we need to take
care in defining an appropriate measure for stress on the microscopic (discrete) level. Here, we use
the virial stress, based on Clausius’ virial theorem, which is often used in molecular dynamics and
other particle system simulations [9, 49, 37]. The average virial (or Irving-Kirkwood [19]) stress
over a volume Ω is defined as

σv =
1
Ω

∑
i∈Ω

−mi

(
ṗi − ¯̇p

)⊗ (ṗi − ¯̇p
)

+
1
2

∑
j∈Ω

f ij ⊗
(
pj − pi

) ,

with mi the mass of node i, pi its position, ṗi its velocity, ¯̇p the average particle velocity and
f ij the force between particles i and j. The symbol ⊗ denotes a dyadic or tensor product of two
vectors. There is some discussion in the literature on how the first term, which corresponds to a
mass transfer in the volume, should be interpreted, see e.g. the discussions in the work of Zhou
[49] and Chen and Fish [8] and references therein. In the equilibrium state we are interested in,
this term is zero.

The second term, corresponding to the forces between the nodes, is analogous to the interpre-
tation of mechanical stress in the continuum theory. In this formula, we include all forces that
arise from the springs that directly connect two masses; we call the corresponding stress tensor
the “spring stress tensor”, and it is given as

σ̄S =
1

2V RVE

∑
i,j∈RVE

fSij ⊗
(
pj − pi

)
. (16)

The resulting tensor will always be symmetric since each spring force is parallel to the line con-
necting the two points.

If in equation (16) the original nodal positions p0
i and the original volume V RVE

0 are used instead
of the current ones, the corresponding stress would be the first Piola-Kirchhoff stress tensor P̄ .

This definition of the stress so far does not include the hydrostatic stress in the cell fluid.
(It only contains components arising from the springs directly connecting two masses.) Since
the hydrostatic stress is isotropic, it can be captured by a scalar quantity, the pressure p. This
additional stress component can be added to the spring stress tensor as

σ̄RVE = σ̄S + pI .

The pressure in a cell is proportional to the difference in current cell volume V tk and desired cell
volume V 0

k with a proportionality factor kP as in section 2.1. The RVE pressure is the average
over the different cells in the RVE

p = − 1
nc

∑
k∈RVE

kP
(
V tk − V 0

k

)
(17)

with nc the number of cells in the RVE.
The tensor σ̄RVE can be used in the finite element code as the macroscopic stress tensor at the

corresponding quadrature point. It can be checked that it is an objective stress measure, i.e. the
stress tensor of an RVE transformed by a rigid body motion Q satisfies σ̃ = Qσ̄RVEQT .
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3.3 Spatial elasticity tensor

To compute the spatial elasticity tensor, we follow the general approach proposed by Miehe [30],
which is based on a forward finite difference approximation and requires only the calculation of
stress tensors for slightly perturbed deformation gradients. Using this procedure, the microscopic
simulator only needs to compute a stress tensor for a given deformation gradient. We note that if,
additionally, a microscopic Jacobian matrix would be available, the elasticity tensor can be found
by a condensation of this matrix [24].

We start by approximating the time derivative of the Cauchy stress with a forward finite
difference formula as

σ̇ =
dσ (F (X, t))

dt

≈ σ(F (X, t+ ε))− σ(F (X, t))
ε

≈ σ(F (X, t) + εḞ (X, t))− σ(F (X, t))
ε

=
σ(F + εḞ )− σ(F )

ε
,

where ε is a small perturbation parameter. If we replace the linearized deformation gradient Ḟ by
the elementary deformation tensor in the indices (kl)

Ḟ
(kl)

= ek ⊗ (elF )

with ek the unit vector and use the fact that the velocity gradient l = Ḟ F−1, we have

l(kl) = Ḟ
(kl)
F−1.

Inserting the approximation for σ̇ in the linearized constitutive relation (7) gives

σ(F + εḞ
(kl)

)− σ
ε

− l(kl)σ − σl(kl)T + tr(l(kl))σ = c :
l(kl) + l(kl)

T

2
,

from which a relation for the elements of the symmetrized Eulerian elasticity tensor c

cij(kl) + cij(lk)

2
=

[
σ(F + εḞ

(kl)
)− σ

ε
− l(kl)σ − σl(kl)T + tr(l(kl))σ

]
ij

, (18)

can be derived. Performing these calculations for combinations of k and l gives the values which
are needed to construct the constitutive matrix D from equation (11). For plane strain, only three
extra stress calculations have to be performed.

In our simulations, we will set the perturbation parameter ε =
√
εmach = 10−8, in which

εmach ≈ 10−16 is the machine precision for double precision floating point calculations [22].

4 Numerical results

In this section, we illustrate the behavior of the RVE method. In section 4.1, we show the
convergence of the computed stress in one RVE. Sections 4.2 and 4.3 contain numerical convergence
tests for a uniaxial and arbitrary deformation, resp.

4.1 Computation of stresses

After applying an initial deformation to the RVE, time integration of the equations of motion for
the nodes (1) of the micromodel for a sufficiently long time leads to the steady state of the RVE.
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Figure 4: Left: the time-evolution of the σxx component of the average Cauchy stress in the RVE
for 2 different sizes of the RVE, a single onion cell (solid line) and 4 (2 by 2) onion cells (dashed
line). The smaller RVE converges in significantly less time steps. Center: σyy of the RVE in
equilibrium with periodic and Dirichlet boundary conditions for varying number of onion cells in
the RVE. Right, top: an RVE with 9 onion cells deformed with Dirichlet BC’s. Right, bottom:
the same RVE deformed with periodic BC’s. Here the boundary is free to deform.

For this integration, we use a forward Euler method with a time step ∆t = 10−8 s, which was
implemented in a code developed by Loodts [27].

Figure 4 (left) shows the evolution of σxx as a function of time for an RVE with 1 onion cell
and for an RVE with 4 (2 by 2) onion cells using the boundary conditions described in section 3.1.
The three fixed nodes are moved by the deformation gradient

F =
[

1 0.5
0 1

]
(19)

which represents a pure shear with an angle of 30 degrees. We see from figure 4 (left) that an
RVE with more cells requires considerably more time steps to converge to equilibrium.

Different choices of boundary conditions (such as Dirichlet) can lead to a biased boundary
layer [14], a problem which can be overcome by oversampling, i.e. using only a subdomain of the
RVE in the volume averaging of the computation of the macroscopic quantities. Figure 4 (right)
shows two RVEs with 9 onion cells deformed with the deformation gradient given in (19), one with
Dirichlet boundary conditions (top) and the other with periodic boundary conditions (bottom).
We compare the computed stresses from RVEs with periodic with Dirichlet boundary conditions
(with and without oversampling) for increasing RVE size. In the oversampling case, the volume
average is always computed over one onion cell (the middle one). Figure 4 (center) shows the
results. We see that for periodic boundary conditions, the stress at equilibrium does not depend
on the size of the RVE. With Dirichlet BC there are more constraints on the boundary, which
leads to larger stress values; however, with increasing RVE size, we observe convergence towards
the stress that was computed with periodic BC. With oversampling, the error with respect to the
periodic case is systematically smaller.

To decide when the time integration in the RVE has reached steady state, we proceed as
follows. The averaged stress tensor in the RVE is computed every 10 time steps, and the RVE is
assumed to be in equilibrium when the relative or absolute difference between the Frobenius norm
of two consecutive stress tensors is smaller than 10−12 thus when

min
(‖σi − σi+10∆t‖F

‖σi‖F
, ‖σi − σi+10∆t‖F

)
< 10−12, ‖σ‖2F =

2∑
i=1

2∑
j=1

|σij |2 .
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Figure 5: For a regular grid as shown in figure 6 (left) Newton’s method to solve the nonlinear
FE equation converges quadratically to machine precision.

4.2 Equilibrium computation for unixaxial deformation

We proceed with the computation of the deformation of a square piece of onion tissue of 12 mm by
12 mm. The deformation is simulated with the coupled micro-macro solver and compared with the
reference solution, obtained with the microscopic model on the whole domain. The strip consists
of 25 by 100 onion cells, ordered in a brick pattern. The left boundary of the domain is held fixed
and on the right boundary a displacement is prescribed so that the strip is stretched 20% along the
x axis, which was chosen to show that the multi-scale approach stays valid even for geometrically
nonlinear deformations. We have to note, however, that this deformation is beyond the validated
range of the microscopic model.

4.2.1 Convergence

We computed a reference solution with the full microscopic model. Note that the 20% deforma-
tion could not be imposed at once for numerical stability reasons and we needed to apply the
deformation in 100 incremental steps. The system is assumed to be in steady state if∑N

i=1 ‖ṗi‖2
N

< 10−12 ,

with ṗi the velocity of node i and N the total number of nodes in the system.
The finite element model was implemented using the general purpose finite element library

deal.ii [1]. The 12 by 12 mm domain was discretized with 32 by 32 square bilinear Lagrange finite
elements and stretched by 20% along the x axis. Integration over the elements is done with a Gauss
formula with 4 quadrature points per element. The RVE consists of 1 onion cell with periodic
boundary conditions. The nonlinear finite element equation is solved with a Newton’s method, in
which a linear system is solved in each step with CG preconditioned with SSOR with relaxation
parameter ω = 1.2. The error of the Newton process was defined as the L2 norm of the residual
vector divided by the number of degrees of freedom. Figure 5 shows the quadratic convergence
of this error as a function of the number of Newton iterations to machine precision. Figure 6
shows that there is a good agreement between the deformed domain computed with the coupled
micro-macro approach and the full microscopic solution.

4.2.2 Finite size effects

When the finite elements get larger with respect to the onion cells, there is a larger separation
between the microscopic and macroscopic spatial scales. Since an onion cell has a fixed size, we
varied the size of the domain with fixed number of elements instead to investigate the influence of
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Figure 6: The deformed onion strip of 12 mm by 12 mm as computed with the coupled micro-
macro model (left) and the full microscopic model (right). The domain is discretized with 16 by
16 bilinear finite elements. The microscopic domain consists of 25 by 100 onion cells.

the separation in scales. The microscopic domain was again stretched 20% along the x axis. We
started from an initial finite element mesh with 2 by 2 elements that are refined successively.

The error of the coupled micro-macro simulation is defined as the deviation from the reference
solution and it is measured by

e =
max ‖pµi − pM

i ‖2
L

(20)

with L the size of the domain, pµi the current position of the microscopic node i and pM
i the

deformed coordinates of the point corresponding to the initial position of node i computed by
evaluating the finite element solution.

Figure 7 (left) shows the error, as defined in equation (20) as a function of the inverse mesh
size h−1 for different domain sizes. We see that the error levels off when the finite element mesh
size becomes smaller than the typical size of the onion cells, i.e. h =

√
120µm · 480µm = 240µm

denoted by the vertical line. (For larger domains the error levels off before reaching the microscopic
accuracy because of numerical errors due to finite differencing, i.e by only approximately computing
the stress tensor at each quadrature point and in approximating the spatial elasticity tensor c using
the forward difference formula (18)). The convergence rate is approximately second order in h,
thus e = O(h2) which is to be expected for bilinear finite elements.

Figure 7 (right) shows the same error but as a function of the total number of degrees of
freedom in the finite element simulation. It can be seen that for meshes that are coarse compared
to the microscopic scale, the error is independent of the size of the RVE. Only when the total
number of degrees of freedom in the FEM exceeds the number of variables in the microscopic
simulation, the error levels off. For larger domains or RVEs smaller relative to the domain size,
the macroscopic model can be refined further which leads to smaller minimal errors.

4.3 Arbitrary deformation

To demonstrate the method also works on more arbitrary cases of deformation the same original
domain as before (12 by 12 mm) is initially deformed as

(x, y) = φ (X,Y ) = (0.2X + 4Y X/0.012,−0.1X)
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function of the inverse of the finite element mesh size. Right: error as a function of the total
number of degrees of freedom in the finite element simulation.

and the left (X = 0) and right (X = 0.012) edges of the domain are held fixed. Figure 8 (left)
shows the system in equilibrium as computed with the coupled micro-macro approach. Here an
adaptive finite element method was used based on an error estimator by Kelly, Gago, Zienkiewicz
and Babuska [50], which is available in the deal.ii library [1]. Only 30% of the elements with
the largest error are refined. Figure 8 (right) shows the same problem computed with the full
microscopic simulator.

5 Discussion

5.1 Computational efficiency

The total computational cost of the micro-macro coupled approach is proportional to the number
of simulated onion cells times the total simulated time per onion cell.

5.1.1 Number of microscopic simulations

Let q be the total number of quadrature points on the finite element domain. Evaluating the
residual vector requires q microscopic simulations, one in every quadrature point. Assembling the
stiffness matrix requires three extra microscopic simulations per quadrature point to estimate the
spatial elasticity tensor c. Thus assembling the linear system takes 4q microscopic simulations,
which leads to a total of 4qm calls to the micro model, with m the number of Newton iterations.
The coupled micro-macro simulation depicted in Figure 6 required in total 28672 microscopic
simulations (162 elements, 4 quadrature points per element, 4 simulations for estimating the
elasticity tensor and 7 Newton iterations).

We note that when using an iterative Krylov method, such as GMRES or CG, we could also
choose to compute each matrix-vector product as

K (x̃) ∆ũ ≈ R (x̃+ ε∆ũ)−R (x̃)
ε

, (21)

with ε a properly chosen perturbation parameter, see [6, 36], and never assemble the complete
stiffness matrix K. However, we can easily see that this approach will require more microscopic
simulations, since using equation (21) requires q(n+1) microscopic simulations, with n the number
of Krylov iterations, whereas a direct assemble only requires 4q microscopic simulations.

14



 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014  0.016

x (m)

-0.004

-0.002

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

y 
(m

)

 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014  0.016

x (m)

-0.004

-0.002

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012
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mesh refinement. Right: The full microscopic simulation.
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number of onion cells.

The number of microscopic simulations can be reduced by reducing the number of Newton
iterations. This can be achieved when an approximate analytical constitutive model for the ma-
terial is known, since this model can be used to find a good initial guess for the Newton process.
Computing this initial guess is computationally cheap compared to the coupled micro-macro sim-
ulations. When a good initial solution is found, the Newton method will quickly reach its zone of
quadratic convergence and then only a few iterations with the full coupled system are necessary
to converge to machine precision. Alternatively, one could keep the stiffness matrix fixed during
some Newton iterations (a quasi Newton method).

5.1.2 Simulation time per onion cell

Figure 9 shows the required number of time-steps to reach the steady state of the RVE as a
function of number of onion cells. From this figure we can observe that the required number of
times-steps to reach the equilibrium increases drastically for growing domains. For an RVE with
a single onion cell, on average 17020 time-steps are needed to reach the steady state of the RVE.
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The total cost of the coupled micro-macro simulation can be estimated as 17020 time-steps per
onion cell times 28672 simulated onion cells, which totals 4.8 · 108.

Extrapolating the data from figure 9 to the 2500 onion cells that were used in the full micro-
scopic simulation, we could expect the total number of time-steps required in the full simulation
to be approximately 3.2 · 106. Applying the macroscopic deformation in 100 incremental steps
reduced this number somewhat to 1.04 · 106. Multiplying this with the total number of simulated
onion cells yields an estimate for the total cost of the full microscopic simulation of 2.6 · 109.

So, since the overhead of solving the linear equations (15) is negligible, a speedup with a factor
5 can be achieved, which is in line with our wall clock timings.

We emphasize that this speedup is achieved even with more simulated onion cells in the coupled
micro-macro simulation than in the full microscopic simulation, due to the fact that the necessary
simulation time to reach equilibrium increases as a function of the number of coupled onion cells.
With a larger separation between microscopic and macroscopic scales, larger speedups are to be
expected. Also, for larger domains, the number of onion cells inevitably has to increase, since an
onion cell has a fixed size; hence the computational cost of a full microscopic simulation grows
rapidly with the size of the domain. On the other hand, the micro-macro approach scales with the
number of finite elements that are needed to accurately represent the deformation; this number
can be independent of the physical size of the domain.

5.2 Incompressibility

As was discussed in section 2.1, the incompressibility of the onion tissue was only approximately
modeled, leading to small volume changes of the order of one percent for large deformations for
our choice of parameters. With these parameters, the standard displacement-based finite element
method, as described above, is sufficient. However when the parameters are chosen such that the
material becomes more incompressible, the performance of the standard displacement based finite
element method will rapidly decrease, due to volumetric locking [4, 50]. Special finite element
techniques have been developed to cope with these problems, ranging from reduced or selective
reduced integration [18] and the B-bar method [17] to sophisticated techniques such as the enhanced
assumed strain (EAS) method [40].

Some methods are based on a mixed displacement-pressure (u-p) functional [51], and can
readily be applied in our multi-scale context. To this end, one needs to split the deformation in a
deviatoric and a volumetric component. Only the deviatoric part is applied as a deformation on
the RVE; the volumetric part is treated separately using a penalizing pressure term. For nearly
incompressible materials, such as the onion tissue considered here, the bulk modulus needs to be
known; this parameter depends on the parameters of the microscopic model (in particular the
volume constraint) in a non-trivial manner.

6 Conclusions and outlook

We presented a micro-macro approach, based on the concept of representative volume elements
(RVEs) to the computation of large elastic deformations of plant tissue. At the microscopic level,
we used a mass-spring model to describe the geometric structure and basic properties of onion
epidermis tissue. The macroscopic domain was discretized using standard finite elements, in which
the unknown material properties (the stress-strain relation) were computed using the microscopic
model in small subdomains (the RVEs). To these RVEs, a macroscopic deformation was applied
via appropriate boundary conditions, and from the equilibrium solution, the corresponding Cauchy
stress was computed via a virial stress formula. The spatial elasticity tensor was estimated via
forward differencing of the Truesdell rate of the Cauchy stress.

We have demonstrated via extensive numerical experiments that the resulting computational
multi-scale method converges to the solution of the full microscopic solution, both for globally
and locally adaptively refined meshes, and we have examined the influence of the size of the RVE
(and the boundary conditions) on the efficiency and accuracy of the method. When comparing

16



the micro-macro approach to a full microscopic simulation, we observed a significant speed-up,
even when the separation in spatial scales is not very large.

The microscopic model that was used in this work only accounts for the elastic part of the
deformation. To explain why plant tissue exhibits visco-elasto-plastic behavior, we will, in future
work, extend the microscopic modeling approach to take into account the viscosity of the cell fluid
(instead of just modeling the cell fluid as a volume constraint), as well as the other hypotheses that
were described in the introduction. While, in the present paper, we have restricted ourselves to
a finite element formulation of elastic deformation at the macroscopic level as well, we emphasize
that the proposed multi-scale approach can also be gradually refined to deal with the more general
case of visco-elasto-plastic deformation. In Kouznetsova et al [24, 25], the transient deformation
behavior of a wide range of heterogeneous materials (metal alloy systems, polymer blends, poly-
crystalline materials and composites) has been simulated. In such cases, the deformed RVE at
the previous time-step should be used to apply new deformations and deformation velocities for
the next time increment. Thus the state of the RVE at every quadrature point has to be kept in
memory.

A second issue that requires further investigation is the size of the RVE when dealing with
complex cellular structures. When studying more complex plants (e.g. apple or pear), the tissue
can no longer be modeled as a periodic micro-structure, since the presence of cells of different sizes,
as well as inter-cellular spaces need to be accounted for. This affects the size of the RVE, which
will be necessary be larger to get a statistically representative sample of the underlying tissue [35].
Moreover, averaging over multiple runs with different initializations of the micro-structure might
be necessary to reduce the statistical error. Finally, when dealing with larger RVEs, periodic
boundary conditions might no longer be suitable.
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A Appendix

In this appendix, the equality FM = F̄ µ is proven for the case of the shifted periodic boundary
conditions. Starting from the definition of the volume averaged microscopic deformation gradient,
applying Green’s identity and the fact that F µ = ∇0x we get

F̄ µ =
1
V 0

∫
V 0
F µdV0 =

1
V 0

∫
Γ0
x⊗NdΓ0

with N the outward pointing normal vector on the boundary Γ0 of the volume V 0. The volume
V 0 refers to the volume of one undeformed cell. Let Γ1−3 be the piece of cell boundary connecting
nodes 1, 2 and 3. The edges Γ3−5, Γ5−10, Γ10−8, Γ8−6 and Γ6−1 are defined in a similar way. Since
Γ0 = Γ1−3 + Γ3−5 + Γ5−10 + Γ10−8 + Γ8−6 + Γ6−1 the integral can be split as a sum over the different
parts of the boundary. The coordinates of the deformed points on the boundary Γ1−3 are denoted
as x1−3 and x3, x6 and x10 are the coordinates of the fixed nodes 3, 6 and 10. Using the periodicity
of the boundary gives∫

Γ1−3
x1−3 ⊗N 1−3dΓ1−3 = −

∫
Γ10−8

(x10−8 + x3 − x10)⊗N 10−8dΓ10−8

= −
∫

Γ10−8
(x10−8 + FMX

3 − FMX
10)⊗N 10−8dΓ10−8
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were N 1−3 = −N 10−8 was used. The same can be done for the integrals over the edges Γ3−5 and
Γ5−10. Summing the six integrals and simplifying leads to

F̄ µ =
FM

V 0

(∫
Γ10−8

(X10 −X3)⊗N 10−8dΓ10−8+∫
Γ8−6

(X6 −X3)⊗N 8−6dΓ8−6 +
∫

Γ6−1
(X6 −X10)⊗N 6−1dΓ6−1

)
. (22)

The RVE is rectangular with width w and height h, so that V0 = hw. Using this we finally get

F̄ µ =
FM

V 0

(∫
Γ10−8

[
0 −w2
0 h

]
dΓ10−8 +

∫
Γ8−6

[
0 w

2
0 h

]
dΓ8−6 +

∫
Γ6−1

[
w 0
0 0

]
dΓ6−1

)
=

FM

V 0

([
0 −w2

4

0 hw
2

]
+
[
0 w2

4

0 hw
2

]
+
[
wh 0
0 0

])
=
FM

V 0

[
hw 0
0 hw

]
= FM

which concludes the proof.
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