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Abstract. Several learning systems, such as systems based on clustering

and instance based learning, use a measure of distance between objects.

Good measures of distance exist when objects are described by a �xed set

of attributes as in attribute value learners. More recent learning systems

however, use a �rst order logic representation. These systems represent

objects as models or clauses. This paper develops a general framework

for distances between such objects and reports a preliminary evaluation.

1 Introduction

In learning systems based on clustering (e.g. TIC [3], KBG [1]) and in instance

based learning (e.g. [12, ch.4], RIBL [10]), a measure of the distance between

objects is an essential component. Good measures exist for distances between

objects in an attribute value representation (see e.g. [12, ch. 4]). Recently there is

a growing interest in using more expressive �rst order representations of objects

and in upgrading propositional learning systems into �rst order learning systems

(e.g. TILDE [2], ICL [7] and CLAUDIEN [5]). The upgrading of clustering and

instance based learning systems requires to develop a measure for the distance

between �rst order objects, either described as clauses or as models of �rst order

theories.

Some proposals for distance measures between atoms and clauses exists (e.g.

[13] and [11]). They use Hausdor� metrics to extend distances between atoms

into distances between sets of atoms (clauses or models). This has two draw-

backs. Firstly, the value of the Hausdor� metric depends very much on the most

extreme value in both sets. Secondly, the similarity due to occurrences of the

same subterm (constant, variables, ...) in di�erent atoms of the same clause

has no inuence on the value. Other authors (e.g. [10], [1]) use rather ad-hoc

measures of similarity which do not comply with all axioms of a distance, in

particular with the triangle axiom (d(x; z) � d(x; y) + d(y; z)).

Attribute value systems also allow to compute a prototype [12, ch. 4] of a set

of similar objects. A prototype is an object such that the sum of (or the sum of

squares of) the distances between each object and the prototype is minimal. So

far this notion has not been upgraded to �rst order representations.

In this paper we develop a framework for distances between clauses and

distances between models. The framework can be parametrised by a measure for



the distance between atoms. It is general enough to be applied both for distances

between clauses and distances between models. It takes into account subterms

common to distinct atoms of a set of atoms in the measurement of the distance

between sets. Moreover, for a constant number of variables, the complexity of

the distance computation is polynomially bounded by the size of the objects.

Initial experiments show that the framework can be the basis of good clustering

algorithms.

We recall some basic concepts about distances, prototypes, and logic in sec-

tion 2. In section 3, we briey discuss the Hausdor� distance. Next, we propose a

framework that is a generalisation of three polynomial time computable similar-

ity measures proposed by Eiter and Mannila. We also introduce another instance

of this framework which is a distance, while still polynomially computable. We

also de�ne a normalised distance and a polynomially computable binary proto-

type on sets. We instantiate the general schema with a distance between sets of

atoms (either clauses or models) in section 4. Section 5 contains some results

from initial experiments. We end with a brief discussion in section 6.

[14] is a full version of this paper including all proofs.

2 Preliminaries

De�nition 1 (distance). Given a set of objects O, a distance function d (also

called a metric) is a mapping O �O ! IR such that for all x, y, z 2 O:

1. d(x; y) � 0 and d(x; y) = 0, x = y

2. d(x; y) = d(y; x) (symmetry)

3. d(x; z) � d(x; y) + d(y; z) (triangle inequality)
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De�nition 2 (prototype).
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is a general prototype function for d if it maps each set of objects on a prototype

for it. A function P

d

: O � O ! O is a binary prototype function for d if it

maps each set of two objects on a prototype for it.

We also recall some preliminaries from logic. We consider terms built from an

enumerable set V of variables, a set C of constants, and a set F of functors with

arity > 0. A term is either a variable, a constant or of the form f(t
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terms. An atom is of the form

p(t
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terms. A literal

is an atom or its negation. A clause is a set of literals. A program is a set of



clauses. A Herbrand interpretation (and also a Herbrand model) of a program

can be described by a set of ground atoms (the atoms mapped to true by the

interpretation). We denote the set of all terms (ground terms) by T (T

g

). The

sets of all atoms (ground atoms) is denoted by A (A

g

).

A is more general than B (A � B) if there exists a substitution � such that

A� = B. The lgg (Least General Generalisation) of two atoms A and B are

de�ned as follows: lgg(A;B) = G i� G � A and G � B and 8L;L � A and

L � B : L � G.

De�nition 3 (renaming substitution). A renaming substitution is a substi-

tution of the form fx

1

! y
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g such that fx
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g is a permu-

tation of fy
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g. With E an expression and � a renaming substitution, E�

is a variant of E. Being variant of is an equivalence relation.

Example 2. fxt ! xt1; xc! xc1; xt1! xc; xc1! xtg is a renaming substitu-

tion. r(xt1; xc1) is a variant of r(xt; xc).

Finally, we recall some special binary relations.

De�nition 4. A relation f � A � B between two sets A and B is a surjection

if 8(a; b); (c; d) 2 f :

�

a = c ) b = d

�

and 8b 2 B; 9a 2 A : (a; b) 2 f (Fig. 1).

A surjection f between A and B is fair if 8x; y 2 B :

�
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so f maps the elements of A on elements of B as evenly as possible. A linking

f � A � B is a relation such that 8a 2 A; 9b 2 B : (a; b) 2 f and 8b 2

B; 9a 2 A : (a; b) 2 f , so all elements of A are associated with at least one

of B and vice versa. A matching f between A and B is a relation such that

8(a; b); (c; d) 2 f : (a = c , b = d), so each element of A is associated with at

most one element of B and vice versa.

A surjection A fair surjection A linking A matching

Fig. 1. Examples of relations between two sets.

3 Distances between sets of points

The Hausdor� distance. Well known is the Hausdor� distance (e.g. [13]). Given

X, a set of points, and d, a distance function between points, d
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While this function has all the properties of a distance function, it does not take

into account much information about the points in the sets (it is determined by

the distance of the most distant element of both sets to the nearest neighbour in

the other set). Therefore, it is not very well suited for applications in �rst order

logic, where it is plausible that two sets of atoms that di�er only (but perhaps

very strongly) in one atom are very similar. So it is very desirable to have a

better distance function.

Manhattan distances based on optimal mappings. Eiter and Mannila [9] discuss a

family of Manhattan measures between sets which we can formulate as instances

of the following scheme:

d

�

(A;B) = min

r2m

�

(A;B)

8

<

:

2

4

X

(x;y)2r

d(x; y)

3

5

+

#(B n r(A)) + #(A n r

�1

(B))

2

:M

9

=

;

where m

�

is a function that maps each pair (A;B) 2 2

X

� 2

X

to a relation

between A and B (a subset ofA�B),M is a positive constant, r(A) = fbj(a; b) 2

r ^ a 2 Ag, and r

�1

= f(b; a)j(a; b) 2 rg and #(S) denoting the cardinality of a

set S.

This means that one sums the distances of the pairs of elements which are in

r and adds a penaltyM=2 for each element that does not match with an element

from the other set. Therefore, to obtain a measure which works well in practice,

one should take for M a large value ideally at least as large as the maximal

distance between 2 points.

The authors discuss three instantiations:
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s

(A;B) the set of all surjec-

tions from A to B (surjection-measure d

s
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surjections from A to B (fair surjection-measure d
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l
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(A;B) the set of all linkings between A and B (linking-

measure d

l

).

They show that these measures can be evaluated in polynomial time, but are not

distance functions (the triangle inequality is violated). Using matchings (m

�

=

m

m

with m

m

(A;B) the set of all matchings between A and B) one obtains

another instantiation. In this case, the formula simpli�es into:
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We prove in [14] the following theorems:

Theorem 1. d

m

(A;B) is a distance function.



Theorem 2. If the time to compute the distance between two points is bounded

by a constant, then the time to compute d

m

(A;B) is bounded by a polynomial in

the sum of the sizes of A and B.

Proposition 1. If d(a; b) is invariant for renaming substitutions i.e. d(a; b) =

d(a�

r

; b�

r

) for all atoms a and b and for all renaming substitutions �

r

then

d

m

(A;B) is invariant for renaming substitutions.

We can develop also a similar scheme for Euclidian measures (the square of

the distances between elements in the relation m is used). Our result also holds

for this scheme.

Normalised matching distances. In some applications it is desirable to work with

distances in the interval [0; 1]. Having a distance between points which is in this

interval, one can obtain such a distance between sets of points. M can be set to

1 when d(x; y) is bounded by 1 and the general formula for distances between

sets can be simpli�ed into:
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is the matching which results in the minimal value.

In [14] we show that
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is a good distance, bounded from above by 1.

Proposition 2. If d(a; b) is invariant for renaming substitutions then d

m;n

(A;B)

is invariant for renaming substitutions.

Prototype functions for matching distances Not only distances, but also proto-

types can be extended to sets of objects. For prototypes, however, the situation

is not so favorable as for distances, as the complexity of prototype functions for

sets seems to grow exponentially in the number of objects. Nevertheless, we can

give a binary prototype function for euclidian distance that is computable in

polynomial time.

Given a prototype function p : X �X ! X that computes the prototype of

two elements, we de�ne a measure e(x; y) = d(x; p(x; y))

2

+ d(p(x; y); y)

2

. Given

2 sets A and B we select the matching r such that

X

(x;y)2r

e(x; y) +

M

2

(#A+#B � 2#r)

is minimal. This can be done in polynomial time when the computation of p(x; y)

is bounded by a constant because computing e(x; y) for all pairs x and y re-

quires (#(A)#(B)) steps. Finding the best one of all matchings r is also poly-

nomially bounded (the proof of this is similar to the proof of Theorem 2). Let
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(A;B) = fp(x; y)j(x; y) 2 rg. Then we de�ne

p(A;B) = if #A < #B then p

0

(A;B) [ (A n r
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else p
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(A;B) [ (B n r(A)).

Lemma 1. The set p(A;B) is a prototype of the sets A and B for the distance

d

m

. If the time to compute a prototype of two points is bounded by a constant,

then the time to compute p(A;B) is polynomially bounded in the sum of the sizes

of A and B.

The proof is in [14].

4 Distances between sets of atoms

In the previous section, we developed functions for measuring the distance be-

tween two sets of points which, contrary to the Hausdor� distance, return a

value which depends on all points in the two sets. In our application of interests,

our \points" are atoms and the sets are sets of atoms. Simply taking a existing

distance function between atoms and applying the distance functions of the pre-

vious section is not what we aim at as it ignores the similarity between di�erent

atoms in a set.

Example 3. LetA = fr(xt1; xc1); p(xt1; x); q(xc1; x)g,B = fr(xt2; xc2); p(xt2; y);

q(xc2; y)g and C = fr(xt4; xc3); p(xt3; y); q(xc1; v)g be sets of atoms. Applying

any of the distance functions of the previous section, one obtains d(A;B) =

d(A;C). However, A is, up to renaming, equivalent to B while di�erent from C.

Note that A and B are renamings of lgg(A;B), while A is not a renaming of

lgg(A;C).

We want to adjust the distance functions of the previous sections with a

factor accounting for the recurrence of terms in di�erent atoms of the same

set. Our approach is to generalise the two sets so that their distance becomes

smaller, to add factors accounting for the complexity of the substitutions needed

to return to the original set and to set the cost of a renaming to 0.

In what follows, d

m

can be any correct distance function between sets of

atoms based on a distance function d between atoms. Let � be a set of substi-

tutions, and let cost be a function mapping a set of substitutions to a positive

number. A family of potential distances between sets of atoms A and B is:
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With appropriate choices for � and cost one can obtain that d

�
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is a distance

function

1

. However we have to be careful to obtain computationally feasible

1

With only the empty substitution in � and with zero cost function we obtain d

m

.



solutions (we want to measure the distance between sets consisting of hundreds

of atoms). We should somehow limit the number of generalisations and thus

the class of candidate substitutions. One possible choice which is in agreement

with the intuitions sketched in the above example is to allow only renaming

substitutions.

Restricting the substitutions to �

r

, the set of all renaming substitutions,

and setting the cost of substitutions to 0, we obtain a function which, as desired,

returns 0 for sets of atoms which are variants of each other.

Theorem 3. If d

m

is invariant under renaming substitutions, then

d

�

r

0

(A;B) = min

�

a

;�

b

2�

r

;X;Y 2A

d

m

(X;Y ) where A = X�

a

, B = Y �

b

is a distance function on sets of atoms.

The proof is in [14].

Example 4. Let A = fr(xt1; xc1); p(xt1; x); q(xc1; x)g and

C = fr(xt4; xc3); p(xt3; y); q(xc3; v)g. The distance is minimal with

X = fr(xt; xc); p(xt; x); q(xc;x)g and Y = fr(xt; xc); p(xt3; x); q(xc; y)g. X and

Y di�er on one position in the p atom and one position in the q atom, so the

distance will be non-zero.

5 Results in practice

We present some preliminary empirical results for distances de�ned with the

presented framework.

Our experiments are in the learning from interpretations setting (see also [6],

[4]) where examples correspond to models (sets of atoms) of the theory to be

learned.

5.1 Mutagenesis

As a �rst experiment, we did simple instance based learning on the mutagenesis

database [16]. Using a k-nearest-neighbours method (k=5,7,9 and 11 give the

same result), we tried to predict the classes of all examples. In a �rst (propo-

sitional) experiment using only the numerical attributes lumo and logp in an

euclidian distance, 77% of the examples was predicted correctly. Next, we per-

formed the same experiment with only structural data (so we did not make use

of the numerical attributes). As instance of our scheme we chose the manhat-

tan, unnormalised, matching distance with renaming substitutions based on the

distance between atoms de�ned in [13]. We treat the constants giving arbitrary

names to the objects within an example, as variables. This allows us to recognise

the similarity between examples using renaming substitutions. We obtained 83%.

This is signi�cantly better than what we obtained using the propositional data

which correlates very well with mutagenicity. This shows that this distance (and

mainly the renaming substitution component) performs well on purely structural

data.



5.2 Diterpenes

The diterpene database is described in [8], where also some experimental results

with FOIL, RIBL, TILDE and ICL are reported. These are all classi�cation

systems (which make use of information that assigns a class to each example in

the training set during the building of the decision tree).

TIC (see [3]) is a clustering system based on TILDE. Clustering does not

make use of class information during the building of the decision tree. TIC uses

a distance measure for choosing the best tests. Unfortunately, until now only

euclidian distances (on the propositional part of the data) could be used. Using

a �rst order measure much better results can be reached. We extended TIC such

that our new distances can be used. We used for the atom-level a variant of the

atoms distance of [13] which assigns a value in the interval [0; 1] to the distance

between numerical components. For the second level, we used the distance based

on matchings (d

m

) as well as the similarity measures d

l

and d

s

from [9]. The

diterpene database does not contain variables, so we do not need a third level

for our distance.

The following table summarises the obtained results (the evaluation method

for TIC is explained in [3]): The �rst column gives the system used, the second

gives the results using only the attribute-value part of the data and the third

gives the results using all data.

We see that, for the second level the distance d

m

performs better than the

similarity measures d

s

and d

l

.

This result obtained by TIC which does not use class information is compa-

rable to that of good classi�cation systems which do use class information during

the induction of the tree. It also shows that the use of a �rst order distance mea-

sure is superior to attribute-value measures, and that it is possible to construct

distance measures for �rst order models which perform well in practice.

System Propositional First order

FOIL 70.1% 78.3%

RIBL 79.0% 91.2%

TILDE 78.5% 90.4%

ICL 79.1% 86.0 %

TIC 78.2%

TIC - matchings (d

m

) 84.8%

TIC - linkings (d

l

) 77.6%

TIC - surjections (d

s

) 79.3%

6 Discussion

We developed a scheme for distances between clauses in three levels. At the �rst

level one chooses a distance between atoms, e.g. [11], [13] or [15]. The second

level upgrades this distance to a distance between sets of atoms. We developed

a scheme for similarity between sets of points and an instance which is a real

distance function, computable in polynomial time. We developed also a binary



prototype function for sets of points. Prototype functions for atoms, based on

the distances in [13] and [11] are described in [14].

At the third level, we developed a distance function d

�

r

0

(A;B) which takes

into account the \similarity" of the atoms in the sets by computing the minimal

distance between a variant of A and a variant of B.

We did clustering experiments using instances of this scheme, i.e. distance

functions between models. We obtained promising results, much better than

when data are represented in an attribute value setting, and comparable to

other �rst-order learners.
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