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The classic shear flow instability is discussed and, in particular, the effect of the cancellation of the
contribution of the diamagnetic drift in the convective derivative of the polarization drift against the
relevant collisionless stress tensor part. This cancellation shows that the shear flow instability in a
nonuniform plasma is basically the drift wave instability. If ions are considered to be hot, the shear
flow instability criterion is modified even in the homogeneous limit due to the contribution of
collisionless ion stress tensor. A comparison of our results with the existing literature on this topic
is presented. The shear flow instability criteria are also investigated for electron-positron-ion plasma
and for dusty plasma. In a dusty plasma with negatively charged dust grains, the instability appears
in the presence of a negative shear flow gradient. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2749233�

I. INTRODUCTION

In a classical paper,1 it was shown that a Kelvin-
Helmholtz type instability can appear in magnetized hot
plasmas when the flow along the external magnetic field,
which is taken as B0=B0z, is a function of the coordinate
perpendicular to it; e.g., the coordinate x. The electron and
ion temperatures were assumed equal, i.e., Ti=Te, and the
plasma density gradient was assumed to be along the nega-
tive x axis. The work represents a major contribution to the
plasma theory and has opened a new field in the plasma
physics. From the physical point of view, the instability pre-
dicted in the work is undisputable and it has been experimen-
tally confirmed many times in the past, for the first time by
D’Angelo and Goeler,2 and more recently in Ref. 3. How-
ever, in that classical work the ion diamagnetic drift was
retained in the convective derivative part of the ion polariza-
tion drift term in the limit �� /�t � ��i �where �i=eB0 /mi is
the ion gyro-frequency�. In fact, it is now known that the
contribution of the ion diamagnetic drift to the convective
derivative in the polarization drift exactly cancels with the
collisionless part of the stress tensor term.4

The shear flow instability first pointed out in Ref. 1 is
very important in plasma theory due to its relevance to vari-
ous astrophysical and laboratory situations. This work was
extended in 1972 by the inclusion of electromagnetic
effects,5 yet the cancellation mentioned above was again not
considered. More recently,6 the same dispersion relation as
the one obtained in Ref. 1 has been analyzed in the limit
�� /�t � ��i. It is important to mention that the dispersion
relation of shear flow instability in the presence of negatively
charged dust grains �Eq. �1�, Ref. 3� has also been obtained
following the same procedure as in Ref. 1.

Therefore, it seems necessary to point out that the elec-
trostatic dispersion relations obtained in Refs. 1, 3, and 5 are
necessarily modified when the mentioned cancellation is
taken into account. In that context, the dispersion relation
analyzed in Ref. 6 also needs to be reconsidered. To the best
of our knowledge, this crucial point has not been highlighted
in the literature on shear flow instabilities. In the present
work, we shall address this issue in the application of the
shear flow instability to the multicomponent plasmas such as
the electron-positron-ion �epi� plasma and dusty plasma. The
motivation of this work is the relevance of the shear flow
instability to various multicomponent plasmas that have been
the subject of numerous studies in the past.7–11

Recently, the shear flow instabilities have been studied in
relevance to pair-ion plasma as well, in the linear12 and
nonlinear13 description. The ion temperature effects have not
been included in these studies within the fluid framework.
We note that very recently,14 in a Comment, D. Angelo has
explained that the role of the density gradient as a stabilizing
factor has been explicitly pointed out after Eq. �19� of Ref. 1.
Indeed, the equilibrium in an inhomogeneous plasma has
been considered properly in his work; however, the drift
wave frequency does not appear in his Eq. �18� because it
was inappropriately cancelled, as will be pointed out shortly.
It will also be shown that the dispersion relation modifies in
the presence of hot ions.

In the following section, using the same plasma configu-
ration as the one considered in Ref. 1, we will derive a linear
dispersion relation for the shear flow instability in �epi�
plasma and discuss its limiting case for an electron-ion �ei�
plasma, and compare our results with those of previous
authors.1,5,6 The new results will show that the shear flow
instability in a nonuniform plasma can have a real part of the
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frequency that is comparable to the drift wave frequency.
The case of a homogeneous plasma is also modified by an
ion finite Larmor radius term, which appears due to the col-
lisionless stress tensor in the hot ion plasma. In Sec. III the
application of this instability in dusty plasmas will be inves-
tigated. Finally, a summary will be presented with the main
conclusions.

II. EI AND EPI PLASMAS

Let us consider an inhomogeneous magnetized plasma
embedded in an external magnetic field B0=B0z=const, with
a parallel shear plasma flow defined as v j0=v j0�x�z, and a
density inhomogeneity defined as �nj0=−xdn0j /dx. Here,
the subscript j�=e , p , i� denotes electrons, positrons, and
ions, respectively, having temperatures Tj and masses mj.
The parallel flow is given externally. The steady state de-
mands that all the species have a zeroth-order diamagnetic
drift v0�j =v0Dj =−�Tj /qjB0�� ln nj0�z, where qj is the
charge on the jth species.

For electrostatic perturbations, the perpendicular compo-
nent of the perturbed velocity can be expressed by the fol-
lowing recurrent formula:

v�j =
1

B0
�E� � z� −

Tj

qjB0
�� ln nj � z� −

1

qjB0
�� · � j

nj
�

−
1

� j
��t + v j · ��v j � z = vE + vDj + v�j + vpj . �1�

Here, vE, vDj, v�j and vpj are the electric, diamagnetic, stress
tensor, and polarization drifts of the jth species, respectively,
and � j =qjB0 /mj is the gyro-frequency.

Since � ·vE=0, the continuity equation becomes

�tnj + �n0j · vE + �� · �nj�vpj + v�j�� + �z�njv jz� = 0. �2�

In the linear limit we have

� · �nj�vpj + v�j��1 = � · 	nj0

� j
�t�z � v j1�
 , �3�

which is the same as Eq. �2.41� of Ref. 4. If VJ1=vE1+vDj1 is
assumed for drift waves, then Eq. �3� becomes

� · �nj�vpj + v�j��1

=
nj0

B0� j
�t��� · E�1� −

Tj

qjB0� j
�t��

2 nj1

+
nj0

� j
v jz0�x��z	 1

B0
�� · E�1 −

Tj

qjB0

��
2 nj1

nj0

 . �4�

Equations �2� and �4� then yield

��t + v0jz�z�nj1 + �nj0 · vE1 +
n0j

B0� j
��t + v0jz�z���� · E�1�

−
Tj

qjB0� j
��t + v j · ����

2 nj1 + n0j�zv jz1 = 0. �5�

Using the relation

− ikzci
2�i

2ky
2� e�1

Ti
+

ni1

ni0
� + �v0Di · ��viz1 = −

1

mi
�� · �i

ni
�

1
,

�6�

the parallel component of ion equation of motion can be
written in the linear limit as

��t + v0iz�z�viz1 + vix1�xv0iz�x�

=
qj

mi
Ez1 −

T0i

min0i
�zni1 − ikzci

2�i
2ky

2� e�

Ti
+

ni1

ni0
� . �7�

For hot ions, Eqs. �5� and �7� become, respectively,

��
2 ni1

ni0
− �e

����1 + ��s
2ky

2�1 + �i
2ky

2ni1

ni0
��� − kzviz1 = 0 �8�

and

��viz1 + � 1

�i
�xv0iz�cs

2ky�1 = �1 + �i
2ky

2��cs
2kz�1 + ci

2kz
ni1

ni0
� .

�9�

Here,

�� = � − �0z, �0z = vi0zkz,

�e
� = k · v0De = kyTe�ne/eB0,

�ne = dn0e/�n0dx�, �s
2 = cs

2/�i
2,

cs
2 = Te/mi, ci

2 = 	iTi/mi,

�i
2 = ci

2/�i
2, �1 = e�/Te.

For the v0j =0 case, in a �ei� plasma we have approximately
�ni1 /ni0��ne1 /ne0��e

��1, so that

� · �ni�vpi + v�i��1 � − ini0ky
2�s

2�� − �i
���1, �10�

which is the same as Eq. �2.43� of Ref. 4. The electromag-
netic dispersion relation �4.47� of Ref. 4 then reduces to the
electrostatic limit for cs

2�vA
2 �where vA is the Alfvén speed�

as

�2 − �e
�� − cs

2kz
2 = − �s

2ky
2�� − �i

��� . �11�

It is important to stress that in the absence of the shear flow,
the electrostatic dispersion relations of Refs. 1, 5, and 6 do
not yield Eq. �11� due to the mentioned cancellation related
to the diamagnetic/polarization and stress tensor drifts.

For the case of an �epi� plasma, assuming

n1e � n0ee
e�/Te � n0e

e�1

Te
�12�

and

n1p � n0pe−e�/Te � − n0e
e�1

Tp
, �13�

the Poisson equation yields
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n1i

n0i
� 
�1. �14�

Here,


 = �1 + �De
2 k2 + ��ne0/ni0, � = np0Te/�ne0Tp� ,

�De
2 = 0Te/�ne0e2� .

Eqs. �8�, �9�, and �14� then yield the linear dispersion relation

���
2 − �e

��� + Aics
2kykz − �1 + �i

2ky
2��cs

2 + 
ci
2�kz

2 = 0,

�15�

where �=
+�s
2ky

2+
�i
2ky

2, and Ai= �dvi0 /dx� /�i.
For the case of �ei� plasmas and wavelengths much ex-

ceeding the Debye length, we have 
=1, and hence Eq. �15�
reduces to

�1 + �s
2ky

2 + �i
2ky

2���
2 − �e

��� + Aics
2kykz

− �1 + �i
2ky

2��cs
2 + ci

2�kz
2 = 0. �16�

In the case of v0z=0, and using �ni1 /ni0��e
��1, Eq. �16�

will reduce to Eq. �11�.
The dispersion relation �16� becomes, for Te=Ti,

�1 + 2�i
2ky

2���
2 − �e

��� + Aici
2kzky − �1 + �i

2ky
2�2ci

2kz
2 = 0.

�17�

Note that even in the homogeneous limit the instability cri-
terion of Ref. 1 is modified due to the collisionless part of the
ion stress tensor.

The dispersion relation, equivalent to Eq. �17� obtained
in Ref. 1 is

�2 − 2��ne�i��ciky�� + 2Aici
2kzky − 2ci

2kz
2 = 0, �18�

where �= ��−v0Diky −�0z� is defined. The Eq. �48� of Ref.
5, similar to Eq. �18�, is

�2 − ��e
� + �i

��� + Aici
2kzky − 2ci

2kz
2 = 0, �19�

where cs
2= �	iTi+	eTe� /mi=2Ti /mi has been used for the iso-

thermal case.
Note that both Eqs. �18� and �19� are different from Eq.

�17�, and the definition of �� is also different from �. More-
over, Eqs. �18� and �19� cannot reduce to Eq. �11� in the limit
v0z=0. For a comparison with the previous work, we would
like to point out here that the set of Eqs. �11� of Ref. 1
contains a kyv0y-term in the definition of �. This term ap-
pears through the polarization drift, where ��t+v ·�� is re-
placed by ��t+kyv0y +kzv0z�. However, the contribution of
collisionless stress tensor and its cancellation with the part of
the polarization drift4 has not been considered.

If Ti�Te is assumed, in Eq. �17� we obtain

�1 + �s
2ky

2���
2 − �e

��� + Aics
2kykz − cs

2kz
2 = 0, �20�

which gives

�� =
1

2a
��e

� ± ��e
�2 − 4a�Aics

2kykz − cs
2kz

2��1/2 , �21�

where a=1+�s
2ky

2.
Rearranging terms, we get

� = �0z +
1

2a
��e

� ± ��e
�2 − 4a�Aics

2kykz − cs
2kz

2��1/2 . �22�

This yields the shear flow instability of the drift wave if

4a�Aics
2kykz − cs

2kz
2� � �e

�2 �23�

because the real frequency contains the drift frequency

�r � �0z +
�e

�

2a
�24�

corresponding to the negative sign in Eq. �22�. In the case of
a homogeneous plasma, our result is the same as that of Ref.
1 and

�r = �0z. �25�

We note that Eq. �22�, with the only difference regarding the
finite ion Larmor radius terms �which we keep�, has been
given very recently in Ref. 15; see also references cited
therein, especially Ref. 16. The equation is derived from the
kinetic theory, where the problem of the stress tensor contri-
bution normally does not appear.

In Ref. 16, commenting on the fact that in Ref. 1 in the
flowing ion reference frame the real frequency was zero, it is
stated that “because of the fluid treatment, the effects of the
spatial gradient, which can introduce significant alterations
in the mode, were not realized.” In fact, we stress that it was
not the problem of the fluid approach, as demonstrated in our
derivations. The issue of density gradient should be dis-
cussed in detail to show where exactly the density gradient
term vanishes in the classical D’Angelo’s work.1 We observe
that in the derivations after the set of Eq. �11� of Ref. 1, the
term d�N1 /n0� /dx��dN1�x� /dx� /n0+�N1 /n0 has been omit-
ted. Here, N1 is the x-dependent mode amplitude and n0�x�
=N0 exp�−�x�. In the local approximation, the first term may
be omitted but the second one should be kept as in the other
steps in the derivations. Using the notation from Ref. 1, this
results in the dispersion equation

�2 − 3��� − 2	�	 − A�� = 0,

which has a factor 3 in the second term instead of the factor
2 in Ref. 1 �see Eq. �18� above�. Here, �= ��−kyv0y

−kzv0z� /�i. Although the instability condition is modified to
read

A � �kz/ky��1 + 9ky
2�i

2�2/�8kz
2��

instead of

A � �kz/ky��1 + ky
2�i

2�2/�2kz
2��

as given in Ref. 1, the correction is not only the matter of
numbers. More importantly, using the equilibrium conditions
from Ref. 1, the dispersion equation in Ref. 1 should yield
the real part of the frequency

�r = − kyvy0/2 + kzvz0 + �3e/�2mi�i���d�0/dx� .

The first term here, which survives even in the absence of the
equilibrium electric potential �0, indicates the presence of
the drift mode, and it is missing in Eq. �18� of Ref. 1.
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However, the expression given above is still different
compared to our result, which is due to the cancellation of
the terms, explained in the previous text. Note that in the
later work,5 �e

� and �i
� appear in the dispersion relation

�Eq. �48� of this reference�, but this expression does not re-
duce to Eq. �11� either.

For �epi� plasma, Eq. �15� has the solution

� = �0z +
1

2�
��e

� ± ��e
�2 − 4��Aics

2kykz

− �1 + �i
2ky

2��cs
2 + 
ci

2�kz
2��1/2 . �26�

The instability condition in this case reads

Ai �
�e

�2

4�cs
2kykz

+ �1 + �i
2ky

2��1 + 

	iTi

Te
� kz

ky
, �27�

which for the homogeneous plasma becomes

Ai � �1 + �i
2ky

2��1 + 

	iTi

Te
� kz

ky
. �28�

From the definition of 
, we conclude that the presence of
positrons has a stabilizing effect. Note that for �ei� plasmas,
even in the homogeneous plasma case, the shear flow insta-
bility condition becomes a little different from that obtained
in Ref. 1 due to the �i

2ky
2-factor appearing because of the ion

stress tensor. For �ei� plasmas, it becomes

Ai � �1 + �i
2ky

2��1 +
	iTi

Te
� kz

ky
. �29�

Note that if Ti�0 is assumed, then for the short wave-
lengths, the factor �i

2ky
2 cannot be neglected.

III. DUSTY PLASMAS

Let us assume now that apart from electrons and ions,
the plasma contains negatively charged dust grains as the
third component, which take the role of ions from the previ-
ous case. The equilibrium then demands

ni0 = ne0 + zdnd0, �30�

where j=e , i ,d, and qd=−ezd. Since mi�md, therefore, we
assume

ni1 � ni0e−e�1/Ti � − n0i
e�1

Ti
, �31�

and we use Eq. �12� for electrons. The Poisson equation then
yields

nd1

nd0
= − ��1, �32�

where �=1+�De
2 k2, �1=ezd�1 /Teff, Teff=zdn0dTiTe /

�n0eTi+n0iTe�, and �De
2 =0Teff / �nd0e2zd

2�.
The dust continuity equation can be written as

��nd1 + nd0�d
��1 −

nd0

B0�d
��ky

2Teff

ezd
�1 +

Tdky
2

ezdB0�d
��nd1

− nd0kzvdz1 = 0, �33�

where ��=�−v0dzkz, �d
�=Teff�ndky / �ezdB0��0, and �nd

=dnd0 / �nd0dx�.
The parallel component of the equation of motion gives

��vdz1 +
Teff

ezdB0
kydxvdx0�1

= �1 + �d
2ky

2��−
Teff

md
kz�1 +

Td0

md
kz

nd1

nd0
� . �34�

Then the linear dispersion relation can be written as

���
2 − �d

��� − cd
2kzkyAd − �1 + �d

2ky
2��1 + �

Td0

Teff
�cd

2kz
2 = 0,

�35�

where

� = � + �d
2ky

2�1 + �
Td0

Teff
�, Ad =

1

�d

dvd0

dx
,

cd
2 =

Teff

md
, and �d =

cd

�d
.

Equation �35� has the solutions

� = �0z +
1

2�
��d

� ± ��d
�2 + 4�	cd

2kzkyAd

+ �1 + �d
2ky

2��1 + �
Td0

Teff
�cd

2kz
2
�1/2� . �36�

The instability sets in provided that

�Ad� � �1 + �d
2ky

2��1 + �
Td0

Teff
� kz

ky
. �37�

Thus, the dust drift wave can become unstable if the shear
flow gradient is negative.

IV. SUMMARY

The shear flow instability has been revisited taking into
account the effects of the cancellation of the zeroth-order
diamagnetic drift term in the linear polarization drift against
part of the collisionless stress tensor. This cancellation per-
haps was unknown at the time when the shear flow instabil-
ity was discussed for first time in Ref. 1. It was a pioneering
work and it was followed by many authors in subsequent
years. However, the dispersion relation Eq. �18� of Ref. 1
needs to be corrected to understand the physical mechanism
in detail. A few years ago,6 Eq. �14� of Ref. 1 has been
solved in a different limit ��t��i�. It may be mentioned that
we do not discuss here how this dispersion relation should be
modified due to the effect of collisionless stress tensor in this
frequency regime. This topic is out of the scope of the
present work. However, it seems very important to present a
corrected linear dispersion relation of the basic shear flow
instability, which has been discussed in the low frequency
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limit in Ref. 1. It is also necessary to note that in the limit
Ti�0, the contribution of Eq. �10� cannot be neglected even
in the case of homogeneous plasma. The factor �i

2ky
2 appears

in the dispersion relations and in the instability conditions as
well. Since a great deal of research work in this direction has
already appeared in literature, a detailed analysis of the phys-
ics and the algebraic steps in obtaining the formally correct
dispersion relation have been highlighted in the present in-
vestigation.

Furthermore, the shear flow case has been discussed for
the electron-positron-ion and dusty plasmas. The modifica-
tions in the dispersion relation and the instability condition in
the case of the �epi� plasma appear through the factor 
. The
positive shear flow gives rise to the instability of coupled ion
acoustic and drift waves in the �ei� and the �epi� plasmas. In
case of the dust drift wave coupled with dust acoustic wave,
the instability can appear if the shear is negative.
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