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ABSTRACT
Although Barvinok’s algorithm for counting lattice points in
a rational polytope easily extends to linearly parametrized
polytopes, it is not immediately obvious whether the same
applies to Barvinok and Woods’ algorithm for counting the
number of points in the integer projection of a polytope. We
therefore propose a heuristics based technique that directly
manipulates the parametric polytope, reducing it by either
eliminating variables, slicing the polyhedron in the combined
data and parameter space along a line or ray, or splitting the
problem into several smaller subproblems.

1. INTRODUCTION
Many compiler techniques depend on the ability to count
the number of integer points that satisfy a given set of linear
inequalities [9]. Typically, a subset of the variables are iden-
tified as the parameters p and the number of possible values
for the other, “counted” variables y needs to be counted
as a function of those parameters. If each variable is ei-
ther a parameter or counted, then the problem is equivalent
to the enumeration of parametric polytopes, which can be
computed efficiently using a technique based on Barvinok’s
decomposition of unimodular cones [1, 5, 9].

In general, the linear inequalities may also involve addi-
tional, existentially quantified variables ǫ and then the ob-
ject is to count the number of possible integer values for y in
function of the parameters p such that there exist integers
ǫ that satisfy the inequalities. This problem is equivalent to
enumerating an integer projection of a parametric polytope.

2. PARAMETRIC POLYTOPES
In the simplest case, there are no existentially quantified
variables and then the problem can be described as the enu-
meration of the number of points S as a function of the
parameters p, where S is given by

S = Z
d ∩ P = Z

d ∩ {y ∈ Q
d|Ay + Cp + b ≥ 0 },

with d the number of counted variables y and p an n-
dimensional vector of parameters. The general solution to
this problem appears in [9] and is an extension of an earlier
technique [5] which only works on non-parametric polytopes

and a very limited subset of the parametric polytopes con-
sidered here. The computation time of the general technique
is polynomial in the input size for fixed dimension, where
the input size is the number of bits needed to represent the
input.

The solution is given in the form of an enumerator. This
enumerator is a set of pairs of validity domains and Ehrhart

quasi-polynomials. Consider the polyhedron P ′ which is de-
fined by the same constraints as P but considered in the
(d + n)-dimensional combined data and parameter space.
The validity domains form a subdivision of the projection
of P ′ onto the parameter space, i.e., onto the last n dimen-
sions of the ambient space of P ′. A quasi-polynomial is a
polynomial with coefficients that periodically depend on the
variables. The value of an enumerator at a given value of
the parameters p0 is the value at p0 of the quasi-polynomial
that corresponds to the validity domain that contains p0.
As an example, Figure 1 shows the parametric polytope
P = {x | x ≥ 0, 2x ≤ p + 6, x ≤ p } in thick lines for small
values of p. The shaded area shows the corresponding P ′.
The enumerator consists of two validity domains 0 ≤ p ≤ 6
and p ≥ 6 with corresponding quasi-polynomials p + 1 and
p
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2
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3. INTEGER PROJECTIONS
In this section, we consider counting problems of the follow-
ing form:

#
{

y ∈ Z
d | ∃ǫ ∈ Z

d′

: Ay + Dǫ + Cp + b ≥ 0
}

(1)

or equivalently,

#πd

(

Z
(d+d′) ∩ P

)

,

where

P =
{

(y, ǫ) ∈ Q
(d+d′) | Ay + Dǫ + Cp + b ≥ 0

}

,

πd is the projection onto the first d dimensions and d′ is the
number of existentially quantified variables.

Consider again the polyhedron P ′ defined by the given set
of linear inequalities in the combined, now (d + d′ + n)-
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Figure 1: Enumerator Example

dimensional space. Our technique manipulates this poly-
hedron directly through a set of simplification rules, which
either reduce the number of existential variables, shrink the
polyhedron or split the problem into several smaller sub-
problems.

Pick an existential variable ǫi and take a pair of inequalities
such that the coefficients of ǫi have opposite signs. The
two inequalities determine a range for ǫi as a function of
the other variables. If no such pair exists or if this range
admits at least one integer solution over the whole of P ′ for
each such pair, then ǫi can be eliminated. We call this the
positive rule. If a pair exists such that at least one of the
inequalities is independent of the other existential variables
and such that the range admits at most one solution, then ǫi

can be treated as a counted variable, reducing the number of
existential variables by one. We call this the negative rule.

It no existential variable can be removed in this way, then
the polyhedron may be shrunk by adding cutting planes
such that the bounding box of P ′ has integer vertices. In
principle, planes can be added until the integer hull is ob-
tained, basically solving the problem, but this would be
prohibitively expensive. In case P ′ is an unbounded poly-
hedron, it can be reduced to a polytope by removing its
rays and lines. A line can be removed from P ′ by taking
an appropriate slice from P ′ and periodically extending the
resulting enumerator. Rays are handles in a similar fashion.

In general, P ′ will need to be split such that each part is
closer to removal of an existential variable. We split P ′

along an appropriately chosen hyperplane H = { 〈hy,y〉 +
〈hǫ, ǫ〉 + 〈hp,p〉 + hb = 〈h,x〉 + hb = 0 } to produce P ′ ∩
{ 〈h,x〉+hb ≥ 0 } and P ′∩{ 〈h,x〉+hb < 0 }. If the splitting
constraint is independent of the existential variables, i.e.,
hǫ = 0, then the enumerators of both parts can simply be
summed. Otherwise, we need to take the disjunction of both
enumerators E1 and E2. If d = 0, this disjunction can be
easily computed. Note that d = 0 means that there are no
counted variables and so the value of an enumerator at p0 is
1 or 0 depending on whether an integer ǫ exists that satisfies

the constraints. The requested disjunction can therefore be
computed as E1 + E2 − E1E2.

If d 6= 0, we first treat all counted variables as parame-
ters obtaining a new set with d = 0. After computing the
enumerator E for this set, which depends not only on the
original parameters p, but also on the original counted vari-
ables y, we sum this enumeration over the counted vari-
ables, i.e., we compute E′(p) =

∑

y
E(y,p). To compute

this sum, we first rewrite each quasi-polynomial such that it
is a polynomial in the variables and in lower integer parts of
linear expressions in the variables. It follows from [9] that
this is always possible. For each validity domain D and for
each term, with say t factor, in the corresponding quasi-
polynomial written in the above form, we apply Barvinok’s
algorithm again on the parametric polytope D′ ⊂ Qd+t con-
structed from D by adding a new counted variable vi with
constraints 1 ≤ vi ≤ ri for each factor ri.

In the special case of a single existential variable ǫ, all in-
equalities are independent of the “other” existential vari-
ables. If we can find a pair of inequalities such that the
range admits at most one solution then the negative rule
applies and the problem is solved. Otherwise, either the
positive rule applies or we can find a pair of inequalities
such that the corresponding range admits at most one or at
least one solution depending on the values of the counted
variables and the parameters. Based on these inequalities,
we construct a splitting constraint which is independent of
the existential variable and which splits the given set into a
set in which the negative rule applies and another set that
has fewer pairs of constraints to consider. Since the number
of pairs of constraints is polynomial in the input size (for
fixed dimensions), this yields a polynomial time procedure.

In the case of several existential variables, it remains a chal-
lenge to find appropriate splitting constraints. Using (many)
splitting constraints that depend on the existential variables
can be especially problematic. Since the formula for a dis-
junction contains a product, the degree of the disjunction
is the sum of the degrees of its arguments. When summing
the enumerator afterwards, this degree is reflected in the di-
mension of space in which we apply Barvinok’s algorithm,
which has an exponential computation time for varying di-
mensions.

4. APPLICATION
As an application of enumeration of integer projection of
parametric polytopes, consider the problem of calculating
reuse distances [3]. In this application, given an access to a
memory location, we first seek the previous [next] access to
this memory location. Pairs of such consecutive accesses to
the same memory location form reuse pairs. The definition
of reuse pairs as a Presburger formula is shown below. Note
that an access is defined as a reference in the program code
executed at a certain iteration of the enclosing loops.

∀r, s ∈ R : reuse (r → s) =

{ (Ir, Js) ∈ Z
n : subject to conditions (2a)–(2d) }

Ir ∈ IS(r) ∧ Js ∈ IS(s) (iteration space) (2a)



type Tests Cholesky

Fixed 2918 37
Negative 3186 50
Positive 226 25
Split 183 23

Table 1: Rule Application Distribution

Ir ≺ Js (execution ordering) (2b)

r@Ir = s@Js (same location) (2c)

∀t ∈ R : ¬ (∃Kt ∈ IS(t) : Ir ≺ Kt ≺ Js ∧ t@Kt = r@Ir)

(no intervening access) (2d)

Given an access to a memory location and the previous
[next] access, the accessed data set is the set of all mem-
ory locations accessed in between. The backward [forward]
reuse distance is the number of those locations and is an
indication of the likelihood for the data at the given mem-
ory location to still be in the cache. The definition of the
accessed data set can also be given as a Presburger formula
which in turn can be simplified using the Omega tool [6] to
a (disjoint) union of sets of the form that appears in (1).
Such an expression can be obtained for each reference in
the program code and the corresponding reuse distance is
then simply the sum of the enumerators of those sets, where
the parameters correspond to the iterators of the enclosing
loops.

Note that Equation (2d) introduces existentially quantified
variables, which may or may not be simplified away by
Omega. Typically, the size of the cache line is larger than the
word length and then the size of the memory locations con-
sidered should be the same as the cache line, since the data
at the memory locations will be kept or evicted in blocks of
this size. In this case several array elements may map to the
same memory location and so Equation (2c) will also intro-
duce existential variables. Assuming that the cache line size
is ℓ, then Equation (2c) enforces that there exists a multiple
of ℓ, iℓ such that the memory addresses accessed by both
references lie between iℓ and iℓ + ℓ − 1 (inclusive).

5. EXPERIMENTS
We have applied our method for enumerating integer projec-
tions of parametric polytopes for calculating reuse distances
for a set of tests programs and the Cholesky factorization.
The results are shown in Table 1. For each of four types
rules it shows how many times that rule was applied. The
negative and positive rules are explained in Section 3. Fixed
is a special case of the negative rule where upper and lower
bound are equal. Split refers to a splitting constraint that
is independent of the existential variables and such that the
negative rule can be applied in one of the two parts, i.e., as
explained for the single existential variable case. None of
the other rules were needed in this experiment.

6. RELATED WORK
Clauss [4] describes a technique that counts the number of
points in the integer projection as the number of points in
its convex hull minus the number of “holes” and describes

how to compute this number as the number of roots of
some Ehrhart quasi-polynomial. This method has never
been implemented and does not appear to be very prac-
tical. Seghir [8] describes a technique based on “fat facets”
that only works for a single existential variable. The tech-
nique basically shifts P ′ by one in the direction of the ex-
istential variable and subtracts this shifted P ′ from P ′ it-
self. The enumerator of P ′ is then equal to the enumerator
of the union of polytopes in this difference. Barvinok and
Woods [2] describe a polynomial time technique for non-
parametric polytopes. So far, this technique has not been
implemented and it is not immediately clear whether it can
be easily extended to the parametric case. In principle it
is possible to apply their technique on the (non-parametric)
set P ′, but the result would be a generating function for the
Ehrhart series and it is not immediately obvious how to effi-
ciently recover the Ehrhart quasi-polynomial from this gen-
erating function for the general case. Pugh [7] addresses the
closely related problem of counting the number of solutions
to Presburger formulas, but his technique seems underspec-
ified and has apparently never been implemented. Further-
more, it can resort to massive (i.e., exponential, even for
fixed dimensions) splintering.

7. CONCLUSION
We have presented a technique for computing the enumer-
ation of integer projection of parametric polytopes. This
technique has been implemented and seems to work fairly
well on at least some class of problems. We intend to further
develop this technique such that it will hopefully also work
efficiently on other classes of problems.
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